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Abstract

Mutation is an important operator in genetic algo-
rithms (GAs), as it ensures maintenance of diversity
in evolving populations of GAs. Real-parameter GAs
(RGAs) handle real-valued variables directly without
going to in a binary string representation of variables.
Although RGAs were first suggested in early nineties,
the mutation operator is still implemented variable-
wise and independently for each variable. In this pa-
per, we investigate the effect of five different mutation
schemes for RGAs for two different mutation opera-
tors. Based on extensive simulation studies, it is ob-
served that a mutation clock implementation is com-
putationally quick and also efficient in finding a solu-
tion close to the optimum on four different problems
used in this study for both mutation operators. More-
over, parametric studies with their associated param-
eters reveal suitable working ranges of the parameters.
Interestingly, both mutation operators with their re-
spective optimal parameter settings are found to pos-
sess a similar inherent probability of offspring creation,
a matter that is believed to the reason for their su-
perior working. This study signifies that the long-
suggested mutation clock operator should be consid-
ered as a valuable mutation operator for RGAs.

1 Introduction

Mutation operator in a genetic algorithm (GA) is used
primarily as a mechanism for maintaining diversity in
the population [6, 8]. In contrast to a recombination
operator, a mutation operator operates on only one
evolving population member at a time and modifies
it independent to the rest of the population members.
Although mutation operator alone may not constitute
an efficient search, along with a suitable recombination
operator, mutation operator plays an important role
in making the overall search efficient [6].

Early researchers on GAs used binary strings to
represent a real-valued variable. For an ℓ-bit string

mapped between the specified variable bounds [a, b],
GA’s search is limited to a discrete set of 2ℓ equi-
spaced points within the bounds. In such a binary-
coded GA (BGA), usually a one-point or two-point
crossover operators were used. For mutation, a bit-
wise mutation operator which attempted to mutate
every bit (alter the bit to its complement) with a prob-
ability pm independently to the outcome of mutation
to other bits. Parametric studies [11] have shown that
a mutation probability of pm = 1/L (where L is the
total number of bits used to represent all n variables)
performed the best.

Researchers have realized that there are certain
shortcomings of using a BGA to solve real-parameter
optimization problems. One of the reasons was the ar-
tificial discreteness associated with the coding mech-
anism and the second was the biasness of mutated
solutions towards certain parts of the search space.
Starting early 1990s, real-parameter GAs (RGAs)
[5, 13, 2, 7, 9] were suggested. However, all of these
studies concentrated in developing a recombination
operator that would take two real values (parents) and
recombine (or blend) to create two new real values as
offsprings. The recombination operations were per-
formed variable-wise and vector-wise. For RGAs, sev-
eral mutation operators are also suggested – random
mutation [10], Gaussian mutation [12], polynomial
mutation [3, 1], and others. The effect is to perturb
the current variable value (parent) to a neighboring
value (offspring). While operated on a multi-variable
population member, one common strategy has been to
mutate each variable with a pre-specified probability
pm at a time using one of the above mutation opera-
tors. Not much attention has been made so far in ana-
lyzing whether this one-at-a-time mutation scheme is
efficient or there exists other mutation schemes that
may be more efficient in RGAs.

In this paper, we consider two different and
commonly-used mutation operators (polynomial mu-
tation and Gaussian mutation) and investigate the
performance of five different mutation schemes includ-
ing the usual one-at-a-time scheme. The mutation
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schemes are compared based on computational time
and required number of function evaluations. There-
after, a parametric study of the best-found mutation
scheme is performed to not only suggest an efficient
mutation scheme but also adequate range of its asso-
ciated parameter values. After finding the optimal pa-
rameter settings, the corresponding probability distri-
butions for creating offspring solutions are compared
to reveal interesting observations.

In the remainder of this paper, we briefly describe
two mutation operators used in this study in detail.
Thereafter, we present five different mutation schemes
suggested here. Simulation results of a real-parameter
GA with identical selection and recombination oper-
ators but different mutation schemes are compared
against each other and against a no mutation scheme.
Interesting observations are made. The effect of mu-
tation strength and mutation probability for both mu-
tation operators are investigated for the winning mu-
tation scheme. Finally, both mutation schemes are
compared based on their inherent probability distri-
butions. Conclusions of the study are then made.

2 Polynomial Mutation in Real-

Parameter GAs

Deb and Agrawal [3] suggested a polynomial mutation
operator with a user-defined index parameter (ηm).
Based on a theoretical study, they concluded that ηm
induces an effect of a perturbation of O((b−a)/ηm) in
a variable, where a and b are lower and upper bounds
of the variable. They also found that a value ηm ∈
[20, 100] is adequate in most problems that they tried.
In this operator, a polynomial probability distribution
is used to perturb a solution in a parent’s vicinity.
The probability distribution in both left and right of
a variable value is adjusted so that no value outside
the specified range [a, b] is created by the mutation
operator. For a given parent solution p ∈ [a, b], the
mutated solution p′ for a particular variable is created
for a random number u created within [0, 1], as follows:

p′ =

{

p+ δ̄L(p− x
(L)
i ), for u ≤ 0.5,

p+ δ̄R(x
(U)
i − p), for u > 0.5.

(1)

Then, either of the two parameters (δ̄L or δ̄R) is cal-
culated, as follows:

δ̄L = (2u)1/(1+ηm) − 1, for u ≤ 0.5, (2)

δ̄R = 1− (2(1− u))1/(1+ηm), for u > 0.5. (3)

To illustrate, Figure 1 shows the probability density
of creating a mutated child point from a parent point
p = 3.0 in a bounded range of [1,8] with ηm = 20.
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Figure 1: Probability density function of creating a
mutated child solution using polynomial mutation op-
erator.

3 Gaussian Mutation in Real-

Parameter GAs

Let xi ∈ [ai, bi] be a real variable. Then the truncated
Gaussian mutation operator changes xi to a neighbor-
ing value using the following probability distribution:

p(x′
i;xi, σi) =











1

σi
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)
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)

−Φ
(
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) , if ai ≤ x′
i ≤ bi,

0, otherwise,
(4)

where φ(ζ) = 1√
2π

exp
(

− 1
2ζ

2
)

is the probability dis-

tribution of the standard normal distribution and Φ(·)
is the cumulative distribution function. This mutation
operator has a mutation strength parameter σi for ev-
ery variable, which should be related to the bounds
ai and bi. We use σ = σi/(bi − ai) as a fixed non-
dimensionalized parameter for all n variables.
To implement the above concept, we use the follow-

ing equation to compute the offspring x′
i:

x′
i = xi +

√
2σ(bi − ai)erf

−1(u′
i), (5)

where u′
i and an approximated value of erf−1(u′

i) are
calculated as follows (with ui ∈ [0, 1] a random num-
ber):

u′
i =

{

2uL(1− 2ui), if ui ≤ 0.5,
2uR(2ui − 1), otherwise,

erf−1(u′
i) ≈

sign(u′
i)
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where α = 8(π−3)
3π(4−π) ≈ 0.140012 and sign(u′

i) is −1 if

u′
i < 0 and is +1 if u′

i ≥ 0. Also, uL and uR are
calculated as follows:

uL = 0.5

(

erf

(

ai − xi√
2(bi − ai)σ

)

+ 1

)

,

uR = 0.5

(

erf

(

bi − xi√
2(bi − ai)σ

)

+ 1

)

,

where erf() function is the standard C-library error
function:

erf(y) =
2
√
π

∫ y

0

exp(−t2)dt.

The above mutated offspring x′
i will always lie within

[ai, bi] for any random number ui ∈ [0, 1]. Note that
for ui ≤ uL, x

′
i = ai will be created and for ui ≥ uR,

x′
i = bi will be automatically created.

Thus, the Gaussian mutation procedure for mutat-
ing i-th variable xi is as follows:

Step 1: Create a random number ui ∈ [0, 1].

Step 2: Use Equation 5 to create offspring x′
i from

parent xi.

Figure 2 shows the probability density functions for
three parents xi = −4.5, 3.0 and 9.4 with bounds
[−5, 10] and σ = 1/30. Note that the probabilities of
creating an offspring x′

i < −5 and x′
i > 10 in the re-

spective cases are zero. Also, for two extreme parents
(close to respective boundaries), the Gaussian distri-
bution is truncated to make zero probabilities of cre-
ating offsprings outside the specified lower and upper
bounds.

b

i

ai i
 0

 1.2

 1.4

 1.6

 1.8

−4 −2  0  2  4  6  8  10

P
ro

ba
bi

lit
y 

D
en

si
ty

x
−5

 0.8

 0.6

 0.4

 0.2

 1

Figure 2: Probability density functions for creating
mutated offspring solutions from three parents using
the Gaussian mutation operator.

4 Five Mutation Schemes

We discuss five different mutation schemes used in this
study. We also compare all five schemes with Scheme 0
in which no mutation operator is used.

4.1 Scheme 1: Usual Mutation

This mutation scheme follows the usual method of mu-
tating each and every variable one at a time with a
pre-defined mutation probability pm [6, 1]. Usually,
pm = 1/n is used, so that on an average, one vari-
able gets mutated per individual. A random number
u ∈ [0, 1] is created for every variable for an individ-
ual and if u ≤ pm the variable is mutated using the
polynomial mutation operator.

4.2 Scheme 2: Mutation Clock

The usual mutation scheme described above requires n
random numbers to be created per individual. To re-
duce the computational complexity, Goldberg [6] sug-
gested a mutation clock scheme for binary-coded GAs,
in which once a bit is mutated, the next bit to be
mutated (in the same or in a different individual) is
determined by using an exponential probability distri-
bution:

p(t) = λ exp(−λt), (6)

where λ is the inverse of the average occurrence of
mutations. We implement here mutation clock, for
the first time, to real-parameter GAs. With a muta-
tion probability of pm, on an average, one mutation
will occur in 1/pm variables. Thus, λ = pm. For a
mutation event, a random number u ∈ [0, 1] is first

chosen. Then, equating u =
∫ l

t=0 pm exp(−pmt)dt, we
obtain the next occurrence (l) of mutation as:

l =
1

pm
log(1− u). (7)

If k-th variable on i-th individual in the population is
currently mutated, the next variable to be mutated is
((k + l) mod n)-th variable of the ((k + l)/n)-th indi-
vidual from current individual in the population. At
every generation, the initial variable to be mutated is
calculated using i = k = 1. This operator should,
on an average, require n times less number of random
numbers than that required in Scheme 1.

4.3 Scheme 3: One Mutation per So-

lution

Here, we choose a random variable i ∈ [1, n] and xi is
mutated using the polynomial mutation. Exactly, one
mutation is performed per individual.
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4.4 Scheme 4: Fixed Strategy Muta-

tion

This mutation scheme is similar to Scheme 3, ex-
cept that every variable is given an equal chance,
thereby implementing a less noisy implementation of
Scheme 3. For this purpose, variables are ordered in a
random order in every generation and then variables
are mutated using the polynomial mutation according
to the sorted order of variables from first to last pop-
ulation member. After n variables are mutated in n
top population members, the same order is followed
from (n + 1)-th population member. Again, exactly
one mutation is performed per individual.

4.5 Scheme 5: Diversity based Muta-

tion

In this mutation scheme, we put more probability for
mutation to a variable that has less population-wise
diversity. To implement, first the variance of values of
each variable across the population members is com-
puted and variables are sorted in ascending order of
variance. Thereafter, an exponential probability dis-
tribution (p(i) = λ exp(−λi) for i ∈ [0, n− 1] is used.
To make the above a probability distribution, λ̄ is used
by finding the root of the following equation for a fixed
n:

λ exp(−nλ)− exp(−λ)− λ+ 1 = 0. (8)

Thereafter, for a random number u ∈ [0, 1], the vari-
able (l + 1) that should be mutated is given:

l =
1

λ̄
log
(

1− u(1− exp(−nλ̄))
)

. (9)

For n = 15, λ̄ = 0.168 is found. This scheme makes
one mutation per individual.

5 Results with Polynomial Mu-

tation

We consider four different problems to investigate the
effect of five suggested mutation schemes. The objec-
tive functions have minimum at xi = 0 (i = 1, . . . , n)
for the first three problems, and xi = 1 (i = 1, . . . , n)
for the fourth problem. However, in each case, we con-
sider 15 variables (n = 15), initialized and bounded
within xi ∈ [−5, 10]. This does not make the opti-
mum exactly at the middle of the search space. We
use the following GA parameter settings:

(i) No. of real variables, n = 15,
(ii) Population size = 150,
(iii) SBX operator probability, pc = 0.9,
(iv) SBX operator index, ηc = 2,
(v) Polynomial mutation prob., pm = 1/n,
(vi) Polynomial mutation index, ηm = 20, and

(vii) Termination parameter ǫT = 0.01.

For each mutation scheme, we make 51 different runs
starting from different initial populations, however the
same set of initial populations are used for all muta-
tion schemes. Mutation schemes are then compared
with each other and with the zero mutation scheme.

5.1 Ellipsoidal Function

This function is unimodal and additively separable
having fell(x

∗) = 0:

fell(x) =
D
∑

i=1

ix2
i . (10)

The performance of different mutation schemes on the
problem is shown in Table 1. While all mutation
schemes perform successfully on 100% runs, GAs with-
out mutation have failed to find the required solution
in more than 50% of the runs. This amply suggests
the importance of using a mutation scheme in RGAs.

Figure 3 shows how the objective value is reduced
with generation for all five mutation schemes. Clearly,
Schemes 1 and 2 perform the best. Table 1 shows that
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Figure 3: Variation of number of function evaluations
with generation for ellipsoidal problem using polyno-
mial mutation operator.

despite the use of a clock in Scheme 2, it takes more
or less identical number of mutations. Scheme 2 takes
about O(1/pm) or O(n) less number of random num-
bers, thereby making it faster than Scheme 1. Thus,
it can be concluded that Scheme 2 (mutation clock)
is found to be most efficient mutation scheme for the
ellipsoidal problem.
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Table 1: Performance of different mutation schemes on ellipsoidal problem using polynomial mutation operator.

Scheme 0 Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5

R
u
n
ti
m
e min. 0.05 0.07 0.06 0.11 0.10 0.15

avg. 2.96 0.08 0.08 0.15 0.14 0.20
med. 3.56 0.09 0.08 0.15 0.15 0.19
max. 4.49 0.10 0.09 0.20 0.20 0.25

G
e
n
e
ra

ti
o
n
s min. 122.00 157.00 149.00 277.00 247.00 311.00

avg. 7,701.12 190.27 188.84 385.00 370.11 410.60
med. 10,000.00 193.00 185.00 389.00 375.00 408.00
max. 10,000.00 232.00 226.00 500.00 502.00 539.00

M
u
ta

ti
o
n
s min. 0.00 15,737.00 15,321.00 27,700.00 24,700.00 31,100.00

avg. 0.00 19,113.27 19,629.78 38,500.00 37,011.76 41,060.78
med. 0.00 19,259.00 19,196.00 38,900.00 37,500.00 40,800.00
max. 0.00 23,256.00 23,232.00 50,000.00 50,200.00 53,900.00

5.2 Schwefel’s Function

The function is as follows:

fsch(x) =

D
∑

i=1





i
∑

j=1

xj



 . (11)

The performance of different mutation schemes on this
problem is shown in Table 2. Figure 4 shows the re-
duction in objective value with generation. All five
schemes performs almost equally well. Table 2 shows
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Figure 4: Variation of number of function evaluations
with generation for Schwefel’s function using polyno-
mial mutation operator.

that to achieve the same function value, Scheme 5 re-
quires lesser generations and hence lesser mutations
compared to other mutation schemes. Since Schwe-
fel’s function makes all variables to be linked with
each other, a variance-based mutation helps to iden-
tify the less-converged variables to be mutated more
often, thereby making the performance of Scheme 5
better. However, the performance of other four mu-
tation schemes are also comparable, although RGAs
without any mutation did not perform well.

5.3 Ackley’s Function

Next, we consider Ackley’s function:

fack(x) = 20 + e− 20 exp



−0.2

√

√

√

√

1

D

D
∑

i=1

x2
i



(12)

− exp

(

1

D

D
∑

i=1

cos(2πxi)

)

.

The performance of different mutation schemes on this
problem is shown in Table 3. The table shows that
Schemes 1 and 2 perform much better than other three
mutation schemes. Again, RGAs without any muta-
tion operator do not perform well.

Figure 5 shows the variation of objective value with
generation. It is clear that Schemes 1 and 2 perform
better than other three schemes.

 0.01

 0.1

 1

 10

 0  200  400  600  800  1000  1200  1400  1600

F
un

ct
io

n 
V

al
ue

s

Generations

Scheme 1
Scheme 2
Scheme 3
Scheme 4
Scheme 5

Figure 5: Variation of f with generation for Ackley’s
function using polynomial mutation operator.
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Table 2: Performance of different mutation schemes on Schwefel’s problem using polynomial mutation operator.

Scheme 0 Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5

R
u
n

ti
m
e min. 3.99 0.52 0.69 0.59 0.47 0.68

avg. 4.72 1.27 1.26 0.91 0.94 1.04
med. 4.96 1.22 1.23 0.88 0.94 1.03
max. 5.38 2.60 1.84 1.85 1.53 1.66

G
e
n
e
ra

ti
o
n
s min. 10,000.00 1,065.00 1,522.00 1,335.00 1,060.00 1,301.00

avg. 10,000.00 2,559.57 2,788.29 2,053.10 2,146.77 1,997.37

med. 10,000.00 2,490.00 2,718.00 1,979.00 2,122.00 1,971.00

max. 10,000.00 5,307.00 4,076.00 4,210.00 3,470.00 3,161.00

M
u
ta

ti
o
n
s min. 0.00 106,891.00 159,104.00 133,500.00 106,000.00 130,100.00

avg. 0.00 257,230.11 289,855.70 205,309.80 214,676.47 199,737.25

med. 0.00 250,244.00 282,629.00 197,900.00 212,200.00 197,100.00

max. 0.00 533,128.00 423,452.00 421,000.00 347,000.00 316,100.00

Table 3: Performance of different mutation schemes on Ackley’s function using polynomial mutation operator.

Scheme 0 Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5

R
u
n

ti
m
e min. 0.09 0.11 0.10 0.53 0.41 0.58

avg. 3.72 0.14 0.14 0.71 0.68 0.86
med. 3.93 0.14 0.13 0.72 0.69 0.86
max. 4.08 0.18 0.19 1.02 0.87 1.56

G
e
n
e
ra

ti
o
n
s min. 207.00 224.00 225.00 1,220.00 969.00 1,132.00

avg. 9,427.43 291.88 303.31 1,641.90 1,563.51 1,682.78
med. 10,000.00 291.00 296.00 1,652.00 1,598.00 1681.00
max. 10,000.00 372.00 429.00 2,364.00 2,031.00 3,066.00

M
u
ta

ti
o
n
s min. 0.00 22,392.00 23,523.00 122,000.00 96,900.00 113,200.00

avg. 0.00 29,349.04 31,527.67 164,190.19 156,350.98 168,278.43
med. 0.00 29,068.00 30,891.00 165,200.00 159800.00 168,100.00
max. 0.00 37,258.00 44,327.00 236,400.00 203,100.00 306,600.00

5.4 Rosenbrock’s Function

Rosenbrock’s function is as follows:

fros(x) =
D−1
∑

i=1

[

100
(

xi+1 − x2
i

)2
+ (x1 − 1)2

]

. (13)

Since this is a difficult problem to solve, as reported in
the literature [4], we use ǫT = 15. The performance of
different mutation schemes on this problem is shown
in Table 4. The table indicates that Schemes 1 and
2 perform the best. Scheme 2 takes slightly smaller
number of generations and computational time to find
a similar solution. Clearly, RGAs without the muta-
tion operator do not perform well.
Figure 6 reiterates the fact that Scheme 2 per-

forms slightly better that Scheme 1 and other mu-
tation schemes.
On four different problems, it is observed that in

terms of function evaluations, in general, Schemes 1
and 2 perform better than the other three mutation
schemes including the zero mutation scheme. Tables

show that Scheme 2 requires smaller number of com-
putational time compared to Scheme 1. Hence, we
recommend the use of mutation clock as an recom-
mended mutation scheme with the polynomial muta-
tion operator for real-parameter GAs.

6 Parametric Studies

Having established the superiority of mutation clock
scheme, we now perform a parametric study of the
distribution index ηm and mutation probability pm of
polynomial mutation operator for Scheme 2.

6.1 Parametric Study with Distribu-

tion Index

In the previous section, ηm = 20 was used. Here, all
other RGA parameters are kept fixed, except that ηm
is changed in different simulations.
Figure 7 shows that ηm ∈ [100, 200] performs the

best on the ellipsoidal problem. For smaller values, the
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Table 4: Performance of different mutation schemes on Rosenbrock’s problem using polynomial mutation
operator.

Scheme 0 Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5
R
u
n

ti
m
e min. 0.08 0.05 0.05 0.05 0.05 0.06

avg. 4.63 0.24 0.14 0.29 0.27 0.30
med. 5.14 0.08 0.07 0.09 0.08 0.10
max. 5.51 3.09 0.99 2.45 2.77 2.21

G
e
n
e
ra

ti
o
n
s min. 165.00 102.00 106.00 110.00 126.00 110.00

avg. 9433.04 473.75 309.12 632.88 598.29 561.21
med. 10,000.00 160.00 159.00 199.00 196.00 188.00
max. 10,000.00 6,284.00 2,163.00 5,481.00 6,227.00 4,207.00

M
u
ta

ti
o
n
s min. 0.00 10,148.00 11,034.00 11,000.00 12,600.00 11,000.00

avg. 0.00 47,593.15 32,159.07 63,288.23 59,829.41 56,121.57
med. 0.00 15,827.00 16,544.0 19,900.00 19,600.00 18,800.00
max. 0.00 631,346.00 225,044.00 548,100.00 622,700.00 420,700.00
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Figure 6: Variation of f with generation for Rosen-
brock’s function using polynomial mutation operator.

perturbance due to mutation is large and hence the re-
spective RGA finds it difficult to find a near-optimal
solution quickly. On the other hand, for larger ηm
values, the perturbance is too small to create a near-
optimal solution quickly. The values ηm ∈ [100, 200]
provide RGAs right perturbance in parent solutions
to converge near to the optimal solution. This work-
ing range for ηm is wide, thereby demonstrating the
robustness of the polynomial mutation operator with
the proposed mutation clock scheme.

Figure 8 shows ηm ∈ [100, 150] produce best re-
sults for Schwefel’s function, which is similar to that
obtained for the ellipsoidal function. The number in
bracket shown for the smallest ηm value indicates the
number of times (out of 51) for which RGAs termi-
nated with f(x) ≤ ǫT condition.

Figure 9 shows ηm ∈ [100, 150] produce best re-
sults for Ackley’s function. Although ηm ∈ [200, 300]
produce some better runs, the variance in the per-
formance is too wide for it to be recommended for
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Figure 7: Parametric study of ηm for Scheme 2 on
ellipsoidal function using polynomial mutation opera-
tor.

practice.
Figure 10 shows ηm ∈ [20, 100] produce best results

for Rosenbrock’s function.

6.2 Parametric Study with Mutation

Probability

Next, we perform a parametric study of mutation
probability pm with Scheme 2 and fix the mutation
index as ηm = 100 (which is found to be near-optimal
in the previous subsection). We use pm = k/n with
k = 0.01, 0.1, 0.5, 0.75, 1, 1.5, 2, and 5. The rest of
the RGA parameters are kept the same as before.
Figure 11 shows the number of generations needed

for 51 runs for the ellipsoidal problem. Mutation prob-
abilities of 0.01/n and 0.1/n are not found to produce
a reasonable result. The figure shows that 0.5/n to
1.5/n perform the best. Thus, the usual practice of
pm = 1/n is justified by our study.
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Figure 8: Parametric study of ηm for Scheme 2 on
Schwefel’s function using polynomial mutation opera-
tor.
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Figure 9: Parametric study of ηm for Scheme 2 on
Ackley’s function using polynomial mutation opera-
tor.

Figure 12 shows that pm ∈ [0.75, 2.0]/n performs
better for the Schwefel’s function. Too low or too high
values of pm causes too little changes or too frequent
changes in variables of the population members.

For Ackley’s function, pm ∈ [0.75, 1.5]/n performs
better, with pm = 1/n clearly performing the best.
For the Rosenbrock’s function, although most pm val-
ues find similar best performance, the least variance
in the results come with pm = 1/n.

Thus, based on the above extensive simulation stud-
ies, we recommend the following parameter values for
the polynomial mutation operator which is to be ap-
plied with SBX recombination operator with ηc = 2
and the binary tournament selection operator:

Mutation scheme = Mutation clock [6],
Mutation index, ηm [3] = [100, 150],
Mutation probability, pm= [0.75, 1.5]/n, where n is the

number of variables.
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Figure 10: Parametric study of ηm for Scheme 2 on
Rosenbrock’s function using polynomial mutation op-
erator.
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Figure 11: Parametric study of pm for Scheme 2 on
the ellipsoidal function using polynomial mutation op-
erator.

7 Results with Gaussian Muta-

tion

We now perform a similar study for the Gaussian mu-
tation operator, which is another commonly-used mu-
tation operator described before. For this mutation,
we use the following RGA parameter settings:

(i) No. of real variables, n = 15,
(ii) Population size = 150,
(iii) SBX operator probability, pc = 0.9,
(iv) SBX operator index, ηc = 2,
(v) Gaussian mutation prob. pm = 0.067,
(vi) Gaussian mutation strength σ= 1/30, and
(vii) Termination parameter ǫT = 0.01.

Like before, for each mutation scheme, we make 51 dif-
ferent runs starting from different initial populations,
however the same set of initial populations are used
for all mutation schemes. Mutation schemes are then
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Figure 13: Parametric study of pm for Scheme 2 on
the Ackley’s function using polynomial mutation op-
erator.

compared with each other and with the zero mutation
scheme.

7.1 Ellipsoidal Function

The performance of different mutation schemes on
the problem is shown in Table 5. All five mutation
schemes perform successfully on 100% runs, however,
RGAs without mutation have failed to find the re-
quired solution in more than 50% of the runs. This
amply suggests the importance of using a mutation
scheme in RGAs. Figure 15 shows how the objective
value is reduced with generation for all five mutation
schemes. Clearly, Schemes 1 and 2 perform the better
than the other three schemes.

7.2 Schwefel’s Function

The performance of different mutation schemes on this
problem is shown in Table 6. The performance of all
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Figure 14: Parametric study of pm for Scheme 2 on
Rosenbrock’s function using polynomial mutation op-
erator.

 0.01

 0.1

 1

 10

 50  100  150  200  250  300  350  400

F
un

ct
io

n 
V

al
ue

s

Generations

Ellipsoidal Function

Scheme 1
Scheme 2
Scheme 3
Scheme 4
Scheme 5

Figure 15: Variation of number of function evaluations
with generation for ellipsoidal problem using Gaussian
mutation operator.

five mutation schemes are similar with Scheme 3 hav-
ing a slight edge.

Figure 16 shows the reduction in objective value
with generation. All five schemes performs almost
equally well for this problem.

7.3 Ackley’s Function

The performance of different mutation schemes on this
problem is shown in Table 7. It is clear from th e table
that Schemes 1 and 2 are almost an order of magnitude
better than the rest of the schemes.

Figure 17 shows the variation of objective value
with generation. It is also clear from the figure that
Schemes 1 and 2 perform better than other three
schemes.
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Table 5: Performance of different mutation schemes on ellipsoidal problem using Gaussian mutation operator.

Scheme 0 Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5

R
u
n
ti
m
e min. 0.06 0.07 0.06 0.09 0.08 0.11

avg. 3.10 0.08 0.08 0.14 0.13 0.17
med. 3.81 0.08 0.08 0.14 0.13 0.17
max. 4.55 0.10 0.09 0.18 0.17 0.24

G
e
n
e
ra

ti
o
n
s min. 122.00 140.00 142.00 215.00 174.00 232.00

avg. 7,701.12 175.00 178.78 327.96 308.08 344.08
med. 10,000.00 175.00 180.00 328.00 305.00 339.00
max. 10,000.00 222.00 2

¯
14.00 428.00 405.00 497.00

M
u
ta

ti
o
n
s min. 0.00 14,054.00 14,591.00 21,500.00 17,400.00 23,200.00

avg. 0.00 17,573.03 18,594.12 32,796.08 30,807.84 34,407.84
med. 0.00 17,631.00 18,714.0 32,800.00 30,500.00 33,900.0
max. 0.00 22,377.00 22,113.00 42,800.00 40,500.00 49,700.00

Table 6: Performance of different mutation schemes on Schwefel’s problem using Gaussian mutation operator.

Scheme 0 Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5

R
u
n
ti
m
e min. 4.05 0.51 0.42 0.40 0.52 0.49

avg. 4.60 1.06 1.03 0.75 0.80 0.88
med. 4.73 1.00 1.01 0

¯
.75 0.81 0.86

max. 5.25 1.75 2.23 1.49 1.26 1.46

G
e
n
e
ra

ti
o
n
s min. 10,000.00 983.00 861.00 872.00 1,107.00 904.00

avg. 10,000.00 2046.02 2,147.80 1,622.35 1,717.68 1,597.78

med. 10,000.00 1,940.00 2,094.00 1,633.00 1,742.00 1,578.0

max. 10,000.00 3,343.00 4,700.00 3,217.00 2,593.00 2,672.00

M
u
ta

ti
o
n
s min. 0.00 98,937.00 89,239.00 87,200.00 110,700.00 90,400.00

avg. 0.00 205,714.96 223,275.14 162,235.29 171,768.63 159,778.43

med. 0.00 195,130.00 217,533.00 163,300.00 174,200.00 157,800.00

max. 0.00 336,173.00 488,678.00 321,700.00 259,300.00 267,200.00

7.4 Rosenbrock’s Function

Like before, we use ǫT = 15. The performance of
different mutation schemes on this problem is shown in
Table 8. Figure 18 indicates that all schemes perform
more or less in a similar manner.

On four different problems, it is observed that in
terms of function evaluations, Schemes 1 and 2 per-
form better or similar than the other three mutation
schemes. All proposed mutation schemes are bet-
ter than RGAs without any mutation. Tables show
that Scheme 2 requires much smaller number of com-
putational time compared to Scheme 1. Hence, we
again recommend the use of mutation clock as an ef-
ficient mutation scheme for real-parameter GAs with
the Gaussian mutation operator.

8 Parametric Studies with

Gaussian Mutation Opera-

tor

We now perform a parametric study of the mutation
strength σ and mutation probability pm for Scheme 2
using Gaussian mutation.

8.1 Parametric Study for Mutation

Strength

Figure 19 shows that σ ≈ 0.25/15 = 1/60 performs
the best on the ellipsoidal problem. As the mutation
strength is increased, the performance gets worse.

Figure 20 shows σ ≈ 0.1/15 = 1/150 produce best
results for Schwefel’s function.

Figure 21 shows σ ≈ 0.25/15 = 1/60 produce best
results for Ackley’s function. A smaller value makes
38 out of 51 runs successful.

Figure 22 shows although median performance is

10



Table 7: Performance of different mutation schemes on Ackley’s function using Gaussian mutation operator.

Scheme 0 Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5

R
u
n

ti
m
e min. 0.10 0.10 0.10 0.31 0.37 0.58

avg. 4.18 0.14 0.13 0.64 0.63 0.90
med. 4.55 0.14 0.13 0.64 0.61 0.90
max. 5.12 0.19 0.20 0.91 0.95 1.35

G
e
n
e
ra

ti
o
n
s min. 207.00 201.00 202.00 690.00 807.00 831.00

avg. 9,427.43 275.55 278.21 1,375.31 1,301.33 1,403.84
med. 10,000.00 277.00 274.00 1,361.00 1,255.00 1,346.00
max. 10,000.00 366.00 415.00 2,009.00 2,089.00 2,131.00

M
u
ta

ti
o
n
s min. 0.00 20,258.00 21,079.00 69,000.00 80,700.00 83,100.00

avg. 0.00 27,701.18 28,928.57 137,531.37 130,133.33 1403,84.31
med. 0.00 27,982.00 28,479.00 136,100.00 125,500.00 134,600.00
max. 0.00 36,914.00 43,290.00 200,900.00 208,900.00 213,100.00

Table 8: Performance of different mutation schemes on Rosenbrock’s problem using Gaussian mutation oper-
ator.

Scheme 0 Scheme 1 Scheme 2 Scheme 3 Scheme 4 Scheme 5

R
u
n

ti
m
e min. 0.08 0.05 0.05 0.05 0.04 0.06

avg. 4.23 1.64 0.20 0.17 0.21 0.32
med. 4.58 0.08 0.08 0.08 0.07 0.10
max. 5.07 0.23 1.76 1.35 2.11 5.40

G
e
n
e
ra

ti
o
n
s min. 165.00 89.00 95.00 104.00 86.00 122.00

avg. 9433.04 451.76 487.02 360.11 462.96 585.80
med. 10,000.00 157.00 166.00 161.00 159.00 187.00
max. 10,000.00 3,181.00 3,708.00 2,918.00 4,579.00 10,000.00

M
u
ta

ti
o
n
s min. 0.00 8,839.00 9,823.00 10,400.00 8,600.00 12,200.00

avg. 0.00 45,438.71 50,614.08 36,011.76 46,296.08 58,580.39
med. 0.00 15,853.00 17,315.00 16,100.00 15,900.00 18,700.00
max. 0.00 319,117.00 385,371.00 291,800.00 457,900.00 100,000.00

better for σ ∈ [0.25, 1.0]/15, there is a large variance
in the performance over 51 runs for Rosenbrock’s func-
tion.

Nevertheless, the above simulations suggest that
σ = 0.25/15 = 1/60 performs the better than other
values.

8.2 Parametric Study with Mutation

Probability

Next, we perform a parametric study of mutation
probability pm with Scheme 2 and fix the mutation
index as σ = 1/60 (which is found to be near-optimal
in the previous subsection). We use pm = k/n with
k = 0.1, 0.5, 0.75, 1, 1.5, 2, and 5. The rest of the RGA
parameters are kept the same as before.

Figure 23 shows the number of generations needed
for 51 runs for the ellipsoidal problem. Mutation prob-
abilities in the range [0.5, 1.5]/n are found to produce
best performance.

On Schwefel’s function (Figure 24), pm ∈
[0.75, 2.0]/n is found to produce better results. For
Ackley’s function (Figure 25), pm ∈ [0.5, 1.0]/n pro-
duces best and for Rosenbrock’s function (Figure 26),
pm ∈ [0.75, 2.0]/n produces best performance.
Thus, based on the above simulation results, we rec-

ommend the following parameter values for the Gaus-
sian mutation operator which is to be applied with
SBX recombination operator with ηc = 2 and the bi-
nary tournament selection operator:

Mutation scheme = Mutation clock [6],
Standard Deviation, σ = [1/60, 1/30],
Mutation probability, pm= [0.75, 1.0]/n, where n is the

number of variables.

8.3 Comparison of Polynomial and

Gaussian Mutation Operators

Independent parametric studies revealed that for all
other parameters being equal, ηm = 100 for polyno-
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Table 9: Performance of polynomial mutation (with ηm = 100) and Gaussian mutation (with σ = 1/60) on
all four problems.

Mut. Op. Ellipsoidal Schwefel Ackley Rosenbrock

R
u
n
ti
m
e
(s
)

min.
Poly. 0.050 0.398 0.079 0.047
Gauss. 0.050 0.339 0.089 0.046

avg.
Poly. 0.059 0.556 0.100 0.172
Gauss. 0.064 0.611 0.148 0.235

med.
Poly. 0.059 0.553 0.099 0.087
Gauss. 0.063 0.587 0.108 0.081

max.
Poly. 0.067 0.688 0.125 0.815
Gauss. 0.074 0.951 0.110 2.407

G
en
er
a
ti
o
n
s

min.
Poly. 123.00 843.00 172.00 102.00
Gauss. 124.00 726.00 189.00 96.00

avg.
Poly. 144.74 1,184.25 272.00 373.59
Gauss. 153.22 1,312.14 235.80 491.63

med.
Poly. 146.00 1,182.00 216.00 188.00
Gauss. 151.00 1,257.00 231.00 169.00

max.
Poly. 164.00 1,466.00 274.00 1,760.00
Gauss. 178.00 2,051.00 319.00 5,076.00

M
u
ta
ti
o
n
s

min.
Poly. 12,799.00 87,651.00 18,005.00 10,451.00
Gauss. 12,876.00 75,713.00 19,840.00 9,932.00

avg.
Poly. 15,054.80 123,105.71 22,634.31 38,818.88
Gauss. 15,935.00 136,389.57 24,516.37 51,127.71

med.
Poly. 15,173.00 122,801.00 22,415.00 19,773.00
Gauss. 15,681.00 130,351.00 23,992.00 17,430.00

max.
Poly. 17,192.00 152,027.00 28,127.00 182,379.00
Gauss. 18,687.00 212,520.00 33,100.00 527,745.00
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Figure 16: Variation of number of function evaluations
with generation for Schwefel’s function using Gaussian
mutation operator.

mial mutation and σ = 0.25/15 = 1/60 for Gaussian
mutation performs the best. We tabulate the per-
formance of RGAs with Scheme 2 (mutation clock)
for these two parameter settings in Table 9 with
pm = 1/n. It is clear that the performance of these two
mutation operators with respective parameter settings
are similar, except in the number of overall number
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Figure 17: Variation of f with generation for Ackley’s
function using Gaussian mutation operator.

of mutations for Rosenbrock’s function. Compared
to the wide range of these performance metric values
observed with other mutation schemes and parameter
values, as shown in earlier tables of this paper, the dif-
ferences in the performance metric values between the
two mutation operators for their respective parameter
values are small.

To investigate why these two parameter settings
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Figure 18: Variation of f with generation for Rosen-
brock’s function using Gaussian mutation operator.

 200

 300

 400

 500

 600

 700

 800

 900

 1000

 0.1  0.5  1  1.5  2  3  5

G
en

er
at

io
ns

sigma

(38)

Figure 19: Parametric study of σ for Scheme 2 on
ellipsoidal function using Gaussian mutation operator.

cause a similar performance of the two mutation oper-
ators, we plot the probability density function of two
mutation events on a parent xi = 3.0 with bounds
[−5, 10]. The polynomial mutation distribution is used
with ηm = 100 and Gaussian mutation is used with
σ = 1/60. Figure 27 shows that both have simi-
lar probability distribution of creating offspring so-
lutions around the parent. It is interesting that an
inherent equivalent probability distribution for creat-
ing offspring solutions make both mutation operators
to exhibit a similar performance. This amply reveals
the fact that instead of the detail of implementation
of this or that mutation operator being important as
often reported in the literature, it is the inherent prob-
ability of offspring creation that dictates the efficacy
of a mutation operator.

9 Conclusions

Mutation operators are used for maintaining diver-
sity in a genetic algorithm. In this paper, we have
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Figure 20: Parametric study of σ for Scheme 2 on
Schwefel’s function using Gaussian mutation operator.
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Figure 21: Parametric study of σ for Scheme 2 on
Ackley’s function using Gaussian mutation operator.

suggested five different mutation schemes for real-
parameter GAs and tested their performance with two
commonly-used mutation operators – polynomial mu-
tation and Gaussian mutation – on four different test
problems. Based on their performance, we conclude
the following:

• Any of the five mutation operators is better than
not performing any mutation,

• The mutation clock operator, which was sug-
gested in eighties, has been long ignored and has
been found here to be the fastest in terms of its
execution time and better in terms of its perfor-
mance.

• The above conclusions are valid for both polyno-
mial and Gaussian mutation operators.

Parametric studies have also found range of muta-
tion parameters for both mutation operators. For
the polynomial mutation, the distribution index ηm ∈
[100, 150] and mutation probability pm ∈ [0.5, 1.5]/n
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Figure 22: Parametric study of σ for Scheme 2 on
Rosenbrock’s function using Gaussian mutation oper-
ator.
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Figure 23: Parametric study of pm for Scheme 2 on the
ellipsoidal function using Gaussian mutation operator.

(where n is the number of variables) have been found
to perform the best. For Gaussian mutation operator,
its mutation strength σ ∈ [0.25, 0.5]/(bi − ai) (where
ai and bi are the lower and upper bounds of i-th vari-
able) and mutation probability pm ∈ [0.75, 1.0]/n have
been found to perform better.
This study is extensive in performing simulation

studies with two different mutation operators which
are analyzed with five different mutation schemes.
Superior performance of mutation clock scheme with
both mutation operators provide us confidence to rec-
ommend this scheme in practice. Moreover, a more
or less similar optimal mutation probability of around
1/n observed for both mutation operators also gives
us confidence of its usage in other problems. Inter-
estingly, the inherent probability distributions of cre-
ating offspring for polynomial and Gaussian mutation
operators have been found to be similar and instru-
mental in the superior performance of both methods
with mutation clock scheme. Furthermore, we believe
that this study should resurrect the use of mutation
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Figure 24: Parametric study of pm for Scheme 2 on
Schwefel’s function using Gaussian mutation operator.
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Figure 25: Parametric study of pm for Scheme 2 on the
Ackley’s function using Gaussian mutation operator.

clock in real-parameter GA studies and encourage its
use in the coming years.

Acknowledgments

The first author acknowledges the Academy of Finland
grant no 133387.

References

[1] K. Deb. Multi-objective optimization using evolu-
tionary algorithms. Wiley, Chichester, UK, 2001.

[2] K. Deb and R. B. Agrawal. Simulated binary
crossover for continuous search space. Complex
Systems, 9(2):115–148, 1995.

[3] K. Deb and S. Agrawal. A niched-penalty ap-
proach for constraint handling in genetic algo-
rithms. In Proceedings of the International Con-
ference on Artificial Neural Networks and Ge-

14



 100

 1000

 10000

 0.33 0.1 0.067 0.033 0.0067

G
en

er
at

io
ns

p_m

(49)

(50) (49) (49)

Figure 26: Parametric study of pm for Scheme 2 on
Rosenbrock’s function using Gaussian mutation oper-
ator.

Polynomial

(η=100)

(σ=1/60)

i

mutation

mutation
Gaussian

 0

 4

 2  2.25  2.5  2.75  3  3.25  3.5  3.75  4

P
ro

b.
 D

en
si

ty

x

 3

 2.5

 2

 1.5

 1

 0.5

 3.5

Figure 27: Comparison of Polynomial and Gaussian
mutation for a parent xi = 3.0 in [−5, 10].

netic Algorithms (ICANNGA-99), pages 235–
243. Springer-Verlag, 1999.

[4] K. Deb, Y. Dhebar, and N. V. R. Pavan. Non-
uniform mapping in binary-coded genetic algo-
rithms. Technical Report KanGAL Report No.
2012011, IIT Kanpur, India, 2012.

[5] L. J. Eshelman and J. D. Schaffer. Real-coded
genetic algorithms and interval-schemata. In
Foundations of Genetic Algorithms 2 (FOGA-2),
pages 187–202, 1993.

[6] D. Goldberg. Genetic algorthims in search, op-
timization, and machine learning. Reading, MA:
Addison-Wesley, 1989.

[7] T. Higuchi, S. Tsutsui, and M. Yamamura. Theo-
retical analysis of simplex crossover for real-coded

genetic algorithms. In Parallel Problem Solving
from Nature (PPSN-VI), pages 365–374, 2000.

[8] J. H. Holland. Adaptation in Natural and Artifi-
cial Systems. Ann Arbor, MI: MIT Press, 1975.

[9] H. Kita, I. Ono, and S. Kobayashi. Multi-parental
extension of the unimodal normal distribution
crossover for real-coded genetic algorithms. In
Proceedings of the 1999 Congress on Evolution-
ary Computation, pages 1581–1587, 1999.

[10] Z. Michalewicz. Genetic Algorithms + Data
Structures = Evolution Programs. Berlin:
Springer-Verlag, 1992.

[11] J. D. Schaffer, R. A. Caruana, L. J. Eshelman,
and R. Das. A study of control parameters af-
fecting online performance of genetic algorithms.
In Proceedings of the International Conference on
Genetic Algorithms, pages 51–60, 1989.

[12] H.-P. Schwefel. Collective phenomena in evolu-
tionary systems. In P. Checkland and I. Kiss,
editors, Problems of Constancy and Change –
the Complementarity of Systems Approaches to
Complexity, pages 1025–1033. Budapest: Inter-
national Society for General System Research,
1987.

[13] H.-M. Voigt, H. Mühlenbein, and D. Cvetković.
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