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Abstract

Innovization (innovation through optimization) is a relatively new concept in the field of
multi-objective engineering design optimization. It involves the use of the Pareto-optimal solu-
tions of a problem, to unveil hidden mathematical relationships between variables, objectives and
constraint functions. Since the relationships themselves come from the Pareto-optimal dataset,
they can be thought of as essential properties which make a feasible solution Pareto-optimal.
This paper proposes and discusses two major extensions to the basic concept of innovization,
namely higher-level innovization and lower-level innovization. While the former deals with the
discovery of common features among solutions from different fronts, the latter concerns com-
monalities among the trade-off solutions that belong to a specified (or preferred) part of the
Pareto-optimal front. The knowledge of such lower-level information is extremely beneficial to
a decision maker, since it focuses on a set of preferred designs. On the other hand, higher-level
innovization reveals interesting knowledge about the general problem structure. Neither of these
crucial aspects concerning multi-objective designs have been addressed before to the authors’
knowledge. In this study, generic methodologies for handling both levels of innovization are de-
veloped by extending authors’ earlier automated innovization algorithm. These methodologies
are clearly illustrated on three well-known engineering design problems. Results demonstrate
that the proposed methodologies are generic and are ready to be applied to other engineering
design problems.

1 Introduction

A typical design optimization task involving multiple objectives usually culminates with the dis-
covery of the Pareto-optimal front. Evolutionary algorithms are useful in this regard since they
work with a population of solutions and hence are capable of converging to the trade-off front in
a single simulation run. Thereafter, intuition, expert opinion or multiple criteria decision-making
techniques are used to select one or a few solutions for practical implementation. The availability
of multiple trade-off solutions can be utilized to discover additional knowledge about the problem.
This knowledge can reveal hidden problem structure characteristics such as correlations between
variables and/or objectives, sensitivity to variables/constraints and changes in active constraint
set.

The task of identifying multiple high-performing trade-off solutions by using a multi-objective
optimization technique and then analyze the solutions to unveil vital problem information is termed
as innovization – the act of revealing innovation through the use of multi-objective optimization.
Deb [7] proposed the innovization idea originally as a visual means of analyzing the solutions
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through two dimensional plots between variables, objectives and constraints. However, using re-
gression techniques, visually discovered correlations among these entities were given a mathematical
form [12]. The procedure was later automated for higher dimensions [4] using machine learning
techniques and subsequently extended to reveal several analytical relationships simultaneously [3]
without any human intervention. This automated innovization method uses a clustering based
optimization technique discussed later in Sect. 2. Other methods have also been proposed. For
example, rule-mining has been suggested in [20] to condense the hidden information in the form of
association rules. Sugimura et. al [21] use rough-set theory to first discretize and then group the
decision variables and objectives into levels. The rules are then presented as a matrix of different
levels. Decision trees are also popular methods for representing large volumes of data. They extract
rules in the ‘if-then’ form [21, 17, 15].

Here, we extend the idea of innovization for performing higher and lower-level innovization which
could also be of great interests to practitioners and academicians. In the higher-level innovization
task, the goal is to identify principles common to a number of Pareto-optimal sets obtained for
different settings of the underlying optimization problem. In the lower-level innovization task, the
innovization is proposed to be applied to a preferred partial Pareto-optimal set, thereby revealing
useful insights for only that set of preferred solutions instead of the entire Pareto-optimal set.

1.1 Beyond Pareto-optimality

In this paper, we propose to elevate the post-Pareto-optimality analysis to a new level. In fact, we
explore two levels of the recently proposed innovization task [12]. We describe these tasks here as
higher-level and lower-level innovization:

Higher-level Innovization: Optimization problem formulations involve many settings that are
not changed during the solution process. However, once the trade-off front is generated,
the designer may wish to change them and rerun the optimization, thus obtaining more
fronts. This happens in many real-world scenarios where the designer is initially unsure
about problem elements such as constraints, variable bounds, parameters and even objective
functions. Higher-level innovization answers questions like: “Are the design principles of
the original problem still valid for other generated fronts? If not, how do they change with
the modified setting?”. The name reflects the fact that higher-level knowledge is gained in
the process. Note that though the problem formulation can change, all the fronts must be
obtained from the same underlying process or mechanism in order to gain meaningful design
principles. The task of data mining multiple trade-off fronts and extracting design principles
common to all of them is a deceptively simple task. The change in any problem setting
should somehow be incorporated into the combined trade-off dataset to extract higher-level
information and this leads to spurious redundant principles as will be seen later in Sect. 3.

Lower-level Innovization: Consider the situation when after obtaining a set of trade-off solu-
tions for a multi-objective design problem, a posteriori decision-making approach is used to
identify a region of preference on the Pareto-optimal front. Now, the designer is interested
in knowing what problem features are common to this partial set and the rest of the Pareto-
optimal solutions may not possess the same features, so that the designer is aware of prop-
erties associated with his/her chosen solutions. Thus, an algorithm designed to achieve the
lower-level innovization task would require two sets: (i) a preferred set and (ii) the remaining
non-preferred set.

In the following section, a brief description of the automated innovization approach, which we
have proposed in the recent past, has been provided. Next, we illustrate different types of higher
and lower-level innovizations in Sect. 3 and Sect. 4, respectively. Then, we present modifications
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to the automated innovization algorithm for performing innovization tasks at these levels. Three
examples from engineering design are chosen in Sect. 5 to illustrate the developed algorithms.

2 From Innovization to Automated Innovization

The original paper on innovization [7] involves (1) manually selecting various pairwise combinations
of the variables (x), objectives (f(x)) and constraints (g(x)), (2) plotting the Pareto-optimal values
of these combinations against each other, (3) visually looking for correlations, and (4) performing
regression with appropriate functions. Any resulting regressed function can always be expressed as
follow:

ψ(x) = c (a constant). (1)

The expression on the left hand side is called a ‘commonality’ since it remains ‘constant’ over the set
of regressed trade-off points. The term ψ(x) is thus a design principle of the multi-objective problem
under consideration. The innovization procedure, though simple, has been applied to different
engineering problems [7, 12, 6] to reveal interesting properties of the corresponding non-dominated
solutions. From these and other previous studies, some important aspects of the innovized design
principles were observed [4]:

1. There may be several design principles hidden in the dataset.

2. Design principles are composite expressions made up of different problem variables (x) and/or
parts or whole of objective and constraint functions. The Pareto-optimal front is innately the
result of physical and logical considerations of the problem enforced using the objective and
constraint functions. Therefore, it is very likely that the design principles will contain whole
or parts of these functions which are in turn functions of x.

3. A design principle need not span the entire set of trade-off solutions. This happens, for
example, when different constraints are active over different parts of the front. The strength
or significance of the design principle depends on the percentage of the front that it spans.

4. The trade-off points obtained by any numerical optimization procedure are never truly Pareto-
optimal. Due to this near-Pareto-optimality nature of the solutions, the design principle ψ(x)
does not evaluate to exactly the same ‘constant’ for all the solutions that it spans. However,
they will have a low variance. This is analogous to the errors that regressed functions have
at the original data points.

5. A design principle may vary parametrically (with respect to c) in sets over the trade-off
solutions. In other words, ψ(x) may have different sets of low variance values. This is
observed in case of disjoint Pareto-optimal fronts (such as in Fig. 4(c)) which, in turn, may
be because of discreteness in variable values.

The last three facets can be better understood using Fig. 1. The design principle ψ1(x) is evalu-
ated for all Pareto-optimal points to get c-values. It spans over points {{1, 2, 3}, {4, 5, 6, 7}, {8, 9, 10, 11, 12}}
in different sets of low variance c-values. Below, we explain how these sets can be identified by clus-
tering. The c-values of points 13, 14 and 15 are too far apart to form a cluster and therefore none of
these are said to follow the design principle. Thus, the significance of ψ1(x) is (12/15)×100 = 80.0%.

The first attempt at automated innovization [4] uses the concept of ‘basis functions’ to simplify
the composite form of ψ(x),

ψ(x) = ψ(φ(x)) = ψ(φ1(x), φ2(x), . . . , φN (x)) = c. (2)
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Figure 1: Calculation of c values and identification of clusters using grid-based clustering.

There it was argued that the primary choice for these N functions are readily available from
the problem definition in the form of variables, objectives and constraint functions. It was also
highlighted that since obtaining a generic functional form for ψ(φ(x)) is extremely challenging, a
simplified structure given by,

ψ(φ(x)) ≡
N
∏

j=1

φj(x)
bj = c. (3)

can be used. This particular structure resembles a power law in higher dimensions. Power laws are
observed in a wide variety of physical (e.g. inverse-square laws), natural (e.g. sizes of earthquakes
and moon craters), biological (e.g. Kleiber’s law and other allometric laws) and man-made phe-
nomena such as economy, internet and wars [16]. By using such an ubiquitous mathematical form
for the design principles, it is expected that most, if not all, inter-relationships between various
basis functions can be captured. Moreover, being scale invariant, they are also easier to interpret.

From Fig. 1, it is clear that the automated innovization algorithm should:

1. Minimize the spread of the c-values within each set, so that the most accurate representation
of the design principle can be obtained. A normalized measure of variance (cv , coefficient of
variation) has been proposed [1] to quantify this spread so as to have scale invariance when
comparing different design principles.

2. Minimize the number of such sets (C), so that them trade-off points are minimally represented.

3. Minimize the number of points (U) that do not conform to the design principle, so that its
significance is maximized.

Automated innovization is thus in turn an optimization problem, the variables being the exponents
of the basis functions. A grid-based clustering algorithm is used to identify different clusters (sets
{1, 2, 3}, {4, 5, 6, 7} and {8, 9, 10, 11, 12} in Fig. 1) within which cv should be calculated and to
isolate the non-conforming points (13, 14 and 15 in Fig. 1). The grid-based clustering involves an
additional variable d which defines the number of divisions in the grid spanning [cmin, cmax] as
shown in Fig. 1. All adjacent divisions with more than the average number of points per division
(⌊m/d⌋) are combined to form different clusters. In the figure d = 7, hence the minimum number of
points required per division is ⌊15/7⌋ = 2. Since the objectives lack a mathematical form, a genetic
algorithm (GA) is used for optimization, with the clustering being performed on each population
member in every generation. Such an optimization task would be become difficult for a classical
optimization method involving derivatives.
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using
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As discussed earlier, there may exist more than one design principle with different basis function
combinations. By associating a binary variable string, aj, with each population member consist-
ing of real-valued variables (bj ’s representing the exponents), any arbitrary combination having
the mathematical structure of (3) can be represented within the GA. Fig. 2 shows two different
population members. Without a niching strategy, the above GA would select the one with better
objective value among these. The authors proposed [3] replacing GA’s standard selection operator
with a niched-tournament selection operator [18]. It allows a tournament to be played only between
population members which belong to the same ‘species’ (or use the same set of basis functions).
Thus none of the population members in Fig. 2 can be preferred over the other. By imposing a
minimum threshold significance (Sreqd) requirement, all possible design principles with significance
S ≥ Sreqd will co-exist in the population.

The optimization problem formulation for simultaneously discovering multiple design principles
in a single run of GA was proposed as follows:

Minimize C +

C
∑

k=1

c(k)v × 100%, c(k)v =
σci
µci

∀ ci ∈ k-th cluster

Subject to −1.0 ≤ bj ≤ 1.0 ∀ j : aj = 1,
|bj| ≥ 0.1 ∀ j : aj = 1,
1 ≤∑j aj ≤ N , N : Max. no. of basis functions allowed

U = 0, U : No. of unclustered points
1 ≤ d ≤ m, m : Number of points in the dataset
S ≥ Sreqd, S : Significance of design principles

Variables aj’s are Boolean, bj ’s are real and d is an integer,
where j = {1, 2, . . . , N}.

(4)

It is to be noted that for correct clustering, the constraint ⌊m/d⌋ ≥ 1 must be met, which gives
1 ≤ d ≤ m. The constraint on U is not unachievable since d can vary to allow one-element clusters.
Once the clustering is complete, low-element clusters are identified using the criterion ⌊m/d⌋+ǫ and
classified as unclustered points. The significance is calculated by omitting them. ǫ usually takes a
value between 3 and 10. For additional details regarding the grid-based clustering algorithm, the
effect of the associated parameter d and an explanation of other constraints shown above, see [4]
and [3].

3 Higher-level Innovization

As discussed earlier, higher-level innovization is performed on all points originating from different
trade-off fronts. Let us first list different situations where an analysis of multiple fronts can be of
importance to a user.
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Figure 3: Different problems where higher-level innovization can be used.

3.1 Types of Higher-level Innovization

Normal Parameters: These can be found in almost all design optimization formulations. For
example, in the optimization of a truss structure, the load on the truss is an important consideration.
However, most trusses are designed by assuming a certain value for this load. Different trade-off
fronts can be obtained by varying such problem parameters, as shown in Fig. 3(a). We use this
problem as our first example later.

Special Parameters: Consideration of robustness [10] or reliability [11] in uncertainty-based
multi-objective problems requires the use of additional parameters. For example, in Sect. 5, we will
vary the reliability index of a multi-objective optimization problem and obtain different fronts for
higher-level innovization, as shown in Fig. 3(b).

Inclusion/Fixing of Variable(s): Fig. 3(c) shows an example of such a higher-level innoviza-
tion task. The two overlapping trade-off fronts are obtained by modifying a friction stir weld-
ing process optimization problem [2]. It was found in the previous study that the relationship
Taverage = 62.98u0.989weld holds true for both fronts. However, this relationship was derived by manu-
ally comparing the automated innovization results of the two fronts.

Addition/Deletion/Modification of Constraint(s): In most interesting problems, the so-
lutions lying on the Pareto-optimal front make one or two constraints active. The user may be
interested in modifying the constraints by either changing some parameters in the constraint func-
tions or completely eliminating the constraint and observing the effect on its Pareto-optimal front.
Then, the user may be interested in knowing what design principles are common between the
original and new fronts, so that presence of absence of the underlying constraints do not affect
them.

Multiple Local Pareto Fronts: Many multi-objective problems have multiple local Pareto-
optimal fronts. Finding principles that are common to all such fronts may be of interest to a
user.

3.2 Proposed Methodology

In this paper, we deal with problems involving parameters, as incorporating the parameter values
in the trade-off datasets and obtaining design principles which are a function of the parameter are
not straightforward tasks. The difficulty arises due to the consideration of the parameter as the
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(N+1)th basis function. Consider a design principle, ψ1(x) which is independent of this parameter
and yet applicable to all the trade-off fronts. It is thus a genuine higher-level relationship. Now,
since the parameter doesn’t vary within datasets, φN+1(x) is also a higher-level design principle,
albeit redundant, with 100% significance in all sets. Thus an obvious design principle,

ψ1(x)φ
bN+1

N+1 (x) = constant, (5)

is created. Note that neither the constraints in (4) nor the niching strategy can prevent such
redundant relationships from emerging. Also, not all such relationships should be discarded. Of
specific interest to the designer are design principles of the form (5) which take the same value over
all datasets. To promote these, while deemphasizing the artificial ones, we use Cluster Overlap
Index (COI) which is defined as the number of adjacent (with respect to c-values) dataset pairs for
which clusters of one dataset enclose the largest cluster of the other. A solution with COI = D− 1
(where D is the number of input trade-off fronts) indicates that the clusters in all input datasets
are close enough to be optimized. In order to assign fitness on the basis of this closeness of clusters,
the objective function in (4) is magnified by the greater ratio between the cluster averages of the
largest clusters from adjacent datasets. For simplicity of notation, let the datasets be numbered
from 1 to D in increasing order of the cluster averages of the largest clusters (µL). The objective
function to be evaluated is given by,

F =

D
∑

p=1

D−1
∏

q=p

µ
(q+1)
L

µ
(q)
L



C(p) +

C(p)
∑

k=1

c(k)v × 100%



 . (6)

Using O(p) for denoting the value in parenthesis and expanding the product, it can be simplified as
follows:

F = µ
(D)
L

D
∑

p=1

O(p)

µ
(p)
L

. (7)

Note that the calculation of COI and the magnification of the objective function makes sense only
for population members with aN+1 = 1, i.e. possible design principles with parameter as a basis
function. Other population members are evaluated by simply aggregating the number of clusters
and the percentage coefficient of variances within them through simple summation. The resulting
optimization formulation is,

Minimize aN+1F + (1− aN+1)

D
∑

p=1

O(p)

Subject to −1.0 ≤ bj ≤ 1.0 ∀ j : aj = 1,
|bj | ≥ 0.1 ∀ j : aj = 1,
1 ≤∑j aj ≤ N ,
∑

p U (p) = 0,

1 ≤ d(p) ≤ m(p), ∀ p,
∑

p S
(p)

D
≥ Sreqd,

aN+1 (COI −D + 1) = 0,
Variables aj ’s are Boolean, bj ’s are real and d is an integer,
where j = {1, 2, . . . , N + 1} and p = {1, 2, . . . ,D}.

(8)

Each dataset uses a different d since the number of points in them may differ. The effective
significance is taken as the average over all datasets.
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Figure 4: Different problems where lower-level innovization can be used.

4 Lower-level Innovization

Again, we first list out various situations where lower-level knowledge may be desired.

4.1 Types of Lower-level Innovization

Preferred Solutions: Most applications of multi-objective optimization ends up with a decision-
making task of choosing a single or a few preferred solutions. Lower-level innovization attempts
to reveal mathematical relationships indicating what the DM inherently meant when he/she chose
certain preferred solutions. Fig. 4(a) shows this task for a preferred region obtained using the
reference-point based NSGA-II (R-NSGA-II) for the well-known spring design problem [14]. All
(and only) these preferred solutions have d (spring wire diameter) = 0.5 inches, as was shown in
[4].

Knee Solutions: Certain Pareto-optimal fronts contain a ‘knee’ [5]. In general, a single knee
point can be difficult to identify, however, often there exists a ‘knee-region’ [13] that can be easily
identified for further consideration. This region consists of non-dominated solutions which give a
good trade-off between the objectives. For solutions outside this region a slight improvement in
one objective severely degrades the other. A lower-level innovization study can reveal principles
shared by these preferred solutions. For example, Fig. 4(b) shows the relationship obtained for a
metal cutting problem [13] exhibiting a knee behavior.

Fragmented Fronts: Innovization at the lower level can also be performed on individual frag-
ments of a disjointed Pareto-optimal front as shown in Fig. 4(c) for the multiple disk clutch brake de-
sign problem [4]. All (and only) solutions of the second fragment have Z (number of clutch plates) =
4 [4].

Lower-dimensional Slice of a Front: For a three or more objective problem, a two dimensional
slice of the Pareto-optimal front can be considered for a lower-level innovization study, thereby
revealing specific principles common to the chosen lower-dimensional front.

4.2 Proposed Methodology

From the discussion in Sect. 1.1, it is clear that the lower-level innovization task requires two
datasets. The designer specifically seeks design principles in one which are absent in the other. For
convenience, let us call these datasets primary (I) and secondary (II), respectively. These datasets
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are expected to be specified a priori. The optimization task would require to impose conditions on
two significance values, as follows:

S(I) ≥ S
(I)
reqd, (9)

and S(II) ≤ S
(II)
reqd. (10)

While the constraint on the primary dataset is similar to the significance constraint in (4), the

second constraint suppresses the design principle in dataset II. A small value for S
(II)
reqd ensures that

design principles that gradually disappear in the secondary dataset are also captured, whereas S
(I)
reqd

is set to be a high value.
An important modification to the automated innovization procedure concerns the clustering pro-

cedure. Note that the calculation of S(I) and S(II) above requires that the clustering be performed
on the two datasets separately. But in reality they come from the same trade-off front. Hence, for
an unbiased comparison, the same range of c-values must be used regardless of the dataset being

clustered. Thus, the clustering grid is forced to span within [min(c
(I)
min, c

(II)
min),max(c

(I)
max, c

(II)
max)] for

both datasets. Consequently, we must use

1 ≤ d ≤ m(I) +m(II), (11)

and the clustering criterion should be,

Number of points per division to be part of a cluster ≥
⌊

(m(I) +m(II))

d

⌋

. (12)

The number of clusters calculated for each dataset and the percentage coefficient of variances within
them are aggregated into the objective function through simple summation. The optimization
formulation for lower-level innovization obtained by incorporating the above changes is,

Minimize
∑

I,II

(

C +

C
∑

k=1

c(k)v × 100%

)

, c(k)v =
σci
µci

∀ ci ∈ k-th cluster

Subject to −1.0 ≤ bj ≤ 1.0 ∀ j : aj = 1,
|bj| ≥ 0.1 ∀ j : aj = 1,
1 ≤∑j aj ≤ N ,

U (I) + U (II) = 0,

1 ≤ d ≤ m(I) +m(II),

S(I) ≥ S
(I)
reqd and S(II) ≤ S

(II)
reqd,

Variables aj’s are Boolean, bj ’s are real and d is an integer,
where j = {1, 2, . . . , N}.

(13)

5 Results

In this section, we use three well-documented problems from engineering design. The problems have
been so chosen that both higher and lower-level innovizations can be demonstrated and collective
conclusions can be drawn. In higher-level, we vary that parameter which a user might wish to
change in practice. For lower-level, we select the primary set based on the results from higher-level
innovization.

5.1 Truss Design Problem

This problem has been addressed previously [1, 4, 3] with regard to innovization studies. For
completeness the problem definition and the analytical solution are again provided here.
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A two-bar truss structure carrying a load F consisting bars of cross-sectional areas x1 and x2
has to be optimized for minimum total volume V while also minimizing the maximum stress S
induced in either of the bars. Sy is the elastic strength of the material. Mathematically,

Minimize f1(x) = V = x1
√

16 + y2 + x2
√

1 + y2,
Minimize f2(x) = S = max(σAC , σBC),
Subject to max(σAC , σBC) ≤ Sy kPa,

0 ≤ x1, x2 ≤ 0.01 m2,
1 ≤ y ≤ 3 m.

(14)

For Pareto-optimality [7],

S = σAC = σBC ⇒ S =
F

4

√

16 + y2

yx1
=

5F

4

√

1 + y2

yx2
. (15)

and
x1
√

16 + y2 = x2
√

1 + y2. (16)

Solving (15) and (16) gives the following design principles,

y = 2, x2 = 2x1, V = 4
√
5x1 = 2

√
5x2, SV = 6.25 F. (17)

Note that these relationships are independent of material (Sy) and loading (F ). However, since
the constraints and variable bounds have not been accounted for, these relationships may not be
applicable to the entire Pareto-optimal front.

5.1.1 Higher-level Innovization

For higher-level innovization, we shall vary the load parameter F as 100, 200 and 500 kN. The
corresponding trade-off fronts obtained using NSGA-II [8] with a population size of 500 are shown
in Fig. 3(a). Design principles in (17) are applicable to all points except those with V > 0.04472
m3, since x2 is at its upper bound in these regions1. From (15) it is seen that Sx1

F
and Sx2

F
are

both dependent only on y. But since y = 2 is a design principle which is independent of F , we can
conclude that

Sx1
F

= constant and
Sx2
F

= constant, (18)

are also applicable to points with V ≤ 0.04472 m3 over all fronts in Fig. 3(a). Thus they are the
higher-level design principles. Using (15) and V = 4

√
5x1 = 2

√
5x2 it is also seen that SV

F
is also

higher-level knowledge.
The relationships obtained by higher-level automated innovization and the corresponding sig-

nificance values are shown in Table 1. Note that some of the design principles can be obtained
by combining two or more other principles. In [3], the authors proposed row-echelon reduction to
condense the results and remove such redundancies. However, here it is not advisable since some
design principles (HDP2, HDP4 and HDP7-HDP10) take the same mean c value for all datasets,
while for others it changes between datasets. For example, Fig. 5 shows the plot of c values for
HDP5 which belongs to the second class (‘Changes’ in last column of Table 1). Points shown using
× are the unclustered points identified using the clustering criterion ⌊m/d⌋+ ǫ.

Now, consider the cluster plots of HDP2 and HDP9 in Figs. 6 and 7. As can be seen, they
belong to the first class (‘Same’ in last column of Table 1) and hence can be combined to give
Sx1/F = constant. Similarly using HDP2 and HDP10 Sx2/F = constant is obtained.

1Refer to [12] for further details.
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Table 1: Higher-level innovized design principles for truss design with Sreqd = 80%, N = 6 and
ǫ = 3. All design principles in (17) and (18) can be seen here.

Notation Design Principle Average Mean c value
Significance (%) between datasets

HDP1 V 0.9996S1.0000 89.73 Changes
HDP2 V 0.9996S1.0000F−1.0000 89.53 Same
HDP3 V 0.8787S1.0000x0.12072 89.40 Changes
HDP4 V 0.8787S1.0000x0.12072 F−1.0000 89.33 Same

HDP5 V 1.0000S0.7675x−0.2335
1 89.00 Changes

HDP6 V 1.0000S0.8885x−0.2536
1 x0.14072 88.33 Changes

HDP7 V 1.0000x−0.3239
1 x−0.6765

2 87.60 Same
HDP8 y1.0000 86.93 Same

HDP9 V 1.0000x−0.9996
1 86.20 Same

HDP10 V 1.0000x−0.9981
2 86.60 Same
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Figure 5: Cluster plot and the mapping of these clusters on the Pareto-optimal fronts for HDP5.
Here S(1) = 90.20%, S(2) = 91.40% and S(3) = 85.40%.
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Figure 6: Cluster plot and the mapping of these clusters on the Pareto-optimal fronts for HDP2.
Here S(1) = 89.60%, S(2) = 91.20% and S(3) = 87.80%.
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Figure 7: Cluster plot and the mapping of these clusters on the Pareto-optimal fronts for HDP9.
Here S(1) = 87.20%, S(2) = 88.40% and S(3) = 83.00%.
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Table 2: Lower-level innovized design principles for truss design with S
(I)
reqd = 90%, S

(II)
reqd = 20%,

N = 3 and ǫ = 3.
Notation Design Principle Significance in I (%) Significance in II (%)

LDP1 x1.00002 99.50 20.00

LDP2 f1.00001 f−0.8505
2 x0.85331 99.00 20.00

LDP3 x1.00001 y0.5776 96.50 19.67
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Figure 8: Cluster plot and the mapping of these clusters on the Pareto-optimal fronts for LDP3.

5.1.2 Lower-level Innovization

For lower-level innovization, the Pareto-optimal front is generated for F = 1000 kN as shown in
Fig. 3(a). A kink on the front (occuring at V = 0.04472 m3) is visually identified and the points
on the right are chosen as the primary dataset (m(1) = 200) and those on the left as secondary
(m(2) = 300). The innovized principles are shown in Table 2.

LDP1 shows up with very high significance because x2 reaches it upper limit at the kink and
remains there, thus causing the visual kink. LDP2 and LDP3 are very interesting and not at all
obvious. Note that y = constant was established (and verified in Table 1) to be independent of the
load F and applicable to the left of the kinks in all datasets. It should therefore, also be constant
in dataset II here. However, in dataset I, it is related to x1 by LDP3. The corresponding cluster
plot is shown in Fig. 8.

5.2 Car Side Impact Problem

This problem is an ideal candidate for studying different levels of innovization on trade-off fronts
obtained by changing a special parameter called the reliability value (βr) [11].

A car is subjected to a regulatory side impact test. Various impact loads, rib deflections and
a quantity called viscous criterion (V*C) are measured for the crash test dummy. The velocities
of B-pillar midpoint and front door are measured on the vehicle structure. The following decision
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Table 3: Higher-level innovized design principles for car side impact problem with Sreqd = 80%,
N = 4 and ǫ = 3.

Notation Design Principle Average Mean c value
Significance (%) between datasets

HDP1 x1.00005 96.08 Same
HDP2 x1.00003 87.92 Changes
HDP3 x1.00002 87.50 Same
HDP4 x1.00004 84.67 Changes
HDP5 x1.00006 81.42 Changes

variables are to be optimized.

0.5 ≤ x1 : Thickness of B-Pillar inner ≤ 1.5 mm
0.45 ≤ x2 : Thickness of B-Pillar reinforcement ≤ 1.35 mm
0.5 ≤ x3 : Thickness of oor side inner ≤ 1.5 mm
0.5 ≤ x4 : Thickness of cross members ≤ 1.5 mm
0.875 ≤ x5 : Thickness of door beam ≤ 2.625 mm
0.4 ≤ x6 : Thickness of door beltline reinforcement ≤ 1.2 mm
0.4 ≤ x7 : Thickness of roof rail ≤ 1.1 mm

The objectives are to minimize the weight of the vehicle and the average rib deflection on the
dummy.

Minimize f1(x) = Weight
Minimize f2(x) = (Dur +Dmr +Dlr)/3
Subject to Abdomen Load ≤ 1 kN,

{V Cupper, V Cmiddle, V Clower} ≤ 0.32 m/s,
{Dupper,Dmiddle,Dlower} (Rib deflections) ≤ 32 mm,
F (Pubic force) ≤ 4 kN,
VMBP (Velocity of B-pillar midpoint) ≤ 9.9 mm/ms,
VFD (Velocity of front door) ≤ 15.7 mm/ms.

(19)

5.2.1 Higher-level Innovization

For higher-level innovization the reliability parameter is taken as βr = {1.5, 2.0, 3.0} to obtain three
trade-off fronts of size 300. The front obtained from direct optimization of (19) is also used, its size
being 200. All four fronts are shown in Fig. 3(b) and numbered 1 to 4 from left. Table 3 shows the
obtained higher level relationships. Though no design principles involving the reliability parameter
βr are obtained, it is a interesting to see that x3 and x4 do not change with reliability. In future
runs with other values of βr, these variables can be fixed thus reducing the search dimensions. All
these principles were manually discovered in [11]. x6 is particularly important because its mean c
value is 1.2 mm for all trade-off fronts with an associated reliability, but is 0.9 mm for the direct
optimization case. This tells the designer to fix x6 at 1.2 mm whenever a reliable design is expected.
With Sreqd = 70%, HDP6: x1.00007 is also obtained with S = 70.58%. The corresponding cluster
plot and the Pareto mapping are shown in Fig. 9.

5.2.2 Lower-level Innovization

The Pareto mapping plot in Fig. 9 shows that the region after the kinks in all four datasets may be
of interest for lower-level innovization. It is found through our proposed lower-level innovization
study that the variable x1 is constant (≈ 1.5 mm) (using S(I) = 90% and S(II) = 20%) in these
regions. This information was not reported previously [11].
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Figure 9: Cluster plot and the mapping of these clusters on the Pareto-optimal fronts for HDP6.
Here S(1) = 75.00%, S(2) = 72.00%, S(3) = 70.67% and S(4) = 64.67%.

5.3 Metal Cutting Problem

In this problem [19], a steel bar is to be machined using a carbide tool of nose radius rn = 0.8 mm on
a lathe with Pmax = 10 kW rated motor to remove 219912 mm3 of material. A maximum cutting
force of Fmax

c = 5000 N is allowed. The motor has a transmission efficiency η. The total operation
time (Tp) and the used tool life (ξ) are to be minimized by optimizing the cutting speed (v), the
feed rate (f) and the depth of cut (a) while maintaining a surface roughness of Rmax = 50µm. The
problem is formulated as,

Minimize f1(x) = Tp(x)
Minimize f2(x) = ξ(x)
Subject to P (x) ≤ ηPmax,

Fc(x) ≤ Fmax
c ,

R(x) ≤ Rmax,
250 ≤ v ≤ 400 m/min,
0.15 ≤ f ≤ 0.55 mm/rev,
0.5 ≤ a ≤ 6 mm,

(20)

where

Tp(x) = 0.15 + 219912

(

1+ 0.20
T (x)

MRR(x)

)

+ 0.05, ξ(x) = 219912
MRR(x)T (x) × 100,

T (x) = 5.48×109

v3.46f0.696a0.460
, Fc(x) = 6.56×103f0.917a1.10

v0.286
,

P (x) = vFc(x)
60000 , MRR(x) = 1000vfa, R(x) = 125f2

rn
.

5.3.1 Higher-level Innovization

Higher-level innovization is performed on three trade-off fronts obtained by solving the above
problem for η = {75, 85, 95}%. All fronts are of size 1, 000. Table 4 shows the obtained design
principles.
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Table 4: Higher-level innovized design principles for metal cutting optimization problem with
Sreqd = 70%, N = 3 and ǫ = 10.

Notation Design Principle Average Mean c value
Significance (%) between datasets

HDP1 T 1.0000
p v0.8980a0.8965 77.97 Same

HDP2 v0.6869a1.0000 77.43 Changes
HDP3 ξ0.2568a1.0000 77.73 Changes
HDP4 ξ0.2084v0.1012a1.0000 77.33 Changes
HDP5 T 1.0000

p ξ0.3064a0.8965 77.47 Same

HDP6 f1.0000 76.63 Same
HDP7 ξ−0.3545v1.0000 77.53 Changes
HDP8 T 1.0000

p a−0.3637 76.77 Changes

HDP9 T 0.9995
p a−0.3637η1.0000 76.80 Same

HDP10 ξ0.2100a1.0000η−1.0000 76.67 Same
HDP11 T 1.0000

p v0.2347 77.33 Changes

HDP12 v0.8896a1.0000η−1.0000 76.33 Same

Table 5: Lower-level innovized design principles for metal cutting problem with S
(I)
reqd = 90%,

S
(II)
reqd = 20%, N = 3 and ǫ = 3.

Notation Design Principle Significance in I (%) Significance in II (%)

LDP1 T 1.0000
p a−0.1574 4.40 97.07

LDP2 f0.8308a1.0000 0.00 99.63
LDP3 T 0.1021

p f0.8437a1.0000 0.00 100.00

LDP4 T 1.0000
p f0.1336 0.00 99.63

LDP5 v1.0000 0.00 98.90
LDP6 ξ1.0000 0.00 100.00

For Tp ≤ 0.9545, the following manual innovization relationships have been discussed in [9],

v = 203.2T−4.233
p ≈ HDP11, (21)

f = 0.55 ≡ HDP6, (22)

a = 2.443T 2.751
p ≈ HDP8. (23)

HDP2 is an interesting and previously undiscovered design principle. Note how the interplay
between v and a in this principle is related to η in HDP12 (see last column in Table 4). Similar is
the case with HDP8 and HDP9 which can be seen through Figs. 10 and 11. The right-most front
has η = 75% and the left-most has η = 95%.

5.3.2 Lower-level Innovization

Referring to Fig. 11, we choose the right-most front (η = 75%) for our lower-level innovization
study. The solutions on the right-side of the kink are chosen as set I. Table 5 shows the obtained
lower-level principles.

For Tp > 0.9545, the following manual innovization relationships were obtained in a previous
study [9]:

v = 250 ≡ LDP5 (24)

f = 0.385T−7.522
p ≡ LDP4 (25)

a = 2.874T 6.271
p ≈ LDP1 (26)
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Figure 10: Cluster plot and the mapping of these clusters on the Pareto-optimal fronts for HDP8.
Here S(1) = 73.30%, S(2) = 76.80% and S(3) = 80.20%.
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Figure 11: Cluster plot and the mapping of these clusters on the Pareto-optimal fronts for HDP9.
Here S(1) = 73.30%, S(2) = 76.70% and S(3) = 80.40%.

17



The variable a which was directly linked to v through HDP2 now forms a lower-level relationship
with f in LDP2 while v stays constant at 250 mm/sec. LDP6 tells us that in the region after the
kink (primary dataset), the trade-off is very poor. Therefore solutions from this region should not
be preferred in practice.

6 Conclusions

Innovization concept was introduced in the past as a task of identifying useful design principles
hidden among high-performing solutions. Recently, automated data-mining procedures have been
suggested to find mathematical relationships between variables, constraints and objectives that are
common to Pareto-optimal solutions. In this paper, we have elevated the concept of innovization to
both higher and lower-level. Clustering based optimization methods have been proposed to handle
both levels of innovizations. The proposed methodologies have been applied to three engineering
design problems and useful design principles have been identified for both levels of innovization
tasks.

This paper has also suggested a few other forms of higher and lower-level innovization tasks
which can now be tried using the proposed approaches. These methodologies can be extended to
handle discrete variables. Basis functions other than variable and objective values can also be used
for lower and higher-level innovization studies. Nevertheless, the methodologies proposed here are
generic and are ready to be applied to more complex and real-world design and other problem
solving tasks.
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