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Averaging Tail-Actuated Robotic Fish Dynamics
Through Force and Moment Scaling

Jianxun Wang and Xiaobo Tan, Senior Member, IEEE

Abstract—Averaging of robotic fish dynamics is of interest for
the purposes of path planning and controller design due to the
rhythmic movement of the robot. For a faithful dynamic model of
robotic fish, however, classical averaging or geometric averaging
typically cannot produce an average model that is accurate and in
the meantime amenable to analysis or control design. In this paper,
a novel averaging approach is proposed for tail-actuated robotic
fish dynamics, in which the tail-generated hydrodynamic force is
modeled with the Lighthill’s large-amplitude elongated-body the-
ory. The approach consists of scaling the force and moment terms
and, then, conducting classical averaging. Numerical investigation
reveals that the scaling function for the force term is a constant
independent of tail-beat patterns, while the scaling function for the
moment term depends linearly on the tail-beat bias. Extensive sim-
ulation and experimental results, comparing the predictions from
the original and average models, are presented to support the ef-
fectiveness of the averaging approach. Existence and local stability
of the equilibria for the average model are further analyzed. These
equilibria are subsequently used to obtain an analytical solution
for steady turning parameters, such as turning period and turn-
ing radius, without running simulation of the original or average
dynamic models.

Index Terms—Averaging, biologically inspired robots, dynamics,
marine robotics, robotic fish.

I. INTRODUCTION

OVER the past two decades, there has been significant
interest in developing underwater robots that propel and

maneuver themselves as real fish do [1]–[21]. Often termed
robotic fish, these robots provide an experimental platform for
studying fish swimming and hold strong promise for a number
of underwater applications, such as environmental monitoring
[22]–[26], and studying the behavior of live fish [27]. Much of
the work in the area of robotic fish has focused on the design
[1], [28]–[31] and dynamic modeling [12], [16], [32]–[37].

Due to the rhythmic nature of body and fin movements
of robotic fish, averaging represents a promising approach in
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obtaining models that simplify motion analysis and control
design [38]. While classical averaging [39], which simply inte-
grates the original vector field over one period, is easy to im-
plement, it cannot be applied directly to robotic fish dynamics,
because the latter typically involves large-amplitude oscillatory
inputs and fails to satisfy the slow-dynamics assumption re-
quired by the classical averaging theory. Geometric averaging
[40]–[42], on the other hand, can handle systems with high os-
cillatory inputs, but as we show in this paper for an original
dynamic model that is reasonably accurate (and complex), the
resulting average model is overly complicated and has limited
use for system analysis and control design.

The contribution of this paper is the proposal of a new av-
eraging approach for robotic fish dynamics, which results in
an average model that has high fidelity, while facilitating path
planning and control design. In particular, closed-form expres-
sions for steady-state motion parameters (such as turning radius
and turning period) are obtained for any given tail-beat pattern,
which could be used to build motion primitives for path plan-
ning. Furthermore, the average model is in the control-affine
form, with the control inputs being functions of tail-beat pa-
rameters, and, thus, facilitates control design for the robotic
fish (see one example in [43]). A more detailed account of the
contribution follows.

In this paper, we consider the planar motions of a rigid tail-
actuated robotic fish. Note that among various actuation mech-
anisms, actuation with an oscillating caudal fin is particularly
attractive (e.g., [12], [15]–[17], [28]). This is because the latter
is easy to realize, enables both forward swimming and turn-
ing maneuvers, and leaves the majority of the robot body free
of moving parts. We adopt a model, where a Lighthill’s large-
amplitude elongated-body theory [44] is used to evaluate the
tail-generated hydrodynamic force, since such a model strikes a
sound balance between fidelity and simplicity [37].

The proposed averaging approach consists of properly scaling
the force and moment terms in the dynamic model and, then,
conducting classical averaging. To identify the scaling func-
tions, a large number of tail-beat patterns are used in simulation
of the original dynamics; for each tail-beat pattern (bias, am-
plitude, and frequency), the scaling coefficients for the force
and moment terms are determined such that the corresponding
average model will result in turning radius and turning period at
the steady state that best match those of the original dynamics.
It is found that for a given set of parameters for the robotic fish
model, its force scaling function is a constant (thus independent
of the tail-beat pattern), while its moment scaling function is lin-
ear in the tail-beat bias but independent of tail-beat frequency
and amplitude.
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The proposed averaging model is evaluated extensively with
simulation and experimental results, including the comparison
of predictions of turning period/radius and cruising speed at
the steady state, by the original model and the average model,
respectively. In addition, included the validation of the average
model’s ability to predict transient behavior of the robot. Most of
the simulation and experimental scenarios used in the evaluation
have not been used in identifying the scaling coefficients, which
provides strong support for the effectiveness of the average
model.

To gain analytical insight into the obtained average model,
we analyze the existence and stability of its equilibrium points.
In particular, with several reasonable assumptions, we estab-
lish the existence and uniqueness of equilibrium points for the
(approximate) average model under a given tail-beat pattern.
Furthermore, through linearization analysis, we show that any
equilibrium of the average model is locally asymptotically sta-
ble. The equilibria are subsequently used to obtain analytical ex-
pressions for parameters of steady-state turning motions under
any tail-beat pattern. Such an approach is different from existing
work (e.g.,[35], [37], [45]–[47]), where dynamical equations are
used for simulation, and turning parameters can only be found
by observing the simulated trajectories.

A preliminary version of this paper was presented at the 2013
American Control Conference [48]. Among other changes, ma-
jor improvements of this paper over [48] include more extensive
simulation and experimental results for evaluating the averag-
ing approach, analysis of existence and stability of equilibrium
points for the average model, and the analytical approach for
computing steady turning.

The remainder of the paper is organized as follows. In Section
II, we summarize the dynamic model for a tail-actuated robotic
fish. In Section III, we review the first-order geometric averaging
method and the classical averaging method, and discuss why
they are inadequate for averaging the robotic fish dynamics.
The proposed averaging method is developed and evaluated in
Section IV. Analysis of the resulting average model and its
application to study steady turning are presented in Section V.
Finally, concluding remarks are provided in Section VI.

II. DYNAMIC MODEL OF ROBOTIC FISH

In this section, we provide a summary of the dynamic model
for a tail-actuated robotic fish based on our prior work [35],
[37]. The motion of the robot body is governed by rigid-body
dynamics with the added-mass effect incorporated.

A. Evaluation of Hydrodynamic Forces

Fig. 1 shows a diagram of the system, consisting of a rigid
robotic fish body and an active rigid tail. We neglect 3-D fluid
effects and restrict our attention to the system under planar
motion. We use [X,Y,Z] to denote the inertial coordinates, and
[x,y, z] to denote the body-fixed coordinates with unit vectors
[x̂, ŷ, ẑ]. We denote by m̂ and n̂ the unit vectors parallel and
perpendicular to the tail, respectively. The velocity of the robot
body is denoted by V, consisting of surge velocity u and sway
velocity v, expressed in the body-fixed coordinates, and ω is the

Fig. 1. Top view of the tail-actuated robotic fish undergoing planar motion.

angular velocity of the body. We denote by α the tail deflection
angle with respect to the negative x-axis, and β the angle of
attack, formed by the direction of V with respect to the x-axis.

The hydrodynamic forces caused by the tail motion and then
transmitted to the body are evaluated using a Lighthill’s large-
amplitude elongated-body theory [44]. Given the time trajectory
of each point ζ along the tail (X(ζ, t),Y(ζ, t)), the velocity �V
at ζ can be decomposed into two components V‖ and V⊥ that are
along the m̂ and n̂ directional, respectively,

V‖ = < �V , m̂ >= −∂X
∂t

∂X
∂ζ

− ∂Y
∂t

∂Y
∂ζ

, (1)

V⊥ = < �V , n̂ >= −∂X
∂t

∂Y
∂ζ

+
∂Y
∂t

∂X
∂ζ

(2)

where < ·, · > represents the inner product of vectors. The hy-
drodynamic reactive force density at point ζ is then expressed
as

�f(ζ) =
(

fX (ζ)
fY (ζ)

)
= −m

d
d t

(V⊥ n̂) (3)

and at the tail end ζ = L, there is a concentrated force

�FL =
(

FLX

FLY

)
=
[
−1

2
mV 2

⊥ m̂ + mV⊥V‖ n̂

]
ζ=L

. (4)

In (3) and (4), m denotes the virtual mass (representing the mass
of water displaced by the tail movement) per unit length, which
is approximated by 1

4 πρd2 , where ρ is the density of water, and
d is the height of tail’s cross section at ζ. We assume that the
body is anchored when calculating the hydrodynamic force on
the tail as in [35] and [36]. The latter assumption significantly
simplifies the expression for the hydrodynamic force, and it has
minimal impact on the model accuracy when the tail motion is
much faster than the rigid body movement.

Other than the hydrodynamic forces and moment transmitted
from the tail, the robotic fish body also experiences drag force
FD , lift force FL , and drag moment MD [12], [17], [49]

FD =
1
2
ρ|V|2SCD (5)

FL =
1
2
ρ|V|2SCLβ (6)

MD = −KD ω2sgn(ω) (7)
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where S is a suitably defined reference surface area for the robot
body, and CD , CL , and KD are the drag force coefficient, lift
coefficient, and drag moment coefficient, respectively.

B. Rigid Body Dynamics for a Robotic Fish Undergoing
Planar Motion

The equations of planar motion for a rigid body in an inviscid
fluid is governed by the Kirchhoff’s equations as

(mb − max)u̇ = (mb − may)vω + Fx (8)

(mb − may)v̇ = −(mb − max)uω + Fy (9)

(Jbz − Jaz)ω̇ = (may − max)uv + Mz (10)

where mb is the mass of the body, and Jbz is the inertia of the
body about the z-axis, max , may , and Jaz are the hydrodynamic
derivatives that represent the effect of added mass (or inertia)
on the body, and the variables Fx , Fy , Mz denote the external
forces and moment about the body center, which are caused by
the tail motion and the interaction between the body itself and
the surrounding fluid, and can be evaluated by⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Fx =< (
∫ L

0
�f(ζ)dζ + �FL ), x̂ > −FD cos(β) + FL sin(β)

Fy =< (
∫ L

0
�f(ζ)dζ + �FL ), ŷ > −FD sin(β) − FL cos(β)

Mz =
∫ L

0 �rC ζ × �f(ζ)dζ + �rC L × �FL + MD

(11)
where �rC ζ denotes the vector from the body center to the point
ζ on the tail, i.e., �rC ζ = −(c + ζ cos(α))x̂ − (ζ sin(α))ŷ, and
c is the distance from the body center to the joint, and “×”
represents the cross product of vectors.

The dynamic model for the robotic fish can be summarized
as ⎧⎪⎪⎨

⎪⎪⎩

u̇ = f1(u, v, ω) + f4(t)

v̇ = f2(u, v, ω) + f5(t)

ω̇ = f3(ω) + f6(t)

(12)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f1(u, v, ω) =
m2

m1
vω − c1

m1
u
√

u2 + v2

+
c2

m1
v
√

u2 + v2 arctan
( v

u

)

f2(u, v, ω) = −m1

m2
uω − c1

m2
v
√

u2 + v2

− c2

m2
u
√

u2 + v2 arctan
( v

u

)

f3(ω) = (m1 − m2)uv − c4ω
2sgn(ω)

f4(t) = − c3

m1
α̈ sin(α)

f5(t) = +
c3

m2
α̈ cos(α)

f6(t) = −c5 α̈ cos(α) − c6 α̈

with c1 = 1/2ρSCD , c2 = 1/2ρSCL , c3 = 1/2mL2 , c4 =
1/(J3)KD , c5 = 1/(2J3)L2mc, and c6 = 1/(3J3)L3m, m1 =
mb − max , m2 = mb − may , J3 = Jbz − Jaz , where L is the

tail length and α̈ denotes the second derivative of the tail angle
α with respect to time.

Finally, the kinematic equations for the robot are

Ẋ = u cos(ψ) − v sin(ψ), (13)

Ẏ = v cos(ψ) + u sin(ψ), (14)

ψ̇ = ω (15)

where ψ is the heading angle, formed by the x-axis relative to
X-axis.

III. AVERAGING WITH EXISTING METHODS

Since the tail actuation for robotic fish is typically periodic,
averaging is a useful tool for gaining insight into the effect of the
input parameters (such as tail beat bias, period, and frequency)
on the dynamics [12], [38] and for designing the controller
[12], [43]. In this section, we review some fundamental results
on averaging theory [39], [42], apply them to the robotic fish
model, and discuss their limitations.

A. First-Order Averaging for Systems With Oscillatory Inputs

To address the averaging of the dynamics for a robotic fish,
one can consider first-order averaging for systems with oscil-
latory control input [42]. In particular, consider the following
dynamics:

ẋ = f(x) + (1/ε)g(x, t/ε) (16)

where ε > 0 is a small number, and
[
(1/ε)g(x, t/ε)

]
is a T -

periodic zero mean function in t/ε to indicate a high-amplitude
and large-frequency oscillatory input. With the transformation
of time t/ε �→ τ , one can obtain

dx

dτ
= εf(x) + g(x, τ). (17)

The term εf(x) can be treated as a perturbation to the primary
vector field g(x, τ). Define

F (y, τ) =
(
(Φg

0,τ )∗f
)
(y) (18)

Fav (y) =
1
T

∫ T

0
F (y, τ)dτ (19)

where Φg
0,τ is the flow of the vector field g, and (Φg

0,τ )∗f is the
pull back of f by Φg

0,τ . According to the variation of constants
formula, the solution x(τ) is obtained by

x(τ) = Φg
0,τ (y(τ)) (20)

where y(τ) is the solution to the system

dy/dτ = εF (y, τ) (21)

with y(0) = x0 . An approximation to the solution y can be
obtained from the average equation

dz/dτ = εFav (z). (22)

It can be shown that z(τ) − y(τ) = O(ε) on the time scale 1
[42]. Moreover, if the origin is an asymptotically stable equilib-
rium point for the average dynamics, then z(τ) − y(τ) = O(ε)
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as ε → 0, for all τ ∈ R+ , and the differential equation (21)
possesses a unique periodic orbit that is locally asymptotically
stable and belongs to an O(ε) neighborhood of the origin.

B. First-Order Averaging for the Robotic Fish Model

In [38], Morgansen et al. applied the first and higher order
averaging method to a simplified robotic fish model, and demon-
strated its effectiveness with trajectory stabilization controller
design. However, as we show next in this section, when applied
to the robotic fish model (12), the geometric averaging approach
does not produce an average model suitable for controller de-
sign. In particular, in [38], the hydrodynamic forces generated
by the tail (and the peduncle) are evaluated with a simple quasi-
steady lift model for airfoil, resulting in a dynamic model with
a control-affine form. On the other hand, in this paper, we adopt
the Lighthill’s large-amplitude elongated-body theory, which is
more precise but also more complex than the quasi-steady lift
model, to evaluate the tail-generated hydrodynamic forces. As
a result, with terms like α̈ sin(α) and α̈ cos(α), the dynamic
model (12) is not linear in the control input α.

To start, we consider the following periodic pattern for the
tail-deflection angle:

α(t) = α0 + αA sin(ωαt) (23)

where α0 , αA , and ωα denote the bias, amplitude, and frequency
of the tail beat, respectively.

Define ε = 1/ωα and τ = t/ε, which allows us to express

α(t) = α0 + αA sin(τ) (24)

α̈(t) = −1
ε
ωααA sin(τ). (25)

Define the states x1 = u, x2 = v, x3 = ω. The system (12) can
be rewritten in the form of (16)

ẋ(t) = f(x) +
1
ε
g

(
t

ε

)
(26)

where g(·) is the zero mean over a period of T . To avoid the
integration of nested sin functions (which do not admit simple
closed-form expressions) and facilitate the computation of the
average, we first use the second-order Taylor series expansion
to approximate sin(α) ≈ α − 1

6 α3 and cos(α) ≈ 1 − 1
2 α2 . The

terms like arctan(u/v) in (12) impede the averaging process
due to its highly nonlinear nature. To address this challenge,
we further simplify (12) with the assumptions that |u| 	 |v|. In
other words, the forward velocity is positive, and much larger
than the sideways velocity. These assumptions are reasonable
especially in the absence of external disturbances (currents or
waves). In particular, observations from simulation indicate that
|v|/|u| < 6%. With these assumptions, the terms

√
u2 + v2 and

arctan(v/u) can be approximated by u and v/u, respectively.
We also neglect the coupling term (m1 − m2)uv, when evalu-
ating the total moment in (10), based upon the observation that
the coupling term is usually less than 2% of the moment Mz .
With the aforementioned simplifications, the system (12) can be

rewritten as

⎡
⎢⎢⎣

ẋ1

ẋ2

ẋ3

⎤
⎥⎥⎦ = f(x) +

1
ε
g

(
t

ε

)
=

⎡
⎢⎢⎣

f1(x)

f2(x)

f3(x)

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

g1(t)

g2(t)

g3(t)

⎤
⎥⎥⎦ (27)

where

f1(x) =
m2

m1
x2x3 −

k1

m1
x2

1 +
k2

m1
x2

2 + k4

f2(x) = −m1

m2
x1x3 −

(k1 + k2)
m2

x1x2 + k5

f3(x) = −k3x
2
3sgn(x3) − k6

g1(t) =
{
k7(k8 sin(ωαt) − k9 cos(2ωαt) − k10 sin3(ωαt)

+ k11 cos(2ωαt) − k12 cos(4ωαt))
}

g2(t) = −k13(k14 sin(ωαt) + k15 cos(2ωαt) − k16 sin3(ωαt))

g3(t) =
{
k17(k18 sin(ωαt) + k19 cos(2ωαt) − k20 sin3(ωαt))

+ k21 sin(ωαt)
}

with k1 = 1
2 ρSCD , k2 = 1

2 ρSCL , k3 = KD

J3
, k4 = m

12m 1

L2α2
Aω2

α (3αA − 3
2 α2

0αA − 3
8 α3

A ), k5 = m
4m 2

L2α0α
2
Aω2

α , k6 =
L2

4J3
mcα0α

2
Aω2

α , k7 = m
12m 1

L2αAω2
α , k8 = 6α0 − α3

0 , k9 =
3αA − 3

2 α2
0αA , k10 = 3α0α

2
A , k11 = 1

2 α3
A , k12 = 1

8 α3
A , k13 =

m
4m 2

L2αAω2
α , k14 = 2 − α2

0 , k15 = α0αA , k16 = α2
A , k17 =

L2

4J3
mcαAω2

α , k18 = 2 − α2
0 , k19 = α0αA , k20 = α2

A , and

k21 = L3 m
3J3

αAω2
α ; note that g1(t), g2(t), and g3(t) are T -

periodic zero mean functions.
For the approximate model (27), the pull-back operation can

be obtained directly using its original definition, since the g
field does not involve the state variables. It can be easily shown
that

(
(Φg

0,τ )∗f
)

= f(Φg
0,τ ). With the definition of a pull-back

function (Φg
0,τ )∗f , we get

ẏ1 =
m2

m1
(y2 + h2)(y3 + h3) −

k1

m1
(y1 + h1)2

+
k2

m1
(y2 + h2)2 + k4 (28)

ẏ2 = − (k1 + k2)
m2

(y1 + h1)(y2 + h2)

+ k5 −
m1

m2
(y1 + h1)(y3 + h3) (29)

ẏ3 = −k3(y3 + h3)2sgn(y3 + h3) − k6 (30)

where h1(t) =
∫ t

0 g1(τ)dτ , h2(t) =
∫ t

0 g2(τ)dτ , h3(t) =∫ t

0 g3(τ)dτ , respectively. The term (y3 + h3)2sgn(y3 + h3) in
(30) will make the averaging overly complicated.

Define k22 = k17k18 − 3
4 k17k20 + k21 , k23 = 1

2 k17k19 ,
k24 = 1

12 k17k20 , and k25 = k17k18 − 3
4 k17k20 + k21 +
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1
12 k17k20 . We have

h3(t) ={
− k22 cos(ωαt) + k23 sin(2ωαt) − k24 cos(3ωαt) + k25

}
ωα

≈ 1
ωα

{
− k22 cos(ωαt) + k22

}
(31)

since the size of k22 is typically two orders of magnitude bigger
than those of k23 , k24 , |k22 − k25 |. With such an approximation,
the average dynamics (22) is

ż1 = z2z3 + h̄2z3 + h̄3z2 + h̄23 − k1z
2
1

−2k1 h̄1z1 − k1 h̄11 + k2z
2
2 + 2k2 h̄2z2 (32)

ż2 = −z1z3 − h̄1z3 + h̄3z1 + h̄13 − (k1 + k2)z1z2 + k5

−(k1 + k2)h̄1z2 − (k1 + k2)h̄2z1 − (k1 + k2)h̄12(33)

ż3 = −k3

{{
π − 2 arccos

(
1 +

ωα

k22z3

)
/π

}

− 2k3z3

{
k22

ωα
+

2k22

π

[
1

ωα

√
1 −

(
1 +

ωα

k22
z3

)2
]

− 1
ωα

arccos
(

1 +
ωα

k22
z3

)}

− k3

{
− 2

k2
22

ωαπ

[
1

4ωα
sin

(
2 arccos

(
1 +

ωα

k22
z3

))

− 2
ωα

√
1 −

(
1 +

ωα

k22
z3

)2

+
3

2ωα
arccos

(
1 +

ωα

k22
z3

)]
+

3k2
22

2ω2
α

}}
(34)

with h̄1 = 1
T

∫ T

0 h1dt, h̄2 = 1
T

∫ T

0 h2dt, h̄3 = 1
T

∫ T

0 h3dt,

h̄11 = 1
T

∫ T

0 h2
1dt, h̄12 = 1

T

∫ T

0 h1h2dt, h̄13 = 1
T

∫ T

0 h1h3dt,

and h̄23 = 1
T

∫ T

0 h2h3dt. Then, the first-order average model
is x(t) = Φg

t

(
z(t)

)
, according to the Variation of constants for-

mula [42].
With the tail-beat bias, frequency, and amplitude set to be

20◦, 1 Hz, and 15◦, respectively, we compare the turning radii
and periods predicted by the model (27) and the corresponding
average model. The parameters used in the simulation are based
on those identified for the robotic fish as discussed later in
the next section. The results are (0.26776 m, 59.7734 s) and
(0.270276 m, 60.0873 s), respectively, which indicates that the
first-order averaging is able to capture the original dynamics
reasonably well (see Fig. 2). However, the resulting average
model (32)–(34) is not amenable to control design and analysis
using typical methods for control-affine systems. In particular,
with “periodic” tail motion, the effective control inputs would be
the tail-beat parameters (bias α0 , amplitude αA , and frequency
ωα ), which are varied slowly respect to the original dynamics.
The tail-beat parameters appear in an overly complex manner in
the model (32)–(34); specifically, the model cannot be expressed

Fig. 2. Trajectories of robotic fish predicted by the original model, by the
classical average model, and by the first-order average model, respectively.

in the control-affine form, where the control inputs are defined as
the tail-beat parameters or simple functions of these parameters.

C. Classical Averaging

Considering its simplicity, we have also examined the possi-
ble use of the classical averaging method. The classical averag-
ing can be applied to a slow system in the form

ẋ = εf(t, x), x(0) = x0 (35)

where ε is a small positive number, and f(t, x) is the T -periodic
in t. The associated averaging system is

ẋ = εfav (x), x(0) = x0 (36)

where

fav (x) =
1
T

∫ T

0
f(τ, x)dτ. (37)

Theorem 1: The following result is well known [39]. There
exists a positive ε0 such that for all 0 < ε ≤ ε0 :

1) x(t) − x(t) = O(ε) as ε → 0 on the time scale 1/ε; and
2) if the origin is asymptotically stable for fav , then x(t) −

x(t) = O(ε) as ε → 0, for all t ∈ R+ , and the system (35) pos-
sesses a unique periodic orbit, which is locally asymptotically
stable and belongs to an O(ε) neighborhood of the origin.

This averaging method is easy to implement; however, it
cannot be directly applied to the robotic fish dynamics as the
latter is not a slow system that satisfies (35). To illustrate this
point, we have conducted simulation comparison of the original
dynamic model and the averaged model with classical averaging
for the tail-beat patterns of α0 = 20◦, ωα = 2π rad/s, and αA =
15◦. As shown in Fig. 2, the averaged model predicts a motion
orbit that is significantly different from that predicted by the
original dynamics.
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Fig. 3. Free-swimming robotic fish used for model validation.

IV. COMPUTATIONALLY EFFICIENT AVERAGING

WITH SCALED FORCING

A. Proposed Averaging Approach

As demonstrated in the previous section, although the first-
order averaging method for systems with oscillatory inputs can
approximate well the original dynamics for robotic fish, the
resulting model is overly complex for controller design and
other applications. On the other hand, classical averaging is
easy to implement with simple expressions, but it cannot be
applied to the robotic fish model directly since the latter does
not satisfy the slow dynamics requirement. Motivated by these
observations, we propose scaling the original forcing terms by
some functions that are potentially dependent on the tail-beat
parameters, α0 , αA , and ωα , and, then, conduct the classical
averaging over the modified dynamics. Specifically, we modify
the original system (12) to

⎧⎪⎪⎨
⎪⎪⎩

ẋ1 = f1(x) + Kforce(α0 , αA , ωα ) · f4(t)

ẋ2 = f2(x) + Kforce(α0 , αA , ωα ) · f5(t)

ẋ3 = f3(x) + Kmoment(α0 , αA , ωα ) · f6(t)

(38)

where Kforce(·, ·, ·), Kmoment(·, ·, ·) are scaling functions de-
pendent on tail-beat parameters. For brevity, the arguments of
Kforce and Kmoment will be omitted hereafter. Note that the
physical meanings of f4(t) and f5(t) are the projections of
instantaneous hydrodynamic forces along the longitudinal and
transverse directions in the body-fixed coordinates; therefore,
the scaling functions for them are the same. Using the second-
order Taylor series expansion to approximate the sin(α) and
cos(α) terms in (12), we obtain the averaged system as
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ẋ1 = f1(x) + Kforce

[ m

12m1
L2ω2

αα2
A

(
3 − 3

2
α2

0 −
3
8
α2

A

)]

ẋ2 = f2(x) + Kforce

[ m

4m2
L2ω2

αα2
Aα0

]

ẋ3 = f3(x) + Kmoment

[(
− m

4J3
L2cω2

αα2
Aα0

)]
.

(39)
Note that the model (39) can be expressed in the control-affine

form, if one defines control inputs ξ1 = ω2
αα2

A (3 − 3
2 α2

0 −
3
8 α2

A ) and ξ2 = ω2
αα2

Aα0 . Such a model is instrumental for non-
linear control of robotic fish, an example of which can be found

Fig. 4. Simulated trajectory of the center of the robotic fish when the tail beats
at 1 Hz with bias 20◦ and amplitude 15◦: (a) The global path. (b) Close-up view
of the segment within the red rectangular region in (a).

Fig. 5. Simulated heading angle of the robotic fish when the tail beats at
1 Hz with bias 20◦ and amplitude 15◦. (a) Heading angle trajectory.
(b) Close-up view of the segment within the red rectangular region in (a).

in [43], where a backstepping method is utilized to achieve target
tracking control.

We have conducted extensive simulations with different sets
of α0 , αA , and ωα to identify the corresponding values of Kforce
and Kmoment that would result in good agreement between the
average model (39) and the original dynamics (12). In the sim-
ulation, we use the parameters identified for a free-swimming
robotic fish prototype as shown in Fig. 3, which has been re-
ported in our previous work [35]. The tail deflection angle α is
controlled by a servomotor through the tail shaft.

The parameters are tail length L = 0.08 m, tail height
d = 0.025 m, distance from body center to tail shaft c = 0.07 m,
robot body mass mb = 0.311 kg, water density ρ = 1 ×
103 kg/m3 , nominal body surface area S = 0.0108 m2 , body
inertia about the z-axis, Jbz = 1

12 mb(2c)2 = 5.0797 × 10−4 kg
· m2 , and the hydrodynamic derivatives max = −0.0621 kg,
may = −0.2299 kg, Jaz = −1.0413 × 10−4 kg · m2 . The hy-
drodynamic coefficients for the body are CD = 0.386, CL =
4.50, and KD = 7.82 × 10−4 kg · m2 .

For a tail-beat pattern (23) with α0 = 0, the trajectory of the
robotic fish will converge to a circular orbit. For example, Figs. 4
and 5 show the simulated trajectory and heading of the robotic
fish, respectively, based on the original dynamics, when the
tail beats at ωA = 2π rad/s with bias α0 = 20◦ and amplitude
αA = 15◦. The trajectory is close to a circle with oscillatory
ripples as seen in the close-up in Fig. 4(b). The average heading
changes continuously with similar small-amplitude oscillations
as seen in Fig. 5(b). From the simulation, we can extract the
turning radius and turning period (time taken to complete one
turn) of the robot at the steady state.



912 IEEE TRANSACTIONS ON ROBOTICS, VOL. 31, NO. 4, AUGUST 2015

Fig. 6. Kforce and Km om ent versus the tail-beat bias and amplitude. In all
cases, the tail beats at 1 Hz.

Fig. 7. Kforce and Km om ent versus the tail-beat bias and frequency. In all
cases, the tail beats with amplitude 15◦.

With the average model (39), the trajectory of the robot con-
verges to a circle free of ripples. Analysis of the stability prop-
erties for the average model will be presented in Section V. For
each set of (α0 , αA , ωα ), we have conducted blanket-search of
parameters Kforce and Kmoment such that the resulting aver-
age model would produce the best match in turning radius and
period with the original dynamics.

In the simulation, we have used five tail-beat frequencies:
1, 2, 3, 4, 5 Hz; five bias angles: 10◦, 20◦, 30◦, 40◦, 50◦; and
five amplitudes: 10◦, 15◦, 20◦, 25◦, 30◦, and find the optimal
coefficients for all 5 × 5 × 5 = 125 combinations of these pa-
rameters. Fig. 6 shows the optimal coefficients for different
combinations of tail-beat bias and amplitude when the tail beats
at 1 Hz. The results for other frequencies are nearly identical
to those in Fig. 6, and are, thus, not presented in the interest of
brevity. From Fig. 6(a), we can see that the optimal force co-
efficient is nearly constant for different biases and amplitudes.
On the other hand, as shown in Fig. 6(b), the optimal moment
coefficient shows linear dependence on the bias angle and barely
changes with the amplitude.

Fig. 7 shows how the scaling coefficients vary with the bias
and the frequency for a given amplitude (15◦); nearly identical
results hold for the other amplitudes simulated. Again, Kforce is
nearly constant for different combinations of tail-beat bias and
frequency, and Kmoment shows linear dependence on the bias
and independence of the frequency. Fig. 8 shows the obtained
coefficients versus the frequency and the amplitude for a fixed
bias of 20◦. In consistency with Figs. 6 and 7, we see that both
coefficients are independent of the frequency and the amplitude.
In addition, in all cases, the values of Kforce are very close, as
are the slopes of Kmoment with respect to the bias.

Fig. 8. Kforce and Km om ent versus the tail-beat amplitude and frequency.
In all cases, the tail beats with bias 20◦.

TABLE I
AVERAGE OF MOMENT COEFFICIENTS FOR DIFFERENT BIAS ANGLES

Bias (◦) Average of moment coefficient

10 0.0796
20 0.1596
30 0.2424
40 0.33
50 0.416

Based upon above observations, we get the force scaling co-
efficient by taking the average of all corresponding coefficients
obtained in 125 individual simulations, which gives

Kforce = 0.8485.

For each tail beating bias, we take the average of the optimal
Kmoment for 25 different combinations of amplitude and fre-
quency, as summarized in Table I. Then, the least-square-error
fitting is used to identify the relationship between Kmoment and
the bias α0 , resulting in

Kmoment = −0.0074 + 0.008432α0

where α0 is expressed in degrees.

B. Numerical Evaluation of the Average Model

In order to evaluate the proposed averaging approach, we sim-
ulate the average model (39) with the obtained scaling functions.
Fig. 9 shows the comparison of the turning radii and turning pe-
riods predicated by the original model and the average model,
respectively, under different tail-beat biases, where the tail-beat
frequency and amplitude are fixed at 1 Hz and 20◦, respectively.
We have deliberatively chosen cases of 25◦ and 35◦ biases at
this stage (and the latter part in this section), which are not in
the aforementioned 125 motion combinations, to provide inde-
pendent validation for the proposed averaging approach. It can
be seen that the average model is able to capture the original
dynamics in the steady turning motion with high fidelity.

We then validate the effectiveness of the proposed averaging
approach by comparing the cruising speeds predicted by the
original and average models, when the tail beat bias α0 = 0.
Note that α0 = 0 has not been used in obtaining the scaling co-
efficients Kforce and Kmoment , and, thus, this new set of simula-
tion provides a meaningful test for the averaging approach. For
this simulation, we randomly pick some tail-beat frequencies
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Fig. 9. Comparison of steady-state turning radii and periods predicted by the
original and average models. In all cases, the tail-beat frequency is 1 Hz and
amplitude is 20◦.

TABLE II
SURGE VELOCITIES PREDICTED BY THE ORIGINAL AND AVERAGE MODELS,

AND THE RELATIVE ERROR BY THE AVERAGE MODEL

Frequency (Hz) Amplitude (◦) Original Averaged Ev e l (%)

3.1181 18.7749 0.112114 0.114017 1.70
1.0955 17.6312 0.036991 0.037648 1.78
1.8308 25.3103 0.088677 0.089746 1.21
1.1385 25.9040 0.056431 0.057084 1.16
1.2914 13.7375 0.033976 0.034661 2.0
3.4704 19.7953 0.131556 0.133695 1.62
3.0845 18.9117 0.111713 0.113599 1.69
1.9513 22.9263 0.085645 0.086837 1.39
3.8507 24.1873 0.178275 0.180581 1.29
1.1033 25.0937 0.052984 0.053632 1.22

and amplitudes, and the simulated velocities using the original
and average models are shown in Table II. It can be seen that
the prediction error by the average model is less than 2% for all
cases.

To further evaluate the generality of the proposed averaging
method, we compare the original and average models for new
sets of parameters. In particular, we double the weight of the
robot (and the inertia of robot’s body, correspondingly) from
mb = 0.311 kg to mb = 0.622 kg, while keeping the other
parameters unchanged (note that the added mass/inertia are
determined by robot’s dimensions and independent of robot’s
mass/inertia). Then, following the same procedure as described
in the early part of this section, one could identify the best scal-
ing functions for the system by matching the turning parameters
(radius and period) from the original dynamic model and from
the average model. We fix the tail-beat amplitude and frequency
to be 20◦ and 1 Hz, respectively, and vary the tail-beat bias. We
note that, instead of blanket-searching of parameters by running
extensive simulations, the observations of behaviors for Kforce
and Kmoment can be exploited to find these parameters in a sig-
nificantly more efficient manner. In particular, we find the best
scaling coefficients for the system when the bias is 10◦, 20◦, and
30◦, respectively, as shown in Table III.

TABLE III
BEST SCALING COEFFICIENTS FOR DIFFERENT BIAS ANGLE

Bias (◦) Force coefficients Moment coefficient

10 0.8780 0.2500
20 0.8980 0.4650
30 0.8980 0.610

(mb = 0.622 kg in the simulation).

Fig. 10. Simulation results from the original and average models (versus dif-
ferent tail-beat bias), when mb = 0.622 kg. In all cases, the tail-beat frequency
is 1 Hz and amplitude is 20◦.

Fig. 11. Simulation results from the original and average models (versus
different tail-beat amplitude), when mb = 0.622 kg. In all cases, the tail-beat
frequency is 1 Hz and bias is 20◦.

The force coefficient is then chosen to be K ′
force = 0.891 by

averaging the coefficients. The moment coefficients can be ob-
tained by a linear interpolation K ′

moment = 0.0817 + 1.0313α0 .
Then, the simulations are conducted with the updated force and
moment coefficients and the results are shown in Figs. 10 and
11. We can see that the predictions by the average model match
well those predicted by the original dynamic model.

C. Experimental Evaluation of the Average Model

For model validation purpose, we have conducted experi-
ments with the robot in forward swimming. We note that this
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Fig. 12. Time it takes the robotic fish to travel 50 cm during the steady-state
forward swimming.

forward swimming case (α0 = 0) was not used in obtaining the
scaling functions, and, thus, this experimental result provides a
significant validation for the averaging approach.

Fig. 12 compares the experimental and simulation results on
the time it takes the robotic fish to travel 50 cm after it reaches
the steady speed, and we can see that the average model is able
not only to capture the original dynamics but predict the robot’s
motion with high fidelity as well.

Previous discussions have exclusively focused on the steady
motion behavior of a robotic fish. It is of interest to investigate
the performance of the average model in predicting the transient
dynamics. For this purpose, we have conducted experiments to
record the transient trajectories of the robot when it is started
from at rest. A yellow LED is taped to the top of the robot as
a marker and its motion has been video-recorded with the am-
bient light turned OFF. The robot’s time trajectory, as shown in
Fig. 13, is then extracted by applying background subtraction to
the images. Fig. 13(a) and (b) compares the model predictions
of time trajectories of the robot with the experimental measure-
ments in X- and Y -coordinates, respectively. Fig. 13(c) provides
the comparison of the trajectories in the XY plane. Note that we
have conducted six experiments involving transients in forward
swimming. Due to the limited space, we selected one experi-
ment to present in this paper. It can be seen that the developed
average model is able to capture not only the steady motion but
the transients as well.

V. EQUILIBRIA OF THE AVERAGE MODEL AND

APPLICATION TO STEADY TURNING

A. Stability and Uniqueness of Equilibria

It is of interest to analyze the average model (39) in terms
of its stability properties. In particular, for a given tail-beat
pattern, it is important to know whether the model admits an
equilibrium, and if so, whether the equilibrium is unique and
stable. These results will have a practical application in this
paper. In particular, in Section V-B, an analytical method is
presented for predicting the steady turning period and turning

Fig. 13. Comparison between predictions from the average model and exper-
imental measurement for forward swimming (including transients). (a) Time
trajectory of X -coordinate of the robot. (b) Time trajectory of the Y -coordinate
of the robot. (c) Path of the robot in the XY plane. For the experiments and the
simulation, the amplitude and the frequency of the tail beat are fixed at 15◦ and
0.9 Hz, respectively.

radius under a given tail-beat pattern, which uses the closed-
form expressions for the equilibrium. Therefore, the unique-
ness and stability of the equilibrium ensure that the analyt-
ical solution for the turning motion parameters is the same
as the one obtained via simulation of the average model and,
thus, close to the solution from simulating the original dynamic
model.

Theorem 2: For a given tail-beat pattern, any equilibrium
point of the average model (39) is locally stable. In addition, with
assumptions |x1 | 	 |x2 |, the average model admits a unique
equilibrium for a given tail-beat pattern.

Proof: We analyze the stability properties of the equilibrium
for the model (39). Due to the highly nonlinear nature of the
model, analysis of global asymptotic stability is difficult. In-
stead, we focus on the local stability in the neighborhood of the
equilibrium. We rewrite (39) in a compact form

ẋ = f(x,u)

where x = [x1 , x2 , x3 ]T and u = [α0 , αA , ωα ]T . We then lin-
earize the system

A =
∂f
∂x

=

⎡
⎢⎢⎣

a11 a12 a13

a21 a22 a23

a31 a32 a33

⎤
⎥⎥⎦ (40)
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to get the Jacobian matrix A, the elements of which are

a11 = − c1

m1

x2
1√

x2
1 + x2

2

+
c2

m1

x1x2√
x2

1 + x2
2

arctan
(

x2

x1

)

− c1

m1

√
x1

2 + x2
2 −

c2

m1

√
x2

1 + x2
2

x2
2

x2
1 + x2

2

a12 =
m2

m1
x3 −

c1

m1

x1x2√
x2

1 + x2
2

+
c2

m1

√
x2

1 + x2
2 arctan

(
x2

x1

)

+
c2

m1

x2
2√

x2
1 + x2

2

arctan
(

x2

x1

)

+
c2

m1

√
x2

1 + x2
2

x1x2

x2
1 + x2

2

a13 =
m2

m1
x2 ,

a21 = −m1

m2
x3 −

c1

m2

x1x2√
x2

1 + x2
2

− c2

m2

√
x2

1 + x2
2 arctan

(
x2

x1

)

− c2

m2

x2
1√

x2
1 + x2

2
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x2

x1
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+
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√
x2

1 + x2
2

x1x2

x2
1 + x2
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a22 = − c1

m2

x2
2√

x2
1 + x2
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x1x2√
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1 + x2
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arctan
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√
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1 + x2
2

x2
1

x2
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2

a23 = −m1

m2
x1

a31 = 0

a32 = 0

a33 = −2c4x3sgn (x3) .

By examining the Hurwitz property of A, we can know whether
any given equilibrium of the average system is asymptotically
stable. Note that a33 is negative except when x3 = 0. Since both
a31 and a32 are 0, we only need to check the Hurwitz property
of a two-by-two matrix

A′ =

[
a11 a12

a21 a22

]

for the characteristic equation, which is

λ2 − (a11 + a22)λ + (a11a22 − a12a21) = 0.

In order to show that A′ is a Hurwitz matrix, we need to have
a11 + a22 < 0 and a11a22 − a12a21 > 0. It is easy to see that
a11 + a22 = −(3c1 + c2)

√
x2

1 + x2
2 , and thus is less than 0

except when x1 = x2 = 0. By canceling the terms m 2
m 1

x3 and

−m 1
m 2

x3 in view of the negligible coupling terms in (8) and (9),

we have a11a22 − a12a21 = 1/(m1m2)
[
(2c2

1 + 2c1c2)(x2
1 +

x2
2) + 2c2

2(x
2
1 + x2

2) arctan2(x2
x1

)
]
, which is always positive.

From the above analysis, we show that the linearization matrix
A is Hurwitz at an equilibrium point independent of its specific
values, which proves the local asymptotic stability of the average
model given a particular set of control input (α0 , αA , ωα ).

Finally, to compute the equilibrium, we set ẋ = 0. The highly
nonlinear terms like arctan(x2/x1) make it impossible to get
an analytical solution. However, with the assumption |x1 | 	
|x2 |, we can obtain unique analytical solutions. In particular,
we have arctan(x2/x1) ≈ (x2/x1) and (x2

1 + x2
2) ≈ x2

1 . The
equilibrium point can then be obtained as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 =

√√√√√KforcemL2ω2
αα2

A

(
3 − 3

2
α2

0 −
3
8
α2

A

)

6ρSCD

x2 =
Kforce

2ρS(CD + CL )

√√√√√
6mρSCD L2ω2

αα2
Aα2

0

Kforce

(
3 − 3

2
α2

0 −
3
8
α2

A

)

+
2m1

ρS(CD + CL )

√
KmomentmL2cω2

αα2
Aα0

4KD

x3 = −

√
KmomentmL2cω2

αα2
Aα0

4KD
.

(41)
�

B. Analytical Solution of Steady Turning Parameters

Turning and forward swimming (which is a special case of
turning with a radius of infinity) can be considered to be mo-
tion primitives in planning the trajectory of a robotic fish. In
particular, a generic path can be considered to be concatenation
of segments or arcs with gradually varying radii, which can be
obtained when one gradually changes one or more of the tail-
beat pattern parameters (frequency, bias, and amplitude). It is
thus of interest to gain insight into how a given tail-beat pattern
is related to the turning behavior, specifically the turning radius
and turning period.

Given equilibriums (x1 , x2 , x3) in (41), the turning param-
eters (turning period TP , turning radius R, and angle of attack
β) can be obtained as⎧⎪⎪⎨

⎪⎪⎩

Tp = 2π/|x3 |

R =
√

x2
1 + x2

2/|x3 |
β = arctan(x2/x1).

(42)

To validate the analytical approach for computing steady turn-
ing, we compare the model predictions and experimental results.
The experiments were conducted in our previous work [37]. As
shown in Figs. 14–16, the analytical method can capture the
original dynamic model very well and predict the robot’s turn-
ing behavior in all cases. Here, the turning radius and turning
period under “the average model” are obtained using (42), in-
stead of through integration of the differential equations as in
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Fig. 14. Comparison between model predictions and experimental measure-
ment of turning behavior versus tail-beat bias.

Section IV. We note that the tail-beat motion here is numerically
different (for example, tail-beat frequency is 0.9 Hz) from those
in obtaining the scaling function in Section IV, and, thus, these
results provide strong support for the proposed approach.

VI. CONCLUSION

In this paper, a novel averaging method has been presented
for dynamics of a robotic fish actuated through a tail. The merit
of the approach lies in its simplicity, with the resulting average
model amenable to analysis and control design. In particular,
the proposed method builds upon classical averaging, but with
the forcing terms in the original dynamic model scaled ap-
propriately. It is found that the scaling functions take simple
forms—constant for the force scaling, while linear in bias for
the moment scaling. The validity of the approach has been eval-
uated with simulation and experimental results, where steady-
state and transient behaviors predicted by the average model
and the original model, respectively, are compared under var-
ious scenarios not used in obtaining the scaling functions. We
have further conducted analysis of the average model in terms
of the existence and stability of its equilibria. As an application
of the proposed average model, we have demonstrated a new
framework for studying steady turning behavior of a robotic
fish without having to simulate the differential equations for the
original dynamic model or the average dynamic model.

The proposed average model will be exploited in several ways
for the path planning and control of a tail-actuated robotic fish.
First, as discussed in Section V, the model enables the efficient
computation of turning radius and period for any given tail-
beat pattern, which can be used to build a repertoire of motion
primitives. These motion primitives will then facilitate the path
planning, where an arbitrary path is approximated by concate-
nation of arcs of different radii, each of which corresponds to a
particular tail-beat pattern. Second, as pointed out in Section IV,
the average model can be represented in the control-affine form,
where the control inputs are interpreted as two scalar functions
of the (slowly time varying) tail-beat parameters. The latter for-
mulation makes it possible to apply a nonlinear control design
methods (e.g., backstepping [43] and sliding mode control [50])
to the robotic fish.

In another line of future work, we will explore analytical
insight as to why the scaling functions take the specific simple
forms as reported in this paper. We will also seek to extend the
approach to the dynamic model of robotic fish actuated with a

Fig. 15. Comparison between model predictions and experimental measure-
ment of turning behavior versus tail-beat frequency.

Fig. 16. Comparison between model predictions and experimental measure-
ment of turning behavior versus tail-beat amplitude.

flexible tail [36], as well as explore the validity of the approach
for a wider class of systems with oscillatory inputs.
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