
EURASIP Journal on Wireless Communications and Networking 2004:1, 12–18
c© 2004 Hindawi Publishing Corporation

Design of Long Period Pseudo-Random Sequences
from the Addition of m-Sequences over Fp

Jian Ren
Department of Electrical and Computer Engineering, Michigan State University, 2120 Engineering Building,
East Lansing, MI 48824-1226, USA
Email: renjian@egr.msu.edu

Received 1 November 2003; Revised 23 March 2004

Pseudo-random sequence with good correlation property and large linear span is widely used in code division multiple access
(CDMA) communication systems and cryptology for reliable and secure information transmission. In this paper, sequences with
long period, large complexity, balance statistics, and low cross-correlation property are constructed from the addition of m-
sequences with pairwise-prime linear spans (AMPLS). Using m-sequences as building blocks, the proposed method proved to be
an efficient and flexible approach to construct long period pseudo-random sequences with desirable properties from short period
sequences. Applying the proposed method to F2, a signal set ((2n − 1)(2m − 1), (2n + 1)(2m + 1), (2(n+1)/2 + 1)(2(m+1)/2 + 1)) is
constructed.
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1. INTRODUCTION

Pseudo-random sequences with good correlation property,
large linear complexity, and balance statistics are widely
used in modern communication and cryptology. In CDMA
systems, low crosscorrelation between the desired and in-
terfering users is important to suppress multiuser interfer-
ence. Good autocorrelation properties are important for re-
liable initial synchronization and separation of the multipath
components. Moreover, the number of available sequences
should be sufficiently large so that the system can accommo-
date enough users. From communication security point of
view, sequences with low crosscorrelation can be employed as
key stream generators in stream ciphers to resist correlation
attacks. Large linear span (also known as linear complexity,
stands for the length of the shortest linear recursion over Fp
satisfied by the sequence) of the sequence is required to pre-
vent it from being reconstructed from a portion of sequence,
for example, using the Berlekamp-Massey algorithm [1]. In
literature, extensive research has been performed on how to
generate sequences with these desired properties, some rep-
resentative examples can be found in [2, 3, 4, 5, 6, 7, 8, 9, 10]
and references therein.

Recursive sequences over the Galois field Fp are easy to
generate. m-sequences (also known as maximum length se-
quences) [11] with period pn − 1 can easily be generated by
linear recursions over Fp of degree n. However, they suffer
from one drawback; their linear span is short relative to their

period, which means that only relatively few terms of an m-
sequence are needed to solve for its generating recursion.
Such easy predictability makes m-sequences unsuitable for
some applications requiring pseudo-random bits, especially
in communication security.

In this paper, we propose the construction of sequences
from the addition of m-sequences with pairwise-prime lin-
ear spans, which are called AMPLS sequences for short. It will
be shown that if the m-sequences have pairwise-prime lin-
ear spans, then the sequences constructed from the modulo
p addition of them have low cross-correlation property, large
period, and large linear span. When limited to F2, it also has
perfect balance statistics. In summary, m-sequences can be
used as the fundamental building bricks for the generation
of large period pseudo-random linear feedback shift register
(LFSR) sequences. As a result, the proposed approach pro-
vides an efficient and flexible method to design long period
pseudo-random sequences with desirable properties from
short period sequences.

This paper is organized as follows. In Section 2, some ter-
minology and preliminary concepts are briefly introduced.
In Section 3, AMPLS sequence is defined and its correla-
tion properties, and balance statistics are presented along
with proofs. Meanwhile, shift equivalence and enumeration
of shift distinct classes of AMPLS are also presented. In
Section 4, instead of using conventional linear span to char-
acterize sequence complexity, a general concept of complex-
ity of a sequence is proposed and is used to characterize the
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minimum number of stages required to generate the AMPLS
sequences. The generation of LFSR sequences are further dis-
cussed in Section 5 and we conclude the paper in Section 6.

2. TERMINOLOGY AND PRELIMINARY

In this section, some notations and preliminary results to be
used throughout this paper are presented. For the theory of
finite fields and a survey of linear recurring sequences, the
readers are referred to [11, 12, 13]. Through this paper, we
will focus ourselves to Fp.

Notations.
(i) a = (a0, a1, a2, . . .), a sequence over Fp, that is, ai ∈ Fp,

is called a p-ary sequence for some integer m and p is
prime. If a is a periodic sequence with period v, then
we also denote a = (a0, a1, . . . , av−1), an element in Fvp.

(ii) Let a = (a0, a1, . . .) be a sequence over Fp. The left op-
erator L on a is defined as

L(a) = (a1, a2, . . .
)
. (1)

For any i, Li(a) = (ai, ai+1, . . .). Li(a) is said to be a
phase shift of a. For convenience, define L0(a) = a. Let

f (x) =
k∑
i=0

cix
i (2)

be a polynomial over Fp, then

f (L)(a) =
k∑
i=0

ciL
i(a). (3)

If f (L)(a) = 0 (0 represents zero or a zero sequence
depending on the context), then f (x) is called a char-
acteristic polynomial of a, and a is said to be generated
by f (x). The polynomial of the lowest degree in the set
of characteristic polynomials of a over Fp is called the
minimal polynomial of a over Fp.

(iii) G( f ) is defined as the set of all sequences over Fp gen-
erated by f (x).

(iv) The interleaved sequence associated with f (x) and size
m [2] is the sequence u = {u(k)} such that when k is
written as k = im+ j (i = 0, 1, . . . , j = 0, 1, . . . ,m−1),
the characteristic polynomial of u j = {u(im+ j)}i≥0 is
f (x) for each j = 0, 1, . . . ,m− 1.

2.1. Shift-equivalent relation

Two periodic sequences, a = {ai} and b = {bi}, are called
(cyclically) shift equivalent if there exists an integer k such
that

ai = bi+k, ∀i ≥ 0, (4)

and in such a case we write a = Lk(b), or simply a ∼ b.
Otherwise, a and b are called (cyclically) shift distinct.

2.2. Correlation

Assume that p is a prime number and m is a positive integer.
The canonical additive character χ of Fp is defined by

χ(x) = e2πix/p, x ∈ Fp. (5)

Let a = (a0, a1, . . . , av−1) be a sequence with period v, the
(periodic) autocorrelation function Ca(τ), or C(τ) is defined
as

Ca(τ) =
v−1∑
j=0

χ
(
aj
)
χ
(
aj+τ

)
, 0 ≤ τ ≤ v − 1. (6)

If

Ca(τ) =

v, if τ ≡ 0 mod v,

−1, otherwise,
(7)

then we say that the sequence a has an (ideal) two-level au-
tocorrelation functions. All m-sequences have ideal two-level
autocorrelation functions.

2.3. Balance property

Let a be a sequence with period v. a is called balanced if in
every period the number of zeros and ones in Fp are nearly
equal. More precisely, the disparity is not to exceed 1. In par-
ticular, when v = pn − 1, then a is balanced if each nonzero
element occurs pn−1 times and zero occurs pn−1 − 1 times.

2.4. Linear span

The linear span of a sequence a is defined to be the length of
the shortest LFSR sequence that generates a. Precisely, let

f (x) = xn + cn−1x
n−1 + · · · + c1x + c0 ∈ Fp[x], (8)

then a = {ai}∞i=0 satisfies the following recursive relation,

ak+n = cn−1ak+n−1 + cn−2ak+n−2

+ · · · + c0ak, k = 0, 1, . . . .
(9)

3. AMPLS SEQUENCE AND ITS PROPERTIES

In this section, first, the proposed AMPLS sequence is de-
fined. It is constructed from the addition of multiple m-
sequences with pairwise-prime linear spans. Secondly, the
correlation property, balance statistics, and shift equivalence
of AMPLS sequence are presented along with proofs.

Developing of new sequences based on the addition of
multiple simple sequences is one of the fundamental tech-
niques in sequence design. Sequence addition also enables
decomposition of LFSR sequences into sequences with irre-
ducible characteristic polynomials. The following theorem
from [12, Theorem 8.55] gives a good explanation of this
statement.

Proposition 1. Let f (x) = f1(x)m1 f2(x)m2 · · · fs(x)ms , where
fi(x) are distinct irreducible polynomials over Fp with s > 0,
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then G( f ) can be decomposed as a direct sum of subspaces
G( fi(x)), that is,

G
(
f (x)

) = G
(
f1(x)m1

)⊕G
(
f2(x)m2

)⊕ · · · ⊕G
(
fs(x)ms

)
.

(10)

The following theorem from [12, Theorem 8.59] plays a
critical role in this paper. Please refer to [12] for the proof.

Proposition 2. For each i = 1, 2, . . . , s, let ai be a linear recur-
rence sequence in Fp with minimal polynomial fi(x) ∈ Fp[x]
and least period vi. If the polynomial f1(x), f2(x), . . . , fs(x)
are pairwise relatively prime, then the least period of the sum
a1 + a2 + · · · + as is equal to lcm(v1, . . . , vs), that is, the least
common multiple of v1, . . . , vs.

In fact, the sequence thus constructed has many desired
properties. As an effort to construct sequences with long pe-
riod, good correlation properties, and large linear span, we
hereby start with the following definition.

Definition 1. Let ai be an m-sequence over Fp with mini-
mal polynomial fi(x) ∈ Fp[x] of degree ni, i = 1, 2, . . . , s.
If n1,n2, . . . ,ns are pairwise relatively prime, then the se-
quence a = a1 + a2 + · · · + as is the addition of m-sequences
a1, a2, . . . , as with pairwise-prime linear spans (AMPLS se-
quence).

Corollary 1. For each i = 1, 2, . . . , s, let ai be an m-sequence
over F2 with minimal polynomial fi(x) ∈ F2[x] of degree
ni. If n1,n2, . . . ,ns are pairwise relatively prime, then the pe-
riod of the AMPLS sequence generated from the addition of
a1, a2, . . . , as is equal to (2n1 − 1)(2n2 − 1) · · · (2ns − 1).

Example 1. Let a = (010011010111100 · · · ) be an m-
sequence of period 15 with minimal polynomial f (x) =
x4 + x + 1 and b = (1011100 · · · ) be another m-sequence
of period 7 with minimal polynomial g(x) = x3 + x + 1. Let
c = a + b mod 2, then

c = (11110100000010100111111100111010101000

10110011000011011101111101101001010110

11000110010010000100011100000 · · · )

(11)

is an AMPLS sequence with period 7×15 = 105 and minimal
polynomial f (x)g(x) = (x4 + x + 1)(x3 + x + 1).

3.1. Autocorrelation of AMPLS sequences

Theorem 1. Let ai be an m-sequence with period vi over F2,
where i = 1, 2, . . . , s. Let a = ∑s

i=1 ai mod 2, where ai is a
nonzero sequence. Then

(1) the least period v of a is equal to lcm(v1, v2, . . . , vs),
(2) if gcd(v1, v2, . . . , vs) = 1, then the autocorrelation func-

tion defined in (6) is given by

Ca(τ) = Ca1
(τ)Ca2

(τ) · · ·Cas(τ). (12)

Proof. See Appendix A for the proof.

To determine the autocorrelation of AMPLS sequences
over Fp with odd prime p, we will first prove the following
more general theorem.

Theorem 2. Let a = ∑s
i=1 ai mod p and ai be a sequence

composed of sequences bi and ci through interleaving, that is,
ai = (bi,1, ci,1, bi,2, ci,2, . . . , bi,vi , ci,vi) for i = 1, . . . , s. Suppose
gcd(v1, . . . , vs) = 1. Then

(1) the least period v of a is equal to 2× lcm(v1, v2, . . . , vs),
(2) the autocorrelation function defined in (6) is given by

Ca(τ) =




s∏
i=1

Cbi ,ci

(
τ − 1

2

)
+

s∏
i=1

Cci,bi

(
τ + 1

2

)
, τ is odd,

s∏
i=1

Cbi

(
τ

2

)
+

s∏
i=1

Cci

(
τ

2

)
, τ is even.

(13)

Proof. See Appendix B for the proof.

For odd prime p, let a = a1 + a2 + · · · + as be an AMPLS
sequence. Since the period of each ai is equal to pr − 1 for
some integer r, which is an even number, we can decompose
ai into two sequences bi and ci such that ai is an interleaved
sequence of bi and ci. Then we have the following corollary.

Corollary 2. The autocorrelation of the AMPLS sequence a is
given by (13).

Corollary 3. Let b1, c1, B1, and C1 be a family of Gold se-
quences of period 2n−1 and b2, c2, B2, and C2 be another fam-
ily of Gold sequences of period 2m − 1. Suppose gcd(n,m) = 1.
Let sequence a and A be constructed according to Theorem 2,
that is, a = a1 + a2 and ai = (bi,1, ci,1, bi,2, ci,2, . . . , bi,vi , ci,vi),
A = A1 + A2 and Ai = (Bi,1,Ci,1,Bi,2,Ci,2, . . . ,Bi,vi ,Ci,vi),
i = 1, 2. Then the crosscorrelation of the sequence a and A is
given by

Ca,A(τ) =




s∏
i=1

CBi ,bi

(
τ − 1

2

)
+

s∏
i=1

CCi,ci

(
τ + 1

2

)
, τ is odd,

s∏
i=1

CBi ,bi

(
τ

2

)
+

s∏
i=1

CCi ,ci

(
τ

2

)
, τ is even.

(14)

3.2. Balance statistics of AMPLS

Theorem 3. Let a = (a0, a1, . . . , av−1) be an AMPLS se-
quence generated from the addition of m-sequences a1, . . . , as.
Then in every period of sequence a, the disparity of the num-
ber of ones and the number of zeros is not to exceed 1. Thus
|∑v−1

i=0 (−1)ai| ≤ 1.

Proof. See Appendix C for the proof.

3.3. Shift equivalence

Theorem 4. Let ai and bi be two m-sequences with the same
minimal polynomial, i = 1, 2, . . . , s. If a = a1 + · · · + as and
b = b1 + · · · + bs are two AMPLS sequences, then a and b are
shift equivalent.
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Proof. Let the minimal polynomial for ai and bi be fi(x),
i = 1, 2, . . . , s, then the generating polynomial for a and b is
f1(x) f2(x) · · · fs(x). The rest of the proof should be straight-
forward.

Actually, based on Theorems 2 and 4, we have the follow-
ing stronger result.

Theorem 5. Let a = a1+a2+· · ·+ar and b = b1+b2+· · ·+bs

be two AMPLS sequences, then a ∼ b if and only if r = s and
ai ∼ bi if the ai’s and the bi’s are both arranged in increasing
order in terms of period.

Theorem 6. There are λp(n1)λp(n2) · · · λp(ns) shift dis-
tinct classes of AMPLS sequences with period lcm(pn1 − 1,
pn2 − 1, . . . , pns − 1), where λp(n) = φ(pn − 1)/n as defined in
[11] and φ(n) is the Euler Totient function defined as the num-
ber of positive integers not exceeding n and relatively prime to
n.

Proof. Since the number of polynomials mod p of degree n
which generates maximum sequence is given by

λp(n) = φ
(
pn − 1

)
n

, (15)

the result then follows from Theorem 4.

4. COMPLEXITY OF AMPLS

In this section, instead of characterizing a sequence using the
conventional linear span, the general concept of complexity
of a periodic sequence is first introduced and illustrated with
examples. Based on the definition, the complexity property
of the general LFSR sequences is then studied. Finally, the
complexity of AMPLS sequence is analyzed.

Definition 2. Let a be a periodic sequence with least period
v. The minimal number of states of the finite-state machine
(FSM) that generates this sequence is defined as the complex-
ity of a, denoted as C (a).

Corollary 4. The linear complexity of a sequence is always
larger than or equal to the complexity of the sequence.

Remark 1. The complexity of a periodic sequence defines the
minimal number of states of an FSM that generates the se-
quence. The corresponding generator could be an LFSR or
a nonlinear feedback shift register (NLFSR). The feedback
function of the NLFSR sequence generators can be deter-
mined from the truth table.

The following example shows that the complexity of a pe-
riodic sequence can be strictly smaller than its linear com-
plexity.

Example 2. Suppose we have binary sequence

101001101001 · · · . (16)

The linear complexity of this sequence is 6 over F2 since the
shortest LFSR that can generate this sequence is a 6-stage lin-
ear recursion sn+6 = sn with initial state 101001. However,
this sequence can also be generated through a 3-stage non-
linear recursion sn+3 = sn+2 + sn+2sn+1 + sn with initial state
101.

For a sequence whose linear complexity is equal to its
complexity, the linear complexity gives the minimal numbers
of stages required to regenerate the sequence. In other words,
the sequence cannot be generated from a feedback function
with fewer stages.

Lemma 1. Let a be a sequence with least period v, then the
feedback shift register (FSR) that generates a has at least
	logp v
 stages in Fp, where 	x
 denotes the smallest integer
greater than or equal to x.

Proof. For a given FSR, the next state of the FSR is completely
determined by the current state. Hence, for a sequence with
period v, the total number of possible states is v which re-
quires at least 	logp v
 stages in Fp.

From this lemma, Corollary 5 immediately follows.

Corollary 5. The complexity of an m-sequence is equal to its
linear complexity. In other words, m-sequence has the maximal
nonlinearity.

The following theorem presents a method to characterize
and also to compute the complexity of a periodic sequence.

Theorem 7. Let a = (a0, a1, . . . , av−1) be a periodic sequence
with least period v. The complexity of a is equal to the mini-
mal number k such that the k-tuples (ai, ai+1, . . . , ai+k−1) are
all different, where i = 0, 1, . . . , v − 1.

Proof. First, it is clear that for a periodic sequence, such a
k always exists. Secondly, suppose k is the smallest integer
such that the k-tuples (ai, ai+1, . . . , ai+k−1) are all different for
i = 0, 1, . . . , v− 1. Define the following feedback function f ,

ai+k = f
(
ai, ai+1, . . . , ai+k−1

)
, i = 0, 1, . . . , v − 1. (17)

Clearly, f is well defined since the k-tuples (ai, ai+1, . . . ,
ai+k−1) are all different. Since k is the minimal number such
that the k-tuples (ai, ai+1, . . . , ai+k−1) are all different, the
f thus defined gives the minimal feedback function that
generates a. Therefore, k is equal to the complexity of the
sequence a.

It is very interesting that the complexity of the sequence
derived through the addition of m-sequences is equal to the
addition of the complexity of all m-sequences. This is proved
in the following theorem.

Theorem 8. Let ai be m-sequences with linear complexity mi,
where mi’s are pairwise relatively prime for i = 1, 2, . . . , s. Let
a = a0 + a1 + · · ·+ as mod p, then the complexity of sequence a
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is equal to the sum of the complexity of ai’s, i = 0, 1, . . . , s− 1,
that is,

C (a) =
s−1∑
i=0

C
(

ai
)
. (18)

Proof. Let fi(x) be the characteristic polynomial for sequence
ai, i = 1, . . . , s. According to [12, Theorem 8.57], the mini-
mal polynomial of sequence a is equal to f1(x) f2(x) · · · fs(x).
The rest of the proof follows from Proposition 2, the defini-
tion of complexity and the minimum number of stages re-
quired to generate the sequence a.

Corollary 6. Let a = a1 + a2 +· · ·+ as be an AMPLS sequence.
Denote the linear complexity of ai as C(ai), i = 1, . . . , s, then
the linear complexity of a is equal to

∑s
i=1 C(ai). In particular,

if the linear complexity of sequence ai is mi, i = 1, 2, . . . , s, then
the linear complexity of sequence a is equal to m1 +m2 + · · ·+
ms.

5. GENERATION OF NEW SIGNAL SETS

Due to its good correlation properties, Gold sequence [14]
has been widely used in CDMA communication systems to
mitigate multiuser interference from other users who share
the same frequency band. Gold sequences are constructed by
adding two specified m-sequences of the same period, while
AMPLS sequence is generated through the addition of multi-
ple m-sequences with pairwise-prime linear spans, therefore,
different periods. In this section, we further discuss the gener-
ation of LFSR sequences.

Theorem 9. For each i = 1, 2, . . . , s, let ai and bi be two binary
m-sequences with the same period vai = vbi

= 2mi − 1. Assume
that m1,m2, . . . ,ms are relatively prime, then the crosscorrela-
tion between a = ∑s

i=1 ai(mod 2) and b = ∑s
i=0 bi(mod 2) is

given by the following equation,

Ca,b(τ) = Ca1b1
(τ) · · ·Casbs

(τ). (19)

Proof. Let v be the period of a = a1 + · · · + as. According to
Corollary 1, v = va1

· · · vas . According to (6), we have

Ca,b(τ) =
v−1∑
i=0

(−1)(a1,i+···+as,i)+(b1,i+τ+···+bs,i+τ )

=
va1−1∑
i=0

(−1)a1,i+b1,i+τ · · ·
vas−1∑
i=0

(−1)as,i+bs,i+τ

= Ca1,b1
(τ) · · ·Cas,bs

(τ).

(20)

This is because if gcd(r, vai) = 1, then r × (0, 1, . . . , vai − 1) is
simply a rearrangement of (0, 1, . . . , vai − 1).

Corollary 7. Let a and b be two Gold sequences with period
2n − 1 generated from one preferred pair of m-sequences, and
r and s be another two Gold sequences with period 2m − 1
generated from a distinct pair of m-sequences. Assume that

gcd(n,m) = 1, then the crosscorrelation between a+r and b+s
is given by the following set,

{
1,−t(n),−t(m), t(n)− 2, t(m)− 2, t(n)t(m),

− t(n)
(
t(m)− 2

)
,−t(m)

(
t(n)− 2

)
,
(
t(n)− 2

)(
t(m)− 2

)}
,

(21)

where t(n) is defined as 2(n+1)/2 + 1, that is,

Ca,b(τ) ≤ (2(n+1)/2 + 1
)(

2(m+1)/2 + 1
)
. (22)

Therefore, a signal set ((2n − 1)(2m − 1), (2n + 1)(2m + 1),
(2(n+1)/2 + 1)(2(m+1)/2 + 1)) can be constructed.

Proof. The first part of this corollary follows directly from
Theorem 9 and the fact that the crosscorrelation of Gold se-
quences is the set {−t(n),−1, t(n)−2} [14]. The second part
of this corollary follows from the fact that Gold sequences
compose a signal set (2n − 1, 2n + 1, 2(n+1)/2 + 1).

Example 3. Let a and b be Gold sequences generated from
polynomials x5 +x+ 1 and x5 +x4 +x3 +x2 + 1. Let r and s be
another family Gold sequences generated from polynomials
x7 + x3 + 1 and x7 + x3 + x2 + x + 1. Then

t(5) = 9, t(7) = 17. (23)

Therefore,

Ca+r,b+s(τ)

= {−135,−119,−15,−7, 1, 9, 17, 105, 153}. (24)

The signal set is thus given by (3937, 4257, 153).

6. CONCLUSIONS

In this paper, a method on generating long period sequences
with large linear complexity and good correlation proper-
ties was presented. A new class of long pseudo random se-
quences, called AMPLS sequences, were constructed from
the addition of multiple m-sequences with pairwise-prime
linear spans. It was proved that AMPLS sequences have ex-
cellent autocorrelation property, balance statistics, and large
complexity. The proposed design provides an efficient and
flexible way to generate long sequences with desirable prop-
erties.

APPENDICES

A. PROOF OF THEOREM 1

(1) Let fi(x) be the linear feedback polynomial of se-
quence ai and f (x) be the linear feedback polyno-
mial of sequence a, then according to Proposition 2,
the generating polynomial f (x) of a is equal to
f1(x) f2(x) · · · fs(x). Therefore,

per( f ) = per
(
f1
)

per
(
f2
) · · ·per

(
fs
)
, (A.1)
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where “per” stands for period, that is,

v = v1v2 · · · vs. (A.2)

(2) Denote ai = (ai,0, ai,1, . . . , ai,v−1). Then ai can be
rewritten as follows,

ai =
(
ai,0, ai,1, . . . , ai,v−1

)
= (ai,0, . . . , ai,vi−1, ai,vi , . . . , ai,2vi−1, . . . ,

ai,(v/vi−1)vi , . . . , ai,(v/vi−1)vi+vi−1
)

= ( ai,0, . . . , ai,vi−1︸ ︷︷ ︸
1

, ai,0, . . . , ai,vi−1︸ ︷︷ ︸
2

, . . . , ai,0, . . . , ai,vi−1︸ ︷︷ ︸
v/vi

)
,

(A.3)

that is, ai consists of v/vi cycles of (ai,0, ai,1, . . . , ai,v−1).
From the definition of autocorrelation in (6), we have

Ca(τ) =
v−1∑
i=0

(−1)ai+ai+τ

=
v−1∑
i=0

(−1)
∑s

j=1 aj,i+
∑s

j=1 aj,i+τ

=
v−1∑
i=0

(−1)(a1,i+a1,i+τ )+
∑s

j=2(aj,i+aj,i+τ )

=
( v1−1∑

i=0

+
2v1−1∑
i=v1

+ · · · +
v−1∑

i=(v/v1−1)v1

)

×(−1)a1,i+a1,i+τ

s∏
j=2

(−1)aj,i+aj,i+τ

= Ca1
(τ)

v/v1−1∑
i=0

(−1)
∑s

j=2(aj,i+aj,i+τ )

(repeat this process for j = 2, . . . , s)

= Ca1
(τ)Ca2

(τ) · · ·Cas(τ).

(A.4)

B. PROOF OF THEOREM 2

(1) The proof is similar to that of Theorem 1.
(2) Noting that gcd(v1, . . . , vs) = 1, from the definition of

autocorrelation in (6), we have
(a) τ is odd,

Ca(τ) =
v−1∑
i=0

χ
(
ai
)
χ
(
ai+τ

)

=
v/2−1∑
i=0

χ
(
bi
)
χ
(
ci+(τ−1)/2

)
+

v/2−1∑
i=0

χ
(
ci
)
χ
(
bi+(τ+1)/2

)

=
s∏

i=1

Cbi ,ci

(
τ − 1

2

)
+

s∏
i=1

Cci,bi

(
τ + 1

2

)
.

(B.1)

(b) τ is even,

Ca(τ) =
v−1∑
i=0

χ
(
ai
)
χ
(
ai+τ

)

=
v/2−1∑
i=0

χ
(
bi
)
χ
(
bi+τ/2

)
+

v/2−1∑
i=0

χ
(
ci
)
χ
(
ci+τ/2

)

=
s∏

i=1

Cbi

τ

2
+

s∏
i=1

Cci
τ

2
.

(B.2)

C. PROOF OF THEOREM 3

Denote a j = (aj,0, aj,1, . . . , aj,v−1), j = 1, 2, . . . , s, then

v−1∑
i=0

(−1)ai =
v−1∑
i=0

(−1)
∑s

j=1 aj,i

=
v−1∑
i=0

(−1)a1,i(−1)a2,i · · · (−1)as,i

=
v1−1∑
i=0

(−1)a1,i

v2−1∑
i=0

(−1)a2,i · · ·
vs−1∑
i=0

(−1)as,i

(refer to the proof of Theorem 1).

(C.1)

Since |∑vj−1
i=0 (−1)aj,i| ≤ 1, for j = 1, 2, . . . , s, hence

∣∣∣∣∣
v−1∑
i=0

(−1)ai
∣∣∣∣∣ =

∣∣∣∣∣
v1−1∑
i=0

(−1)a1,i

∣∣∣∣∣ · · ·
∣∣∣∣∣
vs−1∑
i=0

(−1)as,i
∣∣∣∣∣ ≤ 1. (C.2)
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