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Abstract The present work demonstrates the advancement
of evolved topologies of path generating compliant mech-
anisms by introducing initial population strategy with cus-
tomized NSGA-II algorithm. The strategy is based on the
categorization of design domain of compliant mechanisms
that generates initial population of elastic continuum struc-
tures. It is anticipated in this paper that this strategy further
customizes the evolutionary algorithm to efficiently deal with
the compliant mechanism problems. In this work, constraint
single- and bi-objective optimization formulations are used
which were proposed in the previous studies of authors of
this paper. Two examples of compliant mechanisms tracing
downward curvilinear path and straight line path are solved
and their respective topologies are presented. This study pro-
vides a platform to the designers and decision makers to un-
derstand the topological changes which result in trade-off
between the posed-objectives. The present work also offers
them to choose any PGCM topology as per their requirement
from the non-dominated set of solutions.

Keywords Compliant Mechanisms· Multi-Objective
Topology Optimization· Evolutionary Algorithm

1 Introduction

Compliant mechanisms (CM) are flexible elastic structures
which can deform to transmit the force and/or generating
some desired path on the application of applied load. The
two approaches for designing the CM can be found in liter-
ature. In the Ist approach, the designs are inspired by tradi-
tional kinematic synthesis of rigid-body mechanism called

Doctoral student· Professor· Professor
Department of Mechanical Engineering,
Indian Institute of Technology Kanpur, PIN 208016, India,
E-mail:{dsharma,deb,nnk}@iitk.ac.in

pseudo-rigid-body mechanisms (Howell and Midha (1996);
Hetrick and Kota (1999)). The IInd approach is a contin-
uum mechanics based approach which generates monolithic
structures calledcompliant mechanisms. These mechanisms
have shown many advantages over pseudo-rigid-bodymech-
anisms as jointless and monolithic structures, involved less
friction, wear and noise (Howell and Midha (1994)), ease of
manufacturing without assembly, light weight devices (Anan-
thasuresh and Kota (1995)) etc. The applications of compli-
ant mechanism are in product design, off-shore structures,
smart structures, MEMS (Ananthasuresh (2003)) etc.

1.1 Approaches to Synthesis CM Designs

Several studies have been done based on continuum me-
chanics approach by considering homogenization method
(Bendsoe and Kikuchi (1988); Nishiwaki et al (1998)) or
material density approach (Yang and Chuang (1994)) in which
the discrete nature of a designing problem is converted into
the continuous variable problem. It results an easy handling
of the problem solving but simultaneously, a threshold value
is required for each assigned variable. Sometimes, any arbi-
trary assignment of the threshold value may lead to non-
optimum designs. The classical methods of optimization are
used to deal with the continuous variables problems but these
methods can stuck at some local optimum design while solv-
ing the non-linear problems. Therefore to overcome the present
issue, another approach is discussed in the next paragraph.

An approach of using a binary (0-1) representation of
material for the continuum mechanics based approach can
help to preserve the discrete nature of the structural and
CM related problems (Chapman et al (1994); Chapman and
Jakiela (1996); Duda and Jakiela (1997); Jakiela et al (2000);
Kane and Schoenauer (1996)). The binary, material-void de-
sign domain results in a discrete, typically non-convex space
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(Anagnostou et al (1992)) and allow for a precise, although
discretized, topology boundary but this representation usu-
ally results in ’checker-board’ pattern problem and ’floating
elements’ of material which are disconnected from the main
part of structure in a design domain. This approach can eas-
ily integrate with any evolutionary algorithm to evolve the
optimum designs and structures because these algorithms
can handle the non-linearity involved in the topology op-
timization of structures and compliant mechanism and can
also deal with the multi-objective optimization. Generally,
the evolutionary algorithms consume much higher time to
evolve the optimum designs.

1.2 Measures of Designing Compliant Mechanisms

The different measures of providing the flexibility and re-
quired stiffness have been incorporated in the past studies.
A few common measures which are formulated using ei-
ther a single- or multi-objective sets are listed as, (i) min-
imization of weighted linear combination of deformation at
the prescribed output port and strain energy (Ananthasuresh
et al (1994)), (ii) minimization of least-square errors be-
tween prescribed and actual values of geometric (Sigmund
(1997), Min and Kim (2004)) and mechanical advantages
(Larsen et al (1997)), (iii) maximizing the ratio of mutual en-
ergy to strain energy (Frecker et al (1997), Luo et al (2005)),
(iv) maximization of mechanical efficiency, geometric and
mechanical advantage, and minimization of the maximum
compressive load (Parsons and Canfield (2002)), (v) maxi-
mization of mutual potential energy (Lu and Kota (2006)),
(vi) simultaneous minimization of weight and input energy
to elastic structures (Sharma et al (2006, 2008c,a)), (vi) si-
multaneous minimization of weight and maximization of
diversity of elastic structures (Sharma et al (2008d,b)) etc.
With the help of these measures, various mechanical aspects
of compliant mechanisms are incorporated.

1.3 Binary Representation

In this paper, a few important studies using binary represen-
tation of material for the synthesis of compliant mechanisms
are discussed which are modeled using either truss/frame
ground structures or two-dimensional continuum structures
and are optimized using an evolutionary optimization. In
truss/frame ground structures, presence of a truss/frame el-
ement depends on the value of a binary bit. With an ad-
ditional approaches of flexible building blocks (Bernardoni
et al (2004)), spanning tree theory (Zhou and Ting (2005))
and load path synthesis (Lu and Kota (2006)), topologies of
compliant mechanisms are generated which are well-connected
and free from gray scale and hence, results in the improved
designs.

For representing a two-dimensional continuum structure
using a Boolean variables, a design domain is discretized
into finite elements and each element of a structure is either
represented by material or void depending on the boolean
variable value. Using a modified evolutionary structural op-
timization (ESO) procedure (Ansola et al (2007)), genetic
programming (Parsons and Canfield (2002)) and genetic al-
gorithms (Tai and Chee (2000); Tai and Akhtar (2005); Tai
and Prasad (2007); Tai et al (2002); Hull and Canfield (2006);
Sharma et al (2006, 2008d,b,c,a)), compliant mechanisms
are designed with different objectives and tasks. Using a
morphological technique of representing a structure, various
problems of compliant mechanisms and structural optimiza-
tion are solved in which Bezier curves are used to represent
the shape of structures (Tai and Chee (2000); Tai and Akhtar
(2005); Tai and Prasad (2007); Tai et al (2002)).

1.4 Studies Based on PGCM Designing

The large displacement complaint mechanisms (Buhl et al
(2000); Pedersen et al (2001); Saxena and Ananthasuresh
(2001); Saxena (2005b)) and path generating / tracing com-
plaint mechanisms (PGCM) synthesis require non-linear FE
models which make the designing problem even-more diffi-
cult to solve. As the present work concentrate on the PGCM
designing, a few important studies are discusses here which
used the non-linear FE models and optimized using evolu-
tionary algorithms. Initially, a single-objective optimization
based PGCM design is formulated by minimizing the devi-
ation between the distance of desired and corresponding ac-
tual trajectories after dividing them intoN precision points
(Tai et al (2002)). This study uses a novel morphological
representation scheme (Tai and Chee (2000)) and generates
the PGCM design using genetic algorithm. Later, a multi-
objective formulation (Saxena (2005a)) is used in which the
least square objective of actual and desired output responses
at each precision point is minimized using NSGA-II (Deb
et al (2002) algorithm). In this study, the number of ob-
jectives are equal to the number of precision points which
are used to represent the prescribed path. Finally from the
evolve set of non-dominated solutions, a solution that min-
imizes the sum of individual least square objectives is cho-
sen.

The precision points which are used to represent the pre-
scribed path are characterized either by a same level of in-
put load or input displacement which can result in an arti-
ficial constraint in the design problem. Also, when a objec-
tive of minimizing the Euclidean distance are considered,
it might misrepresent the nature of design problem by re-
quiring the shape, size, orientation and position of the pre-
scribed path to be optimized all at once. This problem is
overcome by using Fourier shape descriptor-based objective
(Ullah and Kota (1997); Rai et al (2007)). The formulation
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involve many user-defined parameters which can effect the
optimum solution based designs.

The authors of this paper also suggested a bi-objective
optimization formulation for path generating compliant mech-
anisms (Sharma et al (2006, 2008d,b,c,a)). The formulation
uses the two-objective set to evolve trade-off multiple topolo-
gies of compliant mechanisms. The functional aspect of gen-
erating the prescribed path by these mechanisms is achieved
by imposing the constraints at precision points of the pre-
scribed path. These hard constraints are designed with some
possibility of violation and are dependent on user-defined
allowable deviation (η). During the successive attempts of
evolving the multiple topologies of path generating com-
pliant mechanisms, the evolutionary algorithm (NSGA-II,
(Deb et al (2002))) is customized and the value ofη is sug-
gested between 10% to 20% (Sharma et al (2008a)). In the
present work, the advancement of the topologies of path
generating compliant mechanisms is introduced using ini-
tial population strategy. This strategy is coupled with the
customized NSGA-II algorithm to deal with the constraint
single- and bi-objective studies of path generating compli-
ant mechanisms. Two examples of compliant mechanisms
tracing (i) downward curvilinear path, and (ii) straight line
path are solved and their respective evolved topologies are
presented. In the remaining part of this paper, the PGCM for-
mulation is discussed in Section 2, the details of customized
NSGA-II algorithm is given in Section 3. The evolved topolo-
gies and the discussion are presented in Section 4. Finally,
the study is concluded in Section 5 with some future works.

2 Description of Problem Formulation

In this section of paper, we target the optimization formu-
lation of path generating compliant mechanism which was
proposed by the authors of this paper in their previous stud-
ies (Sharma et al (2006, 2008d,b,c,a)). In this formulation,
the functional aspect of generating the prescribed path by
compliant mechanisms is accomplished by imposing the con-
straints at precision points. Before going into the detailsof
the formulation, first the design domain of compliant mech-
anism (50 mm by 50 mm) is explained as shown in Figure 1
which is categorized into three regions of interest. The Ist re-
gion is called support region where the nodes of an element
of the elastic structure are restrained with zero displacement.
In the IInd region (loading region i.e. a node of an element),
some input displacement boundary condition is applied. The
output region is the IIIrd region, that is, a fixed point on the
elastic structure which traces out the desired path defined by
user.

In this work, the origin of the design domain is fixed on
its left hand side and the output region is positioned at the
coordinate(50,32) of the structure. As Figure 1 shows, a
spring of constant stiffness (κ = 0.4 KN/m) is attached at
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Fig. 1 A design-domain with loading, output and support regions.

the output point for providing some resistance during the
deformation of elastic structure.

As discussed earlier, the essential functional aspect of
path generating compliant mechanisms is to trace the pre-
scribed path. Thus, the same compulsory task of compli-
ant mechanism is accomplished by imposing the constraints
at precision points. These hard constraints bound the max-
imum distance between the prescribed and actual paths for
all feasible designs. A hypothetical case is shown is Figure
2 in which a prescribed path and an actual path traced by
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Fig. 2 The prescribed path and an actual path traced by the elastic
structure after FE analysis.

the elastic structure after FE analysis are drawn. Here, the
prescribed path is represented byN precision points. The
corresponding points on an actual path traced by an elastic
structure is evaluated from geometrical non-linear FE anal-
ysis based on equal load steps.

To physically represent the constraints, first an euclidean
distance (sayd1) is evaluated by estimating the distance be-
tween the current (i) and previous (i− 1) precision points
and get multiplied by a factorη called aspercent of allow-
able deviation. Then, another euclidean distance (sayd2) be-
tween the current precision point (i) and the corresponding
point (ia) of actual path is calculated. Based on these calcu-
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lations, a constraint is imposed at each precision point which
ensures thatd2 ≤ d1. A pictorial significance is shown in
Figure 2 in which, if a circle of radiusd1 at the current pre-
cision point (i) is drawn, then the corresponding point (ia)
of actual path must lie within or on the circle to satisfy the
constraint on each precision point. The mathematical repre-
sentation of constraints at eachN precision points is given in
Equation 1. Any elastic structure which satisfies these con-
straints can guarantee to accomplish the task of tracing the
path based on user-defined allowable deviation (η).

In the present study, the single- and bi-objective studies
are done which are subjected to the constraints as defined in
the last paragraph. An additional constraint of limiting the
stress is also included into the formulation. The constraint
single and bi-objective formulations of path generating com-
pliant mechanisms are given in Equation 1.

Single-objective optimization:
Minimize: Weight of structure

Bi-objective optimization:
Minimize: Weight of structure (primary obj.),
Minimize: Supplied Input energy to structure (secondary obj.),

Both problems are subjected to:

1−
√

(xia−xi)2+(yia−yi)2

η×
√

(xi−xi−1)2+(yi−yi−1)2
≥ 0, i = 1,2, ...,N

σ f lexural −σ ≥ 0,

(1)

whereη = 15% is the permissible deviation (kept fixed in
this paper, (refer (Sharma et al (2008a)) for more details),
andσ f lexural andσ are flexural yield strength of material and
maximum stress developed in the structure, respectively.

3 Customized NSGA-II Algorithm

In this section, we draw our attention to customize the evo-
lutionary algorithm for effectively solving the optimization
problems defined in Equation 1. In this paper, a popularly
used elitist non-dominated sorting genetic algorithm (known
as NSGA-II (Deb et al (2002)) which is developed by sec-
ond author of this paper and his students) is used as a global
search and optimizer which has shown to have a good con-
vergence property to the global Pareto-optimal front as well
as to maintain the diversity of population on the Pareto-
optimal front for two objective problems. A detailed de-
scription of NSGA-II algorithm can be found in the study
(Deb et al (2002)). In short, NSGA-II is population based
evolutionary optimization procedure which uses mathemat-
ical partial-ordering principle to emphasize non-dominated
population members and a crowding distance scheme to em-
phasize isolated population members in every iteration. An

elite-preserving procedure also ensures inclusion of previ-
ously found better solutions to further iterations. The overall
procedure withN population members has a computational
complexity of O(NlogN) for two and three objectives prob-
lems and has been popularly used in many studies. NSGA-
II is also adopted by a few commercial softwares (such as
iSIGHT and modeFRONTIER). A code implementing NSGA-
II is available athttp://www.iitk.ac.in/kangal/codes.shtmlweb-
site.

A local search method is coupled with the customized
NSGA-II algorithm to further refine the non-dominated so-
lution’s based topologies of compliant mechanisms. The ba-
sic details of local search based customized NSGA-II al-
gorithm is shown in Figure 3. It shows various schemes
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Fig. 3 A flow chart of customized NSGA-II algorithm

like initial population, structure representation and repair-
ing techniques, two-dimensional crossover operator, muta-
tion operator etc. which are expected to efficiently deal with
the topology optimization problems of structures and com-
pliant mechanisms.

3.1 GA Parameters

A population of 240, crossover probability of 0.95 and mu-
tation probability of (1/string length) are assigned and the
NSGA-II algorithm is run for a maximum of 100 genera-
tions. For each NSGA-II population member, a binary string
length of 637 bits is used as shown in Figure 4. This string
is made of two sets in which the Ist set of 625 bits represents
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Fig. 4 A binary string comprises of two sets.

the shape of structure (described in Section 3.2) whereas,
the decoded value of IInd set identifies the support and load-
ing positions in their respective regions (refer Figure 1),and
magnitude of input displacement. For the same, the remain-
ing 12 bits of IInd set are further divided into three sets of
five, three and four bits as shown in Figure 4. The decoded
value of first five bits indicates the location of an element
from the origin where the elastic structure is to be supported.
The decoded value of subsequent three bits helps in deter-
mining the loading position, that is, a node where the input
load is applied. The decoded value of last four bits are used
to evaluate the magnitude of input displacement which can
vary from 1 mm to 16 mm at step of 1 mm. The above men-
tioned flexibility is implemented to come-up with the opti-
mum combinations of support and loading positions, and in-
put displacement magnitude to promote the non-dominated
solutions through the run of NSGA-II algorithm. A detailed
significance of additional bits will be discussed later along
with the results presented in the study.

3.2 Structure Representation Scheme

Before starting the details of initial population strategy, the
structure representation scheme is described here. A binary
string of 625 bits (refer Figure 4) is used to represent the
shape of structure. First, a binary string is copied to two di-
mensional representation as shown in Figure 5. Thereafter,

1
1
1

1

1 1 0 1 0 1

100100

1 1 1 1 1 0

100001

1 1 0 1 0 1

1 1 0 0 0 0
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Fig. 5 A representation of structure using binary string and material.

the material-void representation of each grid is chosen based
on the binary bit value, for example, bit value 1 signifies
that material is present whereas, 0 represents the void. This

scheme divides a design domain of structure into 25× 25
(= 625) grids in x and y directions, respectively.

3.3 Initial Population Strategy

In the later studies of structures and compliant mechanisms
(Deb and Goel (2001); Deb and Chaudhuri (2005); Sharma
et al (2006, 2008d,b,a)), an initial random population was
generated by flipping a coin and decided whether the bit
value at each gene is 0 or 1. Therefore, the gene value (0-
1) was assigned at random to the whole binary string which
resulted in impracticalities such as ’checker-board’ pattern
and disconnected ’floating’ material. The connectivity among
the three regions of interest (refer Figure 1) was also checked
before FE analysis of structure.

In the present work, a strategy of generating an initial
random population using a (0-1) binary representation of
elastic continuum structures is developed in which the three
regions of interest are connected through the intermediate
points (Sharma et al (2008c)). A pictorial view is drawn in
Figure 6 to show a connectivity between the support and
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Fig. 6 Connectivity between support and loading regions.

loading region’s elements. Here, the positions of support and
loading region’s elements are calculated after decoding the
II nd set of binary string (refer Figure 4) whereas, the lo-
cation of output region’s element is fixed through-out the
study.

For connecting the support and loading regions, a ran-
dom integer number between 1 to 5 is generated to decide
the number of intermediate points through which these two
regions get connected. Depending upon the number of inter-
mediate points, the coordinates of each intermediate point
is randomly generated within the design domain. The points
P1, P2, P3 and P4 in Figure 6 show the location of intermedi-
ate points and, the support (S1) and loading (L1) region’s el-
ements are connected through these points by straight lines.
Thereafter, a material is assigned to those elements where
these straight lines pass. A material connectivity of the above
mentioned regions is also shown in Figure 6. Similarly, a set
of piece-wise linear line segments between the support and
output regions and another set between the loading and out-
put regions are explained. Therefore depending on the ran-
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domly generated intermediate points, an initial population
for the NSGA-II algorithm is developed.

A repairing technique is also employed in which if two
elements generate a point connection, then the given proce-
dure puts one extra material at the nearby element (accord-
ing to the nature of connectivity) to eliminate the problem
of high stress at the point connectivity.

3.4 Finite Element Analysis

After the custom initialization, structure representation, and
repairing techniques, the elastic structure is analyzed for stress
and deformation by FE analysis. In this study, one grid of a
structure (as described in Section 3.2) is further discretized
into four finite elements with same binary variable value
as shown in Figure 5. Therefore in the present process, the
structure is discretized with 4×625 (= 2500) 4-node rectan-
gular finite elements and analyzed through a non-linear large
deformation FE analysis usingANSYS package. But, the GA
operations are performed on the same structure represented
by 625 bits.

3.5 GA Operators

Crossover is an important genetic algorithms (GA) opera-
tor which is responsible for the search aspect of the algo-
rithm. It creates new solutions which differ from the parent
solutions. In this study, a two-dimensional crossover opera-
tor is used which has shown the successfully applications in
shape optimization (Deb and Goel (2001); Deb and Chaud-
huri (2005)) and in the designing of compliant mechanisms
problems by authors (Sharma et al (2006, 2008d,c,a)). In the
present recombination operator, two parent solutions are se-
lected and a coin is flipped to decide for row or column-wise
crossover. If a row crossover is done, a row is chosen with an
equal probability of (Pxover/no. of rows) for swapping. The
same is done if a column-wise crossover has to be done. Dur-
ing crossover, a random number is generated to identify the
number of rows (columns) to be swapped and then, another
generated random number helps in getting the first row (col-
umn) number of patches. A range of row (column) index is
calculated and swapped with other parent. A pictorial view
of the crossover on the structures represented by Ist set of
binary string is shown in Figure 7. For the crossover of 12
bits of IInd set, a standard single point crossover is used in
the present study.

Mutation operator is another GA operator which gener-
ates new solutions in the population but usually it is done
with a low probability. Here, it is done with a probability of
(1/string length) on each bit of a string of Ist set to change
from a void to a filled or from a filled to a void grid. A

Row−wise exchange
Column−wise

exchange

Fig. 7 A two dimensional crossover which swaps a patch of
row/column between two parent solutions.

detailed discussion of these crossover and mutation opera-
tors are given elsewhere (Goel (2001); Chaudhuri (2002)).
For mutating the remaining 12 bits of IInd set, first the de-
coded values of support and loading regions, and magnitude
of input displacement are evaluated and then, these values
are perturbed within the range of{−2,2} at their original
values. Here, it is ensure that the perturbed values of above
three boundary conditions do not fall outside their respec-
tive bounds. This mutation operator helps to get the nearest
integer value at the original one. After perturbation, these
mutated values are again coded into the binary string of 12
bits.

3.6 Parallel Computing

A distributed computing platform is used in the present study
to reduce the computational time of designing and synthesis
of compliant mechanisms. In this parallelization process,the
root processor first initializes a random population. Then,it
divides the entire population into different sub-populations
in proportion to the number of processors available. After
this, each sub-population is sent to different slave proces-
sors. These slave processors further evaluate the objective
functions and constraints values, and send them to the root
processor. Thereafter, root processor performs the GA oper-
ators, like selection, crossover and mutation operators, non-
dominated front ranking etc. on the population and replaces
it with good individuals. The above process is repeated till
the termination criterion of NSGA-II is met. The parallel
implementation of NSGA-II is done in the context of FE
analysis throughANSYS FE package which consumes the
maximum time of the optimization procedure (Sharma et al
(2006, 2008d,b,c,a)). A MPI based Linux cluster with 24
processors is used in the present study. A detailed specifica-
tion and configuration of the Linux cluster are given at
http://www.iitk.ac.in/kangal/facilities.shtml website.

3.7 Clustering Procedure

For an adequate convergence near to the global ’Pareto-optimal’
front, the evolutionary algorithms (EA) need a fairly large
number of population members and generations depending
upon the problem complexity. Thus, the number of feasible
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solutions after the EA run are usually close to the popula-
tion size. It is not advisable to represent so many solutionsto
the end user for a subsequent decision-making task. There-
fore, the clustering procedure is employed in the study in
which the neighboring solutions are grouped together and
solutions from each group representing that region of the
non-dominated front are chosen as representative solutions
(Zitzler (1999)). Figure 8 shows the procedure pictorially.
After clustering, the parallel NSGA-II algorithm is termi-

NSGA−II Clustering
Problem

Fig. 8 A clustering Procedure.

nated. Thereafter, the local search method (described in next
section) is employed on each representative NSGA-II solu-
tions based designs to improve them locally.

3.8 Local Search Method

The local search method used here is a combination of evo-
lutionary and classical methods. It is a variant of classi-
cal hill climbing process. As a single objective function is
needed for hill climbing, the multi-objective problem is re-
duced to a single objective problem. This is done by taking a
weighted sum of different objectives. The scaled single ob-
jective function is minimized in the present study and it is
given in Equation 2.

Minimize F(x) = Minimize
n

∑
j=1

wx
j( f x

jmax
− f x

j )

f x
jmax

− f x
jmin

, (2)

where, f x
j is jth objective function,f x

jmin
and f x

jmax
are min-

imum and maximum values ofjth objective function in the
population, respectively,n is number of objectives andwx

j is

the corresponding weight to thejth objective function which
is computed as:

wx
j =

( f x
jmax

− f x
j )\ ( f x

jmax
− f x

jmin
)

∑M
k=0( f x

kmax
− f x

k )\ ( f x
kmax

− f x
kmin

)
, (3)

whereM is the number of representative solutions after clus-
tering procedure. In Equation 2, the values of the objective
functions are normalized to avoid bias towards any objective
function. In this approach, the weight vector decides the im-
portance of different objectives, in other words it gives the
direction of local search in the objective space (Deb (2001)).
As Equation 3 suggests, these weights are calculated based
on their positions in two-objective space after the termina-
tion of NSGA-II algorithm.

In the local search method, first the weighted sum of
scaled fitness of a selected representative solution is evalu-
ated as given in Equation 2. Thereafter, one bit of representa-
tive solution is mutated at a time and the design is extracted
from the new string. This new string’s based structure is an-
alyzed by FE package and then, the objective and constraint
functions are evaluated. If the new design does not satisfy
any constraint, then the change in new string is discarded
and old values are restored. Otherwise, the weighted sum of
scaled fitness of new string is calculated and compared with
the old string values. In case of mutating ’0’ to ’1’ , a change
is only accepted when the weighted sum of scaled fitness of
new string is strictly better than that of old string, or elseit is
rejected. For the case of mutating ’1’ to ’0’, if the weighted
sum of scaled fitness of new string is better than or equal to
the old string’s weighted sum value, then it is accepted or
else the change is discarded. In case of rejection, the previ-
ous bit values are restored.

Before mutating any bit, a binary string is converted into
a two-dimensional array and checked for the grids having
a material. Then, one by one, all nine neighboring bits in-
cluding its own bit value are mutated. If a change brings an
improvement in scaled fitness, then the change is accepted.
This process is repeated till all bits are mutated once. If there
is no change in the value of weighted sum of scaled fitness,
the local search is terminated. In the same way, all repre-
sentative solutions are mutated to achieve a local search. As
discussed in Section 3.4, one binary bit represents four ele-
ments for FE analysis. Therefore, a binary string of 625 bits
represents a structure which is discretized with 2500 finite
elements. In case of local search, the previous binary strings
(625 bit) of representative solutions are reconstructed into
the new binary strings of 2500 grids. These grids represent
the same structure of 2500 elements and the local search
search is performed on these 2500 grids.

4 Evolved Topologies and Discussion

In this section, the evolved topologies of single- and bi-
objective optimization studies are presented. First, we deal
with the single-objective optimization of path generatingcom-
pliant mechanism and thereafter, the two-objective study is
done. Two examples of compliant mechanisms generating
(i) curvilinear path and, (ii) straight line path are solved. The
evolved topologies of both examples are shown and their as-
sociated significance are discussed in the subsequent sub-
sections.

A few parameters are kept constant during the whole
study such as, a material with Young’s modulus of 3.3 GPa,
flexural yield stress of 6.9 MPa, density of 1.114 gm/cm3

and Poisson ratio of 0.40, is assumed for synthesis of com-
pliant mechanism. The direction of input displacement is
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fixed alongx direction. Here, the prescribed path is rep-
resented by five precision points and the trajectory traced
by output region’s node of the elastic structure is evaluated
through a geometric nonlinear FE analysis usingANSYS
package. During the FE analysis, a small region near the
support position is declared as plastic zone and is not con-
sidered for stress constraint evaluation. After the termina-
tion of NSGA-II algorithm, maximum six representative so-
lutions are chosen from the non-dominated set of NSGA-II
solutions with the help of clustering procedure.

4.1 Curvilinear Path Generating Compliant Mechanisms

Using an improved initial population strategy along with the
provided flexibility of identifying the applied and bound-
ary conditions to the customized evolutionary algorithm, the
topologies of compliant mechanism tracing downward curvi-
linear path are evolved. First, a minimum weight design is
evolved using single-objective study of minimizing the weight
of continuum structure. Later, the multiple non-dominated
topologies of compliant mechanism are generated using a
two-objective study.

4.1.1 Minimum Weight Design

A minimum weight design of 0.525 gm is evolved after solv-
ing the constraint single-objective optimization problemof
Equation 1. The undeformed and final deformed topology
of minimum weight design is shown in Figure 9. The opti-

(a) Undeformed topology (b) Final deformed topology

Fig. 9 A minimum weight design.

mum applied and boundary conditions identified by the cus-
tomized NSGA-II algorithm are tabulated in Table 1. These
conditions are evaluated after decoding the IInd set of binary
string. The table indicates that the minimum weight design
of compliant mechanism is supported at an element which
is located at 20 mm away from the origin. The input load of
7 mm is applied at the loading position, that is, at 32 mm
away from the origin.

4.1.2 Non-dominated Solutions based Compliant
Mechanism Topologies

In this section, the non-dominated topologies of compliant
mechanism generating curvilinear path are evolved after solv-
ing the constraint two-objective optimization problem (re-
fer Equation 1) using the customized NSGA-II algorithm.
A two-objective space is drawn in Figure 10 to display the
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Minimum weight design

Fig. 10 NSGA-II solutions before and after the local search and com-
pared with the single-objective ’minimum-weight’ design.

locations of representative NSGA-II solutions (a to f ) and
local search solutions (1 to 6). It shows that out of six lo-
cal search solutions, five of them (1 to 5) become a part of
non-dominated front.

The Figure 10 also shows the position of minimum weight
design corresponding to its supplied input energy value in
two-objective space. It indicates that solutions 1 and 2 are
evolved as lighter-in-weight solutions and also require less
supplied energy in comparison with the minimum weight
design solution. Hence, these solutions dominate the mini-
mum weight solution of single-objective study. It reveals a
fact that the secondary objective of minimizing the supplied
input energy not only helps in evolving multiple topologies
in one run of optimization but also generates non-dominated
solutions with the primary objective of minimizing the weight
of structures. On the other hand, a single objective study
only deals with the optimization of one objective and may
result in a premature sub-optimal solution.

The undeformed and final deformed topologies of these
non-dominated solutions (1 to 5) are shown in Figure 11.
Here, the solution 1 evolves as minimum weight topology
but at the same time it requires larger input energy to de-
form the elastic structure and follow the prescribed path. If
we look on the other extreme of non-dominated front of Fig-
ure 10, the topology of solution 5 requires minimum sup-
plied input energy but it comes up as heavier elastic struc-
ture. Similarly, other solutions show ’trade-off’ betweenthe
posed objectives. Topologically, all these non-dominatedso-
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lutions are same because they consist only open loops of ma-
terial between the three regions of interest (support, loading
and output). But at the same time, we can see the changes
in the designs which result in ’trade-off’ solutions based
topologies. Here, the solution 5 has a ’winding shape’ near
to the junction of each loop of material from the three re-
gions of interest (refer Figure 11(i)). This ’winding shape’
helps to reduce the requirement of input energy. Similarly,
the solutions 3 and 4 show another kind of distribution of
material near the support position which makes trade-off de-
signs. On the other hand, solutions 1 and 2 seem quite rigid
but evolve as lighter weight topologies.

As discussed in Section 3.1, the flexibility is provided
to the customized NSGA-II algorithm to identify the sup-
port and loading positions, and magnitude of input displace-
ment conditions. As the previous studies of the authors of
this paper (Sharma et al (2008c,a)) suggest, these conditions
can assist the customized NSGA-II algorithm to evolve non-
dominated solution’s based topologies. Therefore, the opti-
mum set of applied and boundary conditions are tabulated
in Table 1. It is observed that the loading position of all

Table 1 Evolved support and loading positions and, input displace-
ment magnitude of curvilinear path generating compliant mechanism.

Conditions→ Support Loading Input
position (mm) position (mm) displacement

Study↓ (from the origin) (from the origin) (mm)
Single-objective 20 32 7

Bi-objective
Solution 1 at: 8

32 7
Solutions 2 to 5 at: 2

non-dominated topologies is identified at 32 mm away from
the origin and these solutions require 7 mm of input dis-
placement to deform them and also, to follow the downward
curvilinear prescribed path. However, these non-dominated
feasible elastic structures are supported at different elements,
for example, the solution 1 gets supported at 8 mm and the
rest of non-dominated solutions are supported at 2 mm. Two
more advantages of providing the flexibility to the evolu-
tionary algorithm can be seen here; first, it can work in the
scenario of unknown conditions of support and loading po-
sitions, and magnitude of input displacement. Second, it can
help the designers and decision makers to appreciate the op-
timum combination of these conditions for evolving the non-
dominated PGCM topologies that explores the possibility of
non-optimum conditions which might be considered in their
previous practices.

4.1.3 Traced Paths & Prescribed Path

A pictorial view of paths generated by the solutions obtained
after the local search of single and two-objective studies is
shown in Figure 12 along with a prescribed path. This fig-

(a) Solution 1: Unde-
formed

(b) Solution 1: Final deformed

(c) Solution 2: Unde-
formed

(d) Solution 2: Final deformed

(e) Solution 3: Unde-
formed

(f) Solution 3: Final deformed

(g) Solution 4: Unde-
formed

(h) Solution 4: Final deformed

(i) Solution 5: Undeformed (j) Solution 5: Final deformed

Fig. 11 Non-dominated topologies of compliant mechanisms generat-
ing curvilinear path.
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Fig. 12 Prescribed path and path traced by the minimum weight design
and local search solutions.

ure signifies the adherence between the prescribed path and
paths traced by all local search solutions. For quantitative
study of these paths, a Table 2 is drawn in which the values

Table 2 Deviation at precision points.

Precision points (PP) 1 2 3 4 5
Maximum allowedd1 0.3196 0.3142 0.3074 0.3084 0.3092

Single-objective study ’Minimum weight design’
d2 0.1032 0.1739 0.2127 0.2470 0.3091

Two-objective study
Solution 1:d2 0.0290 0.0301 0.0324 0.1047 0.3058
Solution 2:d2 0.0531 0.0829 0.1220 0.1979 0.3091
Solution 3:d2 0.0761 0.1084 0.1262 0.1812 0.3091
Solution 4:d2 0.0226 0.0407 0.0256 0.1064 0.3091
Solution 5:d2 0.0278 0.0516 0.0939 0.1766 0.3091
Solution 6:d2 0.0161 0.0217 0.0588 0.1502 0.3083

of maximum allowed d1 at each precision point and distance
d2 between the precision point and corresponding point on
the actual path are given. It can be seen here that the value of
d2 increases for all solutions as these topologies follow the
precision points from 1 to 5. This shows that the precision
points defining the extreme part of prescribed path become
critical. But the importance of constraints on initial preci-
sion points can not be ignored that assist the evolutionary
algorithm to come up with the feasible compliant mecha-
nism topologies (Sharma et al (2008a)). Overall, the figure
and table presented here, show the fulfillment of the func-
tional aspect of tracing the prescribed using the precision
points based constraints formulation with both single and bi-
objective sets. The prescribed path here is designed in such
a way that an output point of each elastic structure has to
deform to 10.48% in x-direction and 17.72% in y-direction
with respect to the size of design domain.

4.1.4 Comparison

In the present study, a comparison is also made between the
solutions of two-objective studies which are obtained by in-
corporating a custom improved initial population strategy
and by an usual way of creating an initial population of

continuum structures in which the material in each element
of a structure is assigned at random (authors refer this ini-
tialization as a ’random initialization’, Sharma et al (2006,
2008d,a)). The Figure 13 shows the representative NSGA-II
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Fig. 13 NSGA-II solutions of both initial population initializations.

solutions of both two-objective studies and it clearly reveals
that the NSGA-II solutions of an improved initial popula-
tion strategy dominate and explore the larger area of two-
objective space as well, in comparison with the NSGA-II
solutions of random initialization. We know that the perfor-
mance of a local search procedure is dependent on the po-
sition of representative NSGA-II solutions in the objective
space. Hence, the non-dominated local search solutions of
improved strategy outperform that of random initialization
study as shown in Figure 14. Therefore, solutions 1 to 5 be-
come the part ’Pareto-optimal’ front.
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Fig. 14 Local search solutions of both initial population initializations.

4.1.5 Computation Time

The parallel computing platform is used in the present study
to deal with the computationally extensive problem of com-
pliant mechanisms. The maximum time of optimization pro-
cedure consumes in the non-linear finite element analysis
whereas, the other function evaluations and the communi-
cation among the processors take a smaller time. The times
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taken by the given optimization procedure for solving the
single and bi-objective optimization problems are shown in
Table 3. During the NSGA-II run, 24 processors are used

Table 3 Time taken by given optimization procedure.

Problem NSGA-II Local search
Time (hrs) Time (hrs)

Single-objective 5.59 12.19
Solution 1: 8.65
Solution 2: 9.15

Two-objective 5.47 Solution 3: 9.61
Solution 4: 10.93
Solution 5: 11.52
Solution 6: 25.07

which helps in reducing the computational time almost in
proportion to the number of processors available. The local
search is performed individually in different processors that
takes a considerable amount of time of a given procedure to
refine the representative NSGA-II solutions.

4.2 Straight Line Path Generating Compliant Mechanisms

In the last section, the simple example of curvilinear path
generating compliant mechanism was dealt with using the
proposed formulation and customized optimization proce-
dure. Here, one can argue that many continuum structures
can easily trace the given prescribed path because of its sim-
plicity. On this basis, the competency of both, the PGCM
formulation and the customized optimization procedure, can
not be justified with the desired level of confidence. There-
fore in this section, the non-intuitive topologies of complaint
mechanisms tracing straight line path are evolved. Here, only
a bi-objective formulation using an improved initial random
population is exercised because we have already seen the
significance of multi-objective optimization over single-objective
optimization.

4.2.1 Non-dominated Compliant Mechanism Topologies

The present example of complaint mechanism differ from
the previous example that instead of tracing the a curvi-
linear path (refer Section 4.1.3), now the compliant mech-
anism traces-out the straight line path at same output point.
This makes the problem even more difficult to solve because
the continuum structures usually trace-out some curvilinear
path as per the categorization of design domain defined in
the present work (refer Figure 1).

While dealing with the present compliant mechanism
problem, the customized evolutionary algorithm evolves the
six representative NSGA-II solutions (a toe) which are shown
in 2-D objective space of Figure 15. The local search solu-
tions (1 to 5) are also shown in the same figure. Here, only
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Fig. 15 NSGA-II and local search solutions for compliant mechanisms
tracing straight line path.

two solutions (1 and 2) out of five local search solutions be-
come the part of non-dominated front. The undeformed and
final deformed topologies of these non-dominated solutions
are shown in Figure 16. Topologically, both PGCM designs

(a) Solution 1: Unde-
formed

(b) Solution 1: Final deformed

(c) Solution 2: Unde-
formed

(d) Solution 2: Final deformed

Fig. 16 Non-dominated topologies of compliant mechanisms generat-
ing straight line path.

are same with two closed loops of materials, but the kind
of arrangements of material in the design domain result in
trade-off between the two-objective. The topologies of both
the non-dominated solutions can reveal a fact of the neces-
sity of those compliant mechanisms that generate straight
line path.

In this example, the compliant mechanisms are supported
at an element which is positioned at 46 mm away from the
origin. The input load of 5 mm is applied at a node which is
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positioned at 28 mm away from the origin, to deform them
and to follow the straight line path. These conditions are also
evolved from the IInd set of binary string. An interesting
thing can be seen here that these topologies are supported
on their right-hand side while tracing the straight line path.
However in the previous example of curvilinear path tracing,
the compliant mechanisms are supported on their left-hand
side. In both examples, only the change was implemented in
terms of nature of prescribed path and rest of the conditions
were same. But, the flexibility provided by the additional
bits of IInd set to the customized NSGA-II algorithm identi-
fies these support positions because the structures supported
on their right-hand side show minimum tendency to gener-
ate higher curvilinear paths. On the other hand, left hand
side supported structures tends to trace the higher curvilin-
ear trajectory.

4.2.2 Traced Paths and Prescribed Straight Line Path

The straight line path traced by all local search solutions
along with the prescribed path is shown in Figure 17. It
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Fig. 17 Prescribed path and path traced by all local search solutions.

shows that the elastic continuum structures do not trace the
exact straight line path because it is too optimistic condition
to generate the same path as it is prescribed for the given
categorization of design domain. However, the imposed con-
straints at precision point which allow a fixed percentage of
deviation in terms ofη value, assist the optimization proce-
dure to evolve the feasible topologies. The Table 4 is also

Table 4 Deviation at precision points.

Precision points (PP) 1 2 3 4 5
Maximum allowedd1 0.15 0.15 0.15 0.15 0.15

Two-objective study
Solution 1:d2 0.0930 0.1260 0.1119 0.0876 0.1498
Solution 2:d2 0.0901 0.1257 0.1169 0.0957 0.1497
Solution 3:d2 0.0874 0.1262 0.1243 0.1071 0.1499
Solution 4:d2 0.0962 0.1350 0.1277 0.1045 0.1498
Solution 5:d2 0.0869 0.1209 0.1113 0.0911 0.1499

drawn for quantitative analysis in which the d2 value for
all local search solutions increases till the precision point
2 and then, decreases. Finally, the maximum d2 value can be
seen at precision point 5 which makes it critical. Here, we
can clearly see the significance of imposed constraints on
precision points which guides the optimization procedure to
evolve such non-intuitive PGCM topologies. The prescribed
straight line path here is designed in such a way that an out-
put point of each structures has to deform to 10.00% in x-
direction and 0.0% in y-direction with respect to the size of
design domain.

5 Conclusions

In this paper, the improved initial population strategy was
successfully coupled with the customized NSGA-II algo-
rithm. The non-dominated solutions obtained from this strat-
egy outperformed the solutions of random initialization. This
advancement in the evolution of multiple topologies further
customized the NSGA-II algorithm to efficiently deal with
the topology optimization of compliant mechanisms. The
present paper also showed the significance of evolving the
multiple non-dominated topologies of compliant mechanism
over single-objective optimization. The same set of constraints
were used with single and bi-objective studies which justi-
fied its competency to couple with any objective set. Also,
different path generating compliant mechanisms can be evolved
using the same constraint formulation. In the future work,
the emphasis can be given to other GA operators to intro-
duce more diversity into the topologies of compliant mech-
anisms. Path generating compliant mechanisms can also be
designed with another multi-objective set which further as-
sists the optimization procedure for multiple diverse topolo-
gies.
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