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Abstract

A numerical optimization algorithm starts with a single or multiple initial
points and in every iteration moves to a new point or a population of points
depending on the transition operations involved. The goal of an optimization
algorithm is to arrive at the final ‘optimized’ solution(s) close to the true op-
timal solution(s). The iteration-wise intermediate points that an algorithm
create are stepping-stones to arrive at the final optimized solution(s). In
this paper, we strongly advocate of not using the iteration-wise intermediate
solutions save in a passive archive as the final outcome of the optimization
task. In a task of finding multiple optimal or targeted solutions for a prob-
lem, such as, solving multi-modal optimization problems in which the goal is
to find multiple local and global optimal solutions, or solving multi-objective

optimization problems, in which the goal is to find multiple Pareto-optimal
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solutions, one should not consider the iteration-wise intermediate points, save
in an archive, and declare one or more of the archive members as the final
outcome of the ensuing optimization algorithm. This is because the inter-
mediate points were not the original intended goal and in the event of them
being close to any true optimal solution is a sheer happenstance. In this pa-
per, we explain this important philosophical aspect of various optimization
tasks with examples and clearly argue why optimization researchers should
avoid considering non-interactive archive points as the final outcome. We
also highlight some acceptable use of iteration-wise intermediate points in
gathering knowledge and constructing more sophisticated optimization algo-

rithms.
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1. Introduction

An optimization algorithm usually works in iterations starting with an
initial solution (a vector of decision variables or a point in a multi-dimensional
space) or a set of solutions/variable vectors/points, collectively called as a
population. The goal of an optimization Algorithm is to find one or more
optimal solutions (x* € R™) of the underlying problem, given below, formu-
lated with one or more objective functions (f(x) € RM) to be minimized
and a number of constraint functions (inequality constraints g(x) € R’ and

equality constraints h(x) € R¥) and variable bounds (z; € [xEL),xZ(U)] for



each variable) to be satisfied (1; 2; 3):

Minimize f,,(x), m=12...,M,

subject to g;(x) <0, j=12...,J, )
hi(x) = 0, E=1,2... K,
x§L)§xi§x§U), 1=1,2,...,n.

Primarily, optimization algorithms can be broadly categorized based on the
number of points used in each iteration. Point-based algorithms use a single
point in each iteration and proceed towards a single optimal solution (1; 4)
with iterations. Population-based algorithms work with a set of points (a
population) in each iteration and proceed towards a single optimal solution
for single-objective optimization tasks and proceed towards multiple optimal
solutions (in multi-modal or multi-objective problems) parallely by main-
taining a diverse population (5; 6; 3; 7), thereby finding multiple optimal
solutions in a single simulation run.

It is clear that at the end of every iteration, an optimization algorithm
finds a new intermediate point or a population of intermediate points, only
as a stepping-stone to move to better points in the subsequent iterations.
A history of iteration-wise intermediate points saved in an archive indicates
how an optimization algorithm has progressed from the starting point(s)
to near optimal solution(s) with iterations. From a systems approach per-
spective, an optimization task can be viewed as one that takes the problem
formulation and initial point(s) as input, and churns out through a series
of iterative computations one or more optimal solutions as output (or out-
come). What happens inside the system are specific to the structure of the

chosen optimization algorithm and should not be considered as an outcome



of the system. This is so due to a number of reasons. First, a change in
the initial point should still meet the goal of the optimization task of find-
ing one or multiple optimal solutions. However, iteration-wise intermediate
points largely depend on the chosen initial point(s) and hence the resulting
optimization Algorithm that considers intermediate points in deciding the
outcome of the algorithm may not constitute a reliable approach. Second,
the change of an optimization algorithm should still meet the goal of the
optimization task. Since every optimization algorithm has a different work-
ing principle, the iteration-wise intermediate points are likely to be different,
despite their end outcome being identical or similar.

Despite these basic understanding of the goal of an optimization task and
what is expected from an optimization algorithm, some optimization studies
follow a strategy in which all iteration-wise intermediate points are saved
in an external archive for a post-optimal analysis without any involvement
of the archive in creating new solutions in the future iterations. A subset
selection strategy is then applied to pick some solutions from the final exter-
nal archive (8; 9), irrespective of which iteration these solutions were saved
into the archive. We argue that such a strategy is unreliable, unrepeatable,
unintelligent, and relies on happenstance, and lacks an algorithmic sanctity.

Having said that, we realize that such a strategy may be a good practice
for a one-time optimization task in practice in which solution evaluation is
overly expensive and there is no chance of arriving at the true optimal solu-
tion with a limited number of solution evaluations. In such low-budget op-
timization applications, every high-fidelity evaluated solution, intermediate

or final, must be considered before declaring the final outcome of the opti-



mization algorithm, fully knowing that this solution may not be even close
to true optimum. But a typical optimization task trying to establish the
efficacy of its carefully designed and orchestrated operators may need to be
use a reasonably large computational budget to discover the true optimal or
near-optimal solutions of the problem and compares its optimized solutions
with that of other competing algorithms to establish its superiority, relia-
bility, repeatability, and intelligent operator coordination. The low-budget
optimization algorithms mentioned above should not be compared with these
typical relatively large-budget optimization algorithms, which are designed
to achieve a completely different goal.

Putting the unreliable and unrepeatable aspect of the resulting optimiza-
tion algorithm aside, one may argue that there is no harm in considering
intermediate points along with the final solutions for deciding the outcome
of an optimization algorithm. If no good intermediate points exist, none of
them will be selected as the final outcome anyway. As we demonstrate in this
paper, for some optimization algorithms, such a sloppy procedure may help
select certain unintended solutions (which may be close to the desired solu-
tions) by chance, but such an approach is certainly not reliable and repeatable
and in some occasions may violate the theory or fundamental understanding
of the working of the algorithm. In the event of a multi-solution goal of the
optimization task, a search for one specific optimal solution may accidentally
discover a completely different and unintended optimal solution. Accepting
such a ”surprised” optimal solution does not constitute a respectful and the-
oretically sound and intelligent algorithm. Because the intermediate points

are merely stepping stones towards arriving at the final optimal solutions,



optimization algorithms are never designed to have any specific intermediate
point as a target. Moreover, the intermediate points intricately depend on
the initial points with which the algorithm was started. A counter argument
may be posed instead; if an intermediate point has to be a part of the final
outcome, why did not the optimization algorithm aim at finding it at the
first place?

In the remainder of this paper, we discuss a number of standard optimiza-
tion tasks, by clearly highlighting the goals of each of them, in Section 2. Sec-
tion 3, we discuss standard reformulations of the optimization problem, for
one type of optimization problems, so that the desired goals can be achieved
as an outcome of the resulting reformulated optimization tasks. Then, in Sec-
tion 4, we discuss a few reasons why iteration-wise intermediate points cannot
be considered for declaring the final outcome of an optimization algorithm
in a reliable manner. Section 5 presents various different optimization tasks
and makes the argument further with simple illustrative test and engineering
examples. Based on the presented results, Section 6 suggests unacceptable
optimization methods and a number of acceptable optimization strategies,
some of which are already practiced in the optimization literature. The dis-
cussion should guide optimization researchers to propose reliable, repeatable,
and respectful optimization algorithms. Finally, conclusions of this study are

drawn in Section 7.

2. Types of Optimization Tasks and Their Outcomes

Optimization tasks come in different forms. Some of them are mentioned

below.



¢ Unconstrained versus constrained optimization: If no constraints
and variable bounds are present in an optimization problem, the task
becomes an wunconstrained optimization. Otherwise, it is known a
constrained optimization (1; 2). However, if only variable bounds
are present without any equality or inequality constraints, the task
is known as optimization with box constraints. The goal of constrained
optimization is to find a feasible solution, which satisfies all constraints
and the specified variable bounds, and minimizes the objective function.
Thus, the outcome of an unconstrained optimization and constrained

optimization can be quite different.

e Uni-modal versus Multi-modal optimization: If the goal of an
optimization task is to find a single optimal solution, despite the pres-
ence of multiple local and global optimal solutions in the search space,
the task is referred to as a uni-modal optimization task. On the other
hand, if the goal is to find multiple local and/or global optimal so-
lutions, the task is referred to as multi-modal optimization (10; 11).
Thus, a multi-modal optimization refers to finding not one, but multi-

ple, local or global optimal solutions.

e Single versus multiple objective optimization: If the optimiza-
tion problem involves a single objective function for minimization or
maximization, the task is referred to as single-objective optimization,
else it is generally called a multi-objective optimization (7; 3; 12), de-
spite a recent further classification resulting in many-objective opti-

mization for problems having more than three objectives (13; 14; 15).



In a single-objective optimization, usually a single optimal solution
is targeted, and in a multi-objective (or many-objective) optimization,
multiple Pareto-optimal solutions (with trade-offs in objectives) are the

target.

Structured versus generic nonlinear optimization: If an opti-
mization problem has a simplistic structure (1), such as, all objectives
and constraints being linear functions of the variables, the task is called
a linear programming (LP) task. If the objective function is quadratic
and constraints are linear, it is called a quadratic programming (QP)
task. If the objective function is convex and the feasible space defined
by the constraints is convex, the task is called a convexr programming
task. While the scope of structured problems are constantly being en-
hanced, such as, for difference-in-convex functions (16), the problems
which do not fall under a structured programming type is referred to as
a generic nonlinear programming or an unstructured optimization task.
The outcome of a structured programming algorithm is usually a sin-
gle global optimal solution, however, a generic nonlinear optimization
problem may have multiple local and global optimal solutions and non-
convex and disjointed feasible regions. Thus, clearly generic non-linear
programming problems are difficult to solve and the No-Free-Lunch
theorem (17; 18) states that there cannot exist a single optimization
algorithm most efficient in solving an arbitrary generic nonlinear opti-

mization problem.



e Stationary versus dynamic optimization: If an optimization prob-
lem has non-changing objectives and constraint functions, and variable
bounds, the task is referred to as stationary optimization. Otherwise,
any change in any of its components, whether it affects the optimal
solution or not, is referred to as dynamic optimization (19; 20; 21). In
a stationary optimization, the outcome if usually one or more solutions
in the search space, whereas in dynamic optimization, the optimal so-
lution set usually changes with time (or iteration). Hence, the target
for a dynamic optimization algorithm is to reach the true optimal solu-
tions as closely as possible, till the components of the problem change,

making these problems more difficult to solve.

e Single-level versus multi-level optimization: If an optimization
task is defined in a single level without resorting to solve any other
nested optimization task, it is referred to as a single-level optimiza-
tion. Otherwise, it is referred to as a multi-level optimization. Bi-level
optimization involves two optimization problems (22; 23; 24), in which
for every upper-level solution, a distinct lower-level optimization task
needs to be solved in a nested manner. These problems commonly
appear in practical problems, such as, truss structure design, engineer-
ing systems design, etc. A multi-level optimization must coordinate
more than one nested optimizations well to arrive at a combination of

optimal solutions for a hierarchy of objectives on multiple levels.

Optimization tasks can be of a mixed type, such as, dealing with a single-
level, constrained, multi-modal, multi-objective, nonlinear, and stationary

optimization problem. Although all the qualifiers mentioned above are usu-
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ally stated to describe an optimization task, some of them are usually ignored
to indicate some default types. For example, the above task may be referred
commonly as a multi-modal, multi-objective optimization task (25), keep-
ing the default notion that it involves a single-level, constrained, nonlinear
and stationary optimization task, resulting in the search of finding multiple
Pareto-optimal fronts (PFs) of solutions.

In addition, based on the types of the variables, the optimization task
can be real-valued, discrete, combinatorial, or mixed type. Each type of an
optimization task, mentioned above, needs a specialized optimization algo-
rithm to suit the search process. In addition, there are two ways of classifying

optimization algorithms, which are worth mentioning:

e Deterministic versus stochastic optimization algorithms: This
is referred mainly for the chosen optimization algorithm. If an algo-
rithm produces an identical sequence of points starting from an iden-
tical initial point, it is referred to as deterministic optimization algo-

rithm. Otherwise, it is known as a stochastic optimization algorithm..

e Point versus population optimization algorithms: In a broad
sense, if every iteration of an optimization algorithm works with a
single point and is updated to a new single point, it is referred to as
point-based optimization algorithm. If multiple points are employed
in every iteration, it is referred to as a population-based optimization
algorithm. Evolutionary optimization algorithms (5; 6) are population-

based methods.

Note that each of the optimization tasks mentioned earlier can be solved by
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using either a deterministic or stochastic, and a point or population-based

algorithm.

3. Concept of a Reliable and Repeatable Optimization Algorithm

Different optimization tasks aim for different outcomes, as outlined above,
but in order for an optimization algorithm to be reliable and repeatable, it
should produce a similarly good solution close to the true optimal solution(s)
every time it is executed.

We discuss this aspect through the task of uni-modal optimization. The
goal in a uni-modal optimization task is to find a single optimal solution
(local or global) for an optimization problem and thus, the outcome is one
local or one global optimal solution. Note that for differentiable problems,
in which the objective and all constraint functions are differentiable, a local-
optimal solution must satisfy a set of Karush-Kuhn-Tucker (KKT) optimal-
ity conditions (4; 2). However, a strategy to discover optimal solutions using
the optimality conditions is not commonly used due to the involvement of
derivatives and requirement of satisfying a number of equality and inequality
conditions, besides meeting a constraint qualification condition (1). More-
over, KKT conditions are only the necessary conditions for a solution to be
a candidate and second-order optimality conditions must also be satisfied for
a solution to be minimum.

Starting from an arbitrary initial point, a point-based optimization al-
gorithm, generates a new and hopefully an improved point in each iteration
and progress toward a local/global optimal solution with iterations. Despite

creating a new and improved point in each iteration, the outcome of a uni-
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modal optimization task is the final optimized solution, which could not be
improved any further by the algorithm. An optimality check can be per-
formed at the end of each iteration and decide whether to terminate a run
or continue, but optimality checks are computationally expensive and usu-
ally avoided. Instead, algorithms are run until a fixed number of iterations
are elapsed or no substantial improvement in the solution quality has been
achieved in the past few iterations.

Most point-based uni-modal optimization algorithms are designed to mono-
tonically non-deteriorate iteration-wise points from start to the end. In this
case, a termination at any iteration results in the best-found solution as the
outcome of the process. But certain population-based optimization algo-
rithms, specifically stochastic algorithms, may not always improve or non-
deteriorate the best intermediate solutions from one iteration to the next.
It could be the stochasticity of the optimization process or a purposeful de-
terioration to overcome a hill before next phase of improvement. Whatever
is the case, such non-monotonic algorithms must decide what points from
current iteration to carry over to the next iteration judiciously so that the
algorithm purposefully progress toward the optimal solutions. Points which
are left behind are not considered competitive at the current iteration, but if
a later iteration considers these points to be competitive again, they must be
created again by the algorithm’s operators. This process allows an algorithm
to stay its best at any iteration and an arbitrary termination is expected to
represent the best solutions found thus far. This aspect keeps the optimiza-
tion algorithm’s operations meaningful at every iteration. As we will discuss

in the next section, keeping an archive of all intermediate solutions from start
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to end and then analyzing them to pick the best solution from them do not
produce a reliable, repeatable and respectful algorithm.

This argument for declaring the outcome of an optimization task from
the final iteration of an optimization run can be extended to various types
of tasks, mentioned above. For example, in a multi-objective optimization
task, the outcome is a finite set of Pareto-optimal solutions. Even in this
case, for a reliable algorithm, all potentially non-dominated and less-crowded
points from intermediate iterations must be identified and carried forward
in an algorithmic manner so as to monotonically and reliably improve the
algorithm’s performance with iterations and converge to final Pareto-optimal

set.

4. Reasons Against Choosing Iteration-wise Intermediate Points

We summarize here the difficulties in selectively choosing iteration-wise

intermediate points from an optimization run to declare as desired outcome.

e Intermediate points are dependent on the initial point: Ev-
ery optimization algorithm starts from one or more initial points. The
trajectory of intermediate points to arrive at the optimal solution de-
pends on the chosen initial point(s), despite the final outcome being
a near-optimal solution. Since the sequence of intermediate points are
never the target of an optimization algorithm, every run starting with a
different initial point is expected to take a different path (of points) to
arrive near the optimal solution. Thus, the iteration-wise intermediate

points ideally cannot be relied on for choosing as target solution(s).
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¢ Intermediate points are dependent on the chosen optimization
algorithm: On the same account, iteration-wise intermediate points
from the initial point(s) to the near-optimal solution depends largely
on the chosen optimization algorithm. Some algorithm use gradients
and find intermediate points along the negative of the first-order gradi-
ent directions at the previous point; some algorithms use second-order
derivative directions (Newton’s method) to find intermediate points;
some use non-gradient approaches, such as conjugate directions (1; 2).
Since each optimization algorithm behaves differently, even if they are
started from the initial point(s), iteration-wise intermediate points are
likely to be different from each other and cannot reliably be called as

the outcome of the optimization algorithm.

¢ Intermediate point set is different for every run of a stochastic
optimization algorithm: For a stochastic optimization algorithm,
the trajectory of intermediate points may not be the same, even if it
is started from the same initial point. Hence for stochastic algorithms,

intermediate points should never be considered as target solutions.

e Intermediate points need not be most efficient for desired
goals: A naive technique which stores all iteration-wise intermedi-
ate points of the original optimization problem and at the end chooses
the specific point(s) that meet new specified optimization goals need
not constitute a reliable, repeatable, and respectful procedure. Let us
consider a two-step procedure for implementing the above technique.

First, a standard optimization algorithm is run and all iteration-wise

14



intermediate points are stored. Next, specific iteration-wise interme-
diate points are chosen from the stored points according to the goal
of the optimization task. We consider this approach as naive and if
it manages to produce an acceptable and desired outcome, is purely a

happenstance and it does not constitute a reliable method.

The simplest idea would be to pick the best iteration-wise intermediate
point, based on a lexicographic consideration of feasible and smallest
(or non-dominated) objective value(s). Such a method is not reliable,

due to the reasons outlined in the previous section.

Next, we consider a more involved selection approach, which we argue
may not constitute a reliable method as well. Let us consider an op-
timization task for finding a robust solution, which is least sensitive
to variable uncertainties but is also locally optimal. Robust solutions,
instead of optimal solutions, are often desired in practice. Robustness
(R(x)) of a solution can be defined as the average penalized objective
value of H neighboring solutions (Bx) including x:
1 ! K
R(x) = Bl > (f(.V) +r (Z<§j(3’)> +> W(}M)) , (2
yeBx j=1 k=1
where 7 is a suitable penalty parameter and g and h are normalized
constraint vectors. The bracket operator outputs the operand, if the
operand is positive, else it outputs zero. The term under the second
brackets is often known as the constraint violation (CV) of a solution
(26). Other robustness definitions exist in the constrained optimization
literature (27; 28; 29), but we use here the above simple definition to

make our argument.
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Clearly, minimizing R(x), instead of the original sensitive objective
function f(x), a robust solution can be found. It is clear that robust
solutions can be different from the optimal solution of the original prob-
lem. In trying to find the robust solution, a user can follow the naive
approach. Run the original optimization task to minimize f(x), but
store all iteration-wise intermediate points of a run. Then, instead of
declaring the final optimal solution found by the algorithm, the user
computes R(x) for every iteration-wise intermediate point as a post-
optimal operation. Then, the specific iteration-wise intermediate point

having the smallest R(x) value is declared as the robust solution.

We argue here that such a technique is not likely to produce the desired
outcome. Never during the optimization algorithm the emphasis was
given to find a robust solution! Why would the optimization algorithm
produce a robust solution as an iteration-wise intermediate point? If
this happens in a particular run, it is a happenstance and the tech-
nique will be judged far from being reliable and repeatable. If a robust
solution is the target, instead of minimizing the original f(x), we need

to minimize R(x) directly, as a solution strategy.

The above naive approach can be explained as an unreliable approach
for many other optimization tasks, including discrete optimization, con-
strained optimization, multi-modal optimization, multi-objective opti-
mization, and others. We discuss more about acceptable and unaccept-

able optimization methodologies in Section 6.

Despite these issues, we would like to highlight that for real-world opti-

mization problem-solving tasks, particularly with time-consuming evaluation
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procedures, every feasible solution found by high-fidelity evaluations may be
a reasonable candidate as a target solution. Of course, optimization algo-
rithms are expected to produce monotonically non-inferior performance with
iterations. So, execution of more iterations are expected to be beneficial,
in general, but for some reason if an intermediate point is more acceptable
as the final target solution for a real-world scenario, it may be accepted.
But certainly, such an approach is not reliable and repeatable as a standard

optimization procedure.

5. Results

In this section, we demonstrate the above-mentioned difficulties with the
iteration-wise point selection approach in some of the optimization tasks

mentioned in Section 3.

5.1. Finding a Robust Solution

To support the argument made in this paper, we first take a single-variable

minimization problem:

r-som{ (58] ool (582} o{ (52))
(3)

having two local and one global minimum points near z* = —0.5, 0.35, and

0.70 (global). If our goal is to find the robust solution, rather than an optimal
solution, with an uncertainty in the variable in a small neighborhood (say
[—0.05,0.05]), then points near the two local minima z* = —0.5 and 0.35 are
robust solutions. We create |Bx| = 25 neighboring points within [—0.05, 0.05]

of a solution = to compute the robustness metric. Since there is no constraint
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for this problem, the second term in Equation 2 is absent. The dashed line
plots the robust function R(z) in Figure 1. Figures la, 1b and 1c show how
the Nelder and Meade optimization algorithm — a population-based determin-
istic unconstrained optimization algorithm — coded in fminsearch() routine
of Matlab finds the respective minimal solutions starting from z = —1, x = 0,
and x = 1, respectively. Depending on the starting point, the nearest op-

timal solution (marked with a star) is found. If the intermediate points of

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X X

(a) Starting point z = —1 (b) Starting point =0 (c) Starting point z =1

Figure 1: Nelder and Meade optimization algorithm of Matlab’s fminsearch() produces
different sequence of intermediate points for a different starting point for minimizing f(x)

(Equation 3).

any of these runs are checked with the robustness metric defined in Equa-
tion 2, each identifies a different ‘robust’ solution, marked with a solid circle.
In each case, the determined ‘robust’ solution is identical to the respective
optimal solution. As indicated by the dashed function (obtained using the
robustness function), the best robust solution is the point near z = 0.35,
which is incidentally obtained from the z = 0 run (Figure 1b) alone. This
clearly indicates that task of reliably finding the robust solution cannot be
postponed with a post-optimal task from iteration-wise intermediate points

found by a direct optimization of the objective function f(z), as not all runs
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find the identical robust solution.

Figure 2a shows the intermediate points for initial point x = 1 but opti-
mized with sequential quadratic programming (SQP) algorithm of fmincon ()
routine of Matlab. Comparing Figures 2a and 2b, it can be seen that the
two different optimization algorithms starting with the same starting point
produce different intermediate points, indicating that the intermediate points
produced by an optimization algorithm depend on the algorithm used and
cannot be used reliably for choosing for an outcome of an algorithm. How-
ever, irrespective of an algorithm’s intermediate points, both algorithms seem
to have found an identical final solution. Thus, the final solution from an
algorithm can be considered as the outcome of the algorithm and the choice

of an intermediate point need not produce a reliable and repeatable outcome.

Figure 2c¢ shows the progress of the best-population solution of a real-
coded genetic algorithm (RGA) (30) with 12 population members, crossover
probability of 0,9, mutation probability of 1.0, SBX index of 2, and poly-
nomial mutation index of 20 (3), in which initial population is set within
x € [0.95,1.00]. The RGA run finds one of the robust solutions, despite
traversing through the global minimum, which is not the robust solution for
this problem.

The RGA run brings out another interesting aspect. If all intermedi-
ate points (best-generation solutions) are stored, despite solving the robust
function given in Equation 2, the RGA can be claimed to have found the
global optimal solution during an intermediate iteration. But the RGA was

not intended to find the global minimum of the original objective function,
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f(x)
f(x)

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X X

(a) SQP path with starting point (b) fmincon() finds robust solution (c¢) A genetic algorithm run to finds
z = 1 and minimizing f(x) directly using R(z) starting with the robust solution directly

=1

Figure 2: Effect of different algorithms and a direct approach for finding the robust solution
for problem in Equation 3. Figures show different algorithms find different final solutions
starting with the same starting point or population. Figures (b) and (c¢) discovers the
true robust solution at the end, whereas the GA in (c¢) also finds the global minimum as
an intermediate point, but the GA should not be credited for this finding, as it is a pure

happenstance.

rather it was intended to find the minimum of R(x) — the robust solution. It
did not terminate at this intermediate iteration and is continued to find the
robust solution at its final iteration. The post-optimal discovery of the global
optimum of the original function, as one of the intermediate points obtained
from the robust optimization, should not be used to give credit to the RGA
as a global optimizer of the original function. It is a pure happenstance, as
starting with a different initial population may have taken the same RGA
to follow a different path of arriving at the robust solution. It is the final
outcome with which an optimization algorithm should be evaluated, rather
than showcasing the accidental finding of an intermediate solution having

certain property saved in an archive.
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5.2. Finding Discrete Solutions

We consider the following two-variable problem to illustrate the difficul-
ties with the iteration-wise intermediate points of a continuous optimization

algorithm to find the discrete optimal solution as a post-optimal task:

Minimize f(x) = 28z, — 1000z,

Subject to  g;(x) = w9 — 0.01(xy +2)? <0,
g2(x) = 21 + 29 — 60 <0, (4)
g3(x) =21 — 29 — 19 <0,

x1 € [—40:5:30], 9 € [—10:2.5:20].

Variables z; and x5 are allowed in steps of 5 and 2.5 units, respectively, mak-
ing it a discrete optimization problem. Figure 3a shows the feasible region
which lies at the bottom part of the plot surrounded by three constraint
boundaries. The optimal solution of the continuous version of the problem is
at x*°n = [28, 9] with f*°" = —8 216. However, since this solution is not
an allowable discrete solution (x; and x5 are not a multiple of 5 and 2.5 units,
respectively, from their lower bounds), it is not the desired optimal solution.
The problem is tricky since the global minimal region does not have a good
neighboring discrete solution, whereas the local minimal solution of the con-
tinuous version (x* = [—26.9,6.20] having f = —6,200) has a neighboring
discrete solution x*P = [-25, 5] having f* = —5, 700, making it the optimal
solution of the discrete version of the problem.

Figure 3a shows the intermediate and final points obtained when the
above problem solved using Matlab’s fmincon () routine starting from [5, —8].
If every intermediate point of the fmincon () run is approximated to its near-

est discrete variable vector (shown in solid (feasible) and open (infeasible)
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blue circles in the figure), none of them comes close to the true discrete
optimal solution x*”. The discrete approximation of intermediate points
sometimes produces infeasible solutions, as shown in the figure with open
blue circles. However, as shown in Figure 3b, for some initial points (such
as, [—20, —8]), the discrete approximation of one of the iteration-wise inter-
mediate points produces the discrete optimal solution ([—25,5]). But such a
post-optimal approximation approach is not reliable and chance may dictate

whether the discrete optimal solution is found or not in a run.

(a) Starting point x = [5, —8] (b) Starting point x = [—-20, —8] (c) GA’s initial pop-best [0,—7.5]

Figure 3: Tteration-wise intermediate points of Matlab’s fmincon() (shown in (a) and (b)
from different initial points) do not find the discrete optimal solution for the problem in
Equation 4. However, a discrete GA finds the true discrete optimal solution z* = [—25, 5]

having f* = —5,700, shown in (c).

Figure 4 shows the result of a branch-and-bound algorithm, which is
commonly and specifically designed to solve discrete optimization problems
(1). It splits the original problem into two sub-problems using the location
of the optimal solution of the continuous version z*™ = [28,9] and by
adding an additional constraint (r; < [285] = 25 and (27 > [285] = 30)
to the original problem. These two continuous versions (OPT2 and OPT3)

are then solved using fmincon(), as shown in the variable space and in the
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flowchart in Figures 4a and 4b, respectively. This process continues until a
feasible solution is found (in OPT4, for example), an infeasible solution is
found (OPT3, for example), or no node is open. Such a sophisticated and
multiple sequential optimizations (OPT1 to OPT7) are needed to reliably
find the true discrete optimal solution x* = [—25, 5].

It is clear that an approximation of iteration-wise intermediate points
of an optimization run on the continuous version of the problem, as shown
in Figure 3, may not always discover the true discrete optimal solution. A
more sophisticated optimization approach which handles discreteness of the
variable space within the overall optimization process, and not as a post-

optimal fix-up, is needed to find the desired solution.
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Figure 4: Allowed discrete variable vectors are marked with a red circle for the problem
in Equation 4. Results of branch-and-bound method (in solid blue circles) show how the
discrete optimal solution (E=(—25,5)) is found starting from A=(28,9). Branching into

six different sub-problems are needed to find the discrete optimal solution (E).

Finally, we show the result from a discrete GA, in which only allowable
discrete values of each variable are permitted in its initial population and

created offspring population. Real-coded GA with a population of 12 mem-
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bers, a discrete SBX (30) (p. = 0.9 and 7. = 1) and discrete polynomial
mutation operators (p,, = 0.5 and 7, = 5) (31) finds the discrete optimal
solution (x* = [—25,5]) in only after seven generations. Since no approxi-
mation of variables from continuous to discrete values are used during the
entire optimization process and only allowed discrete values are permitted,

the optimization process is more likely to find the desired solution at the end.

5.8. Finding Multiple Optimal Solutions

To demonstrate the task of finding multiple optimal solutions for a multi-
modal problem, we use the famous Himmelblau problem having four different
optimal solutions in the search space. Figure 5a shows the optimal solutions
discovered by the Nelder-Mead algorithm of Matlab starting with four ran-
dom initial points. First, the intermediate points of each search are never
close to any of the four optimal solutions, except at the end. Second, two
different optimization runs from different initial points end up close to one
optimal solution, thereby not finding one of the four global optimal solutions
in four independent runs.

To find multiple optimal solutions systematically, we propose a method
which starts with a distant initial point from the ones used before. For this
purpose and for this problem, we choose a near-corner point in the search
space as the first initial point. An optimization is run from this point and
the optimal solution is saved. Next, a new initial point is chosen furthest
from the first initial point and another optimization is performed from this
initial point. The third optimization is executed from an initial point which
is furthest away from both initial points of the earlier two optimization runs,

and so on. As shown in Figure 5b, all four optimal solutions are now found by
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this procedure. It is interesting to note the overall optimization algorithm is a
sequence of four different and independent runs, each starting with a different
initial point. Every run ends with a specific near-optimal solution at its final
iteration and not obtained from any intermediate iteration. It is interesting
to note that previous runs and their outcomes are used to create an initial
point for the next optimization run. The overall algorithmic strategy does not
use iteration-wise intermediate points in any way, but utilizes the outcome
of runs to help focus the search in a different part of the search space. Such
a strategy is acceptable as a reliable and repeatable optimization process.
To ensure finding multiple optima, a population-based optimization ap-
proach stays as a competing algorithm for parallely searching in multiple
optimal regions through its diverse population members. A niche-based GA
(10; 11) is one such potential algorithm to find multiple optima in a single
run. The results for a single run of a niche-based GA with 20 population
members is run for 30 generations to solve the above problem. Figure 5¢
shows the final population at the end of the run has found all four optima
(shown in red circles). This demonstrates again that if an algorithm is modi-
fied with the goal, the resulting algorithm may produce the desired outcome

at the end.

5.4. Finding Multi-objective PO Solutions

We consider the following two-variable bi-objective problem to illustrate
the outcome of various optimization algorithms issues related to the inclusion

of iteration-wise intermediate points in determining the final solutions of the
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three of the four global optima.  points finds all four global optima.

Figure 5: Results on Himmelblau’s function having four optima: (a) random starting
points find identical or distinct optimum, (b) a systematic distribution of initial points
can find distinct optima in multiple optimization runs, and (c)) finds all four optimal

solutions in a single run using a population-based niched GA.

PF (3):
Minimize fi(x) = y,
Minimize fo(x) =1+ 23 — z; — 0.1sin(37z1), (5)
subject to 0 <21 <1, —-2<uxy<2.
First, we use the weighted-sum approach (32) to convert the bi-objective
problem into a parameterized single-objective optimization problem using a

weight vector w = (w, 1 — w):

Minimize f(x) = wfi(x) + (1 — w) f>(x),

subject to 0 <z <1, —2<uxy,<2

(6)

We choose w = 0.35 and apply Matlab’s fmincon() routine starting with
an initial point x(© = (0.99,1.00). Intermediate objective vectors are shown

in Figure 6a. The objective space plot reveals that the initial and first in-
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termediate objective vectors are dominated by the final three objective vec-

tors. Also, the algorithm quickly converges near the optimal solution of the
weighted-sum problem.
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(a) w = 0.35, starting point x = [0.99, 1.00] (b) w = 0.35, starting point x = [0.2,0.3]

Figure 6: Iteration-wise intermediate points of Matlab’s fmincon() for different w may
or may not find solutions on the non-convex part of the PF, depending on the chosen
starting point and is entirely a happenstance, applied to the problem in Equation 5. Non-
dominated intermediate points are marked in bold. In (b), the intermediate points seem
to have found a few non-convex PO solutions, but they are not expected as a result of the

weighted-sum approach.

Next, we use the same w value, but use a different initial point x(© =
(0.2,0.3). Figure 6b shows a remarkable result. All intermediate points are
non-dominated to each other and some of the intermediate points fall on the
non-convex part of the PF. However, the final solution (shown with a star)
is the same desired PO solution as that obtained in Figure 6a. The fact
that this run has picked a number of intermediate points on the non-convex
part of the PF does not qualify it to be a legitimate generic multi-objective
optimization algorithm capable of finding non-convex PO solutions. Theoret-

ically and contrary to an earlier study (33), the weighted-sum method cannot
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find any non-convex PO solution, no matter what non-negative weights are
used. We argue here that the intermediate points are just stepping stones
for the weighted-sum algorithm to approach to the final desired solution,
which can only lie on the convex part of the PF. To select iteration-wise
intermediate points and claim that the theoretical result associated with the
weighted-sum approach, or even claim that the weighted-sum approach can
be used to reliably find the non-convex part of the PF, is wrong. For the
specific problem and specific initial point shown in this example, it was a
happenstance and as shown in Figure 6a this may not happen every time.

To make the matters more profound, let us execute Matlab’s fmincon ()
11 times from different initial points, collect all iteration-wise intermediate
points, and investigate the non-dominated solutions. Figure 7a shows these
solutions on the objective space. It is clear that a nicely distributed set of
PO solutions on the entire PF is found. Some of the solutions came from
the intermediate iterations and some may have come from the final iteration,
but together they represent a well-distributed PF, violating the theoretical
understanding of the weighted-sum approach. By considering iteration-wise
intermediate points can sometimes result in a false pretense of the outcome
of an optimization algorithm. However, when only the final solution of each
of the 11 runs are plotted together in Figure 7b, there is no solution found
to lie on the non-convex part of the PF. This is the correct behavior of the
weighted-sum algorithm, supporting the theoretical understanding. By using
only the final solutions as outcomes of an algorithm, the true nature of an
optimization algorithm can be understood.

Another reliable way to find a well-distributed set of PO solutions is to
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Figure 7: Non-dominated solutions from a collection of all (a) iteration-wise intermediate
points and (b) final solutions from 11 runs of Matlab’s fmincon() indicate the true prop-

erty of the weighted-sum approach revealed by (b) for the problem in Equation 5.

make sure that the optimization algorithm is specifically designed for this
task. Evolutionary multi-objective optimization (EMO) algorithms are de-
signed for two goals in mind: (i) convergence to the PO set and (ii) maintain
a widely distributed set of solutions. We employ the NSGA-II procedure
(12) with a population size of 100 and run for 100 generations to obtain the
non-dominated solutions plotted (Figure 8). Irrespective of convexity of the
PO set, NSGA-IT and other EMO algorithms can find a widely distributed
set of near PO solutions and capture them in a population, so the algorithm

does not have to be applied multiple times.

5.5. Finding Innovation Path Solutions

Recently, authors have introduced an Innovation Path (IP) problem and
proposed a bi-objective IP-seeking algorithm (34) to find a set of optimal

intermediate anchor solutions from a given current solution x¢ toward a
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Figure 8: A widely distributed set of non-dominated solutions at the final generation of

an NSGA-II run for the problem in Equation 5.

desired target xT. The method uses the "multiobjectivization” principle
proposed by EMO researchers in the past (35; 36; 37; 38; 3; 1). The pro-
posed EMO-based IP-seeking algorithm is sophisticated and makes an opti-
mal trade-off between an improvement in the original objective (f(x)) and

the Euclidean difference from the current solution x©:

fo(x) = |lx = x> (7)

using step-constraints defined using any solution x and the previous anchor
solution x™*):

G(x,x")y<o0, 1=1,2... L. (8)

The IP-seeking method has been modified for the improvement of multiple
objective simultaneously (34). After the IP-seeking optimization algorithm
is performed, it results in a sequence of anchor solutions, which should not
be confused with iteration-wise intermediate points of a typical optimization
algorithm. However, the task in the [P-seeking algorithm may get confused

with a task in a typical single-objective optimization.
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Let us consider the minimization of the Himmelblau’s function in which
the search space is the first coordinate (z; > 0, zo > 0). If we start with
an initial point 2(®) = (5,5), we can apply an optimization algorithm to find
the minimum (x* = (3,2)). Matlab’s fminsearch() algorithm shows the
iteration-wise intermediate points in Figure 9a in red circles. The interme-
diate points are not supposed to follow any specific trade-off among certain
goals. The intermediate points are outcomes of the update principles of the
optimization algorithm laid out at the time of designing the algorithm. As
long as the intermediate points finally lead to the near the optimal solution,
the purpose of the optimization process is served. However, in IP-seeking
algorithm, we would like the initial solution (known as the current solution)
must transform to the optimal solution in a path which makes an optimal
trade-off between the improvement in f(x) value and difference from the cur-
rent point in a few steps, so that transformation is practically viable. For
the sake of plotting, we mark the non-dominated intermediate points with
filled circles and dominated ones in open circles.

When the IP-seeking algorithm is applied to the same problem, start-
ing with the same initial point as the current point and a step constraint
Gi(x,x®) = 1 — (fp(x) — fp(x®) < 0, four anchor points are found,
shown in filled blue circles. First, notice that the IP-anchor solutions are
more organized. Second, notice when these points are plotted in the two-
objective space (Figure 9b), the IP-anchor solution set dominates mostly the
fminsearch()-obtained intermediate points. This clearly states that apply-
ing a typical optimization algorithm and choose the non-dominated interme-

diate points may not produce certain desired trade-off among the solutions.
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Figure 9: Intermediate points of an optimization algorithm (red) and anchors of an IP-
seeking algorithm (blue) in (a) variable space and (b) objective space, for the IP problem
constructed with the Himmelblau function. Intermediate points are inferior to IP-anchors
in the context of trade-off between improvement in f(x) = s(x) and difference (fp(x) =

Fp(x)) from the current point.

What is desired must be somehow implemented inside an algorithm as a goal.
Not always, looking for what is desired within the intermediate points of an

optimization run will allow to achieve the goal.

5.6. Engineering Optimization Problems

Finally, we demonstrate the drawbacks of exploiting iteration-wise inter-
mediate points from typical optimization runs for three different engineering

optimization tasks.

5.6.1. Robust Optimization of Welded-beam Design Problem
We start by finding the robust solution for the single objective (cost)
welded-beam design problem (1). Table 1 shows the results of different meth-
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ods and the optimal /robust solutions found. First, the minimal solution of
the original problem (without any robustness consideration) is obtained us-
ing Matlab’s fmincon()’s SQP algorithm and is presented in the first row.
It is the best-known solution reported in the literature (1). The constraint
violation (CV) for this solution is zero, indicating that it satisfies all four
constraints of the problem. For this solution, the R(x) column indicates the
robustness measure (Equation 2) with » = 1000. A total of H = 25 random
points are computed in the neighborhood (in [—0.05, 0.05] of every x;) of this
minimal solution, making a total of 26 points to calculate the robustness
metric. It is observed that 24 out of 26 neighboring solutions (including it-
self) are infeasible, thereby making R(x) value much larger than f(x) and
the total normalized constraint violation is 6.5759.

Table 1: Optimal and robust solutions for the welded-beam problem using different op-
timization methods. CV(x) is the normalized constraint violation of x. I denotes the
number of infeasible points out of 26 solutions in the neighborhood of x, and Tf(x) and

TCV(x) are the total f-values and total normalized constraint violation from all neigh-

boring solutions including x.

Algorithm 1 To T3 zy| f(x)CV(x)| R(x) I Tf(x) TCV(x)
Original SQP 10.2444 6.2175 8.2915 0.2444 | 2.381 0.01255.29024 61.5 6.5759
Robust Interm.|2.5625 5.0500 5.0500 2.5625 | 48.493 0.0] 51.748 10 1259.7 0.0857
Robust SQP  |0.7635 2.8897 4.6007 0.8469 | 5.027 0.0 5.096 2 130.4 0.0021
Robust GA 0.2813 7.8698 7.2865 0.3641| 3.480 0.0/ 3.475 1 90.1 0.0003

Next, all intermediate points of the above optimization run is stored. For
each intermediate point, the robustness measure is computed with the same

neighborhood framework. The minimum R(x) solution of all intermediate
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points is presented in the second row. Note that the R(x) value is much
smaller than that from the minimal solution, indicating that this solution
is more robust according to our metric than the minimal solution; however,
the objective function values of this solution and its neighboring solutions
are much inferior, indicated by a large Tf value. Importantly, this solution
lies in the search space having 10 of 26 neighboring solutions being infeasi-
ble, but the overall constraint violation is much smaller than the minimal
solution, as indicated by a TCV value of 0.0857. This indicates that by sav-
ing iteration-wise intermediate points and choosing the minimum robustness
metric value solution may apparently find a better robust solution than the
minimal solution, but the following study indicates that it is not even close
to the true robust solution.

To obtain the true robust solution, we now minimize the robustness metric
R(x), instead of minimizing the original objective function f(x). Row 3
shows the best robust solution found by simply minimizing the R(x) function
using the SQP algorithm of fmincon(), presented in Equation 2. It is clear
that it is a feasible solution (as CV(x) = 0) and the R(x) value is also
much smaller than that of the earlier two solutions. Due to the inclusion
of the constraint violation term with » = 1000 in R(x), this solution lies in
the search space having only 2 out of 26 solutions infeasible in its vicinity
with a TCV of 0.0021. A comparison of the variable vectors Rows 2 and
3 indicates that they are quite different from each other. Although this
robust solution has a slightly larger objective value (f(x)) than the original
minimum solution (f = 2.381), it is definitely more robust, as indicated by

the respective R(x) values. Interestingly, this solution is also more robust
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than the robust intermediate solution (second row). Such a solution is not
possible without directly minimizing a metric which represents the sensitivity
of the solution in its neighborhood.

Finally, a population-based real-parameter GA is run to minimize the
robustness function and Row 4 shows the resulting solution. The GA solution
is slightly more robust than the SQP-obtained robust solution (Row 3), and
it also has slightly worse f value than that in Row 3. It causes only 1 out of 26
neighboring solutions infeasible with a TCV value of 0.0003. The GA robust
solution is also quite different from the robust SQP solution, but interestingly
it is a small variation of the minimal solution of f(x), shown in Row 1. Rge
iteration-wise intermediate solutions of original SQP minimization of f(x)
did not go close to this robust GA solution and failed to have such a point in
its intermediate point set. Although both Robust SQP and GA optimize the
same robustness function, the complicated nature of R(x) causes the SQP
solution to get stuck at an non-optimal solution. Nevertheless, these two
robust optimization algorithms are able to find better robust solutions in the
search space with smaller R-value and fewer infeasible neighboring solutions
than the first two solutions which did not truly optimize any robustness
measure in their optimization or selection process.

This example illustrates that if robust solutions are to be found, an ap-
propriate objective function implementing a robustness measure must be
chosen. Solving the original problem and looking for a robust solution in its

iteration-wise intermediate solution set may not lead to the desired solution.
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5.6.2. Bi-objective Optimization for Crash-worthiness Problem

Next, we use the two-objective (minimizing mass and acceleration) of
the crash-worthiness problem (39) to demonstrate the effect of various op-
timization algorithms on a non-convex problem. Figure 10 shows the inter-
mediate points discovered by two separate runs of the Matlab’s fmincon ()
routine with different initial points but having the same weight vector w =
(0.25,0.75) for the weighted-sum approach. The PF found by NSGA-II
with standard parameter setting (12) is shown with blue circles. The non-
convexity of the PF is clear from the figure. As seen, Run 1 discovers some
non-dominated points (marked in filled red circles) that are close to or on
the non-convex part of the PF. However, it should not be surmised that the
weighted-sum approach can find non-convex PO solutions. The final solu-
tion found by Run 1 is on the PF (the right extreme point) and is expected.
Run 2, starting with a different initial point takes a different path to ar-
rive at the identical PO point to that obtained by Run 1. All intermediate
points are dominated by the final point. Only when an optimization algo-
rithm is designed to handle multiple conflicting objectives by emphasizing
non-dominated and diverse solutions with a population-based framework, as
in NSGA-II, multiple PO solutions can be found in a single simulation run.
Looking for intermediate points to find non-dominated and diverse solutions

is not expected to provide PO solutions reliably.

5.6.3. Innovation Path Task for Welded-beam Design Problem
Finally, we consider the two-objective version of the welded-beam de-
sign problem (1), but now investigate the task of finding optimally a set

of trade-off IP-anchors from the current solution (x° = (2,4,6,2) having
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Figure 10: Iteration-wise intermediate points discovered by Matlab’s fmincon() from two
different starting points to solve the same weighted-sum problem with a weight vector
(0.25,0.75) and the PF discovered by NSGA-II (blue circles) for the crash-worthiness

problem having two objectives.

f(x9) = (28.07,0.0051)) toward a target solution. The optimal solution of
an achievement scalarization function (ASF) (40) is the target solution for
our illustration: .

2 filx) = %

(o) = max == — )

with w = (0.95,0.05) and 2 = (0,0).

Figure 11 shows the results from two approaches. The IP-anchors (blue
points) found by the IP-secking algorithm (41) using a step-constraint G (x,x*) =
0.1 — (fp(x) — fp(x¥))) < 0, in the bi-objective space. The iteration-wise
intermediate points found by Matlab’s fmincon() routine applied to solve
the above ASF problem, started from the current solution, are marked in
red circles. Apparently, both algorithms have found a few similar solutions
toward the target, but as shown in Figure 11b, IP-anchors (blue circles) dom-
inate the iteration-wise intermediate points obtained by the minimization of

s(x). Additionally, the IP-seeking approach discovers a better uniformly-

37



distributed anchors as specified by the step constraints.
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Figure 11: intermediate points of Iteration-wise Matlab’s (fmincon()) and IP-seeking
algorithm in original search space (a), bi-objective problem space (b) for the welded beam

problem.

This example illustrates that if a sequence of trade-off IP-anchors need to
be found from a starting solution, the ensuing optimization algorithm must
be modified to search for trade-off solutions. Just minimizing the objective
function and then looking for non-dominated intermediate solutions is not

expected to provide desired solutions.

6. Acceptable and Unacceptable Practices

Based on the above discussions and results, we discuss here some unac-

ceptable and acceptable practices of optimization methodologies.

6.1. Unacceptable Practices

It is clear that iteration-wise intermediate points should not be used as

final outcome of an optimization algorithm. They are merely stepping-stones
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toward the final solution. Any iterative optimization algorithm starts with
one or more initial points and ends up with one or more final optimized
solutions as an outcome. The path from initial to the final iteration de-
pends intricately on the chosen algorithm and should not be given any more
importance as much as possible, due to the number of reasons outlined in
Section 4. This fact is also demonstrated through a series of case studies in
the previous section. For the same reasons, the external archive based EMO
studies (8; 9), which stores an updated list of all non-dominated solutions
from start to end and then pick a few through a subset selection process
using a multi-objective criterion, must be completely avoided. Allowing this
practice to be a norm may lead researchers to develop different un-intelligent
algorithms which may rely on scavenging the search space for any solution
and storing them in the growing external archive, knowing fully that the
archive will be its savior. Such a process will inhibit the progress toward
developing intelligent optimization algorithms which so carefully compare
current and previous iteration of solutions to decide which solutions need
to be promoted to meet the goals of the optimization task and importantly
achieve the task repeatedly with less computational effort and with solid
fundamental understanding supported by sound explanation of its working

principles.

6.2. Acceptable Practices

Having said that, let us know discuss what could be acceptable as a
reliable, repeatable, and respectful optimization algorithm. Clearly, it is the
final solution or solution set which should be utilized as the outcome of an

optimization algorithm. However, there can be some ways to utilize the
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iteration-wise intermediate points, not as a final outcome, but to improve an
algorithm’s performance. We highlight some such acceptable practices in the

following paragraphs.

6.2.1. ”Best of Multiple Runs” Approach

Many applied optimization studies apply an optimization algorithm mul-
tiple times starting from different initial populations and the best solution of
final outcome of individual runs is declared as the final optimized solution.
Although such an approach is associated with more solution evaluations to
complete multiple optimization runs, if affordable, such a method is an ac-
ceptable optimization methodology, as each run’s final optimized solution is
considered as the final outcome. For this purpose, keeping the algorithm
unchanged, each optimization run can be initiated with a point or a popu-
lation, which is derived by some logic and away from the previously chosen
initial point(s) and the respective obtained final outcome. In Section 5.3,
we have proposed such an adaptive multi-run optimization method to find
multiple optimal solutions, as a viable and reliable approach. However, com-
bining iteration-wise intermediate points from one or multiple independent
runs and determining the final outcome of the overall procedure may not be

acceptable as a reliable strategy.

6.2.2. Multi-stage Approaches

First, the iteration-wise intermediate points can be stored and analyzed
at the end of an optimization run to select good seed solutions for the next-
stage of an optimization run. As if, the first optimization run which started

with a random initial point or population, was considered difficult for the
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algorithm to find near-optimal solutions and the algorithm is purposefully
used to create one or more new initial points for the next-stage algorithm.
Thus, we argue that the multi-stage optimization algorithms, proposed in
the single and multi-objective optimization literature (42; 43), are acceptable
approaches, as each stage completes an optimization process and the outcome
of the previous stage is used as starting points for the next stage. The final
solutions of the final stage of optimization algorithm are then used as the

outcome of the overall procedure. This approach is perfectly legitimate.

6.2.3. Restart Approaches

In this sense, restarts (44; 45), often used in the optimization literature,
are acceptable approaches as well. Restart methods start the same opti-
mization algorithm by using the information of the final solutions where the
algorithm got stuck in the previous stage. The final solutions of the overall
multiple restart-based optimization method is declared as the final outcome

of the procedure.

6.2.4. FElite-preserving Approaches

This brings us to the elite-preserving optimization algorithms (12; 46)
often used in the evolutionary optimization literature. In these algorithms,
at each iteration, the best or a few best solutions from the previous iteration
is/are compared with the current population and the best solutions are car-
ried forward to the next iteration. An operator to achieve this task is called
a survival selection operator. In sme sense, these strategies can be consid-
ered as algorithms with restarts happening at each iteration by choosing the

best solutions from previous iteration as parts of new starting population.
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This way, these algorithms always produce a non-deteriorating performance.
The algorithm judiciously decides which points to carry on from iteration to
iteration to arrive at the final optimized solutions. According to our argu-
ment, such methodologies are acceptable, as long as the final solution of the
process is declared as the outcome of the overall optimization process. They
are different from passively saving all iteration-wise intermediate points in
an archive and at the end pick the most suitable ones based on a metric as

an outcome.

7. Conclusions

This paper has criticized the use of iteration-wise intermediate points
as possible outcome of a reliable, repeatable, and intelligent optimization
algorithm. The main reasons against their use are (i) intermediate points
are never the final targets of an optimization algorithm, rather they are
stepping-stones in a sequence of points that eventually lead close to the
optimal solutions, (ii) intermediate points intricately depend on the initial
points an algorithm was started with and hence may not be repeatable, (iii)
expecting to find the desired solutions in a set of non-targeted intermediate
solutions is purely relying on chance, and (iv) making the scavenging process
to discover desired solutions from intermediate solutions prominent for an
optimization algorithm does not make the process intelligent and respectful.

To illustrate, we have discussed and presented results on several typical
optimization tasks seeking (i) robust solutions, (ii) discrete solutions, (iii)
multiple optimal solutions in a multi-modal problem, (iv) multiple Pareto-

optimal (PO) solutions, and (v) a sequence of innovation path solutions. In
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each case, we have argued reasons why iteration-wise intermediate points
should not be used to select the outcome of the optimization process. Al-
though in some problems, they may appear to be close to a desired solution,
but when this happens, it is a mere chance and may not be repeatable.
Only by considering the final solutions as outcome of an optimization al-
gorithm can demonstrate purpose, consistency, repeatability and reliability
of optimization algorithms. More such illustrations can be made to further
highlight this aspect, but various optimization tasks illustrated here clearly
indicate that an optimization algorithm must be infused with the goal to
directly and more reliably find desired solutions, rather than foraging one or
more of the intermediate solutions as a post-optimal task as the outcome.
Finally, we have argued some acceptable extensions of a standard optimiza-
tion algorithm which may utilize the iteration-wise intermediate points to
gather knowledge to improve an algorithm’s starting conditions for a fur-
ther application, but expecting to achieve the desired goals directly from the
iteration-wise intermediate points from an optimization run is too ambitious,
relies on happenstance, and may not be repeatable, and therefore, should not

be practiced.
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