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Abstract

are interested in devising efficient algorithms for handling inequality constraints.

Constrained optimization is a computationally difficult task,
particularly if the constraint functions are non-linear and nonconvex. As a generic classical approach, the penalty function approach is a popular methodology which degrades the
objective function value by adding a penalty proportional to
the constraint violation. However, the penalty function approach has been criticized for its sensitivity to the associated penalty parameters. Since its inception, evolutionary algorithms (EAs) are modified in various ways to solve constrained optimization problems. Of them, the recent use of
a bi-objective evolutionary algorithm in which the minimization of the constraint violation is included as an additional
objective, has received a significant attention. In this paper,
we propose a combination of a bi-objective evolutionary approach with the penalty function methodology in a manner
complementary to each other. The bi-objective approach provides an appropriate estimate of the penalty parameter, while
the solution of unconstrained penalized function by a classical
method induces a convergence property to the overall hybrid
algorithm. We demonstrate the working of the procedure on
a number of standard numerical test problems from the EA
literature. In most cases, our proposed hybrid methodology
is observed to take one or more orders of magnitude lesser
number of function evaluations to find the constrained minimum solution accurately than some of the best-reported existing methodologies.

Traditionally, constrained problems with inequality constraints are usually solved by using a penalty function approach in which a penalty term proportional to the extent of
constraint violation is added to the objective function to define
a penalized function. Since constraint violation is included,
the penalized function can be treated as an unconstrained objective which then can be optimized using an unconstrained
optimization technique. A nice aspect of this approach is that
it does not care about the structure of the constraint functions
(linear or non-linear, convex or non-convex). However, as it
turns out the proportionality term (which is more commonly
known as the penalty parameter) plays a significant role in
the working of the penalty function approach. In essence, the
penalty parameter acts a balancer between objective value and
the overall constraint violation value. If too small a penalty
parameter is chosen, constraints are not emphasized enough,
thereby causing the algorithm to lead to an infeasible solution.
On the other hand, if too large a penalty parameter is chosen,
the objective function is not emphasized enough and the problem behaves like a constraint satisfaction problem, thereby
leading the algorithm to find an arbitrary feasible solution.
Classical optimization researchers tried to make a good balance between the two tasks (constraint satisfaction and convergence to the optimum) by trial-and-error means in the beginning and finally resorting to a sequential penalty function
approach. In the sequential approach, a small penalty parameter is chosen at first and the corresponding penalized function is optimized. Since the solution is likely to be an infeasible solution, a larger penalty parameter is chosen next
and the corresponding penalized function is optimized starting from the obtained solution of the previous iteration. This
process is continued till no further improvement in the solution is obtained. Although this method, in principle, seems to
eliminate the difficulties of choosing an appropriate penalty
parameter by trial-and-error or other ad-hoc schemes, the sequential penalty function method is found to not work well
on problems having (i) a large number of constraints, (ii) a
number local or global optima, and (iii) different scaling of
constraint functions. Moreover, the performance of the algorithm depends on the choice of initial penalty parameter value
and how the penalty parameter values are increased from one
iteration to the next.

1 Introduction
Most real-world optimization problems involve constraints
mainly due to physical limitations or functional requirements.
A constraint can be of equality type or of inequality type, but
all constraints must have to be satisfied for a solution to be
called feasible. Most often in practice, constraints are of inequality type and in some cases an equality constraint can be
suitably approximated as an inequality constraint. In some situations, a transformation of an equality constraint to a suitable
inequality constraint does not change the optimal solution.
Thus, in most constrained optimization studies, researchers
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Early evolutionary algorithms (EAs) have implemented the
penalty function approach in different ways. In the initial
studies [15], a fixed penalty parameter was chosen and a fitness function was derived from the corresponding penalized
function. As expected, these methods required trial-and-error
simulation runs to arrive at a suitable penalty parameter value
to find a reasonable solution to a problem. Later studies
[14, 26, 33] have used dynamically changing penalty parameter values (with generations) and also self-adaptive penalty parameter values based on current objective and constraint values. Although the chronology of improvements of the penalty
function approach with an EA seemed to have improved EA’s
performance from early trial-and-error approaches, radically
different methodologies came into existence to suit EA’s population and flexible structure. These methodologies made a remarkable improvements and somehow the traditional penalty
function approach has remained in oblivion in the recent past.
Among these recent EA methodologies, the penaltyparameter-less approach [16] and its extensions [1] eliminated the need of any penalty parameter due to the availability of a population of solutions at any iteration. By comparing constraint and objective values within population members, these methodologies have redesigned selection operators
which carefully emphasized feasible over infeasible solutions
and better feasible and infeasible solutions.
Another approach which is gaining a lot of popularity is a
bi-objective EA approach, in which in addition to the given
objective function, an estimate of the overall constraint violation is included as a second objective. The development of
multi-objective evolutionary algorithms (EMO) allowed solution of such bi-objective optimization problems effectively.
Although at a first instant this may seem to have made the
constraint-handling task more complex, but certainly the use
of two apparently conflicting objectives (of minimizing given
objective and minimizing constraint violation) brings in more
flexibility in the search space, which has the potential to overcome multi-modality and under or over-specification of the
penalty parameter.
In this paper, we combine the original penalty function approach with a bi-objective EA to form a hybrid evolutionarycum-classical constrained handling procedure in a complementary manner to each other. The difficulties of choosing a
suitable penalty parameter is overcome by finding the Paretooptimal front of the bi-objective problem and deriving an appropriate penalty parameter from it theoretically. On the other
hand, the difficulties of an EA to converge to the true optimum is overcome by solving the derived penalized function
problem using a classical optimization algorithm.
In the remainder of the paper, we first describe the past efforts in penalty function based and bi-objective based evolutionary algorithms for handling constraints. Thereafter, we
present the idea of using bi-objective approach to derive a suitable penalty parameter. We demonstrate this aspect clearly in
the context of a two-variable constrained optimization problem. Then, we present our hybrid algorithm and show its
working on a couple of numerical test problems. Finally, we

present simulation results on 12 constrained problems taken
from the literature. In all problems, the use of both EAs and
a classical method require a much lesser number of function
evaluations (some times, even two orders of magnitude lesser)
than the best-performing existing evolutionary algorithm. A
parametric study is made next to investigate the effect of three
parameters associated with the proposed algorithm. All test
problems are re-solved using the best parameter values obtained after the parametric study. Finally, conclusions of the
study are made. Test problems and their best-reported solutions are presented in the appendix.

2 Constrained Optimization Problems
and the Penalty Function Approach
A constrained optimization problem is formulated as follows:
Minimize f (x),
Subject to gj (x) ≥ 0, j = 1, .., J,
hk (x) = 0, k = 1, .., K,
xli ≤ xi ≤ xui , i = 1, .., n.

(1)

In the above NLP problem, there are n variables, J greaterthan-equal-to type constraints, and K equality constraints.
The function f (x) is the objective function, gj (x) is the jth inequality constraint and hk (x) is the k-th equality constraint. The i-th variable varies in the range [xli , xui ]. In this
study, we restrict ourselves to handling inequality constraints
only, however an equality constraint can be handled if it is
converted to an appropriate inequality constraint: gJ+k (x) =
|k − hk (x)| ≥ 0, with a small given value of k .
The penalty function approach is a popular approach used
with classical and early evolutionary approaches. In this approach, an amount proportional to the constraint violation of
a solution is added to the objective function value to form the
penalized function value, as follows:
P (x, R) = f (x) +

J


Rj gj (x).

(2)

j=1

The term gj (x) is zero if gj (x) ≥ 0 and is −gj (x), otherwise. The parameter Rj is the penalty parameter. The penalty
function approach has the following features:
1. The optimum of the penalized function P () largely depends on the penalty parameters Rj . Users generally
attempt with different values of Rj to find what value
would push the search towards the feasible region. This
requires extensive experimentation to find a reasonable
approximation of the solution of problem (1).
2. The addition of the penalty term makes a distortion of
the penalized function from the given objective function.
For small values of the penalty parameter, the distortion
is small, but the optimal solution of P () may happen to
lie in the infeasible region. On the contrary, if a large
2

Rj is used, any infeasible solution has a large penalty,
thereby causing any feasible solution is projected as an
exceedingly better solution than any infeasible solution.
The difference between two feasible solutions gets overshadowed by the difference between an feasible and an
infeasible solution. This often leads the algorithm to converge to an arbitrary feasible solution. Moreover, the distortion may be so severe that in the presence of two or
more constraints, P () may have artificial locally optimal
solutions.

may find the global minimum (A) of the associated penalized
function P (x, 0). In the next sequence, if R is increased to
one and the resulting P (x, 1) is minimized starting from A,
a solution close to A will be achieved, as evident from the
(R = 1)-line of the figure. In subsequent sequences, although
R is increased continuously, the resulting minimum solution
will not change much. Due to an insignificant change in the
resulting optimal solution, the algorithm may eventually terminate after a few iterations and a solution close to A will be
declared as the final optimized solution. Clearly, such a solution is infeasible and is far from the true constrained minimum
solution (H). The difficulty with the single-objective optimization task is that even if a solution close to H is encountered,
it will not be judged to be better than solution A in such a
problem. We shall get back to this problem later and illustrate
how a bi-objective formulation of the same problem can allow
solutions such as F or G to be present in the population and
help find the constrained minimum in such problems.
There is another point we would like to make from this example. When the penalized function with R = 20 or more is
attempted to solve with a global optimizer, there is some probability that the algorithm can get out of local optimum (A )
and converge to the global minimum (H) of the corresponding penalized function, thereby correctly solving the problem.
This gives us a motivation to use a global optimizer, such as
an evolutionary algorithm, than a classical gradient-based local search approach, with the penalty function approach.

To overcome these difficulties, classical penalty function approach works in a sequence of solving a number of penalized
functions, where in every sequence the penalty parameters are
increased in steps and the current sequence of optimization
begins from the optimized solution found in the previous sequence. However, the sequential penalty function approach
has shown its weakness in (i) handling multimodal objective
functions having a number of local optima, (ii) handling a
large number of constraints, particularly due to the increased
chance of having artificial local optimum where the procedure can get stuck to, and (iii) using the numerical gradient
based approaches, due to the inherent numerical error which
is caused in taking one feasible and one infeasible solution in
the numerical gradient computation.
Let us consider a single-variable constrained problem to illustrate some of these difficulties:
Minimize f (x) = x2 sin(π(x + 0.1)) + 10(1 − x),
subject to g1 (x) ≡ 1 − x ≥ 0,
g2 (x) ≡ x ≥ 0.

(3)

3 Past Studies on Evolutionary Constrained Optimization

Figure 1 shows the objective function f (x) in x ∈ [0, 6.5] in
which all solutions satisfying x > 1 are infeasible. The con-

Due to the importance of solving the constrained problems in
practice, evolutionary algorithm researchers have been regularly devising newer constraint handling techniques. A standard EA is modified with a number of different principles for
this purpose.
Michalewicz [33] classified different constrained handling
schemes within EA into six different classes. Among them,
a majority of the EA approaches used two methodologies: (i)
penalizing infeasible solutions and (ii) carefully delineating
feasible and infeasible solutions. We mention the studies related to each of these two methods in the following subsections.
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The initial constrained EA studies used static, dynamic and
self-adaptive penalty function methods which handled constraints by adding a penalty term proportional to the constraint
violation to the objective function [14, 26, 33]. Richardson
[41] proposed a set of guidelines for genetic algorithms with
penalty functions. Gen et al. [24] proposed a tutorial survey
of studies till 1996 on penalty techniques used in genetic algorithms. Coit [13] proposed a general adaptive penalty technique which uses a feedback obtained during the search along

x

Figure 1: Penalized function for different values of R for the
problem given in equation 3.
strained minimum is the point H with x = 1. Due to multimodalities associated with the objective function, the first iteration of the sequential penalty function method (with R = 0)
3

3.2 Multi-Objective Based EA Studies

with a dynamic distance metric. Nanakorn et al. [37] proposed an adaptive penalty function that gets adjusted by itself
during the evolution in such a way that the desired degree of
penalty is always obtained. Kuri et al. [29] proposed a statistical analysis based on the penalty function method using
genetic algorithms with five different penalty function strategies. For each of these, they have considered three particular
GAs. The behavior of each strategy and the associated GAs
is then established by extensively sampling the function suite
and finding the worst-case best values.
Zhau et al. [50] did not suggest any new penalty term, but
performed a time complexity analysis of evolutionary algorithms for solving constrained optimization using the penalty
function approach. It is shown that when the penalty coefficient is chosen properly, direct comparison between pairs of
solutions using penalty fitness function is equivalent to that
using the criteria superiority of feasible point or superiority
of objective function value. They also analyzed the role of
penalty coefficients in EAs in terms of time complexity. In
some cases, EAs benefit greatly from higher penalty parameter values, while in other examples, EAs benefit from lower
penalty parameter values. However, the analysis procedure
still cannot make any theoretical predication on the choice of
suitable penalty parameter for an arbitrary problem.
Lin et al. [31] proposed an adjustment of penalty parameter
with generations by using the rough set theory. Matthew et al.
[32] suggested an adaptive GA that incorporates populationlevel statistics to dynamically update penalty functions, a process analogous to strategic oscillation used in the tabu search
literature.
The method of delineating feasible from infeasible solutions was proposed by Powell and Skolnick [38]. The method
has been modified by the first author in devising a penaltyparameter-less approach [16]. From the objective function
and constraint function values, a fitness function is derived
so that (i) every feasible solution is better than any infeasible solution, (ii) between two feasible solutions, the one with
better objective function value is better and (iii) between two
infeasible solutions, the one with a smaller overall constraint
violation is better. Angantyr et al. [1] is another effort in this
direction:

More recent studies convert the original problem into a biobjective optimization problem in which a measure of an
overall constraint violation is used as an additional objective
[44, 50]. Another study suggested the use of violation of
each constraint as a different objective, thereby making the
approach a truly multi-objective one [12]. Let us return to the
example problem in Figure 1. If we consider a set of solutions (A to H) and treat them for two objectives (minimization
of f (x) and constraint violation CV(x)=1 − x + x), we
obtain the plot in Figure 2. It is clear that due to considera0
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Figure 2: Two-objective plot of a set of solutions for the problem given in equation 3.
tion of the constraint violation as an objective, now, solutions
B-H are non-dominated with solution A. Since a bi-objective
evolutionary algorithm will maintain a diverse population of
such solutions, any solution (albeit having a worse objective
value f (x)) close to the critical constraint boundary will also
be emphasized and there is a greater chance of finding the true
constrained optimum by the bi-objective optimization procedure quickly. With a single objective of minimizing f (x) (as
done in the penalty function approach), such a flexibility will
be lost.
Surry et al. [44] proposed multi-objective based constraint
handling strategy (Constrained Optimization by Multiobjective Optimization Genetic algorithms (COMOGA)), where
the population was first ranked based on constraint violation
followed by the objective function value. Camponogara et
al. [10] proposed solving a bi-objective problem in which EA
generates the Pareto-optimal front. Based on domination, two
solutions are chosen and a search direction generated. Zhou et
al. [50] proposed constraint handling based on a bi-objective
formulation, where solutions are ranked based on the SPEA
[53] style Pareto strength. In the formulation one objective
is the given objective function itself and degree of constraint
violation forms the second objective. In each generation two
offspring are selected based on the highest Pareto strength and
with lower degree of constraint violation.

1. If no feasible individual exists in the current population,
the search should be directed towards the feasible region.
2. If the majority of the individuals in the current populations are feasible, the search should be directed towards
the unconstrained optimum.
3. A feasible individual closer to the optimum is always better then the feasible individual away from the optimum.
4. An infeasible individual might be better individual than
feasible individual if the number of feasible individual is
high.
4

Venkatraman et al. [46] proposed a two-phase framework.
In the first phase, the objective function is neglected and the
problem is treated as constraint satisfaction problem to find at
least one feasible solution. Population is ranked based on sum
of constraint violations. As and when at least a single feasible solution is found then both objective function and constraint violation are taken into account where two objectives
are original objective and summation of normalized constraint
violation values.
Cai et al. [9] proposed a novel EA for constrained optimization. In the process of population evolution, the algorithm is
based on multi-objective optimization, i.e., an individual in
the parent population may be replaced if it is dominated by a
non-dominated individual in the offspring population. In addition, three models of a population-based algorithm-generator
and an infeasible solution archiving and replacement mechanism are introduced. Furthermore, the simplex crossover is
used as a recombination operator to enrich the exploration and
exploitation abilities of the approach proposed.
Deb et al. [19] proposed a hybrid reference-point based
evolutionary multi-objective optimization (EMO) algorithm,
where the summation of normalized constraint violation is
used as the second objective. Wang et. al. [49] proposed
a multi-objective way of constraint handling with three main
issues: i) the evaluation of infeasible solutions when the population contains only infeasible individuals; ii) balancing feasible and infeasible solutions when the population consists of
a combination of feasible and infeasible individuals; and iii)
the selection of feasible solutions when the population is composed of feasible individuals only.
Echeverri et al. [20] presented a bi-objective based twophase methodology based on the philosophy of lexicographic
goal programming for solving constraint optimization problems. In the first phase, the objective function is completely
disregarded and the entire search effort is directed towards
finding a single feasible solution. In the second phase, the
problem is treated as a bi-objective optimization problem,
turning the constraint optimization into a two-objective optimization problem.

interface systems. The GA is hybridized with local search.
Aruldoss and Ebenezer [47] proposed a SQP method for the
dynamic economic dispatch problem of generating units considering the valve-point effects. The developed method is a
two-phase optimizer. In the first phase, the candidates of EP
explores the solution space freely. In the second phase, the
SQP is invoked when there is an improvement of solution (a
feasible solution) during the EP run. Thus, the SQP guides EP
for better performance in the complex solution space.
Wang et al. [48] proposed an effective hybrid genetic algorithm (HGA) for a flow shop scheduling problem with limited buffers. In the HGA, not only multiple genetic operators
are used simultaneously in a hybrid sense, but also a neighborhood structure based on graph theoretical approach is employed to enhance the local search, so that the exploration and
exploitation abilities can be well balanced. Moreover, a decision probability is used to control the utilization of genetic
mutation operation and local search based on problem-specific
information so as to prevent the premature convergence and
concentrate the computing effort on promising neighboring
solutions.
El-Mihoub et al. [21] proposed different forms of integration between genetic algorithms and other search and optimization techniques and also examined several issues that
needed to be taken into consideration when designing a hybrid genetic algorithm that used another search method as a
local search tool.
Deb et al. [19] proposed a hybrid reference-point based
evolutionary multi-objective optimization (EMO) algorithm
coupled with the classical SQP procedure for solving constrained single-objective optimization problems. The reference point based EMO procedure allowed the procedure to
focus its search near the constraint boundaries, while the SQP
methodology acted as a local search to improve the solutions.
Araujo et al. [2] proposed a novel methodology to be coupled with a genetic algorithm to solve optimization problems
with inequality constraints. This methodology can be seen
as a local search operator that uses quadratic and linear approximations for both objective function and constraints. In
the local search phase, these approximations define an associated problem with a quadratic objective function and quadratic
and/or linear constraints that is solved using an LMI (linear
matrix inequality) formulation. The solution of this associated problems is then re-introduced in the GA population.
Bernardino et al. [3] proposed a hybridized genetic algorithm (GA) with an artificial immune system (AIS) as an alternative to tackle constrained optimization problems in engineering. The AIS is inspired by the clonal selection principle
and is embedded into a standard GA search engine in order to
help move the population into the feasible region. The resulting GA-AIS hybrid is tested in a suite of constrained optimization problems with continuous variables, as well as structural
and mixed integer reliability engineering optimization problems. In order to improve the diversity of the population, a
variant of the algorithm is developed with the inclusion of
a clearing procedure. The performance of the GA-AIS hy-

3.3 Hybrid Approaches
Although many other ideas are suggested, researchers realized
that the task of finding the constrained optimum by an EA
can be made more efficient and accurate, if it is hybridized
with a classical local search procedure. Some such studies
are [36, 23]. A combination of a genetic algorithm and a local search method can speed up the search to locate the exact
global optimum. Applying a local search to the solutions that
are guided by a genetic algorithm can help in convergence to
the global optimum.
Burke et al. [7] proposed a hybrid EA-local search for
the thermal generator maintenance scheduling problem. A
heuristic is used for solutions initialization. Fatourechi et al.
[22] proposed a hybrid genetic algorithms for user customization of the energy normalization parameters in braincomputer
5

the constraint g() active. This problem was also considered
elsewhere [17].
Let us now convert this problem into the following two objective problem:

brids is compared with other alternative techniques, such as
the adaptive penalty method, and the stochastic ranking technique, which represent two different types of constraint handling techniques that have been shown to provide good results
in the literature.
Yuan et al. [51] proposed a new hybrid genetic algorithm
combined with local search to solve twice continuously differentiable non-linear programming (NLP) problems. The local
search eliminates the necessity of a penalization of infeasible
solutions or any special crossover and mutation operators.

minimize f1 (x) = CV(x) = g(x),

minimize f2 (x) = f (x) = 1 + x21 + x22 ,

(5)

where CV(x) is the constraint violation. Thus, the first objective (f1 ()) is always non-negative. If for any solution the
first objective value is exactly equal to zero, it is feasible solution to the original problem, given in equation 4. Figure 3
shows the objective space of the above bi-objective optimization problem. Since all feasible solutions lie on the CV=0

4 Proposed Hybrid Methodology
It is clear from the above growing list of literature that evolutionary algorithms are increasingly being used for constrained
optimization problems due to their flexibility in using any
form of constraint violation information and their ability to
be integrated with any other algorithm. In this section, we
demonstrate this flexibility of EAs by using a bi-objective EA
and integrating it with a penalty function based classical approach to speed up the convergence process. The main motivation of our hybridization is to take advantage of one method
to overcome difficulties of the other method and in the process develop an algorithm that may outperform each method
individually and preferably to most reported high-performing
algorithms.
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4.1 Advantages of Using a Bi-Objective Approach
Figure 3: The constrained minimum, feasible solutions of
the original single-objective optimization problem, and the
Pareto-optimal set of the bi-objective problem given in equation 5.

Evolutionary multi-objective optimization (EMO) algorithms
have demonstrated enough for their ability to find multiple
trade-off solutions for handling two, three and four conflicting
objectives. The principle of EMO has also been utilized to
problems other than multi-objective optimization problems –
a process now largely known as a multiobjectivization process
[27].
Even though we are interested in solving a single-objective
constrained optimization problem, we have mentioned earlier
that the concept of multi-objective optimization was found
to be useful and convenient in handling single-objective constrained optimization problems [12, 19, 44]. Here, we illustrate the concept further for the sake of describing our proposed procedure. Consider the following single-objective,
two-variable minimization problem:

axis, the minimum of all feasible solutions corresponds to the
minimum point of the original problem. This minimum solution is shown in the figure as solution A.
The corresponding Pareto-optimal solution set for the
two-objective optimization problem (given in equation 5) is
marked. Interestingly, the constraint minimum solution A lies
on one end of the Pareto-optimal solution front. If we now employ an EMO procedure to find the entire Pareto-optimal front,
the extreme solution for minimum f1 from the Pareto-optimal
set will be our target. Since infeasible solutions close to the
constrained optimum will be allowed to remain in the population by the proposed bi-objective approach, such methodologies may be more flexible in solving constrained optimization
problems than single-objective approaches.
A little thought will reveal an important modification that
may enhance an EMO’s performance for such a task. Since
we are interested in the extreme solution A, there is no need
for us to find the entire Pareto-optimal front. Fortunately, a
number of preference-based EMO procedure which can find
only a part of the entire Pareto-optimal front [4, 5]. In solving constrained minimization problems, we may then employ


minimize f (x) = 1 + x21 + x22 ,
subject to g(x) ≡ 1 − (x1 − 1.5)2 − (x2 − 1.5)2 ≥ 0.
(4)
The feasible region is the area inside a circle of radius one
and center at (1.5, 1.5)T . Since the the objective function is
one more that the distance of any point from the origin, the
∗
∗
constrained
√ minimum lies on the circle and at x1 = x2 =
1.5 − 1/ 2 = 0.793. The corresponding function value is
f ∗ = 2.121. Thus, in this problem, the minimum point makes
6

such a technique to find the Pareto-optimal region close to the
extreme left of the Pareto-optimal front (as in Figure 3).
In summary, we claim here that since an EMO procedure
(even for a preference based EMO approach) emphasizes multiple trade-off solutions by its niching (crowding or clustering)
mechanism, an EMO population will maintain a diverse set of
solutions than a single-objective EA would. This feature of
EMO should help solve complex constrained problems better. Moreover, the use of bi-objective optimization avoids the
need of any additional penalty parameter which is required in
a standard penalty function based EA approach.

connection to this fact with our bi-objective problem given in
equation 5, which we discuss next.
The overall constraint violation
 arising from all constraints
can be written as CV(x) = Jj=1 ĝj (x). Thus, the penalized term given in equation 7 can be written as follows:
P (x, R) =
=

minimize Fw1 ,w2 (x) = w1 f1 (x) + w2 f2 (x).

EAs and EMOs do not use gradients or any mathematical optimality principle to terminate their runs. Thus, a final solution
found with an EMO is always questionable for its nearness to
the true optimum solution. For this purpose, EA and EMO
methodologies are recently being hybridized with a classical
optimization method as a local search operator. Since the termination of a local search procedure is usually checked based
on mathematical optimality conditions (such as the KaurshKuhn-Tucker (KKT) error norm being close to zero, as used
in standard optimization softwares [8, 35]), and the solution
of the local search method is introduced in the EA population,
the final EA solution also carries the optimality property. Usually, such local search methods are sensitive to the initial point
used to start the algorithm and the use of an EA is then justified for the supply of a good initial solution to a local search
method. Some such implementations can be found in [25] for
single-objective optimization problems and [42, 28, 43] for
multi-objective optimization problems.
In this study, we are interested in using a classical penalty
function approach with our proposed bi-objective approach,
mainly due to the simplicity and popularity of penalty function approaches for handling constraints. Instead of using a
number of penalty parameters, one for each constraint as proposed in equation 2, a normalization technique of each constraint may help us use only one penalty parameter. Most resource or limitation-based constraints usually appear with a
left side term (gj (x)) restricted to have a least value bj , such
that gj (x) ≥ bj . In such constraints, we suggest the following
normalization process:

J


ĝj (x).

(10)

In the above formulation, w1 and w2 are two non-negative
numbers (and both are not zero). It is proven that the solution to the above problem is always a Pareto-optimal point
of the two-objective optimization problem [34]. Moreover,
the optimal point of problem (10) is a particular point on the
Pareto-optimal front which minimizes Fw1 ,w2 . For a convex
Pareto-optimal front, the optimal point for the weighted-sum
approach is usually the point on which the linear contour line
of the weighted-sum function is tangent to the Pareto-optimal
front, as depicted in Figure 4. The contour line has a slope of
m = −w1 /w2 .

Feasible objective space

f2

A
w1
w2

f1

Pareto−optimal front

(6)

Figure 4: The effect of weights in the weight-sum approach
for a generic bi-objective optimization.

We then use the following unconstrained penalty term, requiring only one penalty parameter R:
P (x, R) = f (x) + R

(8)
(9)

where f1 () and f2 () are described in equation 5. One way to
solve a two-objective minimization problem is to convert the
problem as a weighted-sum minimization problem [11]:

4.2 Hybridizing with a Penalty Approach

ĝj (x) = gj (x)/bj − 1 ≥ 0.

f (x) + R · CV(x),
f2 (x) + Rf1 (x),

With this background, let us now compare equations 10
with 9. We observe that solving the penalized function P ()
given in equation 9 is equivalent to solving the bi-objective
optimization problem given in equation 5 with w1 = R and
w2 = 1. This implies that for a chosen value of penalty parameter (R), the corresponding optimal solution will be a Paretooptimal solution to the bi-objective problem given in equation 5, but need not be the optimal solution for the original
single-objective optimization problem (or solution A). This is
the reason why the penalty function approach is so sensitive

(7)

j=1

Here, the purpose of the penalty parameter is to make a balance of the overall constraint violation to the objective function value. If an appropriate R is not chosen, the optimum
solution of the above penalized function P () will not be close
to the true constrained minimum solution. There is an intimate
7

to R and different R values through a trial-and-error process
in the penalty function approach produce different optimized
solutions.
This connection makes one aspect clear. At CV=0, the
slope of the Pareto-optimal front is −R0 , or m = −R0 . Thus,
for any R = R0 , the optimal solution of the corresponding
penalized function is nothing but the constrained optimum solution. For any problem, there exists a critical lower bound
of R which will theoretically cause the penalty function approach to find the constrained minimum. This critical value is
nothing but the slope of the Pareto-optimal curve at the zero
constraint violation solution. However, the information of this
critical R is not known a priori and here we propose our hybrid
bi-objective-cum-penalty-function approach for this purpose.
The key issue is then to identify the critical R for a particular problem, as it involves knowing the optimal solution A
beforehand. However, there is another fact which we can
consider. It also seems that if R is larger than R0 the corresponding minimum of the penalized function P () will also
be the constrained minimum of the original problem. Extending the idea, we can then use a R which is arbitrarily large
(say 106 or more) for this purpose and be done for every problem. Theoretically, for such a large R, the idea of solving
the penalized function should work, but there is a practical
problem which does not allow us to use such a large value
of R. With an unnecessarily large R, the objective function
f () has almost no effect on P (). The problem becomes more
of a constraint satisfaction problem, rather than a constrained
optimization problem. In such a case, the search is directed towards the feasible region and not specifically directed towards
the constrained minimum solution. This leads to an algorithm
to find an arbitrary feasible point. If particularly this solution
is not close to the optimum solution, it then becomes difficult to converge to the constrained minimum solution. With
a large penalty parameter, there is a scaling problem which is
also critical for the classical gradient based methods. When
solutions come close to the constrained boundary, any numerical gradient computation will involve evaluation of some solutions from the feasible region and some from the infeasible
region to utilize the finite difference idea. Since infeasible solutions are heavily penalized, there will be large difference in
the function values, thereby causing an instability in the numerical derivative computations. This is the reason why the
classical penalty function approach [40] considers a successive use of penalty function method with a carefully chosen
sequence of R.
In the following subsection, we present our hybrid methodology which would find an appropriate R through a biobjective optimization adaptively.

Step 1:Apply an EMO algorithm to the bi-objective optimization problem to find the non-dominated front:
minimize f (x),
minimize CV(x),
subject to CV(x) ≤ c,
x(L) ≤ x ≤ x(U) .

(11)

The constraint is added to find the non-dominated solutions close to minimum-CV(x) solution. Since CV(x) is
the normalized constraint violation, we have used c =
0.2J in all our studies (where J is the number of constraints). To have an adequate number of feasible solutions
in the population to estimate the critical penalty parameter, we count the number of feasible solutions (checked
with CV≤ 10−6 ). If there are more than three bi-objective
feasible solutions (with CV ≤ c) in the population, we
proceed to Step 2, else increment generation counter t and
repeat Step 1.
Step 2:If t > 0 and ((t mod τ ) = 0), compute Rnew from
the current non-dominated front as follows. First, a cubicpolynomial curve is fitted for the non-dominated points
(f = a+b(CV )+c(CV )2 +d(CV )3 ) and then the penalty
parameter is estimated by finding the slope at CV=0, that
is, R = −b. Since this is a lower bound on R, we use r
times this value as R, or R = −rb, where r is a weighting
parameter greater than equal to one. To not have abrupt
changes in the values of R between two consecutive local
searches, we set Rnew = (1 − w)Rprev + wR, where w
is a weighting factor. In the very first local search, we use
Rnew = R.
Step 3:Thereafter, the following local search problem is
solved with Rnew computed from above and starting with
the current minimum-CV solution:
J
minimize P (x) = f (x) + Rnew j=1 ĝj (x),
x(L) ≤ x ≤ x(U) .
(12)
Say, the solution is x̄.
Step 4:If x̄ is feasible and the difference between f (x̄) and the
objective value of the previous local searched solution (or a
given target objective value) is smaller than a small number
δf (10−4 is used here), the algorithm is terminated and x̄
is declared as the optimized solution. Else, we increment t
by one, set Rprev = Rnew , and proceed to Step 1.
It is interesting to note that the penalty parameter is no more
a user-tunable parameter and gets adjusted from the obtained
non-dominated front. However, we have introduced three new
parameters τ , r, and w, instead. Our extensive parametric
study (described in Section 7) on a number of problems show
that two of these parameters (w and r) do not have much effect on the outcome of our proposed method, as an appropriate
penalty parameter will have an effect on the performance of
an algorithm. Moreover, the parameter τ ∈ [1, 5] works well
on all problems studied here. On the contrary, the choice of

4.3 Proposed Algorithm
Based on the principles of bi-objective way of handling a constrained optimization problem and the use of a penalty function approach mentioned above, we propose the following hybrid algorithm. First, we set the generation counter t = 0.
8

a penalty parameter in a penalty function approach is crucial
and we attempt to overcome this aspect by making an educated guess of this parameter through a bi-objective study.
In all our study, we use Matlab’s fmincon() procedure
to solve the penalized function (the local search problem of
Step 3) with standard parameter settings. Function evaluations
needed by fmincon() procedure is added to that needed by
the bi-objective NSGA-II procedure to count the overall function evaluations. Other local search solvers (such as Knitro
[8]) may also be used instead.

0.65

Optimum soln.

0.6

KKT Theory
Hybrid Approach

0.55 R0
0.5

f(x)

0.45

KKT soln.
with ε =0.1

0.4

Fitted PO front

0.35
0.3
0.25
0.2
0.15
0.1

5 Proof-of-Principle Results
To illustrate the working of our proposed hybrid approach,
first we consider a two-variable problem and then take up a
20-variable problem.

ε
0

0.05

0.1

0.15

0.2 0.25
CV(x)

0.3

0.35

0.4

Figure 5: Pareto-optimal front from KKT theory and by proposed hybrid procedure.

5.1 Problem P1

The slope of this front at CV=0 is m = b = −1.7393 (Figure 5). Thus, R0 = −m = 1.739 is the critical lower bound of
R. This result indicates that if we use any penalty parameter
minimize f (x) = (x1 − 3)2 + (x2 − 2)2 ,
subject to g1 (x) ≡ 4.84 − (x1 − 0.05)2 − (x2 − 2.5)2 ≥ 0, greater than or equal to R0 , we hope to find the constrained
optimum solution using the penalty function method.
g2 (x) ≡ x21 + (x2 − 2.5)2 − 4.84 ≥ 0,
To investigate, we consider a number of R values and find
0 ≤ x1 ≤ 6, 0 ≤ x2 ≤ 6.
(13) the optimal solution of the resulting penalty function (with
For this problem, only constraint g1 is active at the minimum g1 () alone) using KKT optimality conditions. The solutions
point. To demonstrate and verify the working of our proposed are tabulated in Table 1.
hybrid strategy, we use different optimization techniques to
solve the same problem.
Table 1: Effect of penalty parameter values for the problem

The following problem has a non-convex feasible region:

given in equation 13. Solutions are obtained using KKT optimality conditions.

5.1.1 Generating the Bi-Objective Pareto-optimal Front
First, we find the Pareto-optimal front for two objectives –
minimization of f (x) and minimization of constraint violation CV(x)) – near the minimum-CV solution, by solving the
following -constraint problem and by generating the Paretooptimal front theoretically [11]:
minimize f (x),
subject to g1 (x) ≤ ,
0 ≤ x1 ≤ 6,

Penalty Parameter
x1
x2
F
0.005
2.9970 2.005 0.0042
0.01
2.9939 2.0010 0.0085
0.1
2.9406 2.0096 0.0812
0.5
2.7235 2.0471 0.3382
1
2.4949 2.0856 0.5330
1.5
2.3021 2.1183 0.6181
1.75
2.2189 2.1303 0.6274
10
2.2187 2.1302 0.6274
15
2.2191 2.1326 0.6274
20
2.2190 2.1321 0.6274
35
2.2171 2.1210 0.6276
50
2.2215 2.1469 0.6277
150
2.1235 1.7647 0.8236
1500
1.7560 1.1744 2.2291
15000
1.6735 1.0154 2.729
Theoretical optima (using Eqn. 17)
1.74
2.219
2.132
0.627

(14)
0 ≤ x2 ≤ 6.

We use different values of  and for each case find the optimum solution by solving mathematical KKT conditions exactly. The resulting f (x) and CV(x) values are shown in
Figure 5 with diamonds. The optimum solution of the problem given in equation 13 is obtained for  = 0 and is x∗ =
(2.219, 2.132)T with a function value of 0.627. The corresponding Lagrange multiplier is u∗1 = 1.74. Later, we shall
use this theoretical result to verify the working of our hybrid
procedure.
When we fit a cubic polynomial passing through the obtained points (f -CV) from the above theoretical analysis,
we obtain the following fitted function of the Pareto-optimal
front:
∗

2

CV
0.8459
0.8421
0.7761
0.5192
0.2507
0.0780
0.0001
0
0
0
0
0
0
0
0
0

The unconstrained minimum has a solution (3, 2)T with a
function value equal to zero. When a small R is used, the
optimal solution of the penalized function is close to this un-

3

f = 0.628 − 1.739(CV ) + 1.643(CV ) − 0.686(CV ) .
(15)
9

The derivative of the bracket operator at g1 = 0 does not exist, as at a point for which g1 = 0+ , the derivative is zero
and at a point for which g1 = 0− , the derivative is −1. But
considering that an algorithm usually approaches the optimum
from the infeasible region, the optimum is usually found with
an arbitrarily small tolerance on constraint violation. In such a
case, the derivative at a point xp for which g1 = 0− is −1. The
comparison of both conditions states that Rcr = u∗1 . Since xp
is arbitrarily close to the optimum, thus the second and third
KKT conditions above are also satisfied at this point with the
tolerance. Since u∗1 = Rcr and the penalty parameter R is
chosen to be positive, u∗1 > 0. Thus, for a solution of the
penalized function formed with a single active constraint, we
have an interesting and important result:

x_2

constrained solution, as shown in the table and in Figure 6. As

4.5
4
3.5
3
2.5
2
1.5
1
0.5

3.5

3.0

Infeasible
region

2.0
2.5

1.5

Feasible
region
1.0 0.1
1.5 0.5 R=0.01
150
0.5
0.79
1,500
2
1.0
R=15,000
1.75

Infeasible
region

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
x_1

Rcr = u∗1 .

For the example problem of this section, we notice that the
u∗1 = 1.74 obtained from the KKT condition is identical to
the critical lower bound on Rcr .
Finding the bi-objective Pareto-optimal front through a generating method verified by KKT optimality theory and by verifying the derived critical penalty parameter with the theoretical Lagrange multiplier obtained through the KKT optimality
theory, we are now certain about two aspects:

Figure 6: The feasible search region is within the two circular
arcs for the problem given in equation 13. Results for different
penalty parameter values are shown.
R is increased, the optimized solution gets closer to the constrained minimum solution and function value reaches 0.6274
at around R = 1.74. The solution remains more or less at
this value for a large range of R. For a large value of R (for
R > 50), the optimized solutions move away from the constrained minimum and converges to an arbitrary feasible solution. With a large R, the problem becomes a constraint satisfaction problem. Since constraint satisfaction becomes the
main aim, the algorithm converges to any arbitrary feasible
solution. This example clearly shows the importance of setting an appropriate value of R. Too small or too large values
produce infeasible or any arbitrary feasible solution, respectively.

1. The obtained bi-objective front is optimal.
2. The critical penalty parameter obtained from the front is
adequate to obtain the constrained minimum.
5.1.3 Applying the Proposed Hybrid Strategy
We now apply our proposed hybrid strategy to solve the same
problem.
In Step 1, we apply NSGA-II [18] to solve the bi-objective
optimization problem (minimize {f (x), CV(x)}). Following
parameter values are used: population of size 60, crossover
probability 0.9, mutation probability 0.5, crossover index 10,
mutation index 100 [17]. Here, we use τ = 5, r = 2, and
w = 0.5. The hybrid algorithm is terminated when two consecutive local searches produce feasible solutions with a difference of 10−4 or less in the objective values. The obtained
front is shown in Figure 5 with small circles, which seems to
match with the theoretical front obtained by performing KKT
optimality conditions on several -constraint versions (in diamonds) of the bi-objective problem.
At best, our hybrid approach finds the optimum solution
in only 677 function evaluations (600 needed by EMO and
77 by fmincon() procedure). The corresponding solution
is x = (2.219, 2.132)T with an objective value of 0.627380.
Table 2 shows the best, median and worst performance of the
hybrid algorithm in 25 different runs.
Figure 7 shows the variation of population-best objective
value with generation number for the median performing run
(with 999 function evaluations). The figure shows that the objective value reduces with generation number. The algorithm

5.1.2 Relation Between Critical Penalty Parameter and
Lagrange Multiplier
For a single active constraint (g1 (x) ≥ 0) at the optimum x∗ ,
there is a nice result which would like to discuss here. The
KKT equilibrium conditions for the problem given in equation 1 without equality constraints are as follows:
∇f (x∗ ) − u∗1 ∇g1 (x∗ ) =
g1 (x∗ ) ≥

0,
0,

u∗1 g1 (x∗ ) =
u∗1 ≥

0,
0.

Here, any variable bound which will be active at the optimum
must also be considered as an inequality constraint.
Next, we consider the penalized function given in equation 2. The solution (xp ) of the penalized function (given at
equation 7) at an Rcr ≥ R0 can be obtained by setting the first
derivative of P () to zero:
∇f (xp ) + Rcr

dg1 (xp )
∇g1 (xp ) = 0.
dg1

(17)

(16)
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principle result:

Table 2: Function evaluations, FE (NSGA-II and local
search), needed by the hybrid algorithm in 25 runs.
Best
677 (600 + 77)
0.627380

FE
f

Median
733 (600 + 133)
0.627379

minimize
subject to

worst
999 (900 + 99)
0.627379

could not find any feasible solution in the first two generations, but from generation 3, the best population member is
always feasible. At generation 5, the local search method is
called the first time. The penalty parameter obtained from
the NSGA-II front is R = 1.896 at generation 5 and a solution very close to the true optimum is obtained. However,
at generation 10, a solution with f = 0.62738 is found by
the local search. Since our algorithm terminates when in two
consecutive local searches, solutions within a function difference of 10−4 or smaller is obtained, the algorithm continues
for another round of local search at generation 15 before termination. At this generation, the penalty parameter value is

12

Best Objective Value

10

R
R=1.722

8

f

6

(18)

For this non-linear problem as well, only one constraint (g1 )
is active at the minimum point. Since only one constraint is
active at the minimum, we can verify the accuracy of obtained
R by using equation 17.
We apply our proposed hybrid strategy to solve the
corresponding bi-objective optimization problem (minimize
{f (x), CV(x)}). Following parameter values are used: population of size 320 (16 times the number of variables),
crossover probability 0.9, mutation probability 0.5, crossover
index 10, mutation index 100, w = 0.5, r = 2 and τ = 5. The
termination criterion is identical to that in the previous problem. In 25 different runs, the hybrid approach, at its best, finds
the optimum solution in 11,688 function evaluations (11,200
needed by NSGA-II and 488 by the fmincon() procedure).
Table 3 presents the best, median and worst function evaluations needed by the hybrid approach.

R=1.896
Infeasible
points

P
f (x) = 20
(xi − 1)2 ,
Pi=1
20
g1 (x) ≡ i=1 x2i ≤ 1,
P
g2 (x) ≡ (x1 − 0.01)2 + 20
x2 ≤ 2,
Pi=2 i2
g3 (x) ≡ (x1 − 0.02)2 + 20
x ≤ 4,
Pi=2 i2
g4 (x) ≡ (x1 − 0.03)2 + 20
x ≤ 6,
Pi=2 i2
g5 (x) ≡ (x1 − 0.04)2 + 20
x ≤ 8,
Pi=2 i2
g6 (x) ≡ (x1 − 0.05)2 + 20
x ≤ 10,
Pi=2 i2
g7 (x) ≡ (x1 − 0.06)2 + 20
x ≤ 12,
Pi=2 i2
g8 (x) ≡ (x1 − 0.07)2 + 20
xi ≤ 14,
i=2
P
g9 (x) ≡ (x1 − 0.08)2 + 20
x2i ≤ 16,
i=2
P
2
g1 0(x) ≡ (x1 − 0.09)2 + 20
i=2 xi ≤ 18,
0 ≤ xi ≤ 10, i = 1, ......, 20.

4

Table 3: Function evaluations, FE (NSGA-II and local
search), needed by the hybrid algorithm in 25 runs.
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Figure 7: Objective value reduces with generation for the
problem in equation 13.

Best
11,200
488
11,688
12.057798

Median
12,800
805
13,605
12.055730

worst
16,000
932
16,932
12.055730

For the median run, the procedure terminates after 35 generations and the obtained front at the final generation is shown
in Figure 8 with small circles. A variation of the best objective value with generation number, shown in Figure 9, indicates that at generation 30 (only after six penalized function
optimizations at a gap of τ = 5 generations), the constrained
optimum point is found.
To investigate the accuracy of the obtained non-dominated
front and the obtained constrained minimum point, we use the
-constraint strategy as before and the resulting KKT-optimal
points are shown in diamonds in Figure 8. The NSGA-II obtained front is close to these theoretical results. The optimum
solution of the problem given in equation 18 is obtained next
by setting  = 0 and by using KKT optimality conditions. The
optimal solution is found to be x∗i = 0.2236 for i = 1, . . . , 20
with a function value of f ∗ = 12.0557. The corresponding

found to be R = 1.722, which is close to the critical R for
this problem, as shown in Table 1.
Thus, it is observed that the bi-objective algorithm of the
proposed hybrid approach is able to find a near-theoretical
Pareto-optimal front with generations and derive a penalty parameter close to the critical R needed for the penalty function
method to find the constrained minimum point accurately.

5.2 Problem P2
Next, we consider a 20-dimensional problem having a nonconvex feasible region to demonstrate another proof-of11

12.5
12.25
12

f(x)

11.75
11.5
11.25
11
10.75
10.5

1
0
0
1
0
1
0
1
0
1
0
1
R0
0
1
0
1
0
1
0
1
0
KKT soln. 1
0
with ε =0.1 1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1
0
1

0
1
Optimum
0 soln.
1

0

Table 4: Effect of penalty parameter values for the problem
given in equation 18. Solutions are obtained using KKT optimality conditions.

KKT Theory
Hybrid approach

Penalty Parameter
xi
F
CV
0.005
0.9901 0.1880 18.6069
0.01
0.9805 0.3722 18.2271
0.1
0.8333 3.1333 12.8889
0.5
0.5000 9.0000
4.0000
1
0.3333 11.3333 1.2222
2
0.2238 12.0557
0
3
0.2237 12.0557
0
3.5
0.2236 12.0557
0
4
0.2236 12.0557
0
5
0.2236 12.0557
0
10
0.2236 12.0557
0
100
0.2236 12.0557
0
1000
0.2236 12.0557
0
Theoretical optima (using Eqn. 17)
3.4721
0.2236 12.0557
0

Fitted PO front
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Figure 8: Pareto-optimal front from KKT theory and by proposed hybrid procedure for 20 variable problem given in equation 18.
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6 Simulation Results on Standard Test
Problems

35

We now apply our proposed methodology first to an engineering design problem (welded beam design [16]) and then to
a number of standard test problems, taken from [30]. Many
different evolutionary optimization methodologies have been
used to solve these problems in the past. Here, we shall compare our results with top three studies.
The following parameter values are used for our hybrid approach: population size = 16n (where n is the number of variables, unless stated otherwise), SBX probability= 0.9, SBX
index = 10, polynomial mutation probability = 1/n, and mutation index = 100. The termination criterion is described in
Section 4.3. In each case, we run our algorithm 25 times
from different initial populations and present best, median and
worst performance values. A run is called unsuccessful, if
within 50,000 (100,000 for g10) number of function evaluations of NSGA-II, a feasible solution is not found.

Figure 9: Objective value reduces with generation for the
problem given in equation 18.
Lagrange multiplier for g1 is found to be u∗1 = 3.4721 and for
all other constraints u∗j = 0.
A cubic-polynomial curve passing through the obtained
points (f -CV) of the obtained NSGA-II front is as follows:
f ∗ = 12.088 − 3.4664(CV ) + 0.8845(CV )2 − 0.657(CV )3 .
(19)
The slope of this front at CV=0 is computed to be m = b =
−3.4664 (Figure 8). Using our earlier argument, R0 = −m =
3.4664 becomes the critical lower bound of R. Interestingly,
this critical R value is close to the optimal Lagrange multiplier (u∗1 ) obtained from the theoretical study above, which is
another result we obtained in subsection 5.1.2. This study also
indicates that if we use any penalty parameter larger than or
equal to R0 , we hope to find the optimum solution using the
penalty function method. To investigate, we consider a number of R values and find the optimal solution of the resulting
penalized function (with g1 () alone) using KKT optimality
conditions. The solutions are tabulated in Table 4. The table
shows that at around R = 3.5, the optimized solution to the
penalized function is close to the true constrained minimum
solution, thereby supporting all our computations above.
With these two proof-of-principles results verified from theoretical analysis, we are now ready to apply our proposed hybrid methodology to a number of standard test problems borrowed from the constrained optimization literature.

6.1 Welded beam design
The problem formulation is given in the appendix. The optimized solution reported in the literature [40] is h∗ = 0.2444,
l∗ = 6.2187, t∗ = 8.2195, and b∗ = 0.2444 with a function value equal to f ∗ = 2.38116. We use a population size
of 80 for this problem. Figure 10 shows the variation in the
population-best objective value for a typical simulation. All
solutions are feasible right from the initial population and the
best objective value improves monotonically with generation.
The history of adaptation of R is also shown in the figure.
Starting with a large R, the hybrid approach reduces R monotonically to a suitable value needed to find the constrained
12

Best Objective Value, f

8

6.2 Problem g01

70

This problem has n=13 variables and nine (J = 9) inequality
constraints. Figure 11 presents the history of best objective
value of the population and the corresponding constraint violation value with the generation counter for a typical simulation of 25 runs. The objective value at a generation is joined
with a solid line with the next generation value if the solution
is feasible at the current generation, otherwise a dashed line is
used.
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Figure 10: Objective value reduces with generation for problem weld.
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Table 5: Comparison of function evaluations needed by the
−25
proposed approach and the existing penalty-parameter-less
0
approach [16] for problem weld. NSGA-II and local search
−30
evaluations are shown separately.
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Generation Number
Approach [16] Proposed Hybrid Approach
Best (FE)
320,000
1,517 (1,200 + 317)
(f ∗ )
2.38119
2.381165
Median (FE)
320,000
8,574 (8,000 + 574) Figure 11: Objective value reduces with generation for prob(f ∗ )
2.38263
2.381172 lem g01.
Worst (FE)
320,000
36,804 (34,000 + 2,804)
(f ∗ )
2.38355
2.381218
The figure shows that for the first seven generations, no feasible solution (with CV ≤ 10−6 ) is found by our approach.
At generation 8, the first feasible solutions appears. The corminimum solution. The final value of R obtained by this ap- responding CV value is zero, indicating that the obtained soproach is 1.164. The proposed hybrid approach needs only lution is feasible. Note that the credit for finding the first fea1,067 function evaluations, compared to 320,000 evaluations sible solution goes entirely to the bi-objective approach, as the
needed by the penalty-parameter-less evolutionary algorithm penalty function approach does not take place before genera[16].
tion 10. Since τ = 5 is used, the penalty function is called
Table 5 shows that our approach is able to find a slightly only at generations 5, 10 and so on, but since no bi-objective
better solution with a much smaller overall function evalua- feasible solution with CV ≤ 0.2J existed at generation 5,
tions than the previous approach. Another study [39] reported Step 3 was not executed for this run. It is interesting to note
a solution with a function value of 2.38543 obtained in 33,095 that as soon as the first feasible solution is found at generafunction evaluations. This solution is not as good as our solu- tion 8, the population-best function value reduces thereafter.
tion. Nevertheless, despite the spread of function evaluations At generation 10, the first local search (penalty function apover 25 runs, our approach is faster and more accurate than proach) is performed due to the existence of more than three
existing studies.
bi-objective feasible solutions in the population and the conNow we will apply our strategy in some of the constrained strained optimum solution is obtained by the penalized funcsingle-objective test problems taken from [30]. The prob- tion approach, which is reflected at the statistics of generation
lem formulation for each problem is given in the appendix 11. The optimized objective value is f ∗ = −15. At generawith the corresponding best-known optimum solution. Ta- tion 15, the penalty parameter value is found to be R = 3.36.
ble 6 presents the best, median and worst function evaluations Table 6 presents the best, median and worst function evaluaneeded by our approach out of 25 independent runs. NSGA- tions obtained using the proposed approach. The least number
II and local search function evaluations are shown separately. of function evaluations needed in any run by our approach is
The number of successful runs out of 25 runs is also indicated only 2,630, of which only 630 evaluations are needed by the
local search.
in each case.
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Table 6: Comparison of obtained solutions with best known optimal solutions and number of solution found out of 25 runs with
a termination criterion of two local searched solutions having a maximum difference of δf = 10−4 . NSGA-II and local search
evaluations are shown separately.

g01 (FE)
(f ∗ )
g02 (FE)
(f ∗ )
g04 (FE)
(f ∗ )
g06 (FE)
(f ∗ )
g07 (FE)
(f ∗ )
g08 (FE)
(f ∗ )
g09 (FE)
(f ∗ )
g10 (FE)
(f ∗ )
g12 (FE)
(f ∗ )
g18 (FE)
(f ∗ )
g24 (FE)
(f ∗ )

Best known optima
−15
−0.803619
−30665.538671
−6961.813875
24.306209
−0.095825
680.630057
7049.248020
−1.0
−0.866025
−5.508013

Best
2,630 (2,000 + 630)
−15
26,156 (24,000 + 2,156)
−0.803580
1,210 (800 + 410)
−30665.538712
1,514 (1,200 + 314)
−6961.813796
15,645 (10,000 + 5,645)
24.305902
822 (800 + 22)
−0.095825
2,732 (2,000 + 732)
680.630127
7,905 (3,200 + 4,705)
7, 049.248102
496 (480 + 16)
−1.0
4,493 (3,600 + 893)
−0.866012
1,092 (800 + 292)
−5.508013

Obtained feasible values
Median
Worst
3,722 (3,000 + 722)
4,857 (4,000 + 857)
−15
−15
50,048 (46,400 + 3,648)
63,536 (59,200 + 4,336)
−0.803559
−0.803563
1,449 (800 + 649)
2,295 (1,200 + 1,095)
−30665.538747
−30665.538670
4,149 (2,800 + 1,349)
11,735 (8,000 + 3,735)
−6961.813859
−6961.813873
30,409 (19,000 + 11,409)
64,732 (42,000 + 22,732)
24.305867
24.305881
1,226 (1,200 + 26)
2,008 (2,000 + 8)
-0.095825
-0.095825
4,580 (4,000 + 580)
5,864 (5,000 + 864)
680.630101
680.630109
49,102 (18,400 + 30,702)
1,80,446 (62,800 + 1,17,646)
7,049.2481469
7,049.248035
504 (480 + 24)
504 (480 + 24)
−1.0
−1.0
7,267 (5,760 + 1,507)
10,219 (7,200 + 3,019)
−0.866019
−0.866024
1,716 (1,200 + 516)
2,890 (2,000 + 890)
−5.508014
−5.508025

Table 7 compares the function evaluations needed by our
approach with three leading studies from the literature. It is
interesting to note our hybrid approach requires only 2,630
function evaluations compared to 18,594 function evaluations
in terms of best performance – an order of magnitude better.
In fact, worst performance (4,857) of the proposed algorithm
is much better than the best performance of any other existing evolutionary algorithm for this problem. An efficient use
of the bi-objective approach and the penalty function method
helps find an appropriate penalty parameter for the overall algorithm to converge to the constrained optimum quickly and
accurately.

Successful runs
out of 50 runs
25
24
25
25
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25
25
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25
25
25
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6.3 Problem g02
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Figure 12: Objective value reduces with generation for problem g02.

This problem has 20 variables and two constraints. In a particular run described here, all solutions are found to be feasible right from the initial generation. However, due to the
unavailability of an adequate number of bi-objective feasible
solutions up to 30 generations, the local search could not take
place and the first local search is executed at generation 35.
The adaptation of penalty parameter, R is also shown in Figure 12. The variation of R is shown by a dashed line. The
figure is plotted till two consecutive local searches produce
solutions with less than 10−4 difference in objective values.
The penalty parameter gets increased adaptively from around
0.04 to a value of 0.10 at 50-th generation and thereafter reduces to a value close to 0.04 again. The obvious question
to ask is why a similar penalty parameter value does not find
a near-optimal solution at generation 35, whereas it seems to

find the same at around generation 75? The answer lies on
the fact the in handling multimodal or other complex objective functions, the solution of the penalized function approach
not only depends on an appropriate penalty parameter value,
but also on the chosen initial solution. At generation 35, some
points are found to be feasible by NSGA-II, but they are not
close to the constrained optimum. Due to the multimodality
nature of the objective function in this problem, although a
critical R (= 2 × 0.0415) was used in the penalized function approach, the solution of the penalized function by the
local search procedure is sensitive to the initial point used in
the local search process and it cannot find a solution close to
14

Table 7: Comparison of function evaluations needed by the proposed approach and three existing approaches. Function evaluations needed by multi-objective GA and the local search approaches are shown separately.
Prob.
g01
g02
g04
g06
g07
g08
g09
g10
g12
g18
g24

Zavala, Aguirre & Diharce [52]
Best
Median
Worst
80,776
90,343
96,669
87,419
93,359
99,654
93,147
1,03,308
1,109,15
95,944
1,09,795
1,30,293
1,14,709
1,38,767
2,08,751
2,270
4,282
5,433
94,593
1,03,857
1,19,718
1,09,243
1,35,735
1,93,426
482
6,158
9,928
97,157
1,07,690
1,24,217
11,081
18,278
6,33,378

Takahama & Sakai [45]
Best
Median
Worst
18,594
19,502
19,917
1,08,303
114347
1,29,255
12,771
13,719
14,466
5,037
5,733
6,243
60,873
67,946
75,569
621
881
1,173
19,234
21,080
21,987
87,848
92,807
1,07,794
2,901
4,269
5,620
46,856
57,910
60,108
1,959
2,451
2,739

Best
51,685
1,75,090
56,730
31,410
1,84,927
1,905
79,296
2,03,851
364
1,39,131
9,359

Brest [6]
Median
55,211
2,26,789
62,506
34,586
1,97,901
4,044
89,372
2,20,676
6,899
1,69,638
12,844

Worst
57,151
2,53,197
67,383
37,033
2,21,866
4,777
98,062
2,64,575
10,424
1,91,345
14,827

Proposed Hybrid Approach
Best
Median
Worst
2,630
3,722
4,857
26,156
50,048
63,536
1,210
1,449
2,295
1,514
4,149
11,735
15,645
30,409
64,732
822
1,226
2,008
2,732
4,850
5,864
7,905
49,102
1,80,446
496
504
504
4,493
7,267
10,219
1,092
1,716
2,890

Table 8: Two local search statistics at generations 35 and 75 for problem g02.
Variable, x
At generation 35, before local search
(3.21,3.16,3,00,3.24,2.88,3.11,2.78,0.28,0.70,0.56,3.05,0.64,0.34,0.38,0.55,0.51,0.85,0.53,1.01,0.11)
At generation 35, after local search
(3.11,3.04,3.11,2.98,3.10,2.82,2.91,2.81,0.30,0.54,0.78,2.80,0.40,0.31,0.35,0.44,0.50,0.26,0.58,0.38)
At generation 75, before local search
(3.14,3.18,3.07,3.05,3.09,3.07,2.93,2.95,0.54,0.45,0.50,0.47,0.45,0.47,0.49,0.48,0.45,0.41,0.46,0.42)
At generation 75, after local search
(3.14,3.13,3.08,3.08,3.09,3.05,2.93,2.95,0.54,0.45,0.49,0.47,0.46,0.47,0.49,0.48,0.45,0.42,0.46,0.41)

(g1 (x), g2 (x))

f (x)

(0.22,119.11)

−0.691

(0.44,118.49)

−0.749

(0.01,119.95)

−0.801

(0.00,119.98)

−0.802

6.4 Problem g04

the true constrained minimum. Table 8 shows the best solution (feasible) obtained by NSGA-II at generation 35 and the
corresponding solution found by the local search. The local
search makes a significant change in variables 8, 11 and 12
to reduce the objective value from −0.691 to −0.749 (shown
in bold in the table), but the true constrained minimum is at
f ∗ = −0.803619. However, at generation 75, a penalty parameter value of R = 2 × 0.0377 was used (close to that at
generation 35), but since a much better initial solution (found
by NSGA-II) was used for the local search operation, a much
better objective value (f ∗ = −0.802) is obtained, as shown in
the table. As evident from Figure 12, at an intermediate generation (50), the penalty parameter is adaptively increased to
almost R = 2 × 0.1 to overemphasize constraint satisfaction
in an effort to search more useful feasible solutions.

This problem has five variables and six constraints. Constraints g1 and g6 are active at the constrained minimum point.
Figure 13 shows the variation in the population-best objective
value for a particular run. All solutions are feasible right from
the initial population. The adaptation of R is also shown in
the figure. At generation 5, the first local search is performed
and a near-optimal solution is found. However, the algorithm
continues for a few more local searches due to dissatisfaction
of our stipulated termination criterion. Only after third local
search at generation 15, the solution comes close to the bestknown constrained minimum solution. The value of R at the
end of generation 20 is found to be 7734.8 for this simulation run. All 25 runs find a feasible solution close (within
10−4 ) to the best-known optimum. The best performance of
our algorithm requires only 1,210 evaluations, whereas the
best-reported existing EA methodology takes at least 10 times
more function evaluations to achieve similar accurate solutions. In terms of median and worst performance, our approach is an order of magnitude faster.

Figure 12 also shows the variation in the population-best
objective value. The proposed hybrid approach needs much
lesser function evaluations (25,156), compared to three best
past approaches taken from the literature (best reported algorithm takes 87,419 function evaluations), as shown in Table 7
to achieve a solution with similar accuracy. Table 6 shows
the best-known solution with the best, median and worst solutions found by our approach. In only one out of 25 cases, our
approach is unable to find a feasible solution.

6.5 Problem g06
This problem has two variables and two constraints, but the
objective function and the feasible search space are nonconvex. The feasible space is also remarkably small compared
15
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6.6 Problem g07
This problem has 10 variables and eight constraints. Figure 15
shows that the performance of the hybrid procedure for a typical simulation run. Up until generation 10, no feasible solution was found. The algorithm focused in reducing the constraint violation till this generation. The first local search is
applied at generation 10 (when at least four bi-objective feasible solutions were found). Thereafter, the function value
continuously reduces to a value close to the optimal function
value.

8000

−31500
−32000

found to be successful with our approach.
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Figure 13: Objective value reduces with generation for problem g04.

16

Best Objective Value

3000

to the variable space for optimization. Due to these complexities, we use a population of size 80 here.
Figure 14 shows the generation-wise proceedings of a typical run. For the first nine generations, no feasible solution
is found by our hybrid approach. The first local search takes
place at generation 10 and thereafter the population-best objective value reduces monotonically. However, our strict termination criterion allows the algorithm to continue a few more
local searches to terminate the overall algorithm. The optimized function value is found to be f = −6961.813796
(slightly better than the best-known solution). At the end of
generation 60, the penalty parameter value is observed to be
around R = 10, 903. Table 7 presents the best, median and
worst function evaluations obtained using the proposed approach. In terms of best function evaluations our approach
takes less than a third of function evaluations needed by the
best-reported EA. The median performance of our hybrid approach is also better, but in terms of worst performance, Takahama and Sakai’s [45] result is better. In Section 7, we shall
revisit this problem with a parametric study. All 25 runs are
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Figure 15: Objective value reduces with generation for problem g07.
Table 7 shows that our proposed approach requires almost
four times less number of minimum function evaluations than
the best-reported results (15,645 compared to 60,873) and on
a median scale our approach requires about half the function
evaluations. Our method is also faster in terms of their worst
performances.

40

6.7 Problem g08

Infeasible
points

30
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−8000

CV
0
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This problem has two variables and two constraints. The objective function is multimodal. We have used N = 48 for this
problem. Table 6 shows the function evaluations and obtained
objective values. Figure 16 shows that a feasible solution is
found after the first generation itself and a solution close to the
best-known optimum was found only after 10 generations, but
due to the multimodal nature of the objective function, the algorithm took a few more generations to come close (with a objective value difference of 10−4 ) to the best-known optimum
in this problem. The penalty parameter R takes a small value
(0.4618) at the end of 25 generations, as at the constrained
minimum solution, no constraint is active. In this problem,
Takahama and Sakai’s [45] algorithm performs slightly better than ours. We discuss a possible reason in the following
paragraph.
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Figure 14: Objective value reduces with generation for problem g06.
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points to jump from one local minimum to another. Takahoma and Sakai’s approach uses DE to create new solutions
and may have exploited the periodicity of multiple local minimum points around the constrained minimum and helped find
a point near the constrained minimum quickly. However, we
shall show later, a parametric study on this problem using our
approach is able to achieve a more reliable performance and a
better performance over multiple runs with our proposed approach.
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6.8 Problem g09
This problem has seven variables and four constraints. Constraints g1 and g4 are active at the known minimum point. Figure 18 shows that the variation of the population-best function
value with generations. During the first two generations, the
population could not find any feasible point. Since an accuracy of 10−4 is set for termination with respect to the bestknown objective value, the algorithm takes many generations
to fulfill this criterion, otherwise a solution very close to the
optimum was found at generation 25, as evident from the figure. Table 7 shows the efficacy of the hybrid approach. Again,

Figure 16: Objective value reduces with generation for problem g08.
Due to the periodic nature of the objective function, this
problem has multiple optimum close to the constrained minimum. As discussed earlier, the penalty function approach
may face difficulties in handling such problems, particularly
if there exists a much better local minimum of the objective
function in the vicinity of the constrained minimum but in
the infeasible region. Figure 17 shows the objective function
landscape around the feasible region on this problem. It is
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Figure 17: Search space near the constrained minimum reveals multiple optima for problem g08.
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Figure 18: Objective value reduces with generation for problem g09.

evident from the figure that the constrained minimum is surrounded by an array of local maximum and minimum points.
Most of them are infeasible and the scenario is very similar
to the multimodal problem shown in Figure 1. If an appropriate penalty parameter is not chosen, a penalized function
may have its global minimum at one of the local and infeasible minimum point, such as point A or B shown in Figure 17.
This is the reason for our hybrid approach to take relatively
more function evaluations than Takahoma and Sakai’s differential evolution (DE) based non-penalty-function approach. It
is worth mentioning here that the positioning of local minimum points occur at certain interval, as shown in the figure. An algorithm such as DE can exploit such periods of
good regions through its difference operator and may allow

the best performance of our approach (with function evaluations of 2,732) is at least seven times better than that of the
best-known approach (19,234) and our approach is also better
in terms of median and worst-case performance compared to
existing algorithms.

6.9 Problem g10
This problem has eight variables and six constraints. This
problem is known to be a difficult for an algorithm to converge to the optimal solution accurately. Table 7 and 6 shows
the function evaluations and obtained objective values. A
17

much better solution (best f = 7049.248 with 7,905 function evaluations) is obtained using our proposed approach than
the existing parameter-less penalty based GA approach (best
f = 7060.221 with 320,000 function evaluations) [16].
Figure 19 shows that the proposed procedure finds a feasible solution at generation 10 after the local search is performed. Thereafter, the function value continuously reduces
to a value close to the best-known optimal function value.
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using the proposed approach. For a particular simulation, no
feasible solution was found up to 35 generations for this problem. Thereafter the procedure takes a few more local searches
to converge close to the best-reported solution. The value of
penalty parameter R at the final generation for this problem
is found to be 0.1428. Table 7 shows that the least number
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Figure 20: Objective value reduces with generation for problem g12.
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Figure 19: Objective value reduces with generation for problem g10.
Table 7 shows that the best performance of our approach is
at least 10 times faster than the best-reported EA study and our
approach requires about half the function evaluations with respect to median performance. However, in terms of worst performance, Takahoma and Sakai’s approach is better than ours.
We shall investigate later whether another parameter setting in
our algorithm performs better in this problem.
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6.10 Problem g12
Figure 21: Objective value reduces with generation for problem g18.

This problem has three variables and nine constraints. We
have used a population of size 16 × 3 or 48 for this problem.
Table 6 shows the function evaluations and obtained objective values. Feasible solutions are found in the first generation itself. In terms of best performance, Brest’s [6] approach
performs better than ours, but in terms of median and worst
function performance, our approach is better than all three
methods. Interestingly, in all three past approaches the required number of function evaluations vary significantly over
25 runs. We shall revisit this problem during the parametric
study to investigate if the best performance of our approach
can be improved.

of function evaluations needed by the proposed approach is
4,493, which is an order of magnitude better than that of the
best reported algorithm (46,856).

6.12 Problem g24
This problem has two variables and two quartic constraints.
Table 6 shows the function evaluations and obtained objective values. Table 7 shows that the best and median performances of our proposed approach is better than that of
the best-reported algorithm. However, in terms of the worst
performance, the performance of the proposed approach is
slightly worse.
The adaptation of R is also shown in Figure 22 for a typ-

6.11 Problem g18
This problem has nine variables and 13 constraints. Table 6
shows the function evaluations and obtained objective values
18

ical run. The feasible solutions are found right from the first
generation. With successive local searches of solving penalized functions with an adaptive R, the obtained solutions get
better and better with generations. At generation 25, the value
of penalty parameter R is found to be 69.568.
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7.1 Welded Beam Design
We start with the welded beam design problem. First, we
show the results with w-variation. Figure 23 shows that
w = 0.5 performs the best with 48 out of 50 runs finding a
feasible solution close to the constrained minimum. Although
the median of the required function evaluations are better for
w = 0.25 or 0.4, 0.6 or 0.75, they are not reliable (not often
successful).
Next, we show the parametric variation with the multiplying factor r. Among all the values r = 2 seems to perform
the best from reliability and median performance, as shown
in Figure 24. Finally, the parametric study on the frequency
of local searches, τ , indicates that τ = 5 is more reliable,
whereas τ = 1 produces a better best-performance with only
587 function evaluations (Figure 25). But τ = 1 is not very
reliable, as the variation over 50 runs is too wide. Based
on these results, retrospectively, our fixation of parameters to
w = 0.5, r = 2 and τ = 5 earlier for this problem turns out
to be a good choice.

20

−5.5
−6

to compare our methodology with them. However, since in
an arbitrary problem, we do not have this luxury, here we use
a different termination criterion for the parametric study. We
terminate a run if two consecutive local searches produce an
objective value difference less than 10−4 and also find feasible solutions having a maximum constraint violation of 10−6 .
For each problem, 50 runs are performed from different initial
populations and the median function evaluations are plotted in
figures by showing best and worst function evaluations. For
brevity, we present results on a few selected problems.
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Figure 22: Objective value reduces with generation for problem g24.
Based on the performance on the above problems, it can be
summarized that the proposed hybrid approach with our initial
setting of parameters (w = 0.5, r = 2 and τ = 5) performs
well in comparison to best-reported existing studies.

7 Parametric Study
Next, we perform a detail parametric study on the above problems to investigate if any change in parameters would help
improve the performance of the proposed approach further.
Three parameters are chosen for this purpose: (i) the history
factor for updating the penalty parameter, w, (ii) the multiplying factor, r, used to enhance the penalty parameter value, and
(iii) the frequency of local search, τ . In our previous simulations, we used w = 0.5, but here we use the following values
in our parametric study: w is varied as 0.25, 0.4, 0.5, 0.6, 0.75
and 1, meaning that a 100w% importance is given to the
new penalty value (obtained from current analysis of the nondominated front) and 100(1 − w)% importance is given to the
previous penalty parameter value. A value of w = 1 means
that the previous penalty parameter is completely ignored at
the current local search. The multiplying factor (r) is responsible for making the penalty parameter value higher that that
obtained from the multi-objective study. In our previous simulations, we have always used r = 2, but in this parametric
study, we use 1, 1.5, 2, 3, 5, and 10. The frequency of local
search (τ ) is an important parameter and signifies the number
of generations between two consecutive local searches. We
used τ = 5 in our previous simulations, but here we vary τ in
{1, 3, 5, 7, 10, 20, 50} generations.
In the previous section, we took advantage of the known
best-reported solutions to terminate a simulation. Since earlier
studies used the same as the termination criterion, it helped us

7.2 Problem g01
Next, we consider the problem g01. Figure 26 shows parameter study with w. In terms of the best performance almost
all the weighting factor has same effect, with w = 0.4 with a
slight advantage, as shown in Figure 26. A multiplying factor
of r = 2 or 3 seems to be a good choice in this problem, as
shown in Figure 27. Both these parameters does not seem to
matter much on the median performance, however, for some
parameter values the variation over 50 runs is wide.
The parametric study on τ indicates a different scenario
here (Figure 28). It seems that smaller the value of τ (meaning
more frequent local searches), the better is the performance of
the proposed algorithm for this problem. The algorithm requires only 1,627 function evaluation to its best to find a solution close to the constrained minimum with τ = 1.

7.3 Problem g04
Similar outcome is obtained from a parametric study on problem g04 as well. Figures 29 and 30 show that the parameter
values (w and r) do not have much of an effect on the performance. However, Figure 31 indicates that a smaller τ is better.
Comparing Figures 25 and 31 (and subsequently we shall observe for other problems), we notice that a small τ causes a
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Figure 25: Parametric study of τ for
problem weld.
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Figure 28: Parametric study of τ for
problem g01.

better best-performance, but with a wider variance of function evaluations over 50 runs. Frequent local searches with
τ = 1 help some populations to converge to the constrained
optimum quickly, whereas make a premature convergence to
a suboptimal solution for some other populations.

fore (r = 2 and w = 0.5). It is clear that with τ = 1 (local
search at every generation) makes the search faster for this
problem and our proposed approach requires only 225 function evaluations to its best. A parametric study on w and r
indicates that these two parameters are not that sensitive.

7.4 Problem g08

7.5 Problem g12

Recall that this problem was not solved by our approach as
efficiently as Takahoma and Sakai’s approach [45]. Here, we
perform a parametric study to investigate if the performance
of the proposed approach can be improved. Figure 32 shows
the effect of parameter τ (frequency of local search) on this
problem. The other two parameters are kept the same as be-
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Figure 33 shows the effect of the history parameter w of the
penalty parameter. The best performance takes place with 496
function evaluations, whereas median and worst performance
requires an identical 504 function evaluations. The multiplying factor r has no effect on the performance of our algorithm
(Figure 34). However, the performance gets better with a
smaller value of τ , as shown in Figure 35. Interestingly, all
50 runs produce an identical solution in this problem. Based
on these results, we conclude that τ = 1 produces best performance and the overall function evaluations needed by our
algorithm for best, median and worst performance are 168,
168, and 168, respectively.

(50)

(49)(48)(47)
(48)

5000
3000 (49)
2000
1500
1000
500

7.6 Problem g24

300
200

1 3 5 7 10

20
Frequency of Local search

50

Like in the other test problems, the major effect is found to
come from the τ parameter. Figure 36 shows the variation of
number of function evaluations with τ . The best, median, and
worst performance occurs with 503, 1,142 and 2,693 function
evaluations, respectively.

Figure 32: Number of function evaluations versus τ for problem g08.
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We use the above recommendations (τ = 1, w = 0.5
and r = 2) and make one final round of simulations of all
test problems considered in this paper and compare the performance of our algorithm with three best-reported existing
studies in Table 9. In each case, 25 simulations are performed
and a run is terminated if a solution having an objective value
at most 10−4 greater than the best-reported objective value is
obtained. Note that the termination criterion used in this section is different from that used in the parametric study. We
use this termination criterion here to make a fair comparison
with existing studies (shown in the table), which used an identical termination criterion. We make a number of observations
from these results:
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is the performance of the algorithm. A more frequent local search allows faster upgrades in the solution, thereby
allowing a better performance on some problems. The
study shows that τ = 1 is worth a consideration.

(48)

1000

1 3 5 7 10

10

50

(50)

5000
4000
3000

506

504

20
Frequency of Local search

Figure 31: Parametric study of τ for
problem g04.
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Figure 30: Parametric study of r for
problem g04.

Function Evaluations

Function Evaluations

504

(50)

20000
15000

1000

1

50000
40000
30000

(50)

Function Evaluations

(50)

Function Evaluations

Function Evaluations

15000

50

Figure 36: Number of function evaluations versus τ for problem g24.

8 Performance with Modified Parameter Values

1. The parameters w (history factor) and r (multiplying factor) make not much of an effect to the outcome of the
algorithm as long as they are kept within certain values.
Based on the study, we recommend to use w = 0.5 and
r = 2.

1. For all problems, the proposed hybrid evolutionary-cumpenalty-function based bi-objective approach is computationally faster than best-reported EA results on best,
median and worst performance comparison. In other
words, the function evaluations reported in Table 9 for
all 11 test problems are the lowest than that reported in
any previous study. These results are obtained with a
uniform parameter setting of τ = 1, w = 0.5 and r = 2.

2. The parameter τ (frequency of local search) is an important parameter and in general, smaller its value, the better

2. In comparison with Table 7 which were obtained using
τ = 5, w = 0.5 and r = 2, the best performance with

The following observations can be made from the above parametric study:
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Table 9: Comparison of the modified algorithm with three existing approaches.
Prob.
g01
g02
g04
g06
g07
g08
g09
g10
g12
g18
g24

Zavala, Aguirre & Diharce [52]
Best
Median
Worst
80,776
90,343
96,669
87,419
93,359
99,654
3,147
1,03,308
1,109,15
95,944
1,09,795
1,30,293
1,14,709
1,38,767
2,08,751
2,270
4,282
5,433
94,593
1,03,857
1,19,718
1,09,243
1,35,735
1,93,426
482
6,158
9,928
97,157
1,07,690
1,24,217
11,081
18,278
6,33,378

Takahama & Sakai [45]
Best
Median
Worst
18,594
19,502
19,917
1,08,303
1,14,347
1,29,255
12,771
13,719
14,466
5,037
5,733
6,243
60,873
67,946
75,569
621
881
1,173
19,234
21,080
21,987
87,848
92,807
1,07,794
2,901
4,269
5,620
46,856
57,910
60,108
1,959
2,451
2,739

τ = 1 is better in all problems except problem g09. However, the range of function evaluations between best and
worst in 25 simulations is wider. Thus, we may conclude
that τ = 5 is a more reliable strategy, whereas τ = 1
(frequent local searches) setting has the ability to locate
the constrained minimum very quickly from certain populations. From some other populations, the algorithm becomes too greedy and requires a longer time to recover
and is able to finally converge to the correct optimum.

Best
51,685
1,75,090
56,730
31,410
1,84,927
1,905
79,296
2,03,851
364
1,39,131
9,359

Brest [6]
Median
55,211
2,26,789
62,506
34,586
1,97,901
4,044
89,372
2,20,676
6,899
1,69,638
12,844

Worst
57,151
2,53,197
67,383
37,033
2,21,866
4,777
98,062
2,64,575
10,424
1,91,345
14,827

Proposed Hybrid Approach
Best
Median
Worst
2,341
2,891
4,736
24,312
61,526
97,478
865
1,556
2,420
884
2,645
4,382
11,980
31,803
70,453
304
506
1,158
2,908
6,141
39,659
6,134
21,933
94,949
168
168
168
3,630
5,285
16,337
503
1,142
2,693

much effect, whereas the third parameter (frequency of local
searches) seem to require a small value for a better performance. Based on these observations, we have rerun our algorithm with a revised setting of the third parameter and better
overall performance of our algorithm has been reported.
The test problems used in this study have all been considered by many evolutionary computation researchers over
the past two decades using different methodologies (single or
multi-objective) and monolithic with EAs alone or hybrid with
classical methods. Our use of evolutionary multi-objective
method per se is not new, nor our use of the classical penalty
function method is new. But the use of EMO methodology and
penalty function method to complement each other’s weaknesses is novel and innovative and theory-driven. By using
the strength of both methods in one procedure, we are able to
develop a constrained handling methodology which is fast and
accurate, in solving at least the chosen set of test problems.
Further simulations are now needed to test the algorithm’s
performance on other more complex constrained optimization
problems. Nevertheless, the triumph of this paper remains in
understanding and hybridizing two contemporary optimization fields together and in developing a hybrid methodology
which seems to provide a direction of research in the area of
fast and accurate optimization of constrained problems.

3. The parameters w and r have not much effect on the performance of the proposed method. The frequency of local search (parameter τ ) may be set between one and five
generations, in general.
Overall, the combination of bi-objective evolutionary algorithm and the penalty function approach seems to find constrained minimum quickly and accurately than an evolutionary algorithm alone (the past three studies compared here).

9 Conclusions
In this paper, we have suggested a hybrid bi-objective evolutionary and penalty function based classical optimization procedure which alleviates the drawback of each other. The difficulty in accurate convergence to the optimum by an evolutionary multi-objective optimization (EMO) procedure is overcome by the use of a local search involving a classical optimization procedure. On the other hand, the difficulty of the
commonly-used penalty function based approach is overcome
by estimating a suitable penalty parameter self-adaptively by
the EMO procedure. The hybrid procedure is applied to a
number of numerical optimization problems. Results from 25
different initial populations indicate that the proposed procedure is robust. In almost all cases, the required number of
function evaluations is found to be many times smaller (sometimes even one or two orders of magnitude smaller) than the
best-reported evolutionary algorithms.
A parametric study is performed to investigate the effect
of three parameters associated with the proposed algorithm.
The study indicates that two of the three parameters have not

Acknowledgments
The study is funded by Department of Science and Technology, Government of India under SERC-Engineering Sciences
scheme (No. SR/S3/MERC/091/2009).

References
[1] A. Angantyr, J. Andersson, and J.-O. Aidanpaa. Constrained optimization based on a multiobjective evolutionary algorithm. In Proceedings of Congress on Evolutionary Computation, pages 1560–1567, 2003.
[2] M. C. Araujo, E. F. Wanner, F. G. Guimaraes, and
R. H. C. Takahashi. Constrained Optimization Based on
22

Quadratic Approximations in Genetic Algorithms, pages
193–218. springer, 2009.

[16] K. Deb. An efficient constraint handling method for
genetic algorithms. Computer Methods in Applied Mechanics and Engineering, 186(2–4):311–338, 2000.

[3] H. S. Bernardino, H. J. C. Barbosa, A. C. C. Lemonge,
and L. G. Fonseca. On GA-AIS Hybrids for Constrained
Optimization Problems in Engineering, pages 167–192.
springer, 2009.

[17] K. Deb. Multi-objective optimization using evolutionary
algorithms. Wiley, Chichester, UK, 2001.
[18] K. Deb, S. Agrawal, A. Pratap, and T. Meyarivan. A fast
and elitist multi-objective genetic algorithm: NSGAII. IEEE Transactions on Evolutionary Computation,
6(2):182–197, 2002.

[4] J. Branke. Consideration of partial user preferences
in evolutionary multiobjective optimization, pages 157–
178. Berlin: Springer, 2008.
[5] J. Branke and K. Deb. Integrating user preferences into
evolutionary multi-objective optimization. In Y. Jin, editor, Knowledge Incorporation in Evolutionary Computation, pages 461–477. Heidelberg, Germany: Springer,
2004.

[19] K. Deb, S. Lele, and R. Datta. A hybrid evolutionary
multi-objective and sqp based procedure for constrained
optimization. In Proceedings of the Second International
Symposium on Intelligence Computation and Application (ISICA-2007), pages 36–45, 2007. LNCS 4683.

[6] J. Brest. Constrained Real-Parameter Optimization
with ε Self-Adaptive Differential Evolution, pages 73–
94. springer, 2009.

[20] M. G. Echeverri, J. M. L. Lezama, and R. Romero.
An efficient constraint handling methodology for multiobjective evolutionary algorithms. xxx, pages 141–150,
19xx.

[7] E. K. Burke and A. J. Smith. Hybrid evolutionary techniques for the maintenance schedulingproblem. IEEE
Transactions on Power Systems, 15(1):122–128, 2000.

[21] T. El-Mihoub, A. Hopgood, L. Nolle, A. Battersby, and
S. Date. Hybrid genetic algorithms: A review. Engineering Letters, 3(2):124–137, 2006.

[8] R. H. Byrd, J. Nocedal, and R. A. Waltz. KNITRO:
An integrated package for nonlinear optimization, pages
35–59. Springer-Verlag, 2006.

[22] M. Fatourechi, A. Bashashati, R. Ward, and G. Birch.
A hybrid genetic algorithm approach for improving the
performance of the LF-ASD brain computer interface.
In IEEE International Conference on Acoustics, Speech,
and Signal Processing, 2005. Proceedings.(ICASSP’05),
volume 5, 2005.

[9] Z. Cai and Y. Wang. A multiobjective optimizationbased evolutionary algorithm for constrained optimizatio. IEEE Transactions on Evolutionary Computation,
10(6):658–675, 2005.
[10] E. Camponogara and S. Talukdar. A genetic algorithm
for constrained and multiobjective optimization. In 3rd
Nordic Workshop on Genetic Algorithms and Their Applications (3NWGA), pages 49–62, 1997.

[23] M. Fatourechi, A. Bashashati, R. K. Ward, and G. Birch.
A hybrid genetic algorithm approach for improving the
performance of the lf-asd brain computer interface. In
Proceedings of the International Conference on Acoustics, Speech, and Signal Processing (ICASSP05), pages
345–348, 2005.

[11] V. Chankong and Y. Y. Haimes. Multiobjective Decision
Making Theory and Methodology. New York: NorthHolland, 1983.

[24] M. Gen and R. Cheng. A survey of penalty techniques
in genetic algorithms. In Proceedings of IEEE International Conference on Evolutionary Computation. IEEE
Press, 1996.

[12] C. A. C. Coello. Treating objectives as constraints for
single objective optimization. Engineering Optimization, 32(3):275–308, 2000.
[13] D. Coit, A. Smith, and D. Tate. Adaptive penalty methods for genetic optimization of constrained combinatorial problems. INFORMS Journal on Computing, 8:173–
182, 1996.

[25] A.-R. Hedar and M. Fukushima. Simplex coding genetic algorithm for the global optimization of nonlinear functions. In Multi-Objective Programming and
Goal Programming, pages 135–140. Berlin-Heidelberg:
Springer-Verlag, 2003.

[14] E. P. Dadios and J. Ashraf. Genetic algorithm with adaptive and dynamic penalty functions for the selection of
cleaner production measures: A constrained optimization problem. Clean Technologies and Environmental
Polices, 8:85–95, 2006.

[26] A. Homaifar, S. H.-V. Lai, and X. Qi. Constrained optimization via genetic algorithms. Simulation, 62(4):242–
254, 1994.

[15] K. Deb. Optimal design of a welded beam structure via
genetic algorithms. AIAA Journal, 29(11):2013–2015,
1991.

[27] J. D. Knowles, D. W. Corne, and K. Deb, editors. Multiobjective problem solving from nature. Springer Natural
Computing Series, Springer-Verlag, 2008.
23

[28] A. Kumar, D. Sharma, and K. Deb. A hybrid multiobjective optimisation procedure using pcx based nsga-ii
and sequential quadratic programming. In Proceedings
of the Congress on Evolutionary Computation (CEC2007), pages 3010–3018, 2007.

[41] J. Richardson, M. Palmer, G. Liepins, and M. Hilliard.
Some guidelines for genetic algorithms with penalty
functions. In Proceedings of the 3rd International Conference on Genetic Algorithms, pages 191–197. Morgan
Kaufmann Publishers Inc., 1989.

[29] A. Kuri-Morales and J. Gutiérrez-Garcı́a. Penalty function methods for constrained optimization with genetic
algorithms: A statistical analysis. MICAI 2002: Advances in Artificial Intelligence, pages 187–200, 2002.

[42] D. Sharma, A. Kumar, K. Sindhya, and K. Deb. Hybridization of sbx based nsga-ii and sequential quadratic
programming for solving multi-objective optimisation
problems. In Proceedings of the Congress on Evolutionary Computation (CEC-2007), pages 300–3010, 2007.

[30] J. J. Liang, T. P. Runarsson, E. Mezura-Montes,
M. Clerc, P. N. Suganthan, C. A. C. Coello, and K. Deb.
Problem definitions and evaluation criteria for the cec
2006: Special session on constrained real-parameter optimization. Technical report, Nanyang Technological
University, Singapore, 2006.

[43] K. Sindhya, K. Deb, and K. Miettinen. A local search
based evolutionary multi-objective optimization technique for fast and accurate convergence. In Proceedings of the Paralle Problem Solving From Nature (PPSN2008). Berlin, Germany: Springer-Verlag, 2008.

[31] C. Lin and C. Chuang. A Rough Set Penalty Function for
Marriage Selection in Multiple-Evaluation Genetic Algorithms. Rough Sets and Knowledge Technology, pages
500–507, 2007.

[44] P. D. Surry, N. J. Radcliffe, and I. D. Boyd. A multiobjective approach to constrained optimisation of gas
supply networks : The COMOGA method. In Evolutionary Computing. AISB Workshop, pages 166–180.
Springer-Verlag, 1995.

[32] P. Matthew et al. Selection and Penalty Strategies for Genetic Algorithms Designed to Solve Spatial Forest Planning Problems. International Journal of Forestry Research, 2009, 2009.

[45] T. Takahama and S. Sakai. Solving Difficult Constrained
Optimization Problems by the ε Constrained Differential
Evolution with Gradient-Based Mutation, pages 51–72.
springer, 2009.

[33] Z. Michalewicz and C. Z. Janikow. Handling constraints
in genetic algorithms. In Proceedings of the Fourth
International Conference on Genetic Algorithms, pages
151–157, 1991.

[46] S. Venkatraman and G. Yen. A generic framework for
constrained optimization using genetic algorithms. IEEE
Transactions on Evolutionary Computation, 9(4):424–
435, 2005.

[34] K. Miettinen. Nonlinear Multiobjective Optimization.
Kluwer, Boston, 1999.

[47] T. Victoire and A. Jeyakumar. A modified hybrid EPSQP approach for dynamic dispatch with valve-point effect. International Journal of Electrical Power & Energy
Systems, 27(8):594–601, 2005.

[35] C. Moler. The mathworks: MATLAB requirements.
[36] H. Myung and J.-H. Kim. Hybrid interior-lagrangian
penalty based evolutionary optimization. In Proceedings
of Evolutionary Programming VII Conference (LNCS
1447), pages 85–94, 1998.

[48] L. Wang, L. Zhang, and D. Zheng. An effective hybrid genetic algorithm for flow shop scheduling with
limited buffers. Computers & Operations Research,
33(10):2960–2971, 2006.

[37] P. Nanakorn and K. Meesomklin. An adaptive penalty
function in genetic algorithms for structural design optimization. Computers & Structures, 79(29-30):2527–
2539, 2001.

[49] Y. Wang, Z. Cai, Y. Zhou, and W. Zeng. An adaptive
tradeoff model for constrained evolutionary optimization. IEEE Transactions on Evolutionary Computation,
12(1):80–92, 2008.

[38] D. Powell and M. M. Skolnick. Using genetic algorithms
in engineering design optimization with nonlinear constraints. In Proceedings of the Fifth International Conference on Genetic Algorithms, pages 424–430, 1993.

[50] J. H. Y. Zhou, Y. Li and L. Kang. Multi-objective and
mgg evolutionary algorithm for constrained optimization. In Proceedings of Congress on Evolutionary Computation, pages 1–5, 2003.

[39] T. Ray and K. M. Liew. Society and civilization: An
optimization algorithm based on the simulation of social
behavior. IEEE Transactions on Evolutionary Computation, 7(4):386–396, 2003.

[51] Q. Yuan and F. Qian. A hybrid genetic algorithm for
twice continuously differentiable NLP problems. Computers & Chemical Engineering, 34(1):36–41, 2010.
[52] A. E. M. Zavala, A. H. Aguirre, and E. R. V. Diharce. Continuous Constrained Optimization with Dynamic Tolerance Using the COPSO Algorithm, pages 1–
24. springer, 2009.

[40] G. V. Reklaitis, A. Ravindran, and K. M. Ragsdell. Engineering Optimization Methods and Applications. New
York : Wiley, 1983.
24

A.3 Problem g02

[53] E. Zitzler and L. Thiele. Multiobjective evolutionary
algorithms: A comparative case study and the strength
pareto approach. IEEE Transactions on Evolutionary
Computation, 3(4):257–271, 1999.

The problem is given as follows:
min.

A

s.t.

Test Problem Description

In the appendix, we present the mathematical formulation of
the test problems used in this study. These problems are chosen from the existing EA literature.

The problem is given as follows (x = (h, l, t, b)T ):
f1 (x) = 1.10471h2 l + 0.04811tb(14.0 + l),
g1 (x) ≡ 13, 600 − τ (x) ≥ 0,
g2 (x) ≡ 30, 000 − σ(x) ≥ 0,
g3 (x) ≡ b − h ≥ 0,
g4 (x) ≡ Pc (x) − 6, 000 ≥ 0,
g5 (x) ≡ 0.25 − δ(x) ≥ 0,
0.125 ≤ h, b ≤ 5,
0.1 ≤ l, t ≤ 10,

(22)

The feasible region is about 99.9971% of total search
space. The best-reported constrained minimum lies at x∗ =
(3.16246061572185, 3.12833142812967, 3.09479212988791,
3.06145059523469, 3.02792915885555, 2.99382606701730,
2.95866871765285, 2.92184227312450, 0.49482511456933,
0.48835711005490, 0.48231642711865, 0.47664475092742,
0.47129550835493, 0.46623099264167, 0.46142004984199,
0.45683664767217, 0.45245876903267, 0.44826762241853,
0.44424700958760, 0.44038285956317)T . Only constraint
g1 is active at this point. The objective value at this point is
f (x∗ ) = −0.80361910412559.

A.1 Problem Weld

min.
s. t.

˛
˛
˛
˛ P20
2
cos4 (xi )−2Π20
˛
i=1 cos (xi ) ˛
qP
f (x) = − ˛ i=1
˛,
20
2
˛
˛
i=1 ixi
xi ≤ 0,
g1 (x) ≡ 0.75 − Π20
i=1
P
g2 (x) ≡ 20
i=1 xi − 150 ≤ 0,
0 ≤ xi ≤ 10, i = 1, . . . , 20.

(20)

A.4 Problem g04
The problem is given as follows:

where,
r
τ (x)

=

τ

=

τ 

=

σ(x)

=

δ(x)

=

Pc (x)

=

q
(τ  )2 + (τ  )2 + (lτ  τ  )/ 0.25(l2 + (h + t)2 ),

min.
s.t.

6, 000
,
√
2hl

p
6, 000(14 + 0.5l) 0.25(l2 + (h + t)2 )
,
2[0.707hl(l2 /12 + 0.25(h + t)2 )]
504, 000
,
t2 b
2.1952
,
t3 b
64, 746.022(1 − 0.0282346t)tb3 .

f (x) = 5.3578547x23 + 0.8356891x1 x5 + 37.293239x1 − 40792.141,
g1 (x) ≡ 85.334407 + 0.0056858x2 x5 + 0.0006262x1 x4
−0.0022053x3 x5 − 92 ≤ 0,
g2 (x) ≡ −85.334407 − 0.0056858x2 x5 − 0.0006262x1 x4
+0.0022053x3 x5 ≤ 0,
g3 (x) ≡ 80.51249 + 0.0071317x2 x5 + 0.0029955x1 x2
+0.0021813x23 − 110 ≤ 0,
g4 (x) ≡ −80.51249 − 0.0071317x2 x5 − 0.0029955x1 x2
−0.0021813x23 + 90 ≤ 0,
g5 (x) ≡ 9.300961 + 0.0047026x3 x5 + 0.0012547x1 x3
+0.0019085x3 x4 − 25 ≤ 0,
g6 (x) ≡ −9.300961 − 0.0047026x3 x5 − 0.0012547x1 x3
−0.0019085x3 x4 + 20 ≤ 0,
78 ≤ x1 ≤ 102, 33 ≤ x2 ≤ 45, 27 ≤ (x3 , x4 , x5 ) ≤ 45.

(23)
The

minimum
(78, 33, 29.995, 45, 36.776)T
with
f ∗ = −30665.539.

A.2 Problem g01

best-reported

is
a

x∗
at
function

=

value

The problem is given as follows:
P
P
P
min.f (x) = 5 4i=1 xi − 5 4i=1 x2i + 5 13
i=5 xi ,
s.t.g1 (x) ≡ 2x1 + 2x2 + x10 + x11 − 10 ≤ 0,
g2 (x) ≡ 2x1 + 2x3 + x10 + x12 − 10 ≤ 0,
g3 (x) ≡ 2x2 + 2x3 + x11 + x12 − 10 ≤ 0,
g4 (x) ≡ −8x1 + x10 ≤ 0,
g5 (x) ≡ −8x2 + x11 ≤ 0,
g6 (x) ≡ −8x3 + x12 ≤ 0,
g7 (x) ≡ −2x4 − x5 + x10 ≤ 0,
g8 (x) ≡ −2x6 − x7 + x11 ≤ 0,
g9 (x) ≡ −2x8 − x9 + x12 ≤ 0,

A.5 Problem g06
The problem is given as follows:
(21)

min. f (x) = (x1 − 10)3 + (x2 − 20)3 ,
s. t. g1 (x) ≡ −(x1 − 5)2 − (x2 − 5)2 + 100 ≤ 0,
g2 (x) ≡ (x1 − 6)2 + (x2 − 5)2 − 82.81 ≤ 0,
13 ≤ x1 ≤ 100, 0 ≤ x2 ≤ 100.
(24)
The feasible region is 0.0066% of total search
space. The best-reported constrained minimum lies at
x∗ = (14.09500000000000064, 0.8429607892154795668)T
with f (x∗ ) = −6961.81387558015. Both constraints are
active at this point.

where 0 ≤ xi ≤ 1 for i = 1, . . . , 9, 0 ≤ xi ≤ 100
for i = 10, 11, 12, and 0 ≤ x13 ≤ 1. The best-reported
minimum point is x∗ = (1, 1, 1, 1, 1, 1, 1, 1, 1, 3, 3, 3, 1)T ,
where six constraints (g1 , g2 , g3 , g7 , g8 and g9 ) are active and
f (x∗ ) = −15.
25

The best-reported minimum point lies at x∗ = (579.307,
1359.971, 5109.971, 182.018, 295.601, 217.982, 286.417,
395.601)T with an objective value f ∗ = 7049.280. All constraints are active at this point.

A.6 Problem g07
The problem is given as follows:
min. f (x) = x21 + x22 + x1 x2 − 14x1 − 16x2 + (x3 − 10)2
+4(x4 − 5)2 + (x5 − 3)2 + 2(x6 − 1)2 + 5x27 + 7(x8 − 11)2
+2(x9 − 10)2 + (x10 − 7)2 + 45,
s.t.
g1 (x) ≡ −105 + 4x1 + 5x2 − 3x7 + 9x8 ≤ 0,
g2 (x) ≡ 10x1 − 8x2 − 17x7 + 2x8 ≤ 0,
g3 (x) ≡ −8x1 + 2x2 + 5x9 − 2x10 − 12 ≤ 0,
g4 (x) ≡ 3(x1 − 2)2 + 4(x2 − 3)2 + 2x32 − 7x4 − 120 ≤ 0,
g5 (x) ≡ 5x21 + 8x2 + (x3 − 6)2 − 2x4 − 40 ≤ 0,
g6 (x) ≡ x21 + 2(x2 − 2)2 − 2x1 x2 + 14x5 − 6x6 ≤ 0,
g7 (x) ≡ 0.5(x1 − 8)2 + 2(x2 − 4)2 + 3x25 − x6 − 30 ≤ 0,
g8 (x) ≡ −3x1 + 6x2 + 12(x9 − 8)2 − 7x10 ≤ 0,
−10 ≤ xi ≤ 10, i = 1, . . . , 10.

A.10 Problem g12
The problem is given as follows:
min.
s.t.

(29)
The values of pi , qi and ri can be seen from other existing
studies [45]. For this problem, the feasible region is only
4.7713% of total search space. The best-reported constrained
minimum lies at x∗ = (5, 5, 5) with an objective value of
f (x∗ ) = −1.

(25)
The best-reported minimum is at x = (2.172, 2.364, 8.774,
5.096, 0.991, 1.431, 1.322, 9.829, 8.280, 8.376)T with a function value 24.306.
∗

A.7 Problem g08

A.11 Problem g18

The problem is given as follows:
3

1 ) sin(2πx2 )
min. f (x) = − sin (2πx
,
x31 (x1 +x2 )
2
s.t. g1 (x) ≡ x1 − x2 + 1 ≤ 0,
g2 (x) ≡ 1 − x1 + (x2 − 4)2 ≤ 0,
0 ≤ xi ≤ 10, i = 1, 2.

The problem is given as follows:
(26)

min.
s.t.

The feasible region is 0.8560% of total search space
and the best-reported constrained minimum lies at
x∗ = (1.22797135260752599, 4.24537336612274885)T
with f (x∗ ) = −0.0958250414180359. No constraint is
active at this point.

A.8 Problem g09
The problem is given as follows:
min.
s.t.

f (x) = (x1 − 10)2 + 5(x2 − 12)2 + x43 + 3(x4 − 11)2
+10x65 + 7x26 + x47 − 4x6 x7 − 10x6 − 8x7 ,
g1 (x) ≡ −127 + 2x21 + 3x42 + x3 + 4x24 + 5x5 ≤ 0,
g2 (x) ≡ −282 + 7x1 + 3x2 + 10x32 + x4 − x5 ≤ 0,
g3 (x) ≡ −196 + 23x1 + x22 + 6x26 − 8x7 ≤ 0,
g4 (x) ≡ 4x21 + x22 − 3x1 x2 + 2x23 + 5x6 − 11x7 ≤ 0,
−10 ≤ xi ≤ 10, i = 1, . . . , 7.

The
best-reported
minimum
is
at
x∗
(2.330, 1.951, −0.478, −4.366, −0.624, 1.038, 1.594)T
with f ∗ = 680.630.

f (x) = −0.5 (x1 x4 − x2 x3 + x3 x9 − x5 x9 + x5 x8 − x6 x7 ) ,
g1 (x) ≡ x23 + x24 − 1 ≤ 0,
g2 (x) ≡ x29 − 1 ≤ 0,
g3 (x) ≡ x25 + x26 − 1 ≤ 0,
g4 (x) ≡ x21 + (x2 − x9 )2 − 1 ≤ 0,
g5 (x) ≡ (x1 − x5 )2 + (x2 − x6 ) ≤ 0,
g6 (x) ≡ (x1 − x7 )2 + (x2 − x8 ) ≤ 0,
g7 (x) ≡ (x3 − x5 )2 + (x4 − x6 )2 − 1‘0,
g8 (x) ≡ (x3 − x7 )2 + (x4 − x8 )2 − ≤ 0,
g9 (x) ≡ x2 + (x8 − x9 )2 − 1 ≤ 0,
g10 (x) ≡ x2 x3 − x1 x4 ≤ 0,
g11 (x) ≡ −x3 x9 ≤ 0,
g12 (x) ≡ x5 x9 ≤ 0,
g13 (x) ≡ x6 x7 − x5 x8 ≤ 0,
−10 ≤ xi ≤ 10for i = 1, . . . , 8, 0 ≤ x9 ≤ 20.

(30)
The feasible region is very tiny fraction of the total search
space. The best-reported constrained minimum lies at x∗ =
(−0.657776, −0.153419, 0.323414, −0.946258, −0.657776,
− 0.753213, 0.323414, −0.346463, 0.599795) with an objective value of f (x∗ ) = −0.866025.

(27)
=

A.12 Problem g24
The problem is given as follows:

A.9 Problem g10

min. f (x) = −x1 − x2 ,
s.t.
g1 (x) ≡ −2x41 + 8x31 − 8x21 + x2 − 2 ≤ 0,
g2 (x) ≡ −4x41 + 32x31 − 88x21 + 96x1 + x2 − 36 ≤ 0,
0 ≤ x1 ≤ 3, 0 ≤ x2 ≤ 4.
(31)
The feasible region is 79.6556% of the allowable
search space.
The best-reported optimum lies at
x∗ = (2.32952019747762, 3.17849307411774) and the
corresponding objective value is f (x∗ ) = −5.508013. Both
constraints are active at this point.

The problem is given as follows:
min.
s.t.

f (x) = −(100 − (x1 − 5)2 − (x2 − 5)2 − (x3 − 5)2 )/100,
gi (x) ≡ (x1 − pi )2 + (x2 − qi )2 + (x3 − ri )2 − 0.0625 ≤ 0,
∀i = 1, . . . , 9,
0 ≤ xi ≤ 100, i = 1, 2, 3.

f (x) = x1 + x2 + x3 ,
g1 (x) ≡ −1 + 0.0025(x4 + x6 ) ≤ 0,
g2 (x) ≡ −1 + 0.0025(x5 + x7 − x4 ) ≤ 0,
g3 (x) ≡ −1 + 0.01(x8 − x5 ) ≤ 0,
g4 (x) ≡ −x1 x6 + 833.33252x4 + 100x1 − 83333.333 ≤ 0,
g5 (x) ≡ −x2 x7 + 1250x5 + x2 x4 − 1250x4 ≤ 0,
g6 (x) ≡ −x3 x8 + 1250000 + x3 x5 − 2500x5 ≤ 0,
100 ≤ x1 ≤ 10000, 1000 ≤ (x2 , x3 ) ≤ 10000,
10 ≤ (x4 , . . . , x8 ) ≤ 1000.

(28)
26

