Automating Discovery of Innovative Design Principles through
Optimization
Sunith Bandaru and Kalyanmoy Deb
{sunithb,deb}@iitk.ac.in
Kanpur Genetic Algorithms Laboratory (KanGAL)
Indian Institute of Technology Kanpur
PIN 208016, India
KanGAL Report Number 2010001
Abstract
In this paper, we propose a methodology for automatically extracting innovative design principles
which make a system or process (subject to conflicting objectives) optimal using its Pareto-optimal set
data. Such “higher knowledge” would, not only help designers to execute the system better, but also
enable them to predict how changes in one variable would effect other variables if the system has to
retain its optimal behaviour. This in turn would help solve other similar systems with different parameter settings easily without the need to perform a fresh optimization task. The proposed methodology
is capable of discovering hidden functional relationships among the variables, objective and constraint
functions and any other function that the designer wishes to include as a “basis function”. For our study,
we have considered a number of engineering design problems for which the mathematical structure of
these explicit relationships exists and was revealed by a previous manual study. A comparison with the
multivariate adaptive regression splines (MARS) approach for a flexible regression task reveals the practicality of our proposed approach due to its ability to find meaningful design principles. The success of
our simultaneous clustering and optimization procedure for automated innovization is highly encouraging
and indicates a suitability for its further development in tackling more complex design scenarios.
Keywords: innovation; optimization; design principles; hidden relationships; grid-based clustering;
data mining; multivariate adaptive regression splines (MARS).

1

Introduction

In any branch of engineering, an important step towards building or designing a system or a process is to
choose an appropriate objective and employ a suitable optimization method to find an optimized feasible
solution that would minimize or maximize the chosen objective. An engineering system design usually demands satisfaction of one or more constraints which are explicitly formulated along with the design objective.
Optimization algorithms attempt to solve such problems by starting with one or more guess solutions and
then improving them to reach near the optimum solution. Often, the optimization task may involve multiple
conflicting objectives and more sophisticated optimization methods and a suitable decision-making technique
are required to handle such problems.
An optimal design task usually culminates in finding an optimized design by a suitable computational
optimization algorithm. The designers associated with the design optimization task are usually not bothered
about any further analysis of optimized designs. In some occasions, a sensitivity analysis is performed to
identify relative importance of one constraint over the other, etc. However, a more rigorous post-optimality
analysis may provide a much deeper understanding of the problem, particularly in gaining knowledge about
properties of the optimal solution to the problem. Such an effort may provide clues to questions such as ‘why
only certain values of variables turn out to be in the optimized design, while other practically innumerable
combinations of design variable values are not?’. However, in a single objective scenario, there is usually
a single optimum solution and a singleton optimal solution is often not adequate to decipher such useful
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information reliably. Instead, if at least two conflicting objectives are considered during optimization (such
as minimizing cost and simultaneously maximizing quality of a design), the multi-objective optimization
task usually resorts to a set of trade-off solutions, largely known as Pareto-optimal solutions (Chankong
and Haimes 1983). Although a single solution is often needed for an implementation, if multiple trade-off
solutions could be found, their availability is helpful in a fundamental way. Since all Pareto-optimal solutions
are optimal (high-performing), a subset or the complete set of Pareto-optimal solutions may exhibit certain
common principles (Deb and Srinivasan 2006). The knowledge of such exclusive properties of variable combinations or designs may enable a designer to adapt to a new solution as and when needed and importantly
may provide very useful and inherent information about ‘what makes a solution optimal in a problem?’. The
discovery of such principles often leads to new in-depth knowledge which can be beneficial in many ways. An
existing operating optimal solution can be suitably changed to another by simply changing the properties
which must vary among them while maintaining these commonality principles. Basically, this means that a
fresh optimization task need not be performed. Moreover, important insights about the generic framework
into which the system falls can be obtained.
Some work has been done in the past to extract such knowledge directly from the problem. Monotonicity
analysis (Papalambros and Wilde 2000) is a process which, in certain problems, can instantly bring out important properties among decision variables corresponding to optimal solutions. But as the name suggests,
the objective functions and the constraints need to be monotonic to the decision variables or the objective functions must be free from one or more decision variables. A similar process called activity analysis
(Williams and Cagan 1996) uses qualitative Kuhn-Tucker conditions to strategically cut away subspaces
that it can quickly rule out as suboptimal thus allowing a numerical optimization method to focus on the
reduced search space. Sarkar et al. (2008) proposed a singular value decomposition based method for design
optimization problem (re)-formulation. The method brings out latent correlations between variables, parameters, objective functions and constraints but is insensitive to the structure and strength of mathematical
relationships between them. Also, recent non-linear dimensionality reduction techniques have been used
to identify non-linear manifolds embedded in the high-dimensional design spaces (Dabbeeru and Mukerjee
2009), but the relationships obtained from this approach are again implicit in nature.
Data mining and knowledge discovery techniques are also used for finding and understanding patterns
within a data. For example, the multivariate adaptive regression splines or MARS (Friedman 1991) approach
is a sophisticated regression method which is capable of clustering the supplied data-set and finding a
piecewise regression fit. Although such a method may find well-fitted mathematical functions, the derived
functions may not be meaningful to the context of the design problem at hand. By knowledge, what
a designer would like to achieve is meaningful relationships among design variables, objective functions,
constraint functions, and the terms thereof, which are common to most of the data-set. Such relationships,
if exist, will act as properties common to the Pareto-optimal solutions and can be retained as vital knowledge
about constructing a Pareto-optimal or a high-performing solution for the problem at hand. Thus, the datamining and knowledge discovery task here is significantly different from fitting a mathematical model to the
Pareto-optimal data using a usual regression technique.
Innovization (innov ation through optimization) is “a new design methodology in the context of finding
these new and innovative design principles by means of optimization techniques” (Deb and Srinivasan 2006).
It is basically a two step process involving the use of two or more conflicting objectives to first find a set
of near Pareto-optimal solutions using a multi-objective optimization procedure and then implementing a
manual plotting-and-analysis procedure to decipher the principles common among problem variables and/or
objectives of the obtained solutions. For the first step, the literature has a plethora of classical and evolutionary approaches which iteratively arrive at a set of Pareto-optimal solutions reliably (Chankong and Haimes
1983, Miettinen 1999, Deb 2001, Coello et al. 2007). The second step is carried out by choosing different
variable combinations and plotting them against each other. Various transformations are applied on the
variables to visually decipher non-intuitive relationships. For example, a logarithmic transformation may be
used to convert power relationships between the variables into linear ones which can be easily understood
and interpreted. A similar analysis of Pareto-optimal solutions for extracting problem knowledge in the
form of association rules are also available in literature. The trade-off-rule mining approach suggested by
Sugimura et al. (2009) uses an aspiration vector to extract trade-off control rules. Sugimura et al. (2007)
employs the rough set theory for achieving the same. Both methods were successfully applied to industrial
design problems concerning a centrifugal impeller. Obayashi and Sasaki (2003) uses a self-organizing map
(SOM) to cluster trade-off solutions in the design variable space. These clusters are found to have correla-
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tions with the objective functions. This SOM based technique was demonstrated for supersonic wing design
and supersonic wing-fuselage design.
The success of recent innovization studies (Deb 2003, Deb and Chaudhuri 2005, Deb and Srinivasan
2006, Deb and Sindhya 2008, Deb 2008) has raised many important issues. Primarily, the manual nature
of the process prohibits the discovery of more than two or three variable interactions due to the cognitive
inability of humans to perceive in higher dimensions. Secondly, there may exist higher levels of innovization
in a problem which could provide higher levels of knowledge (Deb and Srinivasan 2006). Hence there is an
urgent need to develop a framework for extracting useful knowledge automatically. Such automation has the
added advantage of possible integration with a multi-objective optimization algorithm to which the extracted
knowledge can be fed back as heuristics. This may lead to a more efficient and accurate optimization task. In
this paper, we make an attempt towards this automated innovization task, for which a well-optimized tradeoff solution set is analyzed to find useful relationships automatically among variables, objectives, constraints,
and their parts thereof, that are inherently common to the trade-off solutions.
In the following sections, we propose our genetic algorithm (GA) based clustering and knowledge extraction process for automated innovization. In Section 2, we lay down the steps involved in the innovization
procedure. Section 3 presents the fundamental concepts behind our idea with a focus on a few concepts of
automated innovization strategy. In Section 4, we describe a generalized version of a clustering algorithm
that we have used in this study. Section 5 elaborates our adopted methodology for integrating this with
a GA based knowledge extraction scheme. We also briefly discuss the MARS approach thereafter. Next,
we apply our method on a number of engineering design problems to arrive at various meaningful design
principles using our approach. In all cases, we compare the flexibility and suitability of our approach to those
of MARS. We conclude this paper in Section 7 by presenting a few plausible extensions to our proposed
methodology.
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Innovization procedure

The innovization procedure as described by Deb and Srinivasan (2006) involves the following steps:
1. Identify the ideal solution of the M -objective optimization problem (usually two conflicting objectives
are adequate for the innovization task) by taking each objective once and solving the corresponding
single-objective problem. If the optimal solution of the i-th objective is the decision vector x∗i with
the objective value fi∗ , the ideal vector is given by,
∗
z∗ = {f1∗ , f2∗ , . . . , fM
}.

2. Find the Pareto-optimal points for the original multi-objective problem using an evolutionary optimization technique. Also, obtain the nadir point znad from the optimal front. For two-objective
problems, the nadir point can be derived from the ideal objective vector z∗ using the payoff table
method described in Miettinen (1999). For higher objective problems, a recent nadir point estimation
methodology (Deb et al. 2009) can be used.
3. Normalize all the objectives using the ideal and nadir points obtained above. For the i-th objective we
have,
fi − z ∗
finorm = nad i ∗ .
zi − zi
4. Perform a local search on each point of the Pareto-optimal front obtained in (2) using any classical
optimization method and get the modified front.
5. Verify the correctness of the modified front using a numerical optimization algorithm, for example, the
normal constraint method (Messac and Mattson 2004).
6. Analyze the solutions for any commonality principles as plausible innovized relationships using visual
and statistical comparisons and graph plotting softwares.
For the reasons mentioned in Section 1, we turn towards data-mining and machine learning techniques
for automated learning of design principles from the optimal data, thus carrying out step (6) of the above
innovization process without a human intervention as much as possible.
3
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Automating the innovization procedure

The first step of the knowledge extraction task is to obtain the optimal front data for the multi-objective
optimization problem. We use an evolutionary multi-objective optimization algorithm, NSGA-II (Deb et al.
2002), to find a set of trade-off near Pareto-optimal solutions. Since this is a one time process for extracting
design principles, one should ensure that the data is as close to the true Pareto-optimal front as possible
because the accuracy of the relationships is greatly influenced by errors in the data-set.
Consider the trade-off Pareto-optimal or near Pareto-optimal solutions in the form of a multi-dimensional
variable-objective-constraint (x-f (x)-g(x)) data-set that is made available from the above step. Our objective
is to identify statistically significant parametric relationships ψi ’s, which are common to whole or part of the
trade-off solutions. These relationships are made up of N basis functions (φj ’s), which are an input to the
algorithm. Thus,
ψi (φ1 (x), φ2 (x), . . . , φN (x)) = ψi (φ(x)) = ci .
(1)
The natural candidates for the basis functions are those in the data-set itself, so that the i-th relationship
can be written as,
ψi (x, f (x), g(x)) = ci .
(2)
A given problem may suggest the use of additional (or replacement) basis functions. For example, specific
terms from the objective and constraint functions and their derivatives may be used in addition or in place
of the actual functions. This is because each term in these functions comes from a physical or logical
consideration of the problem and it is likely that the optimal solutions follow certain relationships involving
some of these terms. Similarly, if an entity of the problem is expected to influence the optimal solutions then
its inclusion in the basis function set would make sense. The values for these additional basis functions can
be calculated at each data point and added to the basic data-set. Such a priori information would make the
knowledge extraction procedure computationally more efficient if it indeed forms a part of the relationship.
However when no such information is available, it is best to retain the original basis functions.
There are a few practically important aspects of the parametric relationships shown in Equation (2).
First, from the data-analysis point of view, finding ψi ’s and the associated constants ci ’s is an extremely
challenging task and to our knowledge there does not exist any study addressing a similar issue. However,
previous studies on innovization suggest some plausible mathematical structures for such relationships. It
was observed that for many problems (Deb 2003, Deb and Srinivasan 2006), especially in engineering and
sciences, the innovized principles are not very complex and most of them fit into the generic structure given
by,
bij
= ci .
(3)
ψi (φ(x)) ≡ ΠN
j=1 φj (x)
For the i-th relationship, the task now reduces to finding the powers bij and the constant ci .
Second, the obtained relationships may not be mathematically accurate, simply because the trade-off
solutions used for the purpose may not be exactly Pareto-optimal. As suggested above, a simple fix would
be to carry out a local search with each point of the data-set so that it is closer to the true Pareto-optimal
front. However this introduces additional computational effort. Alternatively, the knowledge extraction
process itself could be made robust to handle errors in the data. Any relationship derived must either
be supported theoretically in relation to the problem or be statistically significant. Statistical hypotheses
testing methods (Lehmann and Romano 2005) like the F-test may be used to estimate the significance of a
relationship. Here we use a threshold value St , defined as the percentage of data on which the relationship is
applicable, as a simple metric for estimating the significance. This threshold value depends largely on how
accurate the NSGA-II solutions are.
A third aspect of practical importance is the fact that a particular relationship may not span over the
entire dataset. Consider a hypothetical three-objective Pareto-optimal front, shown in Figure 1. Although
a specific functional form of entities (variables, objectives and constraints or the terms within), such as
ψi = c1i may be valid in certain part of the Pareto-optimal front, as shown in the figure, some other part
of the Pareto-optimal front may exhibit an identical functional relationship but having a different constant,
such as ψi = c2i , and so on. This requires the automated procedure to not only find the relationships but also
a set of contiguous solutions to verify that relationship. This calls for a simultaneous clustering technique
to be integrated with the knowledge extraction. This is another way the innovization task becomes more
complex than a regression analysis procedure.

4

f3

ψ i= c1i

ψ i= c2i
ψ i= c4i
ψ i= c3i
f2

ψ i= c5i

f1

Figure 1: Multiple parametric relationships may exist in a Pareto-optimal front.
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A generic grid-based clustering technique

As discussed above, in any knowledge extraction task it may so happen that the same knowledge (or principle
in our terminology) may be applicable across not the entire data-set but on a part thereof. There is also a
possibility that the same principle applies in various “forms” in various parts of the data-set. These forms
are a topic of our discussion in the next section but the important thing to note is that such situations
require us to cluster the data appropriately before any knowledge can be extracted from it. This is how the
innovization task is different from usual regression or data-mining tasks. Moreover, instead of just finding
any mathematical function fitting the data, designers may be interested in certain types of meaningful
relationships among problem entities. Here we present a generalized version of the clustering approach used
in this paper suitable to our proposed innovization task.
Consider m data points of a vector-valued variable X = [X1 X2 . . . Xn ]T . We first divide the n dimensions of the data space Rn into divisions d1 , d2 , . . . , dn so that there are a total of d = Πns=1 ds blocks. If
(t)
Xs represents the s-th component of the t-th data point, then the bounds along the dimension s are set to
[min(Xs(t) ), max(Xs(t) )]. We now say that a particular block is a sub-cluster if it has more than the average
t

t

number of points per block which is (m/d). Else, we declare all points in that block as noise and put them
under the label unclustered points. Once all the blocks have been visited, adjacent sub-clusters are merged
to form clusters. Figure 2 shows an example of how this is achieved for two-dimensional data. A good
clustering algorithm should be capable of finding the simplest representation for the data and at the same
be able to filter out outliers or noise. For our algorithm, this translates to the simultaneous minimization
of both clusters and unclustered points (noise). Solving this optimization problem gives optimal d∗s ’s using
which the number of clusters and the number of unclustered points can be obtained. Since none of the
dimensions needs to have more divisions than the number of data points, the d∗s ’s would lie in the interval
[1, m]. The algorithmic calculation of number of clusters and noise points eliminates the use of classical
optimization techniques which usually require the derivative information of the objective function. Later we
suggest and use a genetic algorithm (GA) for this purpose.
The process described above falls into the general category of grid-based clustering methods; the advantages being, (i) the number of clusters need not be predefined, (ii) noise or outliers can be handled easily,
and (iii) clusters of irregular shapes can be discovered. At the same time, grid-based techniques are known
to be sensitive to the ordering of the data (Berkhin 2006). However, this is true only for multi-dimensional
data and as shall be seen in the following section, our methodology requires clustering the data only along
one dimension.
At times it may be necessary to cluster all the data points and not have any noise. Addition of the
constraint,
unclustered points ≤ 0,
(4)
serves this purpose by refining the grid to the extent that noisy data points form their own clusters. While
5

Figure 2: Grid-based clustering in two dimensions: With d1 = d2 = 5, there are d = 25 blocks of which
only six are sub-clusters. Clusters C1 and C2 are formed by merging four and two adjacent sub-clusters
respectively. Remaining points are labeled as unclustered.
this may not give the true count of the number of clusters in the data, it surely helps in improving the
accuracy of any method that produces this data. For example, in the following section we would use certain
variables which determine how the data is distributed. Use of the constraint in (4) ensures that we achieve
the best possible accuracy in the variable values. If required, noise can later be identified as points within
blocks which only just meet the sub-cluster criterion.

5

Proposed methodology

In order to facilitate finding acceptably generic relationships, we use the mathematical structure given in
Equation (3) to represent them. As discussed in Section 3, once a set of basis functions is provided, the
task is to find the powers bij such that we have a valid relationship. Since the structure of the parametric
relationships is already known, for any given set of bij ’s the constant ci can be easily calculated for each
data point. It is these constants (henceforth called c values) that we would use to determine whether or
not a relationship is a valid one. There are two closely interrelated concepts of a relationship, namely its
applicability and its validity.
Definition 5.1: A relationship is said to be applicable over a set of data points if the c values
evaluated at these points are all equal.
However, errors in the Pareto-optimal front data prevent the c values from being exactly equal. This
necessitates the use of a statistical measure to determine if a relationship is applicable or not. Variance or
standard deviation are straightforward options for this purpose. But, different sets of bij ’s may result in sets
of c values which vary in different ranges and therefore the use of these measures is not advisable. Here we
use the percentage coefficient of variation defined as the ratio of standard deviation to the mean of c values,
cv =

σ
× 100 %.
µ

(5)

cv , being dimensionless and normalized, can be utilized to compare dispersions in data-sets with different
units or widely differing means1 . Minimization of this quantity over a cluster ensures that the c values within
it are narrowly distributed (or approximately equal). To simultaneously minimize the cv ’s in all the clusters
we simply sum them up and minimize the resulting expression.
Definition 5.2: The validity of a relationship is defined as it being applicable over a threshold
percentage of the data in one form or the other.
1 For

example, cv of the weights of a group of students is same whether the data is in kgs or lbs.
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In problems with fragmented Pareto-optimal fronts, it was observed (Deb and Srinivasan 2006) that a
valid relationship has different c values in different fragments. Hence the name parametric relationships has
been used here. These fragments give rise to different forms of a relationship which only differ in the right
hand side value of Equation (3). Thus, there could be a relationship which is applicable over a fragment
but not valid for the data-set. To handle such cases we perform all our clustering in the one dimensional
space that we call the c-space, formed by the c values mentioned above. In the context of our discussion in
Section 4, we have n = 1 and d = d1 . We will use d in place of d1 in the content that follows.
Another important observation from Equation (3) is that if the powers bij are unbounded, then a relationship can be represented by more than one set of variable values. Such multi-modalities can be avoided
by dividing each power by the maximum absolute value in that set. Thus for the i-th relationship,
bij =

bij
∀j.
{bip |p : max |bip |}

(6)

p

This modification also enables us to impose the bounds [−1, 1] on each variable thus reducing our search
space for optimization. It is easy to see that the inclusion of zero within these bounds leads to a trivial
solution where all bij ’s of a relationship are zeros and the c values, all being equal to one, form a single
cluster with zero coefficient of variation. Very small values of bij ’s may also drive the algorithm to this
trivial solution. We avoid these situations by further imposing that |bij | ≥ 0.1 (0.1 is chosen arbitrarily here,
any other lower bound can also be used).
The above discussion clearly points to the need for an optimization algorithm which while minimizing
the number of clusters and unclustered points in the data-set, will also minimize the percentage coefficient
of variation within the clusters, thereby finding optimal b∗ij ’s for the i-th relationship. We, therefore, have a
three-objective optimization problem at hand which would probably lead to a three-dimensional Pareto front
and hence a subsequent decision-making process would be required to select any one relationship. The aim in
this paper is to find relationships which are equally good with respect to all the objectives. To make matters
simple, we adopt a weighted-sum approach (Miettinen 1999). The simultaneous clustering and knowledge
extraction process can now be framed as a single objective optimization problem as follows:
!
X
Minimize
number of clusters + unclustered points +
cv ,
clusters

Subject to

1 ≤ di ≤ m,
unclustered points ≤ 0,
−1 ≤ bij ≤ 1 ∀j,
|bij | ≥ 0.1 ∀j,
di is an integer and bij ’s are real.

(7)

Note that the index i here represents the i-th relationship. As discussed in the previous section, the
second constraint ensures that di is sufficiently high so that bij ’s have best possible accuracy in the resulting relationship. To solve (7) and arrive at optimal values d∗i and b∗ij , we use a genetic algorithm
which employs a binary crossover and a bit-wise mutation for the integer variable and the simulated binary crossover (SBX) and the polynomial mutation to handle the real-valued variables (Deb and Agrawal
1995, Deb 2001). The actual number of clusters and unclustered points are then obtained by redefining
sub-clusters as those blocks which have more than ⌊(m/d∗i )⌋ + ǫ points. By assigning ǫ a small positive
integer value, blocks which only just meet the original criterion can be identified and the points within them
can be labeled as unclustered. Algorithm 5 summarizes our methodology when one relationship is to be
obtained.
Require: Data-Set (x-f (x)-g(x)) (m data points)
bj
=c
Ensure: Relationship having the structure ΠN
j=1 φj (x)
Choose N
Choose φj (x) ∀ j from (x-f (x)-g(x))
Choose GA parameters popsize, GEN
Initialize d and bj ∀ j for popsize members
gen ← 1
while gen ≤ GEN do
7

for k := 1 to popsize do
(k)
bj
(k)
bj ← (k)
∀j
{bp |p : max |b(k)
p |}
p

for l := 1 to m do
(k)
(l) bj
Evaluate c(l) = ΠN
j=1 φj (x )
end for
Sort all c(l)
Cluster all c(l) using d(k) divisions (Sub-cluster criterion: ⌊(m/d(k) )⌋)
Evaluate fitness for k-th population member
end for
Perform GA selection
Perform GA crossover
Perform GA mutation
Update d and bj population
gen ← gen + 1
end while
for l := 1 to m do
(l) b∗
j
Evaluate c(l) = ΠN
j=1 φj (x )
end for
Sort all c(l)
Cluster all c(l) using d∗ divisions (Sub-cluster criterion: ⌊(m/d∗ )⌋ + ǫ)
The index i representing the i-th relationship has been dropped because in its current form our algorithm is
not suited for producing all relationships in a single knowledge extraction step. Depending on the choice of
the basis functions, different relationships can be obtained from multiple automated innovization runs. The
major difficulty is that there is no way of knowing the exact number of relationships present in the data-set
beforehand. It requires a bit of experimentation to obtain all of them. However, work is in progress for
the case when K relationships are to be obtained. We plan to use the following representation for a GA
population member.


b11 b12 · · · b1N d1 c1
 b21 b22 · · · b2N d2 c2 


 ..
..
..
..
.. 
..
 .
.
.
.
.
. 
bK1

bK2

···

bKN

dK

cK

At the end of all generations, each row of the above matrix would represent one relationship. To prevent the
most significant relationship from eliminating other valid ones, a niching approach (Deb and Goldberg 1989)
may be used. Results with algorithms employing these techniques will be communicated at a later date.

5.1

Multivariate adaptive regression splines (MARS) approach

MARS is a non-parametric regression technique proposed by Friedman (1991) which can accurately model
non-linearities and multi-variable interactions in a given data-set. The method is non-parametric in the sense
that it does not assume a predetermined form for the fitting function. Instead, the model is derived from the
data along with the estimates. The terms of the MARS model are adaptively built from the hinge functions
which take the form max(0, xi − τ ) or max(0, τ − xi ). These piecewise linear functions form a reflected pair
about the hinge or knot point τ . The MARS algorithm is executed in two steps:
(i) Forward stepwise algorithm: Each forward step adds a new knot and a pair of hinge functions to the
model. The position of the knot is governed by the minimization of a squared error. The process is
repeated till either the entire data-set has been traversed or till the maximum allowable number of
knots have been added.
(ii) Backward stepwise algorithm: The hinge functions are now deleted one at a time to prevent the model
from over-fitting the data. The first term to be deleted is the one that least effects the fit in terms of
the generalized cross validation or GCV which trades off goodness-of-fit against model complexity.
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We now illustrate the working of our methodology on a few engineering design problems, comparing
some of our results with the corresponding MARS models generated using a MATLAB R implementation
(Jekabsons 2009). Some of these problems have continuous while others have fragmented Pareto-optimal
fronts. In either case we want to extract relationships having the structure given in (3). Once the GA
converges to a set of bj values, the representative c value for any cluster can be taken as the average of all
the c values (which now have a narrow distribution) within that cluster.

6

Engineering design problems

The following design problems were used by Deb and Srinivasan (2006) to illustrate the potential of innovization and some interesting design principles were obtained from the study by manual data handling
through graph-plotting techniques. We attempt to reproduce these principles using our automated algorithm
described above and visualize them using cluster plots of ordered c values. For some problems our methodology enabled us to extract additional hidden information that could not be revealed manually. We have
restricted ourselves to relationships having up to three basis functions (see Section 6.1.5). All problems use
a data-set of m = 1, 000 Pareto-optimal points obtained using NSGA-II. The parameters for our algorithm,
which are the same for all problems, are shown in Table 1.
Table 1: Parameters for automated innovization
Parameter
popsize
Crossover probability (pc )
SBX distribution index (ηc )
Sub-cluster redefinition parameter (ǫ)

Value
100
0.9
10
3

Parameter
GEN
Mutation probability (pm )
Polynomial mutation index (ηm )
Significance threshold (St )

Value
100
0.05
50
70%

These design problems have been chosen due to the variety that they offer with respect to variable types
and problem complexity. Section 6.1 discusses the truss design problem used by Chankong and Haimes
(1983) and later by Miettinen (1999). It involves all continuous variables. We explain the workings of
our methodology in complete detail in this section. The gear train design problem (Kannan and Kramer
1994) in Section 6.2 uses all integer variables. Next, we demonstrate our algorithm for the multiple-disk
clutch brake design problem (Osyczka 2002) which uses a mix of integer and discrete-valued variables. The
spring design problem (Kannan and Kramer 1994) in Section 6.4 contains all three variable types. Finally
in Section 6.5, we discuss the well-known welded beam design problem (Reklaitis et al. 1983). In problems
with discrete and/or integer variables, it is often observed that the Pareto-optimal front is fragmented and
more than one member of the GA population converge to the same trade-off solution. Inevitably, this leads
to duplicate entries in the data-set. It may be of interest to note that we have made no attempt to remove
these overlapping points and hence some relationships obtained in the following sections may be slightly
overrated with respect to the significance.

6.1

Truss design

The optimal design for the two-membered truss structure shown in Figure 3 requires the minimization of total
volume V and minimization of the maximum stress developed S in the two members. These objectives, being
conflicting in nature result in a set of trade-off Pareto-optimal solutions. The corresponding multi-objective
optimization problem is given by,
p
p
Minimize
f1 (~x, y) = V = x1 16 + y 2 + x2 1 + y 2 ,
Minimize
f2 (~x, y) = S = max(σAC , σBC ),
(8)
Subject to max(σAC , σBC ) ≤ 105 kPa,
0 ≤ x1 , x2 ≤ 0.01 m2 ,
1 ≤ y ≤ 3 m.
where x1 and x2 are the cross-sectional areas of the members AC and BC respectively.
The following innovized principles were obtained from our methodology described in Section 5.
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Figure 3: A two-membered truss structure.
Cluster Plot (3 Clusters, 82 Unclustered Points)
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Cluster 1: S 1.00000 V 0.99988 = 400.77 (907 points)
Cluster 2: S 1.00000 V 0.99988 = 402.15 (5 points)
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Figure 4: Cluster plot for S 1.00000 V 0.99988 = c, d∗ = 515, significance = 91.8%.
6.1.1

Objectives S and V

Choosing φ1 = S and φ2 = V for our algorithm, we get d∗ = 515 which results in the cluster plot of c values
as shown in Figure 4. With b∗1 = 1.00000 and b∗2 = 0.99988, the underlying relationship for the three clusters
in the figure is S 1.00000 V 0.99988 = c. The corresponding forms described in Section 5, which have the cluster
average c value on the right hand side, are also shown. Broken lines represent the location of these averages.
Unclustered points (shown using ‘×’) are points within those blocks which do not meet the requirement of
having more than ⌊(m/d∗ )⌋ + 3 points. With the number of clustered points amounting to 91.8% of the total
data, we can classify this relationship as a significant one.
The occurrence of unclustered points has a physical meaning which could be understood by mapping them
back onto the Pareto-optimal front. Figure 5 shows that most of these points fall together after a transition
point T . A look at the variable values at T tells us that x2 reaches its maximum limit at this point and hence
the corresponding constraint remains active beyond it. This is the reason why the points beyond T do not
satisfy the obtained relationship and so, remain unclustered. Few unclustered points are also seen scattered
on the Pareto front before the transition point. We attribute their presence to two factors: (i) in this and
all following design problems, the NSGA-II solutions were directly used without performing a local search,
primarily to assess the robustness of the algorithm to inaccurate data. The data-set is therefore bound
to have a few inconsistencies which our algorithm could successfully detect, (ii) the ǫ parameter decides
which blocks become sub-clusters and hence is an important factor in the labeling of points as clustered or
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Figure 5: Pareto front for truss design: Colors correspond to clusters and unclustered points shown in
Figure 4.
unclustered. A high value for ǫ increases the number of “stray” unclustered points as the sub-cluster criterion
becomes stringent. Our study recommends a value in the range [1, 0.005m] for generic situations.
Consider now, the use of a linear regression on the log-transformed values of S and V . By plotting
the logarithmic values of these objective functions against each other, it is revealed that for all optimal
structures the maximum stress developed is inversely proportional to the volume of the structure. When a
straight line is fitted through the transformed S and V values, the relationship S 1.00000 V 0.99474 = 410.76 is
found. Being an ordinary least squares regression, the method takes all data points into account – even those
which in reality do not posses the property that the true relationship, SV = 400, represents. This inability
of conventional regression methods to leave out some data points leads to errors in model parameters (for
example, a value of 410.76 in place of 400). In the present case, had the transition point been further up
along the Pareto front, the errors would have been of a far greater magnitude.
On the other hand, a non-parametric regression method like MARS can partition the data into intervals
and fit a different regression curve in each interval. For the same transformed S and V values, the MARS
method gives,
log S = 3.9413 − 0.32923 max(0, log V − 1.3384) + 0.99975 max(0, −1.3384 − log V ).

(9)

The above equation represents a different piecewise linear regression fit in each of the two intervals, shown
in Figure 6, identified by the algorithm. The method clearly recognizes the change in the relationship at the
transition point. But, like the ordinary least squares linear regression, it fits a model even to data points
that lie beyond this transition point and do not actually have a relationship with respect to the objectives.
The MARS model in (9), though sufficiently accurate for predicting S for any intermediate V value, does
not bring out the innovized principle that is expected. More than a mathematically fit relationship, we are
interested here in relationships among variables, objectives and constraints which are meaningful for the
design context. Our methodology allows a designer to specify a set of these entities (like S and V in this
case) from the Pareto-optimal data-set of a bi-objective formulation of the problem, and then employs the
proposed automated innovization process that finds specific forms of relationships automatically. As shown
in Figure 1, these relationships can be piecewise in relevance to a subset of the supplied trade-off data. Thus,
our approach is far from being a regression task and has the ability to find arbitrary relationships of certain
type hidden in the data.
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Figure 6: Logarithmically scaled Pareto front of the truss design problem: MARS divides the front into two
intervals.
6.1.2

Objective V and variable x1

As the volume increases along the Pareto-optimal√front, the cross-sectional area x1 increases linearly with it.
This is also supported by the relationship V = 4 5x1 obtained by solving (8) analytically.2 With V and x1
as basis functions, the relationship V −0.99738 x1.00000
= c is obtained with c values distributed as shown in
1
1
Figure 7. The figure also shows that all forms of this relationship have an average c value nearly equal to 4√
5
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Figure 7: Cluster plot for V −0.99738 x1.00000
= c, d∗ = 504, significance = 87.0%.
1
(= 0.1118). Also, 87.0% data has been clustered which means that the obtained relationship is significantly
present in the data-set.
2 For

such problems, the optimum occurs when the identical resource
two terms in both objective and
√ allocation between
√
p
p
20 16+y 2
80 1+y 2
constraint functions are made, i.e. x1 16 + y 2 = x2 1 + y 2 and
=
.
Solving these immediately gives
yx1
yx2
√
√
y = 2, V = 4 5x1 = 2 5x2 and SV = 400.
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Figure 8: Cluster plot for V −0.99995 x1.00000
= c, d∗ = 501, significance = 88.0%.
2
6.1.3

Objective V and variables x1 , x2

√
A similar analysis on V and x2 yields the relationship V = 2 5x2 (or x2 = 0.2236 V ). Our algorithm could
extract the relationship V −0.99995 x1.00000
= c with the corresponding cluster plot as shown in Figure 8.
2
It can be seen that all seven forms of the obtained relationship are approximately in agreement with the
analytically derived expression.
Further investigation with basis functions φ1 = x1 and φ2 = x2 reveals that 86.5% of the optimal
solutions maintain the relationship x−0.99869
x1.00000
= 1.9838 among them which is very close to the true
2
1
ratio x1 : x2 = 1 : 2, which again can be derived by solving (8) mathematically.
6.1.4

Transition point

The fact that most of the unclustered points in Figures 7 and 8 completely cover the region after T in Figure 5
supports our claim of the existence of a transition point beyond which none of the relationships obtained
above is applicable. T is found to be the optimal solution for which S = 8833.08 kPa and V = 0.04556 m3 .
Unlike the regression methods discussed above, our algorithm could separate the points beyond T and also
identify that they do not posses the obtained relationships.
The high significance levels associated with the relationships obtained above suggest that these are
not just any random expressions but are principles specific only to the Pareto-optimal solutions found by
an evolutionary multi-objective optimization technique for the truss design problem and hence are very
crucial for the designer. They can be used to easily solve design optimization problems which have similar
formulations. For example changing problem parameters like the maximum allowable stress or the bounds
on the variables does not change the properties of the optimal solutions like SV = constant and V ∝ x1
that were obtained using innovization.
6.1.5

Relationships using all available basis functions

The use of all the basis functions available in the data-set often results in complex relationships which albeit
valid are not very useful for the designer. In any case, here we demonstrate that our proposed methodology
is able to handle many basis functions at a time. For this purpose, we consider five basis functions: φ1 = S,
φ2 = V , φ3 = x1 , φ4 = x2 and φ5 = y for our automated innovization procedure. We find that,
S −0.64111 V 0.98318 x−0.82566
x−0.80111
y 1.00000 = c,
1
2

(10)

has a significance of 88.2% and thus it can be considered as a valid relationship for the given data-set. Since
no one relationship involving all five entities exists in the Pareto-optimal data-set for this problem, the high
13

significance level of the above relationship indicates that it can be a combination of multiple relationships,
each involving a smaller subset of entities. Its validity can be verified using the three analytically obtained
relationships: y = constant, V ∝ x1 and V ∝ x2 , which gives S −0.64111 V −0.64359 = c′ or approximately
SV = constant – the fourth relationship that was obtained analytically.
Based on this observation, we recommend the use of our approach for a smaller number of basis functions
first. If significant relationships are not found, the number of basis functions can be increased and the
corresponding optimization problem can be re-solved.

6.2

Gear train design

The gear train design problem involves finding the optimal number of teeth in each of the four gears of a
compound gear train which (i) minimizes the error between the obtained gear ratio and a specified gear ratio
of 6.931 : 1, and also (ii) minimizes the maximum size of the four gears. If Td is the number of teeth on
the driving gear, Ta that on the driven gear, Tb that on the gear attached to the driven gear and Tf on the
following gear, then the multi-objective gear train design optimization problem can be stated as,
T

Minimize

f1 (T~ ) = 6.931 − TTad Tfb ,
f2 (T~ ) = max(Td , Tb , Ta , Tf ),

Subject to

~)
f1 (T
6.931

Minimize

(11)

≤ 0.5,
12 ≤ Td , Tb , Ta , Tf ≤ 60,
Td , Tb , Ta , Tf are integers.

The following principles were extracted from the Pareto-optimal front data using our algorithm. As all
the variables are discrete-valued, the obtained b∗j are exact.
6.2.1

Variables Td and Tb

The variables Td and Tb remain close to their lower limits for all the optimal solutions so that the second
objective can be minimized. In fact, a distribution of optimal Td values from multiple NSGA-II runs shows
that consistently more than 94% of these values are exactly at the lower limit (12 teeth) and {13, 15, 16} are
the only other values it takes. Selecting Td and Tb as the basis functions, a unique property of their optimal
values becomes evident from the cluster plot shown in Figure 9. It shows that 931 data points satisfy the
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Figure 9: Cluster plot for Td1.00000 Tb1.00000 = c, d∗ = 304, significance = 99.7%.
relationship Td1.00000 Tb1.00000 = 144. Therefore, overall we can say that Td ≈ Tb is a property that all optimal
solutions share and hence is an innovized principle for this design problem.
14

Cluster Plot (8 Clusters, 3 Unclustered Points)
1.4
1.3

c Values

1.2
1.1

Cexact (667 points)

1
0.9
0.8

0

100

200

300

400
500
600
Data Points

700

800

900

1000

Figure 10: Cluster plot for Tf−1.00000 Ta1.00000 = c, d∗ = 266, significance = 99.7%.
6.2.2

Variables Ta and Tf

Similar is the case with variables Ta and Tf . The cluster plot in Figure 10 shows that 667 out of the 1000
data points exactly satisfy Ta = Tf and form the single cluster Cexact . This number goes up to 913 if one
considers the two immediately adjacent clusters centered at c = 0.969 and c = 1.032. Thus, we can claim
that Ta ≈ Tf is also an important innovized principle. The fact that both the variables have a rather uniform
distribution between their limits makes this relationship even more interesting.
6.2.3

Gear ratios

Ta
Td

and

Tf
Tb

Given the above two optimal-design principles, one might be interested in knowing if there exists any explicit
T
relationship between the gear ratios of the two stages i.e. TTad and Tfb . This can be verified by adding these
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Figure 11: Cluster plot for ( TTad )−1.00000 ( Tfb )1.00000 = c, d∗ = 517, significance = 99.7%.
as additional basis functions to the data-set. The cluster plot shown in Figure 11 is obtained. It shows
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Figure 12: Pareto front for gear design: All points to the right of K form the cluster Cexact .
that again exactly the same 667 Pareto-optimal solutions in Cexact of Figure 10 also satisfy the relationship
Tf
Ta
Td = Tb . Also, most of the other data points are clustered around c = 1.
Here, we used functional forms of the variables as basis functions, thereby indicating that the choice of
basis functions is not restricted to individual variables, objectives or constraints; designers can also choose
some functional combinations of these entities.
The MARS model which fits the log-transformed values of the gear ratios is found to be,
T

log( Tfb ) = 0.18554 − 2.4254 max(0, 0.39794 − log( TTad )) − 6.0671 max(0, 0.35218 − log( TTad ))

+ 3.0445 max(0, 0.33579 − log( TTad )) − 3.6694 max(0, log( TTad ) − 0.41497)
− 14.467 max(0, 0.37566 − log( TTad )) + 16.146 max(0, 0.38322 − log( TTad ))

+ 14.592 max(0, log( TTad ) − 0.36798) − 11.915 max(0, log( TTad ) − 0.37742)
+ 2.7692 max(0, 0.41218 − log( TTad )).

(12)

Again, although the above relationship fits the data well, it is of a little practical value, whereas our approach
finds a more useful relationship, matching that reported in the manual study performed elsewhere (Deb and
Srinivasan 2006).
6.2.4

Knee point
T

An interesting matter is revealed when the clustered and unclustered points from ( TTad )−1.00000 ( Tfb )1.00000 = c
are mapped back to the Pareto front as shown in Figure 12. It is observed that all data points in Cexact of
Figures 10 and 11 fall on one side of the knee point K. In other words, this means that all solutions on this
T
side of the knee point follow Ta = Tf , TTad = Tfb and hence Td = Tf . Each group of identical points on the
other side of K form one cluster each.
When a similar mapping is carried out for points within each interval of the MARS model in Equation (12),
Figure 13 is obtained. Since MARS is a regression technique, it tries to include as many points in an interval
as possible without greatly influencing the residual error. This leads to some kind of “information loss”.
Consequently, the design principle which was clearly discernible in Figure 12 is no longer that apparent in
Figure 13. A comparison of these two figures reveals the importance of our approach in practice vis-a-vis a
mathematical regression technique for the innovization task.
From the above discussion, we can clearly see a pattern emerging for “creating” optimal solutions for
similar problems. A major part of the optimal front corresponds to solutions which have the same gear ratio
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Figure 13: Pareto front for gear design: Each interval of the MARS model is shown using a different color.
for the two stages with the corresponding gears having the same number of teeth. Additionally, the smaller
gears in both the stages have the number of teeth equal to their lower limits. This clearly is something which
was not intuitive but is now easily deciphered using the proposed automated innovization procedure.

6.3

Multiple-disk clutch brake design

This problem concerns the design of a clutch brake with multiple friction plates for two conflicting objectives:
(i) minimization of the system mass (M in kg), and (ii) minimization of stopping time (T in s). The design
variables namely disk inner radius (ri ), disk outer radius (ro ), disk thickness (t), actuating force (F ) and
number of disks (Z) can take the following values:
ri = (60, 61, 62, . . . , 78, 79, 80) mm,
ro = (90, 91, 92, . . . , 108, 109, 110) mm,
t = (1, 1.5, 2, 2.5, 3) mm,
F = (600, 610, 620, . . . , 980, 990, 1000) N,
Z = (2, 3, 4, 5, 6, 7, 8, 10).
The multi-objective optimization problem is formulated below:
Minimize
Minimize
Subject to

f1 (~x) = M = π(ro2 − ri2 )t(Z + 1)ρ,
ω
f2 (~x) = T = MhIz+M
,
f
g1 (~x) = ro − ri − ∆R ≥ 0,
g2 (~x) = Lmax − (Z + 1)(t + δ) ≥ 0,
g3 (~x) = pmax − prz ≥ 0,
g4 (~x) = pmax Vsr,max − prz Vsr ≥ 0,
g5 (~x) = Vsr,max − Vsr ≥ 0,
g6 (~x) = Mh − sMs ≥ 0,
g7 (~x) = T ≥ 0,
g8 (~x) = Tmax − T ≥ 0,
60 ≤ ri ≤ 80 mm,
90 ≤ ro ≤ 110 mm,
1.5 ≤ t ≤ 3 mm,
0 ≤ F ≤ 1000 N,
2 ≤ Z ≤ 9.
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Figure 14: Cluster plot for Z 1.00000 = c, d∗ = 914, significance = 100.0%.
where,
r 3 −r 3

Mh = 32 µF Z ro2 −ri2 N-mm, ω =
o

Vsr =

πRsr n
30

i

mm/s,

3

ρ = 0.0000078 kg/mm ,
s = 1.5,
Mf = 3 Nm,

πn
30 rad/s,
r 3 −r 3
Rsr = 32 ro2 −ri2 mm,
o
i

pmax = 1 MPa,
Tmax = 15 s,
Iz = 55 kg-m2 ,

F
A

2

A = π(ro2 − ri2 ) mm2 ,

prz =

∆R = 20 mm,

Lmax = 30 mm,

µ = 0.5,
n = 250 rpm,
δ = 0.5 mm,

Vsr,max = 10 m/s,
Ms = 40 Nm,

N/mm ,

As in the case of gear design, due to the presence of discrete-valued variables we start with the cluster
analysis for individual variables and then go for relationships with two basis functions. The following
significant principles are revealed from our automated innovization procedure. Here we discuss basis function
combinations which yield significant relationships.
6.3.1

Variables t, F and Z

By selecting each variable as a basis function once, we find that t and F are constant over the entire optimal
front and they take the values 1.5 mm and 1000 N respectively. Z results in seven clusters, taking a different
value in each as shown in Figure 14. Figure 15 shows the distinction that these clusters produce in the
Pareto-optimal front. The front has seven visually distinguishable fragments and hence we would expect
some of our innovized principles to be applicable in parts over these fragments. Thus, any relationship with
seven or less clusters and a high significance should probably be interesting.
6.3.2

Variables ri and ro

A very interesting and previously unknown principle is revealed when ri and ro are chosen as basis functions.
The relationship ri−0.78885 ro1.00000 = c is obtained which clusters all the points into eleven clusters as shown
in Figure 16, making it a significant innovized principle. When these clusters are visualized on the Pareto
front, Figure 17 is obtained. Note that the points which appear to deviate for Z 1.00000 = 3 and Z 1.00000 = 4
in Figure 15 now form a separate cluster (shown with green circles in Figure 17) with the first deviating
point of Z 1.00000 = 9. Other deviating points form a cluster each, taking the total to 11 clusters.
As in previous problems, a MARS model is fitted to the logarithmically transformed ri and ro values and
the following relation is obtained; the corresponding mapping in the objective space is shown in Figure 18.
log ro = 1.9955 + 3.2448 max(0, log ri − 1.8976) − 0.78781 max(0, 1.8976 − log ri ).
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Figure 15: Pareto-optimal front for clutch design problem: Each fragment corresponds to a different value
of Z.
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Figure 16: Cluster plot for ri−0.78885 ro1.00000 = c, d∗ = 225, significance = 100.0%.
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Figure 17: Pareto-optimal front for multi-clutch design problem: Clusters are shown with respect to the
relationship ri−0.78885 ro1.00000 = c.
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Figure 18: Pareto-optimal front for multi-clutch design problem: Two intervals (shown using green and blue
circles) are identified by the MARS approach.
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Figure 19: Cluster plot for T 1.00000 S 0.98635 = c, d∗ = 203, significance = 100%.
Again, the relationship obtained above is a good fit to the data, but is not adequate as a design principle
which could be directly applied to other similar problems or for the purpose of gaining any useful knowledge
about the clutch design problem.
6.3.3

Objective T and braking area S

To check if the total braking area is explicitly related to the stopping time, we add the function S =
π(ro2 − ri2 )Z to the data-set and choose T and S as our basis functions. Through our algorithm we see
that indeed these two quantities are related by T 1.00000 S 0.98635 = c and form eleven clusters as shown in
Figure 19. These clusters produce exactly the same grouping of points on the Pareto front as in Figure 17.
Again it can be seen that some of the principles obtained above are not intuitive from the problem directly. Even if the inter-dependency between various entities were known, it would have been very difficult
to give a functional form to it without a methodology as the one adopted here.

6.4

Spring design

In this problem a helical compression spring needs to be designed for minimum volume V and minimum
developed stress S. The wire diameter d, the mean coil diameter D and the number of turns N are taken as
design variables and the optimization problem is posed as follows:
Minimize
Minimize
Subject to

f1 (~x) = V = 0.25π 2 d2 D(N + 2),
max D
,
f2 (~x) = S = 8KPπd
3
Pmax
g1 (~x) = lmax − k − 1.05(N + 2)d ≥ 0,
g2 (~x) = d − dmin ≥ 0,
g3 (~x) = Dmax − (d + D) ≥ 0,
g4 (~x) = C − 3 ≥ 0,
g5 (~x) = δpm − δp ≥ 0,
−P
g6 (~x) = Pmax
− δw ≥ 0,
k
8KPmax D
≥ 0,
g7 (~x) = S −
πd3
g8 (~x) = Vmax − 0.25π 2 d2 D(N + 2) ≥ 0,
1 ≤ N ≤ 32,
1 ≤ D ≤ 30 in.,
N is integer, d is discrete, D is continuous.
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Figure 20: Cluster plot for d1.00000 = c, d∗ = 949, significance = 100.0%.
where,
4C−1
+ 0.615d
K = 4C−4
D ,
Pmax = 1, 000 lb,
δpm = 6 in.,
2
G = 11, 500, 000 lb/in. ,

P = 300 lb,
δw = 1.25 in.,
S = 189 ksi,
Vmax = 30 in.3

The variable d is allowed to take any of the following 42 discrete values:

0.009,
0.0095,
0.0104,
0.0118,
0.0128,
 0.014,
0.015,
0.0162,
0.0173,
0.018,

 0.023,
0.025,
0.028,
0.032,
0.035,

 0.047,
0.054,
0.063,
0.072,
0.080,

 0.105,
0.120,
0.135,
0.148,
0.162,

 0.192,
0.207,
0.225,
0.244,
0.263,
0.307,
0.331,
0.362,
0.394,
0.4375,
6.4.1

4

Gd
Dmax = 3 in., k = 8N
D3 ,
P
lmax = 14 in.,
δp = k ,
dmin = 0.2 in., C = D
d,

0.0132,
0.020,
0.041,
0.092,
0.177,
0.283,
0.5.







 in.





Variable d

Firstly, we want to see how the optimal values of the variables are distributed within the search space. In this
regard, variables D and N yield no interesting information. However, the cluster plot in Figure 20 obtained
with d as the basis function shows that out of the 42 allowable values, only the last seven are optimal. Future
design optimizations can use this information as heuristics to reduce the computational effort by considering
only, say, the last ten discrete values. The clusters in Figure 20 indicate that the Pareto-optimal front has
seven fragments (some of them overlapping) as shown in Figure 21 and hence choosing one of the optimal
values of d is the highest level of decision making when an optimal design has to be selected.
6.4.2

Variables D and N

Moving now to two-variable interactions, we can use N and D as the basis functions to see if they are
explicitly related within the fragments detected above. A very interesting relationship, D1.00000 N 0.33333 = c
is obtained. The corresponding cluster sizes and break off points shown in Figure 22 match exactly with
those in Figure 20. Naturally, the clusters map onto the optimal front exactly as in Figure 21.
When a linear regression is performed on log D and log N , we obtain the relationship D1.00000 N 0.03956 =
1.99664. The regression line is shown in Figure 23. It is clear from this figure that fitting a single curve
through all the data points gives erroneous results and hence ordinary regression analyses are not enough,
especially when dealing with fragmented Pareto-optimal sets.
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Figure 21: Pareto-optimal front for clutch design problem: Each cluster corresponds to a different value of
d.
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Figure 22: Cluster plot for D1.00000 N 0.33333 = c, d∗ = 269, significance = 100.0%.

23

3

Mean coil diameter (D)

2.5

2

1.5

1

5

10
15
Number of turns (N)

Figure 23: Logarithmically scaled N vs. D plot:
D1.00000 N 0.03956 = 1.99664.
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The red line represents the linear regression fit

A more sophisticated regression analysis is carried out by the MARS procedure which gives the following
model,
log D = 0.28508 − 1.4014 max(0, log N − 1.3010) + 0.95219 max(0, 1.0000 − log N )
− 1.6954 max(0, 1.0414 − log N ) + 1.44270 max(0, 1.0792 − log N )
− 0.52254 max(0, 1.1761 − log N ).

(16)
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Figure 24: Mapping of intervals as identified by MARS on the Pareto front for spring design problem.
The intervals identified by MARS are shown in Figure 24. The grouping of points is very different from that
in Figure 21, hence providing not so useful information about the spring design problem.
6.4.3

Variables D and d

Given that N is an integer variable, we would expect variables D and d to be related in some way among
solutions which have the same value for N . Proceeding as before, we find that only 20 out of the possible 32
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Figure 25: Cluster plot for D−0.74998 d1.00000 = c, d∗ = 243, significance = 100%.
values of N are optimal; thus making its choice the second level of decision making. Also, within clusters of
constant N , the relationship D−0.74998 d1.00000 = c holds. The cluster plot for the same is shown in Figure 25.

6.4.4

All variables
Cluster Plot (1 Clusters, 0 Unclustered Points)
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Figure 26: Cluster plot for D−0.75001 d1.00000 N −0.24999 = c, d∗ = 1, significance = 100%.
3

From the above discussion, it is clear that N D3 takes seven and D
d4 takes twenty different values in the
Pareto-optimal front. If all solutions of each of the twenty fragments in the latter case fall completely within
3
any one fragment of the former, then NdD4 should be constant throughout the front. To verify this, we choose
D, d and N as our basis functions. The obtained relationship, D−0.75001 d1.00000 N −0.24999 = c is very close
3
to NdD4 = constant. The clustered c values can be seen in Figure 26. It is to be noted that with the manual
innovization process, this relationship can only be deduced using the information in Sections 6.4.2 and 6.4.3.
Whereas with the proposed approach, the same has been obtained directly.
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This problem specifically illustrated the advantage of automating the innovization procedure. As discussed
in Section 1, visualizing a non-linear relationship between variables D, d and N would have been difficult for
a human. There might even be situations where such relationships cannot be derived from other humanly
interpretable ones. An automated approach like the one proposed here can overcome these difficulties.

6.5

Welded beam design

This design problem deals with the minimization of cost and the end deflection of a beam welded at one end
and carrying a load F = 6000 lb at the other. The design variables are the thickness of the beam b, width
of the beam t, length of the weld l and weld thickness h. The overhang portion of the beam has a length of
14 in. The cost function is taken as C = 1.10471h2l + 0.04811tb(14.0 + l). With constraints to take care of
the allowable bending stress, shear stress and buckling force, the multi-objective design problem is given by:
Minimize
Minimize
Subject to

f1 (~x) = C = 1.10471h2l + 0.04811tb(14.0 + l),
f2 (~x) = D = 2.1952
t3 b ,
g1 (~x) = 13, 600 − τ (~x) ≥ 0,
g2 (~x) = 30, 000 − σ(~x) ≥ 0,
g3 (~x) = b − h ≥ 0,
g4 (~x) = Pc (~x) − 6, 000 ≥ 0,
0.125 ≤ h, b ≤ 5.0 in.,
0.1 ≤ l, t ≤ 10.0 in.

(17)

where,
q
p
τ (~x) = (τ ′ )2 + (τ ′′ )2 + (lτ ′ τ ′′ )/ 0.25(l2 + (h + t)2 ),
6, 000
,
τ′ = √
2hl
p
6, 000(14 + 0.5l) 0.25(l2 + (h + t)2 )
′′
τ =
,
2[0.707hl(l2/12 + 0.25(h + t)2 )]
504, 000
σ(~x) =
,
t2 b
Pc (~x) = 64, 746.022(1 − 0.0282346t)tb3.
Since the variables are continuous and the constraints are highly non-linear, any innovized principle would
be very useful to the designer. We apply our technique to deduce the following.
6.5.1

Variable t

Taking each variable individually as a basis function, we find that as many as 931 solutions have a t value
very close to 10.0 – the upper bound of t. The sudden deviation from the 70th data point seen in Figure 27
also indicates the presence of a transition point.
6.5.2

Objective D and variable b

An interesting relationship is found between the deflection D and the beam thickness b. Figure 28 shows
that 946 points satisfying D0.99987 b1.00000 = c form a single cluster with an average c value of 0.002197. The
inset shows how most of the 54 unclustered points fall together on the Pareto front. Given that t ≈ 10.0
from Section 6.5.1, the same relationship can be obtained directly from the second objective in (17). But
there is a major drawback of using such information. We discuss this issue in Section 7.
The corresponding linear regression model is D0.99650 b1.00000 = 0.002254. It is quite close to the relationship obtained from our algorithm since the number unclustered points is very low when compared to the
size of the data-set.
MARS distinguishes between the points on either side of the transition point as shown in Figure 29 using
the regression model,
log b = −0.62954 + 0.07773 max(0, log D − 2.0289) + 0.9999 max(0, −2.0289 − log D).
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(18)
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Figure 27: Cluster plot for t1.00000 = c, d∗ = 533, significance = 94.2%.
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Figure 28: Cluster plot for D0.99987 b1.00000 = c, d∗ = 508, significance = 94.6%.
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Figure 29: Two intervals of the MARS model showing the knot at the transition point T .
Note the absence of outliers seen earlier in the inset plot of Figure 28. Being a regression method, MARS has
the advantage of fitting through data points which are close to but not exactly on the Pareto front. However,
the model itself does not lead to any useful information from knowledge enhancement point of view.
Cluster Plot (16 Clusters, 214 Unclustered Points)
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Figure 30: Cluster plot for C 1.00000 D0.90924 = c, d∗ = 505, significance = 78.6%.

6.5.3

Buckling load Pc and bending stress σ

Inclusion of the critical buckling load Pc and the bending stress σ to the data-set enables us to find two more
properties that the optimal designs have in common. Firstly, that D and Pc are related by D1.00000 Pc0.33334 =
c for the same 946 data points discussed above. Similarly, a relationship D1.00000 σ −0.99999 = c is obtained
by choosing D and σ as basis functions. Again, it is worthwhile to note that these two principles can also be
derived directly from the information in Section 6.5.1. For example, the formula for Pc suggests that when
t is constant Pc ∝ b3 and since D and b are inversely proportional, we have Pc ∝ D13 which is approximately
what we obtained.
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6.5.4

Objectives C and D

Though physically it is difficult to imagine even the existence of a relationship between the cost function and
the deflection, our algorithm is capable of giving it a mathematical form. Using C and D as basis functions,
we see through the plot in Figure 30 that the Pareto-optimal values of the two objectives are related by
C 1.00000 D0.90924 = c for 78.6% data. Manual innovization study of these functions could only reveal that a
polynomial relationship (f1 ≈ O(f2−0.890 )) exists.

7

Conclusions and future work

In this paper, we have developed a framework for automatically extracting hidden properties common to the
trade-off solutions of a multi-objective design optimization problem from the Pareto-optimal solutions using
a GA based simultaneous clustering and knowledge extraction process. We have termed this process an
“automated innovization” procedure. The proposed procedure requires the designer to supply a set of tradeoff solutions (data-set) involving the design variable vector, its objective and constraint values. The current
implementation also requires the designer to specify a number of such entities and/or their combinations for
which a plausible relationship is to be deciphered from the data-set. Our proposed automated innovization
procedure then formulates the task as a separate optimization problem and solves it to find the hidden
relationships.
The methodology has been applied to a number of engineering design problems (such as a truss-structure
design, a multi-clutch design, a spring design, a welded beam design, etc.) and in each case reveals a number
of hidden relationships involving design variables and objectives that are not obvious from a cursory look
at the optimization problem formulation. Some of these relationships were also found by a previous manual
(hence, tedious) study. In addition, some new relationships are also found which the previous study missed
due to manual nature of the procedure used. The obtained knowledge in terms of relationships between design
variables, objectives and other user-defined entities has been found to be statistically significant. In addition
to giving an in-depth knowledge of the problem itself, these relationships provide a “recipe” for generating
optimal solutions of other similar design problems without actually performing a fresh optimization. These
relationships can therefore be called “design principles” which every designer dealing with similar problems
should keep in mind.
For all design problems, we have compared the relationships obtained from our proposed automated
innovization task to those obtained from the MARS procedure, a common methodology for multivariate
regression analysis which does not assume any form for the predictor model. The adaptive strategy employed
by MARS resulted in very accurate models for the supplied Pareto-optimal input data. However, the MARS
methodology takes the data too seriously for their numerical values and comes up with complex relationships
which are of little practical use for the designer. Since our methodology, on the other hand, allows the designer
to specify the entities (variables, objectives, constraints) for which a relationship is sought, it results in finding
more meaningful relationships which can be extremely valuable to the design task at hand.
Here, we have simply scratched the surface of an involved computational data-mining and knowledge
discovery task which can benefit design engineers. This initial proof-of-principle study is very encouraging
and shows promise for an immediate development of a more detailed automated innovization procedure. We
are currently extending our procedure in the following directions to handle and find more meaningful and
involved relationships:
1. As discussed in Section 5, instead of finding multiple relationships one at a time through our current
algorithm, we are working on developing a niched GA approach to arrive at multiple mathematically
different relationships simultaneously in a single run.
2. We are also exploring ways to incorporate a genetic programming (GP) approach for the automated
innovization task to be able to find relationships of a more generic structure than the one used in
this study. Since a GP is expected to automatically find functional forms involving input entities, it
remains as a potential optimization tool for automated innovization.
3. Here, we proposed that the automated innovization task will follow the multi-objective optimization
task. However, the innovized principles, if discovered, can also help speed up the multi-objective optimization process, simply because good solutions can be created based on the innovized principles. Thus,
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in an efficient optimization-innovization task, it may be better to develop a hybrid search methodology
which will concurrently or in tandem find non-dominated solutions and associated innovized principles
simultaneously.
4. In this study, we have considered discrete and continuous variable problems. The innovization idea can
also be used for other problems such as combinatorial optimization problems, networking problems,
Boolean-variable problems, and others. It is likely that innovized relationships would exist in such
problems as well, but it will be an interesting research task to identify and decipher the form of
relationships that may be common to most trade-off solutions.
5. In an earlier study (Deb and Srinivasan 2006), both higher and lower-level innovization tasks are
illustrated in the context of some engineering design problems. For example, the use of uncertainty in
design variables will cause a different set of reliable or robust solutions in a multi-objective optimization
problem. Common principles among such reliable or robust solutions may be different from that from
a usual optimization study without any uncertainty consideration. A study on common principles
among both sets of data and specific principles common to reliable or robust data but not present
in the usual optimization data may provide higher-level innovization worth studying. Automated
discovery of principles in two or more sets of trade-off data for higher-level innovization would be an
interesting extension to this work.
6. Although a knowledge of the complete Pareto-optimal front in a multi-objective design problem is of
interest to designers, usually a specific region of the Pareto-optimal front is finally preferred. Thus,
instead of finding innovized principles for a complete set of representative Pareto-optimal front, the
task can be restricted to a specific region on the front. This will make the innovization task pragmatic
and focused only to preferred solutions. For this purpose, commonly used decision-making techniques
can be used to first find the preferred solutions and then an innovization task can be performed.
7. In all the problems of this study, we have used two design objectives. Although our proposed innovization study should, in principle, extend to higher objective problems, the suitability of the chosen
clustering technique must be investigated for such problems.
Finding optimal solutions for a complex design problem is already a useful yet challenging task. Various
computational optimization algorithms exist and are being developed. These algorithms begin with one
or more guess solutions and thereafter an automated or interactive procedure finds one or more optimized
solutions. Our proposed automated innovization approach followed by the extensions mentioned above
should complement the computational optimization procedure in not only finding optimized solutions but
also to automatically decipher and present us with the hidden relationships common to the high-performing
optimized solutions. Besides the gain of such vital knowledge directly assisting the designers, the use of
optimization as a vehicle for such novel tasks in computer-aided design activities will be extremely motivating
to engineering optimization community at large.
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