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Abstract. Most real-world optimization problems involve objectives,
constraints, and parameters which constantly change with time. Treating
such problems as a stationary optimization problem demand the knowledge of the pattern of change a priori and even then the procedure can
be computationally expensive. Although dynamic consideration using
evolutionary algorithms has been made for single-objective optimization
problems, there has been a lukewarm interest in formulating and solving
dynamic multi-objective optimization problems. In this paper, we modify
the commonly-used NSGA-II procedure in tracking a new Pareto-optimal
front, as soon as there is a change in the problem. Introduction of a few
random solutions or a few mutated solutions are investigated in detail.
The approaches are tested and compared on a test problem and a realworld optimization of a hydro-thermal power scheduling problem. This
systematic study is able to find a minimum frequency of change allowed
in the problem for two dynamic EMO procedures to adequately track
the Pareto-optimal frontiers on-line. Based on these results, this paper
also suggests an automatic decision-making procedure for arriving at a
dynamic single optimal solution on-line.

1

Introduction

A dynamic optimization problem involves objective functions, constraint functions and problem parameters which can change with time. Such problems often
arise in real-world problem solving, particularly in optimal control problems or
problems requiring an on-line optimization. There are two computational procedures usually followed. In one approach, optimal control laws or rules are evolved
by solving an off-line optimization problem formed by evaluating a solution on
a number of real scenarios of the dynamic problem [10]. This approach is useful in problems which are computationally too expensive for any optimization
algorithm to be applied on-line. The other approach is a direct optimization procedure on-line. In such a case, the problem is considered stationary for some time
period and an optimization algorithm be allowed to find optimal or near-optimal

2
solution(s) within the time span in which the problem remains stationary. Thereafter, a new problem is constructed based on the current problem scenario and a
new optimization is performed for the new time period. Although this procedure
is approximate due to the static consideration of the problem during the time for
optimization, efforts are made to develop efficient optimization algorithms which
can track the optimal solution(s) within a small number of iterations so that the
required time period for fixing the problem is small and the approximation error
is reduced. In this paper, we consider solving dynamic optimization problems
having more than one objective functions using the direct on-line optimization
procedure described above.
Although single-objective dynamic optimization have received some attention in the past [2], the dynamic multi-objective optimization is yet to receive
a significant attention. When a multi-objective optimization problem changes
with time in stepped manner, the task of an dynamic EMO procedure is to find
or track the Pareto-optimal front as and when there is a change. After the idea
is put forward earlier [5], there has been a lukewarm interest on this topic [7, 6].
In this paper, we suggest two variations of NSGA-II for tracking new Paretooptimal frontiers. Whenever there is a change detected in a problem, addition
of random solutions or mutated solutions to existing population members are
tried. The effect of frequency of change in a problem and the proportion of added
random or mutated solutions are parameters which are systematically studied
to evaluate the developed procedures for their tracking efficiency. The proposed
NSGA-II procedures are applied to a complex hydro-thermal power scheduling
problem involving two conflicting objectives. The change in problem appears due
to a change in demand in power with time. The efficacy of modified NSGA-II
procedures is illustrated by finding the smallest frequency of change which can
be allowed before the EMO procedure can track the optimal front in with a significant confidence. Finally, a decision-making aid is coupled with the dynamic
NSGA-II procedures to help identify one solution from the obtained front automatically (on-line). Interesting conclusions about the particular problem and
about dynamic multi-objective optimization problem, in general, are made from
this study.

2

Dynamic Problems as On-line Optimization Problems

Many search and optimization problems in practice change with time and therefore must be treated as an on-line optimization problems. The change in the
problem with time t can be either in its objective functions or in its constraint
functions or in its variable boundaries or in any combination of above. Such an
optimization problem ideally must be solved at every time instant t or whenever there is a change in any of the above functions with t. In such optimization problems, the time parameter can be mapped with the iteration counter
τ of the optimization algorithm. One difficulty which may arise in solving the
above on-line optimization task is that the underlying optimization algorithm
may not get too many iterations to find the optimal solutions before there is a
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change in the problem. If the change is too frequent, the best hope of an optimization task is to track the optimal solutions as closely as possible within
the time span allowed to iterate. However, for steady changes in a problem
(which is usually the case in practice), there lies an interesting trade-off which
we discuss next. Let us assume that the change in the optimization problem
is gradual in t. Let us also assume that each optimization iteration requires
a finite time G to execute and that τT iterations are needed (or allowed) to
track the optimal frontier. Here, we assume that problem does not change (or
assumed to be constant) within a time interval tT , and GτT < tT . Here, initial
GτT time is taken up by the optimization algorithm to track the new trade-off
frontier and to make a decision for implementing a particular solution from the
frontier. Here, we choose α = GτT /tT to be a small value (say 0.25), such
that after the optimal frontier is tracked, (1 − α)tT time is spent on using
the outcome for the time period. Figure 1 illustrates this dynamic procedure.
Thus, if we allow a large value
of tT (allowing a large number
of optimization iterations τT ),
window for
assumed f(t) for
f(t)
optimization
time period of length t T
a large change in the problem
computed at A
is expected, but the change occurs only after a large number of iterations of the optimization algorithm. Thus, despite the large change in the
problem, the optimization alA
tT
0
2tT
gorithm may have enough itTime, t
tT
GτT
GτT
erations to track the trade-off
optimal solutions. On the other
hand, if we choose a small τT , Fig. 1. The on-line optimization procedure
the change in the problem is adopted in this study. For simplicity, only one
frequent (which approximates objective is shown.
the real scenario more closely),
but a lesser number of iterations are allowed to track new optimal solutions for a
problem which has also undergone a small change. Obviously, there lies a lower
limit to τT below which, albeit a small change in the problem, the number of
iterations are not enough for an algorithm to track the new optimal solutions
adequately. Such a limiting τT will depend on the nature of the dynamic problem
and the chosen algorithm, but importantly allows the best scenario (and closest
approximation to the original problem) which an algorithm can achieve. Here,
we investigate this aspect in the context of dynamic multi-objective optimization
problem and find such a limiting τT for two variants of NSGA-II algorithm. The
procedure adopted in this study is generic and can be applied to other dynamic
optimization problems as well.








 





 







 







 







 




 
 










































The above procedure can be applied to its extreme as well. If we allow the
problem to change as frequently as the time needed to complete one iteration
of the optimization algorithm (that is, tT = τT = 1, yielding G = 1), we have a
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true on-line optimization procedure in which the problem changes continuously
with generation counter.

3

Proposed Modifications to NSGA-II

We make some changes to the original NSGA-II procedure to handle dynamic
optimization problems. First, we introduce a test to identify whether there is a
change in the problem. For this purpose, we randomly pick a few solutions from
the parent population (10% population members) and re-evaluate them. If there
is a change in any of the objectives and constraint functions, we establish that
there is a change in the problem. In the event of a change, all parent solutions
are re-evaluated before merging parent and child population into a bigger pool.
This process allows both offspring and parent solutions to be evaluated using
the changed objectives and constraints.
In the first version (DNSGA-II-A) of the proposed dynamic NSGA-II, we
introduce new random solutions whenever there is a change in the problem. A
ζ% of the new population is replaced with randomly created solutions. This helps
to introduce new (random) solutions whenever there is a change in the problem.
This method may perform better in problems undergoing a large change in
the objectives and constraints. In the second version (DNSGA-II-B), instead of
introducing random solutions, ζ% of the population is replaced with mutated
solutions of existing solutions (chosen randomly). This way, the new solutions
introduced in the population are related to the existing population. This method
may work well in problems undergoing a small change in the problem.

4

Simulation Results on a Test Problem

Farina, Deb and Amato [5] proposed five dynamic test problems. FDA2 is a
Type-II unconstrained problem, in which the Pareto-optimal front changes from
convex to non-convex shapes in the objective space with time and a part of the
decision variables (xIII ) also changes with time. Here is a modified version of
FDA2:
Minimize f1 (xI ) = x1 ,
Minimize f2 (x) = g × h,
0

where

g(xII ) = 1 +

P

xi ∈XII

x2i ,

h(xIII , f1 , g) = 1 − ( fg1 )2
2b ττT

H(t) = 2 sin(0.5π(t − 1)), t =
xI = x1 ∈ [0, 1], xII , xII ∈ [−1, 1].

τT
c τ max
−τT

@H(t)+

P

xi ∈XIII

1

(xi −H(t)/4)2 A

,

,
(1)

There are five variables in xII and seven variables in xIII , thereby making a total
of 13 variables. Here we use a maximum generation of τ max = 200. We consider
that the problem remains fixed for τT generations and thereafter the parameter t
changes by an amount 2τT /(τ max −τT ) (thereby making α = 1). Thus, the above
problem simulates the following scenario. The time parameter t changes within
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[0, 2], independent to the value of τT . If τT is large, the problem changes less
frequently but the amount of change is large. Since a large number of iterations
are allowed, an optimization procedure may not have difficulties in tracking
the new optimal front. On the other hand, if τT is small, the problem changes
frequently, but the amount of change is small. It would then be interesting to
find a critical τt below which an algorithm will not perform well due to the
availability of too few generations in tracking the new frontier.
First, we study the effect of frequency of change (τt = 50, 25, 20, 10, and 5)
on problem FDA2. We fix ζ = 0.2. At a particular τt value, the performance will
degrade so much that the optimization procedure will not be able to track the
Pareto-optimal frontier. NSGA-II parameters used in this study are as follows:
Population size is 100, SBX crossover probability is 0.9, polynomial mutation
probability is 1/n (where n is the number of variables), and distribution indices
for crossover and mutation are 10 and 20, respectively. To illustrate the deterioration of fronts for two cases of τT = 20 and 10, we have plotted all 200/20
or 10 and 200/10 or 20 fronts obtained using DNSGA-II-A (shown with circles)
against the true Pareto-optimal fronts (shown in solid lines) in Figures 2 and 3,
respectively. It is somewhat clear from these two figures that the fronts close to
the middle of the time period (when there is a comparatively larger shift in the
front), a change in every 10 generation is not adequate.
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To perform this study, we consider the performance index to be the ratio of
hypervolumes of achieved and true trade-off fronts (obtained mathematically)
with respect to fixed reference points. Figure 4 shows the average ratio of hypervolumes of different τT values with time (generation). It is observed that
with a more frequent change in the problem, the performance deteriorates. If a
hypervolume ratio smaller than 94% (say) is considered to be a threshold for
indicating a poor performance, then a change more frequent than τt = 20 is
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considered to produce poor performance by the DNSGA-II-A procedure with a
20% change in population by random solutions.

1

1

τT =50

0.98

τT =25

τT =20

0.96

τT =10
0.94
τT =5
0.92
0.9
0.88

DNSGA−II−B

0.98
Ratio of hypervolumes

Ratio of Hypervolumes

0.99

0.97
0.96
0.95
0.94
0.93

0.91
0.9

0

0.5

1

1.5

2

Time, t

Fig. 4. DNSGA-II-A results on FDA2
(ζ = 0.2).

DNSGA−II−A

0.92

0
0.2
0.4
0.6
0.8
Proportion of Added Solutions

1
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Next, we perform a parametric study of varying ζ on the FDA2 problem with
a variation of the problem after every τT = 20 generations. Figure 4 shows the
variation of the ratio of obtained hypervolume to the exact hypervolume with ζ
using both DNSGA-II-A and DNSGA-II-B. The figure shows that with an introduction of more random solutions, the performance of DNSGA-II-A (random
solution addition) deteriorates. With 20 generations to track the new optimal
frontier, the task becomes difficult with the introduction of more random solutions in the existing population. Next, we study the effect of adding mutated
solutions by using DNSGA-II-B on FDA2. The mutation probability is doubled
and the distribution index is reduced to ηm = 4 to make a significant change
in some variables in an existing solution. Interestingly, Figure 4 shows that the
performance deteriorates slightly with an increase in addition of mutated solutions, but DNSGA-II-B performs much better than DNSGA-II-A. The addition
of a limited proportion of new mutated or random solutions seems to perform
better than not adding any new solution at all. With DNSGA-II-B procedure,
almost any proportion of addition of mutated solution produce better performance of the algorithm, whereas with DNSGA-II-A, about 20-40% addition of
random solutions is better on multiple runs. With this background, we are now
ready to apply dynamic NSGA-II procedures to hydro-thermal power scheduling
problems.

5

A Case Study: Hydro-Thermal Power Scheduling

In a hydro-thermal power generation systems, both the hydroelectric and thermal generating units are utilized to meet the total power demand. The optimum
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power scheduling problem involves the allocation of power to all concerned units,
so that the total fuel cost of thermal generation and emission properties are
minimized, while satisfying all constraints in the hydraulic and power system
networks [14]. To solve the hydro-thermal scheduling problem, many different
conventional such as Newton’s method [16], Lagrange multiplier method [11],
dynamic programming [15] and soft computing methodologies such as genetic
algorithms [9], evolutionary programming [12], simulated annealing [13] etc. have
been tried to solve the single-objective optimization problem. The problem is dynamic due to the changing nature of power demand with time. Thus, ideally the
optimal power scheduling problem is truly a on-line dynamic optimization problem in which solutions must be found as and when there is a change in the power
demand. In such situations, what can be expected of an optimization algorithm
is that it tracks the new optimal solutions as quickly as possible, whenever there
is a change.
To understand the insights about the complexity of the problem, at first, we
formulate and solve the stationary problem using NSGA-II by converting it as
an off-line optimization problem. This also facilitates us to compare NSGA-II
with a simulated annealing based procedure exist in the literature on the same
stationary problem [1]. Gaining the confidence on NSGA-II’s ability to solve the
constrained problem, we then consider a dynamic version of the problem and
solve using the proposed dynamic NSGA-II procedures.

5.1

Optimization Problem Formulation

The original formulation of the problem was given in Basu [1]. The hydro-thermal
power generation system is optimized for a total scheduling period of T . However,
the system is assumed to remain fixed for a period of tT so that there are a total
of M = T /tT changes in the problem during the total scheduling period. In
this off-line optimization problem, we assume that the demand in all M time
intervals are known a priori and an optimization needs to be made to find the
overall schedule before starting the operation. In Section 6, we shall consider the
problem as a dynamic optimization problem.
Let us also assume that the system consists of Nh number of hydroelectric
(Pht ) and Ns number of thermal (Pst ) generating units sharing the total power
demand, such that x = (Pht , Pst ). The bi-objective optimization problem is given
as follows:
Minimize f1 (x) =

PM PN s
t=1
M N
P
Ps

s=1 tT [as

2
+ bs Pst + cs Pst
+ |ds sin{es (Psmin − Pst )}|],

2
Minimize f2 (x) =
tT [αs + βs Pst + γs Pst
+ ηs exp(δs Pst )],
t=1
s=1
PN s
PN h
subject to s=1 Pst + h=1 Pht − PDt − PLt = 0, t = 1, 2 . . . , M,
2
) − Wh = 0, h = 1, 2, . . . , Nh ,
tT (a0h + a1h Pht + a2h Pht
Psmin ≤ Pst ≤ Psmax , s = 1, 2, . . . , Ns , t = 1, 2, . . . , M,
Phmin ≤ Pht ≤ Phmax , h = 1, 2, . . . , Nh , t = 1, 2, . . . , M.

(2)
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The transmission loss PLt term at the t-th interval is given as follows:
Nh +Ns Nh +Ns

PLt =

X
i=1

X

Pit Bij Pjt .

(3)

j=1

This constraint involves both thermal and hydroelectric power generation units.
Four power demand values of 900, 1,100, 1,000 and 1,300 MW are considered
for the four time periods, respectively. All parameters mentioned in the above
formulation are presented in the appendix. The water availability constraint
(second set of constraints) requires hydroelectric unit values from different time
intervals and makes a dynamic optimization task difficult. We shall discuss about
this difficulty more in Section 6. In the present context of solving the problem
as an off-line optimization problem, such a dependency is not a matter.
Thus, the bi-objective problem involves (M (Ns + Nh )) variables, two objectives, (M + Nh ) quadratic equality constraints and (2M (Ns + Nh )) variable
bounds. The specific stationary case considered here involves only four (M = 4)
changes in demand over T = 48 hours having a time window of statis of tT = 12
hours. The corresponding problem has six (two hydroelectric (Nh = 2) and four
thermal (Ns = 4)) power units. For the above data, the optimization problem
has 24 variables, two objectives, six equality constraints, and 48 variable bounds.
Handling quadratic equality constraints: First, we consider the water availability constraints. Each equality constraint (for a hydroelectric unit h) can be
used to replace one of the M power generation values (Phµ ) by finding the roots
of the quadratic equation and by fixing other Pht as they are in the GA solution:
0
1
M
M
X
X
a
1
B
1h
2
2 C
+
Phµ
Phµ +
tT a1h Pht +
tT a2h Pht
@−Wh + a0h T +
A = 0.
a2h
tµ a2h
t=1
t=1
m6=µ

(4)

m6=µ

a1h
a2h

is always positive, only one root can be positive and we accept this
Since
root as Phµ . To maintain the structure of the solution, we maintain the ratio
of M different Pht values, as they are in a NSGA-II solution. That is, if the
original value of µ-th hydroelectric unit was Phµ̄ , other units are replaced as
follows: Pht ← (Phµ /Phµ̄ )Pht for t = 1, 2, . . . , M and t 6= µ. If the above repair
mechanism for all Nh hydroelectric units is not successful, we declare the GA
solution as infeasible and no further consideration of power balance constraints
nor the computation of objective functions are performed. Recall that NSGAII employs a constraint handling which does not require objective values for
infeasible solutions, thereby suiting the above procedure.
We follow a similar procedure as above for handling the power balance constraint and repair a particular thermal unit Pψt of four thermal units for each
time slot. The quadratic equation for this variable can be written as follows:
2
+ (2
Bψψ Pψm

n−1
X
j=1

Bψj Pjt − 1)Pψm + (PDt +

n−1
X
X n−1
i=1 j=1

Pit Bij Pjt −

n−1
X
i=1

Bψi Pit ) = 0, (5)
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where n = Nh + Ns . Since the hydroelectric power units (Pht ) are available,
the above equation can be solved for Pψt . If this particular value comes within
the variable bounds, then the variable is accepted and we go for next constraint
involving Pst of the next time period. Otherwise, another root-finding equation is
tried for the next thermal unit. If for a time period, none of the Ns thermal units
resulted in a successful replacement, a penalty is computed and the solution is
declared infeasible.
5.2

Simulation Results on the Stationary Problem

NSGA-II is combined with the above-discussed constraint handling method
for solving the hydro-thermal scheduling problem. Here, we only consider four
changes in the problem in the entire period of 48 hours. Thus, the off-line optimization problem has two objectives, 4(2 + 4) or 24 variables, and six constraints. NSGA-II parameters used in this study are as follows: Population size
= 240, Number of generations = 2,000, Crossover probability = 0.9, Mutation
probability = 0.04, Distribution indices for crossover and mutation = 10 and
20, respectively. To validate the obtained NSGA-II front, we employ a single38000
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Fig. 7. Four fronts, each change in demand, obtained using DNSGA-II-A with
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objective GA and solve several -constraint problems [8] by fixing f1 value at
different levels. These points are shown in Figure 6 and it is observed that all
these points more or less match with those obtained by NSGA-II. Each objective
is also optimized independently by a GA and two solutions obtained are plotted
in the same figure. One of the extreme points (minimum f1 ) is dominated by a
NSGA-II solution and the minimum emission solution is matched by a NSGA-II
solution. These multiple optimization procedures give us confidence about the
optimality of the obtained NSGA-II frontier.
Basu [1] used a simulated annealing (SA) procedure to solve the same problem. That study used a naive penalty function approach in which if any SA
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solution if found infeasible, it is simply penalized. For different weight vectors
scalarizing both objectives, the study presented a set of optimized solutions. A
comparison of these results with our NSGA-II approach (in Figure 6) reveals
that the front obtained by NSGA-II dominate that obtained the previous study.
This is mainly due to the use of a better constraint handling strategy in our
approach. These results give us confidence in our approach of handling constraints and using NSGA-II for the bi-objective hydro-thermal power dispatch
problem. Now, we apply the two proposed dynamic NSGA-II methodologies to
the dynamic version of the problem.

6

Dynamic Hydro-Thermal Power Scheduling Problem

The dynamic version of the problem involves more frequent changes in the demand PDt . To make the demand varying in a continuous manner, we make
a piece-wise linear interpolation of power demand values with the following
(t, Pdm ) values: (0, 1,300), (12, 900), (24, 1,100), (36, 1,000) and (48, 1,300)
in (Hrs, MW). We keep the overall time window of T = 48 hours, but increase
the frequency of changes (that is, increase M from four to 192, so that the time
window tT for each demand level varies from 12 hours to 48/192 hours or 15
minutes. It will then be an interesting task to find the smallest time window of
statis which a specific multi-objective optimization algorithm can solve successfully. We run the dynamic NSGA-II procedures for 960/M (M is the number of
changes in the problem) generations for each change in the problem.
Equation 2 requires hydroelectric power generation units from different time
intervals to be used together to satisfy the equation. In an dynamic optimization
problem, this is a difficulty, as this means that an information about all hydroelectric units are needed right in the first generation. This constraint equates the
total required water head to be identical to the available value for each hydroelectric system. In this study, we use a simple principle of allocating an identical
water head Wh /M for each time interval.
6.1

Simulation Results

We apply the two dynamic NSGA-II procedures (DNSGA-II-A and DNSGA-IIB) discussed above to solve the dynamic optimization problem. The parameters
used are the same as in the off-line optimization case presented before. To compare the dynamic NSGA-II procedures, we first treat each problem as a static
optimization problem and apply the original NSGA-II procedure [3] for a large
number (500) of generations so that no further improvement is likely. We call
these fronts as ideal fronts and compute the hypervolume measure using a reference point which is the nadir point of the ideal front. Thereafter, we apply each
dynamic NSGA-II and find an optimized non-dominated front. Then for each
front, we compute the hypervolume using the same reference point and then
compute the ratio of this hypervolume value with that of the ideal front. This
way, the maximum value of the ratio of hypervolume for an algorithm is one
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and as the ratio becomes smaller than one, the performance of the algorithm
gets poorer. First, we consider the problem in which we consider a change after
every 12 hours (M = 4). Figure 7 shows the four Pareto-optimal fronts obtained
using DNSGA-II-A with 20% addition of random solutions every time there is
a change in the problem. The DNSGA-II-A procedure is able to find a set of
solutions very close to the ideal frontiers in all four time periods. The figure
makes one aspect clear. As the demand is more, the power production demands
larger cost and emission values.
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ratio, meaning the cut-off hypervolume ratio which is obtained by the best 50,
90, 95, and 99 percent of M frontiers in a problem with M changes. Figures
reveal that as M increases, the performance of the algorithm gets poorer due
to the fact that a smaller number of generations (960/M ) was allowed to meet
the time constraint. If a 90% hypervolume ratio is assumed to be the minimum
required hypervolume ratio for a reasonable performance of an algorithm and
if we consider 95 percentile performance is adequate, the figures show that we
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can allow a maximum of 96 changes (with a 30-min. change) in the problem.
For this case, about 20 to 70% random solutions can be added whenever there
is a change in the problem to start the next optimization. Too low addition does
not introduce much diversity to start the new problem and too large addition
of random solutions destroys the population structure which would have helped
for the new problem. The wide range of addition for a successful run suggests
the robustness of the DNSGA-II procedure for this problem. Next, we consider
DNSGA-II-B procedure in which mutated solutions are added instead of random
solutions. Mutations are performed with double the mutation probability and
with a ηm = 2. Figures 12 to 13 show the performance plots for two M values.
Here, the effect is somewhat different. In general, with an increase in addition
of mutated solutions, the performance is better, as mutations perturb existing
solutions locally, thereby helping to introduce adequate diversity needed for the
next problem. Once again, 96 changes in the problem in 48 hours seem to be the
largest number of changes allowed for the algorithm to perform reasonably well.
However, addition of mutated solutions over ζ = 40% of the population seems
to perform well. Once again, DNSGA-II-B procedure is also found to work well
with a wide variety of ζ values.

7

Decision Making in Dynamic EMO

One of the issues which is not discussed enough in the EMO literature is the
decision-making aspect after a set of trade-off solutions are found. Some studies
in this direction for stationary problems have been just begun [4] and more
such studies are called for. In dynamic multi-objective optimization problem,
there is an additional problem with the decision-making task. A solution is to
be chosen and implemented as quickly as the trade-off frontier is found, and in
most situations before the next change in the problem has taken place. This
definitely calls for an automatic procedure for decision-making with some prespecified utility function or some other procedure. In this paper, we choose a
utility measure which is related to the relative importance given to both cost
and emission objectives. First, we consider a case in which equal importance
to both cost and emission are given. As soon as a frontier is found for the
forthcoming time period, we compute the pseudo-weight w1 (for cost objective)
for every solution x using the following term:
w1 (x) =

(f1max

(f1max − f1 (x))/(f1max − f1min )
.
− f1 (x))/(f1max − f1min ) + (f2max − f2 (x))/(f2max − f2min )

(6)

Thereafter, we choose the solution with w1 (x) closest to 0.5.
To demonstrate the utility of this dynamic decision-making procedure, we
consider the hydro-thermal problem with 48 time periods (meaning an hourly
change in the problem). Figure 14 shows the obtained frontiers in solid lines
and the corresponding preferred (operating) solution with a circle. It can be
observed that due to the preferred importance of 50-50% to cost and emission,
the solution comes nearly in the middle of each frontier. To meet the water
availability constraint, the hydroelectric units of Th1 = 219.76 MW and Th2 =

13
398.11 MW are computed and kept constant over time. However, four thermal
power units must produce power to meet the remaining demand and these values
for all 48 time periods are shown in Figure 15. The changing pattern in overall
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Fig. 14. Operating solution for 50-50%
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Fig. 15. Variation of thermal power production for 50-50% cost-emission case.

computation of thermal power varies similar to that in the remaining demand in
power. The figure also shows a slight over-generation of power to meet the loss
term PLt given in equation 3.
Next, we compare the above operating schedule of power generation with two
other extreme cases: (i) 100-0% importance to cost and emission and (ii) 0-100%
importance to cost and emission. Figure 16 shows the variation of cost for all the
three cases. First, the optimal cost values fluctuate the way the power demand
varies. Second, the case with 100% importance to cost requires minimum cost,
but causes large emission values and the case with 100% importance to emission
causes minimum emission values, but with large costs. A comparison of overall
cost and emission values for the entire 48-hour operation for these three cases is
summarized in the following table which demonstrates this fact.
Case
Cost Emission
50-50% 74239.07 25314.44
100-0% 69354.73 27689.08
0-100% 87196.50 23916.09

8

Conclusions

In this paper, we have suggested and
demonstrated the solution of a dynamic
multi-objective optimization task in a
systematic manner. Although the procedure can be used on-line, the current
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implementation assumes that the problem remains unchanged for a time period (statis) and the optimization algorithm is run for an initial fraction of the
statis and the outcome is used for the
remaining period. To restart the EMO
procedure (NSGA-II has been used here)
for the changed problem, two different strategies are suggested: Introduction of random solutions (DNSGA-II-A)
and introduction of mutated solutions
(DNSGA-II-B). The number of added solutions relative to the population size
(ζ) are kept as a parameter for the study. The procedure is tested on a twoobjective test problem and to a hydro-thermal power dispatch problem involving
both hydro-electric and thermal power generation units with coupled and nonlinear equality constraints. The problem is dynamic due to the change of power
demand with time. First, the problem has been solved considering it as an off-line
optimization problem (with known power demand) and a better Pareto-optimal
front than that reported in an earlier study has been found here. Thereafter,
the dynamic problem is solved and the effect of discretization (length of statis)
on the performance of both dynamic NSGA-II procedures has been elaborated.
NSGA-II with addition of random solutions works the best with about 20-70%
addition of new solutions, whereas NSGA-II with addition of mutated solutions
works the best for 40-100% addition of new solutions. For the 48-hour overall
time range of operation, this systematic study has found that allowing at least
an every 30-minute change in the problem is better solved by both proposed
dynamic NSGA-II procedures. We are currently investigating a true on-line optimization procedure in which the problem is assumed to remain unchanged only
during one generation of the dynamic NSGA-II procedure. A mixed addition of
random and mutated solutions can also be tried. Nevertheless, this study proposes and demonstrates the working of two viable dynamic EMO procedures
for on-line optimization problems and further studies are imminent to test and
fine-tune the procedures for their practical use.
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A

Parameters for Hydro-Thermal Problem

The following parameters are taken from a previous study [1].
Cost related thermal system data
Hydroelectric system data
Unit as bs
cs
ds es Psmin Psmax
min
max
Unit a0h a1h a2h
Wh Ph
Ph
3 60.0 1.8 0.0030 140 0.040 20 125
,
,
1 260 8.5 0.00986 125000 0
250
4 100.0 2.1 0.0012 160 0.038 30 175
2 250 9.8 0.01140 286000 0
500
5 120.0 2.1 0.0010 180 0.037 40 250
6 40.0 1.8 0.0015 200 0.035 50 300

16
2
Emission related thermal system data
49 14
614 45
Unit αs βs
γs
ηs
δs
6
615 16
3 50 -0.555 0.0150 0.5773 0.02446
,B = 6
615 20
4 60 -1.355 0.0105 0.4968 0.02270
6
420 18
5 45 -0.600 0.0080 0.4860 0.01948
17 15
6 30 -0.555 0.0120 0.5035 0.02075

15
16
39
10
12
12

15
20
10
40
14
10

20
18
12
14
35
11

3
17
157
7
127
7 × 10−6 .
107
7
115
36

