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Abstract

Many industrial design and decision-making activities increasingly involve multiple conflicting
objectives, such as simultaneous consideration of cost and quality. In recent years, numerous effi-
cient multi-objective optimization and decision-making algorithms have been developed to identify
sets of Pareto-optimal (PO) solutions for such problems. Beyond their optimality, PO solutions
inherently encode trade-off information among conflicting objectives, thereby offering decision-
makers a diverse set of efficient alternatives to choose from. However, it is often observed that
certain regions of the Pareto front (PF) contain no solutions. These regions may correspond to
solutions with desired trade-off, making it crucial to understand why solutions are absent in those
areas. Prior studies suggest that PO solution sets frequently exhibit underlying variable rela-
tionships, arising from the satisfaction of unique optimality conditions specific to the problem.
By analyzing these properties, the creation of new solutions in such regions can provide valuable
insights into the reasons for their absence, revealing structural constraints and relationships em-
bedded in the problem. To address this, in this paper, we propose a systematic procedure called
Knowledge-Augmented Innovative Design Optimization (KAIDO). KAIDO explicitly extracts and
utilizes variable relationships from the PO set to explain the absence of solutions in certain re-
gions of the PF. In contrast, we also examine a recently-proposed machine learning (ML) approach,
which implicitly captures variable patterns through network structures but does not reveal explicit
relationships. The study compares both techniques in the context of understanding PF gaps on a
number of problems including a real-world engineering design problem, discussing their respective
strengths and limitations.

1 Introduction

Recently, many industrial design and manufacturing optimization problems consider multiple conflict-
ing objectives [4, 25, 3, 29], such as cost and quality of the solution. Optimization of such problems
results in a set of Pareto-optimal (PO) solutions presenting an optimal trade-off between the considered
conflicting objectives [10]. Ideally, the extremes of the PO set constitute individual optimal solution
of each objective, but the intermediate PO solutions compromise multiple objectives with trade-offs
[8]. Thus, the PO set provides decision-makers (DMs) with several alternate solutions to choose from
[10]. While the decision-maker (DM) choose a solution from the PO set, it is important for the PO set
to be diverse and representative of all possible trade-off regions. We do not present any new decision-
making procedure in this paper, but discuss two key post-optimal analysis tasks, which can provide
additional and more comprehensive understanding of the PO solutions before a decision-making task
can be performed or vital knowledge about properties of PO solutions can be obtained.
Knowledge-based design concepts are suggested in the literature [16, 18, 23, 20, 27]. But they are not
generic and specific to certain esoteric design problems. In addition to providing expert knowledge in
improving designs, knowledge can be deciphered from multi-objective PO solutions and systematically
utilized to obtain a better understanding of possible optimal solutions. Despite a few Pareto solution



analysis procedures including identifying gaps in PF [7, 23, 20, 1, 19, 15], no systematic approach to
provide reasons for gaps in PO sets for the purpose of design and decision-making purposes exist.

The first task in our proposed systematic knowledge-augmented design approach is to discover
knowledge on key variable interactions, which can provide the users with precise information about
variable clusters and intra-cluster variable relationships that constitute the high-performing PO solu-
tions. Because the PO solutions are optimal, and not an set of solutions, they are expected to possess
certain variable relationships that make then fall on the PF. Since these relationships are special only
to PO solutions, once discovered, they can provide valuable knowledge about properties of optimal
solutions. Although the concept of deciphering such knowledge common to PO solutions was termed
as an act of ‘innovization’ — innovation through optimization in earlier studies [11, 9, 12], in this paper,
we prescribe a systematic procedure of obtaining variable relationships by first performing a correla-
tion analysis, leading to a clustering of variables and then creating polynomial relationships among
intra-cluster variables. The derived relationships can be useful to users in many different ways. They
can simply provide knowledge of variable interactions meaning how an increase in one of the variables
must be negotiated with increase or decrease in another variables to stay Pareto-optimal. Such in-
formation may prove vital for a better understanding and in choosing a single preferred PO solution.
The variable relationships can be used to create new non-dominated solutions in PF regions where no
solutions were found by the multi-objective optimization run earlier - a topic which we describe next.

In practice, multi-objective optimization runs often end up discovering PO sets with gaps (regions
having no solutions) in between. These gaps could represent trade-off regions of interest to DMs. Gaps
in the PO set could be the result of one of the following reasons:

1. Premature Convergence: The optimization algorithm failed to discover these particular so-
lutions

2. Infeasibility: The region is infeasible
3. Domination: The solutions in the region were dominated by other solutions in the PO set

In the event of gaps observed in a PO set, an appropriate reason for the gaps must be properly
understood and, if possible, a follow-up post-optimal study must be executed to fill the gaps with new
and non-dominated solutions. In this paper, we utilize the variable relationships identified from PO
solutions through a machine learning approach to discover the reasons for observing a gap and also
propose a way to fill the gaps with new solutions.

In this paper, we propose a systematic data analysis — knowledge-augmented innovative design op-
timization (KAIDO) — approach to automatically identify mathematical relationships among variables
of the PO set. Once discovered, we use the information to formulate a reduced optimization problem
utilizing the relationships and employ a focused EMO algorithm (such as, the reference-point based
NSGA-II [14]) to find PO solutions in the gaps. We compare our proposed approach to an existing
machine learning (ML) approach and present results on three different test problems and a real-life
engineering problem. The advantages and disadvantages of both approaches are highlighted in this
paper.

In the remainder of the paper, Section 2 details our proposed knowledge discovery approach in
detail by classifying variables into four groups for establishing different types of variable relationships.
Then, in Section 3, we detail different conditions with which gaps in a PF can appear from a run of
an evolutionary multi-objective optimization algorithm. We then discuss how our proposed knowledge
discovery approach can be used to construct a reduced focused optimization problem to discover
solutions in apparent gaps in the EMO-obtained PF. Section 4 discusses briefly a previous alternate
approach for producing solutions in gaps of a PF. Thereafter, Section 5 presents three test problems
and a real-world engineering design problem used in this study and Section 6 discusses results from
our proposed KAIDO approach and compares with the existing ML approach. Conclusions are drawn
in Section 7.



2 Proposed Knowledge Discovery Approach from PO Solu-
tions

We consider the following design optimization problem in which there are n design variables x, M
objectives (f), J inequality constraints (g):

Minimizex {fl(x)y f2(x)a ) fm(x)})
subject to g;(x) <0, j=1,2,...,J, (1)

2P <a <2V i=12,.. n

Given a set of Pareto Optimal (PO) solutions, obtained by an EMO algorithm, four different vari-
able characteristics common to the PO set are extracted using an innovative data analysis procedure.
We describe our approach in this section.

2.1 Identification of Fixed Variables

Among all design variables, it is likely that all PO solutions require that certain variables must be
fixed to specific values within their specified lower and upper bounds. Such fixed variables can be
treated as the most important variables by the designers, as the only way to create a PO solution is
to make these fixed variables set to their specified set values, discovered by our approach. Often, the
fixed variables get set to their lower or upper bounds, indicating the designers that they should try
to relax the respective lower or upper bound, if possible, to possibly obtain a better PF. However,
some variables may get fixed to an intermediate value within the lower and upper bounds. These
variables are more interesting to designers, as they mean that any smaller or larger values than the
extracted fixed values cause the solutions to deviate from the PO set, making the solutions dominated
or infeasible.

We use the following approach to identify fixed variables. Given the variable vectors of a PF X*,
we normalize the vector within the range [0, 1], zero being the lower bound for each variable and one
being the upper bound:

¥ — x(L)
=t (2)
IEU) ~ IZ(L)

Once normalized, we calculate the spread (s;) of each variable (i-th) within the range across the entire
PF containing K trade-off solutions (X* = (fc(l), )2(2), . ,)E(K))):

8; = max (&Ek)) - mjin ()?:Ek)) , 1=1,2,...n. (3)
k=1 k=1

Variables having a spread below a threshold (s; < J) are considered to be constant variables and are
saved in X!, These variables are kept as constants for the subsequent knowledge-augmented design
optimization (KAIDO) task. Where the constant value is assumed to be the average across the whole
PF. Ideally, fixed variables would exhibit zero spread. However, because the underlying process is
stochastic, a small practical tolerance is necessary. Moreover, since these variables are excluded from
the reduced optimization task, the threshold must be strict enough to avoid convergence to non-optimal
regions. Therefore, we choose & = 0.02 for this study. A trial-and-error sensitivity study showed similar
performance even after doubling this parameter value.

2.2 Identifying Variables with Relationships

We exclude already identified fixed variables from further classification. The remaining variables are
analyzed for any possible relationships. For this purpose, we apply the following systematic procedure.

First, we create a correlation matrix revealing direct or inverse relationships that the remaining
variables may possess. Variables having an absolute correlation value greater than a threshold 6
(= 0.9 is used here) are chosen for further analysis. All variables which do not possess a high absolute
correlation with any other remaining variable are called the neutral variables and are saved in X%.
The remaining correlated variables are saved in X¢. Thus, X = X UXY UX®. The interpretation of
correlation strength follows established guidelines in the statistical literature, where coefficients with
an absolute value of § > 0.70 are typically considered strong and those 6 > 0.90 very strong [17].



To achieve the mathematical relationships in a confident manner, we use this rather high value of
correlation strength in this study.

Next, the correlated variables are further classified into independent variables X! and dependent
variables X” | making X¢ = X! U XP. The purpose of this classification is to express dependent
variables in terms of independent variables in user-tractable mathematical expressions. We start by
creating a weighted graph, where nodes represent the variable set X, edges represent the correlation
between two variables, and the weight of the edge represents the absolute correlation value. Next, we
divide the graph into communities using the Louvain clustering algorithm [2]. For each community,
the variable range [L, U] is normalized to [0, 1] for all its associated variables. Next, we create an ideal
uniform distribution of |X*| points. Then, for each variable x;, the IGD [6] indicator from the ideal
distribution is calculated. Finally, a Centrality metric is defined as a standard eigenvector centrality
[22], quantifying the importance of a node in terms of its connection to other important nodes in the
graph connecting the whole network. Then, we simply divide the Centrality by the IGD indicator to
define a weight metric, as follows:

- Centrahtyi_ @)
IGD;

The variable having the largest weight W; in each community is selected as the independent variable of
the community, while the rest are classified as dependent variables. Once the independent variable for a
community (variable cluster) is identified, each dependent variable can be expressed as a mathematical
relationship

QEJ-D = ¢;(@]), for each j. (5)

2.2.1 Identifying Relationships

The task of identifying a mathematical relationship between two variables can be challenging if no
functional form is known a priori. However, for an easier interpretation purpose, we would like to
have simpler and easier-to-interpret form. In this study, we use a polynomial regression approach with
a maximum specified degree d: 2P = ¢; 4(2])% + ¢ja-1(2])*" + ... + ¢;18] + ¢j0. To automate
the process, we start with d = 1 and then regress with higher degrees one at a time. We accept a
higher-degree relation only if the regression error improves more than 7 (= le~3 is used in this study).
Variables within a community that are not directly correlated with the independent variable ! are
instead expressed as mathematical functions of another dependent variable 56;-3 . This establishes a
chain of functional relationships that ultimately link each variable back to the independent variable.

3 Gaps in a PF

When a continuous Pareto front (PF) is represented by the finite set of Pareto-optimal (PO) solutions
obtained from an optimization run, some spacing between neighboring points naturally arises from
sampling. To formalize what constitutes a genuine gap in this study, we define a gap as an internal
discontinuity enclosed within the discovered PF, rather than a spacing pattern attributable to sampling
density or the open-ended sparsity at the extremes. In this experiment, we operationalize this definition
using pseudo-weights derived from the PF: a contiguous set of neighboring PO solutions is identified
as the boundary of a gap if its pairwise Euclidean distance in pseudo-weight space exceeds twice
the standard deviation of the pairwise distances among all members of the discovered PF. We use
pseudo-weights alone here to ensure a fair comparison with the parallel machine-learning approach.
The general simplex-space algorithm—applicable to any number of objectives and capable of detecting
enclosed gaps as well as incomplete convergence beyond the found extreme PF solutions—is detailed
in Appendix A and produces results consistent with those reported for the two-objective problems
examined in this work.

3.1 KAIDO Approach for Creating New PO Solutions in Gaps

Since our KAIDO approach has already established the variable relationships from all obtained PO
solutions, we can use them to focus another EMO/EMaO run in the observed gaps alone. It is
expected that the variable relationship will also extend to solutions in the gaps and focusing with
the relationships may help fill the gaps. Variable relationships reduce the number of optimization



variables, hence the the additional focused optimization will be computationally quick. We can adopt
the following variable reduction technique for the additional optimization run:

1. All fixed variables (X*') are set to their observed specific values. They are not treated as variables
any more for the post-optimization run. The knowledge of fixed variables helps to reduce the
number of decision variables for the post-optimization run.

2. Due to the availability of the mathematical relationships among correlated variables, all depen-
dent variables can be derived from their associated independent variables. Therefore, dependent
variables need not be used as variables in the post-optimization run, and the variable relation-
ships can be used as equality constraints or used to directly obtain the dependent variables during
the post-optimization run.

3. Since in most cases, variables may be found to vary in a smaller range compared to their original
lower and upper bounds, the post-optimization task also becomes more focused and fast.

EMO literature contains specific focused optimization procedures, such as, reference-point based EMO
(R-EMO) algorithms. For example, R-NSGA-II [14] and R-NSGA-III [28] finds PO solutions only in
the designated preferred region, instead of on the entire PF. In both these approaches, an aspiration
objective vector z is specified to obtain the part of the PF which is closest (in the Euclidean sense
in the normalized objective space) to the PF with a certain pre-specified spread. While this is ideal
to create new PO solutions in a gap, the knowledge augmentation of variables can make the R-EMO
application much faster. Since, the original multi-objective optimization problem can be rewritten as
follows:

Minimizex {fl(x)7f2(x)7"'7fM(x)}a
subject to  g;(x) <0, j=1,2,...,J,

af =af" z e XF, (6)
j;? =¢;(20), z; € XP, z; € X, and (i,j) in same variable cluster,
2B < g < BV =12 .

Bounds a:Z(R’L) and xER’U) are the reduced lower and upper bound observed in the PO set (X*). By

eliminating the fixed and dependent variables from the original variable set, the reduced multi-objective
optimization problem becomes as follows in which variable vector is constructed as x € XV U X’:

Minimizexr {f1 (XR), fa (XR), e fM(xR)},
subject to g;(x%) <0, j=1,2,...,J (7)
OB

7 bl

x; € xF.

Each zf" = zF " and each dependent variable is computed as i‘f = ¢, (2.
Hence, we run an R-EMO application using the reduced problem described to find solutions in the
gaps of a PF, in which z is created as the centroid of the boundary PO solutions of a gap.

To our understanding, a gap in a PF can happen due to following three reasons:

1. Premature convergence of a run: If an EMO or EMaO is terminated prematurely, either
due to large computational time or premature convergence to local PFs or any other reasons for
the algorithm’s inability to converge to the true PF, gaps in the resulting PF may occur.

2. Infeasible solutions in the gap: There does not exist any feasible solutions in the gap, hence
the original EMO or EMaO algorithm could not find any solution in the gap region of the PF.

3. Dominated solutions in the gap: There may exist solutions in the gap region, but the
solutions are not non-dominated with the rest of the PF.

When a gap is observed in an EMO/EMaO-obtained PF, it is important for the user to know which of
these reasons has caused the gap. This will provide user the confidence to focus on appropriate regions
of the PF for choosing a preferred solution.



3.2 Gaps Due to Premature Convergence of an EMO Algorithm

If the re-optimization with reduced variables produces a better PF (feasible and dominating solutions)
compared to the original EMO/EMaO run in the gap or any other region of the obtained original PF,
it can be safely assumed that the original run did not converge to the true PO set. This is possible
because the reduced-space search is able to concentrate better and produce a better (non-dominated)
set of solutions, which theoretically should have been found by the original run. In this case, any gap
that may have been observed in the original PF is an artificial matter, since the Pareto-optimality of
the original PO solutions was questionable. This simply indicates that more iterations were needed or
a more efficient optimization algorithm was needed to obtain a better set of solutions.

In any case, when this happens, new PO solutions can be analyzed to find revised variable rela-
tionships and a new reduced-space search can be initiated in the gaps in the new PO set. This can be
repeated until no further improvement in the PO set is observed.

However, if new feasible and non-dominated points are found only at the gaps of the original PF,
they can be accepted and variable relationships can be updated by considering original PO and new
gap PO solutions together.

3.3 Infeasible or Dominated Gaps of a PF

If we did not discover any new feasible and non-dominated solutions in the gaps of the PF, we execute
an additional optimization run with the following redefined reduced problem:

Minimizexr {f1(x%), f2(xf), ..., far(x®)},
xER’L) < < ng’U)y z; € x*. ®

Note that the problem constraints are ignored in the above definition in the hope of confirming if the
gap is due to infeasibility of solutions in the gap. If we do discover solutions in the gaps, we can safely
conclude that the gap was due to the presence of original problem constraints which made the gap
region infeasible. On the other hand, if we still do not discover any new solutions in the gaps, we can
conclude that other solutions in the PF dominate the solutions in the region.

Now, we are ready to provide our overall proposed knowledge-augmented innovative design opti-
mization (KAIDO) procedure in step-by-step format:

Step 1: Find a set of PO solutions using an EMO or EMaO algorithm [8]. This will result in a set
of non-dominated solutions X*, which can be normalized using variable bounds to produce X*.
The respective objective (F*) and constraint (G*) vectors are also available for these solutions.

Step 2: Classify all n design variables of the problem using obtained X* into at most four categories:
fixed (XF'), neutral (X*), correlated independent (X'), and correlated dependent (X?) vari-
ables. Additionally, the final two variable sets are identified with their own non-overlapping
clusters.

Step 3: For each cluster of correlated variables, mathematical relationships ¢() between each depen-
dent and independent variable is obtained by a progressive regression procedure.

Step 4: Create a reduced optimization task and run an R-EMO/R-EMaQO algorithm to generate
points in the gaps.

1. If the resulting solutions are feasible and non-dominated relative to the original PO set,
these gap solutions are accepted and a reduced EMO/EMaO run is performed. Should
this run reveal the complete Pareto Front (PF), the process concludes with the finding of
premature convergence localized around the gap region; otherwise, the procedure returns
to Step 2 with the updated PF.

2. Alternatively, if the gap solutions are feasible and dominate some or all of the original PO
solutions, the process proceeds by running a reduced EMO/EMaO task. If this produces a
newer, smoother PF, the conclusion is that the overall EMO/EMaOQ algorithm has experi-
enced premature convergence; if not, the process returns to the Step 2, now using the ND
front of the combined PFs from previous runs.



Step 5: If no feasible and non-dominated solutions are found in Step 4, redefine the reduced problem
without the constraints g; and execute an additional R-EMO run to establish if the gap is due
to unavailability of feasible solutions or presence of dominated solutions in the gaps.

The fixed nature of certain variables and relationships of other variables obtained in the above steps
is a post-optimality task, which allows a designer to gather a plethora of knowledge about the nature
and interactions of variables, which may not have been known to them before executing the KAIDO
procedure. As it is intuitive, such knowledge about variables can be extremely useful for designers to
have a more deeper understanding of their problems.

4 Existing Machine Learning based Gap Filling

An existing study used the EMO-obtained PO set X* to learn the variable associations using a machine
learning (ML) approach [26]. To represent a PO solution, the study used an M-dimensional pseudo-
weight vector w, satisfying Zf\il w; = 1:

IO it OV ted i N (9)
LTSN (e — ) (e — pminy

Every PO solution in the objective space is represented by a unique and systematically defined w-
vector. For two-objective problems, the extreme (ideal f; and nadir f3) PO solution has w = (1,0),
indicating the solution’s 100% importance to fi. Similarly, the other extreme (nadir f; and ideal fs)
PO solution has w = (0,1). A PO solution in the middle of the PF has w = (0.5,0.5). Thus, a gap in
the PF can be represented by a set of contiguous w-vectors obtained from the edges of the gap.

It is then a matter of learning an ML model to map w-x combinations (with M inputs and n output
parameters) from the obtained PF (X*). Once the ML model is trained well (with a small error), it
can be suitably used to predict x-vector for any given w-vector. This approach does not need to have
mathematical relationships among variables of the PO set, rather a learning of variable relationships
implicitly through a ML model is enough. Although this approach cannot provide explicit variable
relationships, it can predict an appropriate PO solution from the supplied pseudo-weight identifier.
Once the x-vector is predicted, it can be used to compute objective vector F and constraint vector
G. Then, the solution’s feasibility and non-domination level can be checked with respect to the EMO-
obtained PF to determine the reason for the gap.

5 Test and Engineering Problems

We tested the proposed method on three different test problems, two from the literature and a newly
created numerical problem with known variable characteristics and a real-world engineering design
problem. The problems from the literature are a two-bar truss design problem studied in [5, 21] and
the ZDT3 test problem. The description of each problem is provided in the subsequent sections.

5.1 Two-bar Truss Design Problem

The PF characteristics for the two-bar truss design problem were discovered in [13]. The problem
setting is shown in Figure 1. The optimization setting is as follows:

Minimizex f1(x) = 21 \/16 + 22 + @9 \/1 + a2,
Minimizex f2(x) = max(ocac(x),0pc(x)),
Subject to max(cac(x), 0pc (X)) < Smax,
0<z,25 <A,
1 <z3 <3.

Here, x; is the cross-sectional area of AC and s is the cross-sectional area of BC in m?. x3 is the

vertical distance between B (or A), indicated as y in the figure, All variables are represented in m.
The two conflicting objectives are: (i) minimize the total volume of truss members and (ii) minimize



the maximum stress developed in both members (AC and BC) due to the application of the 100 kN

load.

100 kN

Figure 1: Two-bar truss problem.

5.2 A Numerical Problem
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Figure 2: PF and constraint boundary for the numerical

problem.

We also design a new test problem with eight (n = 8) variables to demonstrate the strength of the
proposed method for useful knowledge discovery and its use in filling gaps in the PF. The problem is

defined, as follow:

—(f1(x) = 0.51) + (fa(x) — 0.30)

V2

Minimizex f1(x) = x1
Minimizex f2(x) = (1 — \/21) X h(x)
Subject to: g(x) = (

Where:

+ (25 — 0.3)% 4 (26 — 0.5)% + 15(x7 — 0.5)* + 4(xg — 0.6)* + (x5 — 0.7)?,

0<2; <1 for i =1,2,...8.

2
) ~0.152<0

h(x) =1+ 100[(333 (1= 0.521))2 + (24 — (0.1 — 0.1z + 22))2

(10)

Figure 2 shows the theoretical PF and the constraint boundary for the problem. The blue curve is
the unconstrained PF, and the red lines represents the constraint boundary where everything on the
boundary and outside the strip is feasible. A little thought will reveal that for the entire blue part of
thereby making the following variable relationships of the

the PF, every term of h(x) must be zero,

unconstrained PO set:
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g
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Two variables (7 and xg) involving a power of four indicate that the respective terms (z7 — 0.5)*
and (xg — 0.6)4 will take a near-zero value with a larger band of x7; and xg values near 0.5 and 0.6,
respectively, compared to those for other three variables zo, x5 and xg having constant values. Thus,



if our approach works well to find a well-converged PO set, following classification of variables is
expected:

XF - {332,3357336},
XN = {CU?,.Tg}',
XY = {1,324}

Among X%, one of them is expected to be independent and two (due to two equations) are expected
to be dependent variables. We believe that this test problem will provide a comprehensive test to our
proposed approach in dealing with all four variable classes. It is important to note that if our approach
does not classify z; as an independent variable, rather it does with another X¢ variable, a different
relationship among correlated variables will be obtained.

Another reason for creating this problem is that the PF has a gap in the middle. This problem
will allow a validation of our step-by-step KAIDO procedure.

5.3 ZDT3 Problem
We also use the well-known ZDT3 test problem with 10 (n = 10) variables from the ZDT test suite
[30]. The PF for the problem is shown in Figure 3a. The problem is defined as follows:

Minimizex fi(x) = 21,

Minimizex f2(z) = g(x) h(f1(2), g(x)),

9 n
Where: ¢g(z) =14+ —— g X,
n—1 i (18)

h(f17g) =1- \/5 % Sin(loﬂ'fl)7

0<z;<1 for i=1,...,n.
The reason for choosing this problem is the natural gaps in its PF. The optimum characteristics for
the problem variables are as follows:
0 < z7 <0.0830,
0.1822 < z7 < 0.2577,
0.4093 < z7 < 0.4538,
0.6183 < z7 < 0.6525,
0.8233 < z7 < 0.8518,
x; =0fori=2,...,n,
having clearly visible gaps in between these piece-wise continuous ranges. The g(x) expression reveals
that all other variables except x; will take a value zero for the ideal PF. Additionally, the gaps

observed in the PF are because of dominated solutions in between different parts of the PF, as shown
in Figure 3b.

5.4 A Real-world Engineering Design

We also test our proposed approach on a real-world engineering design problem with 67 decision
variables, 69 constraints, and two objectives to be minimized. This problem is obtained from an
automobile industry. Due to confidentiality reasons, we represent variables with x;, constraints with
g; and objectives with f;. Two objective functions have an order of magnitude difference in values.
Large number of variables and constraints provide a stiff test to our proposed approach.

6 Results

For each problem, we first find NSGA-II solutions and then present the variable relationships obtained
by our proposed KAIDO approach. Then, depending on the existence of a gap, we compare the gap
identification results from both KAIDO and ML approaches.
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Figure 3: Theoretical PF and fitness landscape in between gaps for ZDT3

6.1 Two-bar Truss Design Problem

This problem produces a continuous PF, but to investigate our gap determination approach, we arti-
ficially create a gap in the original PF, by removing a small continuous part near minimum f;-values
of the PF, as shown in Figure 4a. We use this modified PF to learn variable relationships, if any.
Figure 4b shows the spread of variable values with the PO set. It is clear that none of the variables is
fixed, while x; and z3 have a smaller range of values for the PO set.
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Figure 4: PF and variable spread for the two-bar truss design problem.

6.1.1 Variable Relationships Using KAIDO Approach

We start by classifying variables. To locate any fixed variable, we use § = 0.02. By this setting, no
fixed variable exists for this particular PO set as seen in Figure 4b, thus, X = (). Next, we move on to
discover any variable relationship present in the PO set. Figure 5 shows the correlation heatmaps for
all variables and selected strongly correlated variables (with correlation threshold 6 = 0.9). From the
figure, it can be seen that x; and x5 are highly correlated (X¢ = {x1,z5}) and there is no correlation
of any of these two variables with x3. Thus, X = {23}. Next, using X* we calculate the weight for
both the variables. Since there are only two variables and a single cluster the Centrality of both the
variables would be the same. Between the two variables, x5 is selected as the independent variable
since it has a larger weight, intuitively obtained from the higher spread in the search range mimicking
the ideal distribution. Thus, the obtained relationship between normalized %, and Z5 variables is:

1 = 1.0225. (19)
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Figure 5: Correlation heatmaps for the variables of two-bar truss design problem from the PO set
indicates x1 and x5 are highly correlated.

When these two variables are de-normalized to their original values, following relationship is obtained:

r1 = 0492z, +1.714 x 1075,
0.4925. (20)

A previous study obtained the relationship x; = 0.5z5 between the two variables from the PO set by a
manual graph-plotting process [11]. Our automatically-obtained relationship is close to the manually-
obtained past result. Knowing variable x; will be almost half of variable x5 may be a significant
information to the designers. Our approach is capable of finding such vital information involving
design variables to produce high-performing (near-Pareto-optimal) solutions.
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(a) Placement of a reference point for R-NSGA-II. (b) Solutions obtained within the gap close to the
reference point by R-NSGA-II on two-bar truss design
problem.

Figure 6: Gap-filling study with KAIDO and R-NSGA-II on two-bar truss problem.

6.1.2 Gap Analysis Using KAIDO’s Variable Relationships

Next, we demonstrate the working of our gap-filling strategy with the obtained variable classification
and relationships. We use R-NSGA-II to find solutions in the gap. A reduced optimization problem
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with only zo and x3 as the decision variables is now formulated. When evaluating a solution with
the found values of the two variables, z; is predicted from x5 using the relationship discovered in
Equation 20. A reference point is created at the center of the gap, as shown in Figure 6a, for R-NSGA-
1T to find points close to the reference point. Figure 6b shows the solutions found by R-NSGA-II, and
as seen, the new solutions fill the gap with non-dominated solutions, as they were in the original PF.
This validates our approach in confirming that PO solutions exist in the gap, and shows premature
convergence of the original algorithm as intended.

According to Step 4 of the KAIDO approach, we accept the new non-dominated solutions and make
an additional NSGA-II run for the reduced problem defined in Equation 7 and plot the PF discovered
as shown in Figure 7a. As seen reduced problem PF exactly overlays the original PF hence we conclude
the analysis as a premature convergence around the gap region.

6.1.3 Gap Analysis Using ML Approach

Next, we apply the existing ML approach (Gaussian process regression (GPR) [24]) on the same PF
with the artificially imposed gap to investigate the ML approach. We start by mapping the PF from
the objective space to the pseudo-weight space. The ML model is trained using the weight vectors
as input and respective variable vectors as output of all PO solutions except those in the gap. Once
trained, pseudo-weight vectors are created at the gap and trained GPR model is used to predict the
x-vectors. They are evaluated for objective values and the predicted objective vectors are shown in
Figure 7b. As seen, the predicted points are all non-dominated to the remaining PO set and they
nicely fill the gap.
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(a) PF obtained using KAIDO by NSGA-II on two- (b) Results from the ML approach on two-bar truss

bar truss design problem. problem.

Figure 7: Gap-filling with KAIDO and ML approaches on the two-bar truss problem.

6.2 Numerical Problem

The PF for this problem, obtained using NSGA-II, is shown in Figure 8a. It is clear that a part of the
PF comes from the unconstrained PF. There is a distinct gap, arising from the constraint violations.

6.2.1 Variable Relationships Using KAIDO Approach

We start by classifying variables. Figure 8b shows the spread of different variables within the search
space in the PO set. We use § = 0.02 as before and find three variables to be fixed x5 = 0.699,
x5 = 0.299, and x¢ = 0.500, thus, X = {z,25,76}. Note these fixed values are almost the same
as expected and mentioned in Section 5.1. Removing these fixed variables, we now calculate the
correlation of different variables as shown in Figure 9a and filter highly correlated variables (6 = 0.9).

From the correlation heatmap, we obtain X = {z, x3, 24}, and X" = {x7, 2g}. Figure 9b shows
a single cluster of related variables, where the nodes are the variables and the edges are the correlations.
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Figure 8: PF with a natural gap and observed variable spread for the numerical problem.

A single cluster indicates that there is a single independent variable which can be used to express other
dependent variables of the cluster. Positive correlation is represented as a red edge, where the negative
correlation is shown with a blue edge. The independent variable for the cluster is the red colored node
x1, obtained by our procedure. Relationships found for normalized variables are as follows:

23 = 1.00 — 1.0024, (21)
&4 = —0.01 — 0.03%; + 1.0247. (22)
The de-normalised forms of the above relations are given as follows:

z3 = 1.0 — 0.521, (23)
x4 = 0.091 — 0.027x; + 0.91827. (24)

These two obtained relationships from the reduced PF and using our systematic approach are very
similar to theoretical relationships presented in Equations 12 and 13.

6.2.2 Gap Analysis Using KAIDO Approach

Having identified fixed variables and uncovered structural relationships among the remaining decision
variables, we reformulate the optimization problem by reducing the search space to include only z1, x7,
and zg. Their respective bounds are restricted to those observed within the Pareto-optimal (PO) set.
Figure 10a illustrates the placement of a reference point within the observed gap, while Figure 10b
presents the solution set obtained using R-NSGA-II with parameters N = 30, T4, = 100, and
e = 0.005. Notably, all discovered solutions lie within the feasible region of the Pareto front (PF), and
none occupy the gap itself. The absence of solutions in the gap across both the original NSGA-II run
and the targeted R-NSGA-II run suggests that the gap is not attributable to premature convergence of
the EMO run. Thus, we move onto the next step by redefining the reduced problem without constraints
(Equation 8).

The resulting solution set, shown in Figure 11a, now includes points located precisely within the
gap. Upon evaluating these solutions for constraint violation, we find that they are indeed infeasible
as they are within the boundary marked by the dashed lines in the figure. This confirms that the gap
in the original PF arises from an infeasible region and KAIDO successfully identifies this underlying
cause. While no new solutions were discovered, the process revealed critical variable characteristics
that deepen our understanding of the PF’s structure and its connection to the physical and dynamic
properties of the problem.

6.2.3 Gap Analysis Using ML Approach

Next, we apply the ML approach to fill the same gap on the PF. We generate pseudo-weight vectors
in the gap and predict variable vectors using the forward pass of the model. The predicted vectors
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Figure 9: Correlation heat-map and correlated variable cluster for the numerical problem.
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Figure 10: KAIDO approach for the numerical problem.
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Figure 11: Gap-filling with ML and KAIDO knowledge authenticity on numerical problem. ML model
produces infeasible solutions in the gap from the get go, while the KAIDO approach needs an additional
optimization run without the constraint to produce similar results, since optimization algorithms never
produce infeasible results in the presence of problem constraints.

are evaluated for their objective and constraint values, and plotted in the objective space with their
feasibility characteristic and dominance relationship, as seen in Figure 11b.

The ML method yields similar results, successfully predicting new solutions within the observed
gap of the PF. Upon evaluation, it is observed all predicted solutions in the gap are infeasible. While
this confirms that the gap corresponds to an infeasible region, the ML approach offers no insight
into the underlying structural or physical dynamics of the problem. As a black-box model, it lacks
interpretability and does not reveal the variable relationships or constraint mechanisms responsible for
the gap. Although the method may require fewer evaluations and can efficiently approximate solution
distributions, it falls short in providing meaningful and interpretable knowledge about the problem’s
internal behavior -— an essential aspect for informed decision-making and a deeper understanding of
the Pareto front topology.

6.3 ZDT3 Problem

The PF for this problem, obtained using NSGA-II, is shown in Figure 12a. As seen, there are several
gaps between different regions of the PF.

6.3.1 Variable Relationships Using KAIDO Approach

We start by classifying variables, Figure 12b shows the spread of different variables within the search
space in the PO set. We use 6 = 0.02 as before and find nine variables to be fixed ] = 0 for i =
2,...,10, thus, X" = {xs,..., x50}, X¥ = {x1}, and X¢ = (). This reduced the problem to a single
variable and no further analysis is required.

6.3.2 Gap Analysis Using KAIDO

Having identified fixed variables, we reformulate the optimization problem by reducing the search space
to include only x1. The respective bounds are restricted to those observed within the Pareto-optimal
(PO) set. Figure 13a illustrates the placement of a reference points within the observed gaps, while
Figure 13b presents the solution set obtained using R-NSGA-II with parameters N = 30, T},4., = 100,
and € = 0.005. Since there are no constraints for the problem and both RNSGA-II and NSGA-II did
not find any points in the gaps, we can safely conclude that the gaps are because of dominated regions.
This can be seen in Figure 14a, where we plot the landscape of ZDT3 within the gaps with the PF
and KAIDO points.
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Figure 12: Gaped PF and variable spread for ZDT3 indicate nine out of 10 variables stay fixed while
a disjointed variation of one variable causes the entire disjointed PF.
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Figure 13: KAIDO approach for ZDT3 with the original problem fitness landscape within the gaps.



6.3.3 Gap Analysis Using ML Approach

To investigate the origin of the observed gap, we employ a machine learning (ML) approach. As in the
previous analysis, the ML model is trained using weight vectors associated with the Pareto front (PF),
thereby learning a mapping from the weight space to the decision variable space. We then generate
arbitrary weight vectors located within the gap region and use the trained ML model to predict the
corresponding x-vectors. These predicted solutions are subsequently evaluated. The resulting solutions
are illustrated in Figure 14b, which depicts the ZDT3 fitness landscape across the gap region. Notably,
the ML predictions trace the fitness landscape between the gaps, yielding dominated solutions. This
outcome demonstrates that the gap arises precisely because solutions in this region are dominated,
confirming the structural nature of the discontinuity in the PF.

1.00 4
oo+ §
\ \
0.75 A
0.75 - L~ ro] O

Q
0.50 ‘
0.50 1 A & P

0.25 4 ° 0.25 \y b
- - \
0.00 0.00 |
o \¥
Fitness landscape i
-0.25 | o —0.25 1
® Original Pareto ’ Fitness landscape
e reference ° O Train Set a
—0501 & Non-Dominated 0507 o Dominated
© Dominated o Non-Dominated \
—0.75 - Dominating —0.75 4 Dominating L)
0.0 02 04 06 08 0.0 02 0.4 06 08
fi fy
(a) ZDT3 fitness landscape and the found PF with (b) Solutions obtained by the ML approach.
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Figure 14: Solutions found by both approaches for gap identification of the ZDT3 test problem with
the original fitness landscape in between gaps plotted as well.

6.4 Real-world Engineering Design Problem

Having shown the three different cases: (i) existence of feasible and non-dominated solutions in the
gap of a PF, (ii) non-existence of feasible solutions in the gap of a PF, and (iii) non-existence of non-
dominated solutions in the gap of a PF, on simplistic test and engineering problems, we now consider
a real-world problem from an industry involving 67 variables, 69 constraints and two objectives.

First, the NSGA-II non-dominated solutions of this problem are shown in Figure 15. It is clear
that the obtained PF has a few apparent gaps. In addition to discovering interpretable variable
relationships, we use both the KAIDO and the ML approaches to attempt to find potential solutions
in the gaps and also identify the reason for the existence of the gaps in the front.

6.4.1 Variable Relationships Using KAIDO Approach

Using the PF shown in Figure 15, we discover different variable characteristics of the problem using
6 = 0.02, and 8 = 0.9. Figure 16 shows the spread of all decision variables of the PO set within the
original search space. With é = 0.02 we find 10 fixed variables, x1; = 0.69, x5 = 1.27, x4 =
466, To0 = 993, T2l = 870, T2 = 086, T3 = 0.42, T4 = 035, Tos = 6987 Tog — 0.54.
Figure 17b shows the 21 highly correlated variables above the threshold and Figure 18 shows the
variable clusters with independent variables (colored in red) for each cluster. The observed relationships
between different normalized variables within a cluster are given, as follows:
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Figure 15: NSGA-II obtained PF for the real-world 67-variable engineering design problem.

Clusterl : (Z¢2) @31 = 0.99 — 0.56 269 — 0.24 73,
i35 = 0.82 — 1.04 26y + 0.34 22,
#33 = 0.83 — 1.70 Zg0 + 0.91 &2,
T5 = 0.10 + 0.88 233
F44 = 1.01 — 0.11 25 — 0.72 22
Cluster2 : (Z43) 6 =0.71 — 1.07 45 + 0.28 2 a:43
27 =0.0440.13243 + 1. 55143 —067i43
%34 = 0.07 4+ 0.12243 + 0. 993043 - 0. 61:1343
Z45 = 0.16 + 0.37 243 + 0. 93x43 0. 373343
247 = 0.07 — 0.01 243 + 1. 59:1:43 —0. 973343
Zea = 0.08 +0.02 £43 + 1. 373:43 0. 7O:c43
T51 = 0.10 — 0.14 247 + 2. 189{:47 -1 103347
Cluster3 : (Zg7) Ts0 = 0.16 — 0.25 Ty + 2.18 2 %7 11433,
Cluster4 : (.f41) T35 = 0.03 +1.492,4; —0.47 QA'J41
236 = 0.094+0.94 24,
240 = 0.02 4+ 0.78 241 + 1. 263341 1. 03x41
ZTog = 0.90 + 0.32 35 — 4. 1833‘38 + 3. 031‘38
i3z = 0.06 — 0.43 240 + 3.80 25, — 2.40 &3,

Note that there is only one independent variable for each cluster. As some variables within a cluster
are not highly correlated with the independent variable, they are expressed in relation to a dependent
variable, forming a chain of relations ultimately linking all the dependent variables to the independent
variable. The independent variables are marked for each cluster.

6.4.2 Gap Analysis Using KAIDO

Having found 10 fixed variables and 18 dependent variables with their simplistic polynomial relation-
ships with four independent variables, we redefine the original problem to a reduced version using only
the remaining 35 neutral and four independent variables. Thus, from 67 original variables the reduced
problem has only 39 variables. There are 18 new equality constraints that relates 18 dependent vari-
ables with four independent variables. Figure 19a shows the reference points generated for the gaps
using green circles. We use the focused R-NSGA-II to fill the gaps using the reference vectors generated
at the center of the gaps, with N = 100, T},4, = 150, € = 0.005. Figure 19b shows the solution found
by R-NSGA-II. As observed in the figure, in several instances, we identify solutions within the gap
regions that dominate the originally discovered PF, suggesting that the initial optimization suffered

18



1.0 | L0717, 1.0 I
L]
08 ! ] 0.8 0.8
i | | -
0 0.6 . ] n 06 . . » 0.6
[ . [ [
E (] 3 [] 3 .
T -} -
W i > 04 [ ] =04 N
' ° ' s l
. °
02 i . 02 o ' | 02 '
[}
l : i
0.0 L] 0.0 ' . L] 0.0 L] L ] * L]
SEE N e NS e D & & DA D S O &
R ANV CC A e N A & B AR S I L S S A A P S, S S
B a9 0T e S NS O & O @7 8 O 407 S
o £ & ¥ @ { o P i_No + *}'L 1_\”: AR + + 10'1 1_\4: 53 + + + + +
1o Lo 1.0 v e
o
H s i ' H ]
08 l l ' 08 0.8 ‘ l
.
P : ' !
» 08 . 8,000 o 8 §lg06{ 8
] ] . 1 l [ ] g [] "
S04 HIERY I s
H ] ‘ 0.4 i
. i
0.2 . 02
. 0.2
. !
0.0 o .
004 ® 0.0
N N\ N N N »N » o Y O Y N A A N W N N AY o D N W N
o 03% e") ° 3 & oﬁ-5h QPP ©° o cp’b & Q-sb Q-QD‘ epb Q-d\ & o 4 an o-\? o 0({’ o 3 o
F EUBIPAN P N oS NS AS +,,;o S A & AS o o 59\ vi"\ 5:\,\ u”’\ D‘\,\ @\ u"\ &\\ b-’-”’\
U U T < FE A &P &P £ P
10{ e 3 . o] 10 B . o | 107w
L . '
L] .
0.8 ? | 0.8 . H 081§ H
M .
. I ' . I
» 0.6 $ n 0.6 l H ' n 0.6 '
[ [ [
£ i N O E !
s ¢ [ S l e ]
0.4 ' 0.4 0.4 '
. ¢ H
' i
0.2 0.2 0.2
0.0 0.0 0.0
A Y N N Y W N} o » N N o\ W Y » W N )
AT O N FH P P S e & $ 9 A o 5
O R S RO A AR S S 0 N ©
& PP Yo e P E T L © o £

Figure 16: Variable spread in the PO set indicating different types of convergence levels for the 67-
variable real-world engineering design problem.

from premature convergence. To address this, we reformulate the problem in its reduced form (using
the variable relationships and having 39 variables) and perform a re-optimization using NSGA-II. The
resulting PF, shown in Figure 20a, clearly dominates the previously obtained PF and exhibits a much
smoother formation. Importantly, the gaps observed earlier are no longer present, confirming that
they were artifacts of premature convergence of the original NSGA-II run. This outcome highlights
the effectiveness of the KAIDO approach in detecting premature convergence manifested as artificial
gaps. Another variable relationship study from the combined new and previous PFs can be performed
and the process can be repeated until a proper convergence of the PF can be achieved. For brevity,
we do not pursue this additional runs.

6.4.3 Gap Analysis Using ML Approach

Following the same procedure as in the test problems, we generate pseudo-weight vectors from the
obtained PF. We train the ML model using this training set. Next, we generate five intermediate
points within each gap to predict the x-vectors. The predicted solutions are shown in Figure 20b. As
observed, most of the predicted solutions are infeasible, with the exception of the gap in the bottom-
right corner, where all solutions are dominated. Importantly, no new non-dominated solutions emerge
in any of the gaps, in contrast to the predictions obtained by the KAIDO approach. This outcome
highlights a key limitation of the ML approach: while it can approximate solutions within gaps, it lacks
the capacity to detect or correct the broader issue of premature convergence in the initial optimization
run. Consequently, the ML approach would incorrectly conclude that most gaps arise from infeasibility,
whereas the KAIDO framework reveals that they are in fact artifacts of premature convergence in the
NSGA-IT run.
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Figure 17: Correlation heatmaps for the variables from the PO set for the 67-variable real-world
engineering design problem.

Figure 18: Obtained four clusters of correlated variables for the 67-variable real-world engineering
design problem.

6.5 Comparison of Two Approaches

Both the KAIDO and ML-based approaches aim to learn the underlying structure of the PF in multi-
objective optimization problems, but they differ significantly in their methodologies and the nature of
the insights they provide. The KAIDO approach is more explicit, focusing on extracting meaningful and
interpretable knowledge from the Pareto front. This knowledge can be reused across different design
scenarios and provides broader insights into the problem domain. In contrast, the machine learning
(ML) approach is more implicit, treating the learning task as a black-box function approximation. It is
typically more resource-efficient in terms of gap filling, directly predicting solutions for unseen pseudo-
weight vectors without additional optimization, but it does not provide any explicit and interpretable
variable relationships at the end.

Another key distinction lies in solution precision and exploration. The ML approach tends to be
more precise in the sense that it outputs a single predicted solution for each given pseudo-weight vector.
However, the precision can be misleading in complex problems with hard constraints, as the observed
gaps could be the result of premature convergence. The KAIDO approach, on the other hand, is more
explorative — instead of providing a single solution, it identifies the best feasible solutions near a given
reference point, often yielding a set of trade-off solutions that reveal more about the structure of the
PF, especially in highly constrained problems.

This difference between the two approaches is negligible for simple, well-behaved problems (e.g., the
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Figure 19: Gap-filling study with KAIDO and R-NSGA-II on the 67-variable real-world engineering
design problem.
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Figure 20: Gap-identification with KAIDO and ML methods on the 67-variable real-world engineering

design problem. The KAIDO approach is able to detect overall premature convergence and improve
the PF, whereas the ML method concludes infeasibility as the reason.
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two-bar truss), where both approaches yield similar results. However, as the complexity of the problem
increases—particularly in constrained or real-world engineering problems, the differences become more
pronounced. In these cases, the gaps in the PF are not merely due to infeasibility or domination
but are largely artifacts of overall premature convergence of the optimization algorithm. The ML
approach, while able to produce solutions exactly within the gap, cannot detect or correct this broader
convergence issue. Its precision, which appears to be a strength on the surface, becomes a limitation:
it can only show infeasible or dominated solutions in the gap but lacks the ability to improve the PF
or reveal that the entire run has converged prematurely.

By contrast, KATDO’s explorative and constraint-aware search, coupled with re-optimization (R-EMO),
can identify and rectify premature convergence. FEven when gaps appear infeasible or dominated,
KAIDO can generate feasible alternatives near reference points and, more importantly, improve the
PF itself. This capability was demonstrated in the real-world problems, where KAIDO successfully
revealed that the true reason for the gaps was premature convergence of the NSGA-II run.

Due to the use of a focused optimization procedure (R-EMO) involved in the KAIDO approach, it
can be computationally expensive compared to the ML approach. However, the training time required
for the ML must be compared with the optimization time needed for the KAIDO approach.

Ultimately, the choice between these methods depends on the user’s objective. If the goal is
to obtain a specific solution in a gap, the ML approach is more appropriate, as it provides precise
predictions directly within gap regions. However, if the aim is to uncover the structural reasons for
gaps — whether they arise from infeasibility, domination, or premature convergence — the KAIDO
framework offers greater interpretability and robustness. By leveraging knowledge discovery of fixed
variables and variable inter-dependencies, KAIDO not only identifies the causes of gaps but also reveals
broader convergence issues, thereby enabling corrective re-optimization and improvement of the Pareto
front.

Table 1: Comparison of ML and KAIDO approaches for identifying reasons for gaps in the Pareto
front.

Gap Reason ML Approach KAIDO Approach

Premature Incomplete: can only produce solutions | Complete: detects premature conver-

Convergence in the gap. If premature convergence | gence and, through reoptimization (R-
occurs around the gap, ML may show | EMO), can improve the PF and elimi-
results, but it cannot detect or improve | nate gaps.
overall premature convergence.

Infeasibility Direct: produces exact solutions in the | Direct: Detectable but requires addi-
gap, explicitly showing infeasibility. tional post-optimization runs to con-

firm infeasibility.

Domination Direct: produces dominated solutions | Direct: Concluded indirectly due to ab-
exactly in the gap, demonstrating dom- | sence of non-dominated solutions; re-
ination explicitly. quires post-optimization runs for con-

firmation.

In summary, both ML and KAIDO approaches are capable of filling gaps in the discovered Pareto
front; however, as highlighted in Table 1, their mechanisms and implications differ. The ML approach,
with its precise predictions, can directly demonstrate infeasibility and domination by producing so-
lutions exactly within gap regions, but it remains incomplete in diagnosing and correcting overall
premature convergence. KAIDO, by contrast, requires additional post-optimization runs to confirm
infeasibility and domination, yet its explorative and constraint-aware search uniquely enables the
detection and rectification of premature convergence, thereby improving the Pareto front itself. This
comparative analysis underscores that while ML offers efficiency and precision, KAIDO provides deeper
interpretability and robustness, particularly in complex or constrained problems where premature con-
vergence is the dominant factor.
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7 Conclusions

We have introduced a Knowledge-Augmented Innovative Design Optimization (KAIDO) approach
aimed at identifying the structural reasons for gaps in the Pareto front (PF), specifically distinguishing
between infeasibility, domination, and premature convergence. The method has been validated on
four distinct problems and bench-marked against a baseline machine learning (ML)-based gap-filling
approach. While both approaches can identify gap regions, their mechanisms and implications differ.
The ML approach offers computational efficiency and precise predictions for given weight vectors,
but its implicit nature limits it to local gap identification. It does not extract variable-level knowledge
hidden in the PO solutions and therefore cannot provide any new feasible Pareto-optimal (PO) solutions
or improve the PF itself. In contrast, KAIDO not only identifies the reasons for gaps but also produces
knowledge in terms of variable relationships and structural characteristics of the PF. This knowledge
can be used for broader purposes beyond just the gap identification, for example, as demonstrated, to
improve the PF by correcting premature convergence and generating more diverse feasible solutions.
Although KAIDO requires additional solution evaluations due to its re-optimization procedure, this
added computational effort is offset by the interpretability and actionable insights it provides.

The findings demonstrate that neither approach is universally superior to each other; rather, their
utility depends on the specific goals of the decision-maker. For applications where computational speed
and deterministic predictions are prioritized, ML methods may be preferable. Conversely, for scenar-
ios requiring deeper understanding of trade-offs and feasible design space exploration, the proposed
KAIDO approach has shown promise. Further ideas to relax satisfaction of obtained variable rela-
tionships and provide more emphasis on constraint satisfaction or other local requirements to create
more diverse non-dominated and feasible solutions at the gaps would be an interesting future study.
A future study may also explore a hybrid approach and make a computational complexity comparison
of both approaches. Definitely, applying both approaches on more test and real-world problems will
provide further insights into them. Nevertheless, this study has provided a systematic Pareto data
analysis approach as a post-optimality study for deciphering useful variable relationships in terms of
knowledge for a better understanding of the problem and also for further improvements of the PF or
other tasks, before designers choose a single preferred solution for implementation.

8 Data Availability

The authors confirm that the data supporting the findings of the test problems in this study are
available within the article. As for the Real-world problem, data cannot be made available due to
commercial restrictions.
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A Simplex-Space Gap Detection and Region Formation Algo-
rithm

Algorithm 1 converts the Pareto front into its pseudo-weight representation, constructs the smallest
Das—Dennis reference vector set whose size exceeds that of the front, and assigns each pseudo-weight
to its most similar reference vector. Reference vectors that receive no assignment form the set of
unassociated directions.

Algorithm 1: PF-RV Association Pipeline

Input: Pareto front F' = {f;}X,, number of objectives M.

Output: Pseudo-weights W reference vectors WV unassociated RV set U, lattice
resolution H.

z + min(F) ; // ideal point

for i < 1 to N do

di < fi— 2
M
wPt « d;/ (Zj:1 dij);
Find smallest H such that (Hltfjill_l) > N,
Construct all integer tuples h with > h; = H and set WEY « {h/H};

Normalize all w!* and wfV;

Compute similarity S;x =
for i < 1 to N do
L A(7) < argmaxy, Si;

)

(wi ) T

U < RVs not appearing in A;
return (WFPF WEY U H);

Algorithm 2 examines each unassociated reference vector and determines whether it lies inside the
region spanned by the observed Pareto front or outside it. This classification is performed by projecting
the unassociated vector onto the ray from the corresponding PF extreme toward the appropriate
simplex vertex.

Algorithm 2: Classify Unassociated Reference Vectors

Input: Unassociated RVs U, pseudo-weights W, reference vectors WV .
Output: Inside set I, outside set O.

I+0,0«0;

for each uw € U do

w(—WR’V[u};
k <+ arg max,, wm ; // closest simplex vertex
e + k-th simplex vertex;

P ¢ arg max; wf,f ; // PF extreme in direction k

_ (w—pr) " (ex—pr)

Compute projection: ¢ Tex—prlla

if ¢t <0 then
| T« TU{u};
else

LO(—OU{U};

return (I,0);

Algorithm 3 groups all inside reference vectors into contiguous gap regions. The integer lattice
structure induced by the Das—Dennis construction provides a natural adjacency relation, and connected
components of this adjacency graph yield the final set of gap regions. The overall flow of the procedure
is illustrated in Figure 21.
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Algorithm 3: Form Gap Regions via Lattice Adjacency

Input: Inside RV indices I, reference vectors WV, lattice resolution H.
Output: Gap region set R = {R1, R, ... }.
for each i € I do
L h; < round(H - WEVi]) ; // integer lattice coordinates

Construct graph G where RVs i, j are adjacent if ||h; — hj|[1 = 2;
Extract connected components of G and store them as R;
return R;

o —

Vs 1
Unassociated RVs U > d Gap Regions (R

Figure 21: Visual representation of the simplex-space gap detection pipeline. Pseudo-weights derived
from the Pareto front and the ideal simplex reference vectors are processed in parallel, merged to
identify unassociated directions (U), classified into gap (I) and incomplete convergence (O), and gap
RVs are grouped into contiguous regions (R).
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