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Abstract
Interactive multi-criterion decision-making (iMCDM) procedures
incorporate preferences from a human decision-maker (DM) to
iteratively compute a preferred solution. The DM can express pref-
erences in various ways, including objective classification, reference
points/directions, and objective weights, to typically formulate and
solve an augmented achievement scalarization function (AASF).
If the resulting PO solution is unsatisfactory, DM updates pref-
erence parameters and a new PO solution is found. The process
is continued until a preferred solution is determined. However,
benchmarking a iMCDM procedure remains challenging due to in-
volvement of human DM in making decisions resulting in different
AASF solutions. To address this challenge, this paper proposes a
stochastic machine learning–based decision-maker: 𝑝Machine-DM,
which emulates human preference articulation using two stochas-
tic ANNs. The first ANN classifies all objectives according to their
desired improvement, relaxation, or satisfaction, while the second
ANN predicts the associated bounding parameters. The proposed
𝑝Machine-DM is implemented with a specific iMCDM procedure –
STEP method – by replacing the human DM steps. The effective-
ness of the approach is demonstrated on four benchmark and four
engineering problems. The proposed 𝑝Machine-DM is generic and
can be readily integrated with other iMCDM procedures, enabling
systematic and reproducible benchmarking without involvement
of human DMs.
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1 Introduction
Real-world decision-making problems often involve multiple and
conflicting objectives [5] and are therefore formulated as multi- or
many-objective optimization (M(a)OO) problems [7, 27]. Solving
an M(a)OO problem yields a set of non-dominated (ND) Pareto
optimal (PO) solutions approximating the Pareto front (PF). In such
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problems improving one objective requires sacrificing at least one
other [8, 22]. Evolutionarymulti-objective optimization (EMO) algo-
rithms [6, 10, 12, 19, 35] are widely used for generating PF. From an
implementation point-of-view, the task of MOO is usually followed
by a decision-making task, involving a human decision-maker (DM)
to incorporate their preferences to pick the most desirable solu-
tion from the set of PO solutions. These decision-making tasks are
widely studied in multi-criteria decision-making literature [22].

Multi-criteria decision-making (MCDM) is a structured proce-
dure that incorporates the DM’s preferences, typically by reformu-
lating a given M(a)OO problem into a scalarized single-objective
optimization problem [24]. Based on the sequence of optimization
and preference incorporation, MCDMs are categorized into three
groups: (i) a priori methods, (ii) a posteriori methods, and (iii) inter-
active methods [26]. In a priori methods, DM provides preferences
which is used to formulate and solve a scalarized problem to obtain
one or few PO solutions. In a posteriori methods, first a representa-
tive of PF is computed and then DM provides their preferences to
pick the most preferred PO solution. However, interactive MCDM
(iMCDM) procedures iteratively compute preferred PO solutions,
allowing the DM to interactively refine preferences until a satisfac-
tory solution is obtained [34].

In iMCDM procedures, DM often express their preferences in
terms of objective weights, aspiration points, reference points, ref-
erence directions, objective classification, and bounds on objective
functions among others to navigate on PF by solving achievement
scalarization function (ASF) while searching for the most preferred
solution [32, 33]. The existing iMCDM procedures include the Step
Method (STEM) [1], Satisficing Trade-off Method (STOM) [25],
Pareto Race [17, 18], NIMBUS [23], GUESS [4], and ASF-based ap-
proaches [15, 30], among others. Despite a rich literature, involve-
ment of human DM and use of diverse ASF formulations makes
benchmarking iMCDM procedures remain a challenging task.

Earlier studies mainly focused on emulating the behavior of a
human decision maker (DM) to develop a machine decision maker
(MDM), considering uncertainty and the presence of incomplete
information in MCDM tasks [21]. More recent studies, such as pro-
gressively interactive EMO (PI-EMO) [13] and Learning-to-Rank
(LTR) models [20], propose learning human DM preferences at in-
termittent stages to guide EMO algorithms for decision-making.
Although these advances in EMO and MCDM attempt to bridge
the gap between the practical aspects of optimization and decision-
making, there remains a lack of approaches that can be compre-
hensively used for benchmarking iMCDM procedures. To address
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this limitation, we �rst introduce Machine Learning (ML)-based
decision maker (Machine-DM) that emulates the human DM in
an iMCDM task. The proposed Machine-DM approach provides
DM preferences in terms of objective classi�cation and bounding
parameters without involving human DM. Next, we highlight a
few practical limitations of Machine-DM and propose a stochastic
Machine-DM (?Machine-DM) to address them. Finally, we present
?Machine-DM approach by integrating STEM [1] with ?Machine-
DM. The main contributions of this paper are outlined as follows:

(1) Introduction to the concept of Machine Learning (ML)-based
Decision-maker (Machine-DM)

(2) Development of Machine-DM using
(a) a class predictor ML for predicting objective class,
(b) a parameter predictor ML for predicting bounding parame-

ters of objectives,
(c) a preference evaluator to rank preferred solutions.

(3) Development of stochastic Machine-DM (?Machine-DM),
(4) Integration of ?Machine-DM with the STEM procedure.

The remainder of the paper is organized as follows. Section 2
provides background on iMCDM procedures. Section 3 outlines
the proposed Machine-DM approach. Section 4 provides details
on ?Machine-DM approach. The detailed of stochastic Machine-
DM approach following STEM (?MachDM-STEM) is provided in
Section 5. Simulation results are presented in Section 6 followed by
the conclusions and future research in Section 7.

2 Background of iMCDM Procedures
Consider the following constrained MOO problem�

Minimize ¹51¹xº• 52¹xº• ” ” ” • 5" ¹xºº •

subject to 69¹xº � 0• 9 = 1• ” ” ” • �•

� : ¹xº = 0• : = 1• ” ” ” •  •

G¹!º
8 � G8 � G ¹* º

8 • 8 = 1• ” ” ” •=”

(MOO)

Here,= and " denotes the number of variables and objectives,
respectively, whereas� and denote the numbers of inequality
and equality constraints, respectively. The set of all feasible so-
lutions satisfying variable bounds and constraints is denoted as
S. Solving(MOO)yields a set of# Pareto-optimal (PO) solutions
x�•¹> º• > =1• ” ” ” • #. Generally, iMCDM procedures uses a parame-
terized functionB¹x•pº provided in Equation(1)to compute a single
preferred solution:

xpref = argmin
>=1•”””•#

B¹x�•¹> º• pº” (1)

Achievement Scalarizing Function (ASF) [31], de�ned as

B¹x• pº =
"

max
8=1

58¹xº � �I 8

F8
• (ASF)

is a common choice forB¹�º. Where p= ¹ �z•wº, is preference infor-
mation in terms of reference point (�z) and weight vector (w). Unlike
a posteriori methods, iMCDM procedures solve a parameterized
and scalarized optimization problem iteratively, given the current
preference information P¹pº, de�ned as follows:

Minimize B¹x• Pº•
subject to x 2 S”

(2)

Figure 1: Background on the Machine-DM approach. � -� are
Pareto-optimal points located in di�erent classes. ' and $
indicate a pessimistic point and ideal point, respectively. X1

and X2 are the width of Class � = and ) is the target solution.

In addition to preference information (P) such as aspiration lev-
els, weights, reference points, or objective classi�cations, ASF-based
methods require normalization using ideal and nadir points [22].
A variety of iMCDM procedures including STEM [1], GUESS [4],
STOM [25], NIMBUS [23], and light-beam search [11] allow human
DM to re�ne their preferences to reformulate and solve ASF prob-
lems. In this paper, we focus on STEM procedure. However, the
proposed?Machine-DM approach is generic and can be applied to
other iMCDM procedures as well.

3 Proposed Machine-DM Approach
Figure 2 presents an overall outline of the proposed Machine-DM
approach. It consists of two arti�cial neural networks (ANNs)� class
predictor ML (ANN1:F�! ) and parameter predictor ML (ANN2:F%%).
Along with these ANNs, a preference evaluator (M %�) to compare
preferred solutions is also integrated with the iMCDM procedure.
Both ANNs take a PO decision vector x�•2 as input.

The class predictor (F�! ) predicts the objective classi�cation
vectorI directly from x�•2 , without evaluatingf �•2 . It assigns each
objective to one of four classes [23], de�ned as follows

(1) Class IŸ: The objective should be improved, i.e., 58¹xº Ÿ 52
8 ,

(2) ClassI � : Improvement is desired up to an aspiration level�I 8 Ÿ
52
8 , which acts as a lower-bound parameter,

(3) ClassI=: The current value is satisfactory, i.e.58¹xº � 5 2
8 ; ideally,

all objectives should fall into this class, and
(4) ClassI � : The objective may be relaxed up to an allowable upper

bound Y8 ¡ 5 2
8 , serving as an upper-bound parameter.

The classi�cation vectorI 2 f� Ÿ• �� • �=• �� g" represents the clas-
si�cation state of a Pareto-optimal (PO) solution. Figure 1 shows the
objective classi�cation of �ve solutions (A�E) in a bi-objective prob-
lem. The second ANN, called the parameter-predictor ML (F%%),
estimates the bounding parameters�I8andY8associated with Classes
� � and� � , respectively. Combined, these two ANNs yield both the
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Figure 2: Outline of proposed ML-based Machine DM (Machine-DM) approach

classi�cation and the valid bounds for each objective, e�ectively
replicating the guidance that a human decision-maker would pro-
vide for the selected PO solutionx�•2 . Furthermore, a preference-
evaluator (M %�) is employed to rank and compare solutions based
on predicted objective class ¹Iº and bounding parameters ¹�I8• Y8º.

Figure 3: Deterministic Class predictor ML (F �! ): x¹2 R=º !
I¹2 Z" ). Z = f1• 2• 3• 4g represents four Classes {�Ÿ• �� • �=• �� }.

3.1 Deterministic Class Predictor ML
The class predictor ML (F�! ) is an ANN which is presented in Fig-
ure 3. Given a PO decision variable (x� ), F�! predicts the objective
class vector (I), as follows:

F�! : x� F�!�! f� Ÿ• �� • �=• �� g" • x� 2 R=”

In short, F�! maps a decision vectorx � directly to its objective
classi�cationOwithout computing objective values. It requires no
knowledge of the pessimistic point and target solution (' and) ,
indicated in Figure 1), or actual objectives, avoiding costly function
evaluations. Therefore, F�! serves as a classi�er-based ANN.

3.2 Parameter Predictor ML
The parameter-predictor ML (F%%) presented in Figure 4, automati-
cally estimates the bounding parameters¹ �I 8• Y9;8 2 �� • 9 2 �� º in
the next iteration (� ) of iMCDM procedure, replacing the manual
input traditionally provided by a human DM. In principle,F%%pre-
dicts the parameters¹ �I 8• Y9º in terms of objective bounds directly
from a decision vector x, as follows:

F%%: x� F%%�! f �I• Y• 0g" ”

For Class� � objectives,Y9 sets the upper bound, while�I8 sets the
lower bound for Class� � objectives. Objectives in Classes� Ÿ and

Figure 4: Parameter predictor ML (F %%º : x ! f �I• Y• 0g" .

Figure 5: De�ning the bounding parameters ( �I 8• Y9) for
parameter-predictor ML.

� = does not require upper or lower bound, hence for objectives in
these F%%assigns zero.

3.2.1 Computation of bounding parameters for training ANN2. The
schematic provided in Figure 5 outlines the procedure to compute
the bounding parameters. Consider that9-th objective has class� � ,
and 5)

9 is the target point to be achieved. For the current objective
value 52

9 = 59¹x�•2º, the parameterY9 prediction depends on the
di�erence between current objective and target values. However,
DM may not be certain about the desired improvement due to



, COIN Report 2026003, D. Yadav and K. Deb

unknown target solution. In such case, the relaxation in objective
59 is computed as follows:

� 9 = min
h
U9

�
I nad

9 � I �
9

�
•
�
5)
9 � 5 2

9

�
¸ 0”5X9

i
• (3)

whereU9 is a problem-speci�c parameter, andX9 de�nes the
width of Class� = (refer Figure 5). Consider the human-induced
uncertainty is evaluated as uniform randomness (U). The upper
bound Y9 at objective value 529 = 59¹x�•2º is computed as follows:

Y9 = 52
9 ¸ ¹1 ¸ U 9U»�1• 1¼º�9• (4)

ensuring thatY9 ¡ 5 2
9 when U9 Ÿ 1. Replicating the similar idea,

the lower bound�I 8 for Class �� objectives is computed as follows:

�I 8 = 52
8 � ¹1 ¸ U 8U»�1• 1¼º�8• (5)

where � 8 is the improvement in objective52
8 , whoch is obtained

using index8instead of9in Equation(3). This ensures�I 8 Ÿ 52
8 for

U8 Ÿ 1. TermU introduces uncertainty in the bounding parameters,
mimicking the inexact responses provided by a human DM.

3.3 Preference Evaluator
The goal of an iMCDM procedure is to obtain a target class de�ned
as� = (or � = [� � ), depicting that no further improvement is needed in
the objectives. Once, the target class is achieved, iMCDM procedure
can terminate. The preference-evaluator metric (M %�) is de�ned
as follows:

M %� =
"

max
<=1

j3 � � < j ¸ fmax
�
�I =
8• Y=9

�
• 88 2 I� • 89 2 I� g• (6)

where �< 2 1• 2• 3• 4 corresponds to Classes �Ÿ• �� • �=• �� , and

�I =
8 =

�I 8 � 5 )
8

5'
8 � 5 )

8

• Y=9 =
5)
9 � Y 9

5)
9 � 5 �

9

” (7)

The preference evaluator (M %�) consists of two terms. The �rst
term, derived from the objective classes, measures the deviation
from the target class, whereas the second term incorporates the
bounding parameters (Y•�I ) and quanti�es the relative proximity
of objectives in Classes� � and� � . If all objectives are in Class� =,
M %� = 0. This implies that solutions withM %� values closer to
zero are preferable. Hence,M %� can be used to rank PO solutions.

3.4 Limitations in Machine-DM approach
The proposed Machine-DM approach assumes that the human DM
has clear and �xed objective preferences. Accordingly, for a given
PO solutionx, class predictor MLF�! predicts a single objective
class vector (I), which is a strong assumption as it prevents iterative
re�nement of classi�cations for the same solution (x) commonly
required in few iMCDM procedures.

A second limitation of the proposed Machine-DM approach
arises from predicting bounding parameters. The parameter-predictor
ML (F%%) assumes that the predicted parameters (Y•�I ) are valid to
compute a PO solution in the criterion space. However, these param-
eters are often used to de�ne constraints (e.g., Subproblem(SP-I)),
and invalid bounds may over-constrain the problem. In such cases,
no feasible solution exists, causing the iMCDM procedure to termi-
nate prematurely without reaching the target class.

4 Proposed ?Machine-DM Approach
In the previous section, we discussed two limitations in classical
Machine-DM approach. We address these two limitations by propos-
ing a Stochastic Class Predictor ML (�F�! ) and updating the bound-
ing parameters. With these modi�cation, we propose a stochastic
Machine-DM approach termed as ?Machine-DM approach.

Figure 6: Stochastic class predictor ML ( �F�! ) maps a variable
vector x 2 R= to a class probability vector p< 2 R4 for each
objective <.

4.1 Stochastic Class Predictor ML
Ideally, a stochastic class predictor ML (�F�! ) illustrated in Figure 6
is an ANN which predicts the probability vectorp< of classi�cation
status I 2 f�Ÿ• �� • �=• �� g of objective 5< as follows:

�F�! : x�
�F�!����! p < =

8>>>><

>>>>
:

?<•1 = Prf5< 2 � Ÿg
?<•2 = Prf5< 2 � � g
?<•3 = Prf5< 2 �=g
?<•4 = Prf5< 2 � � g

9>>>>=

>>>>
;

"

• x 2 R=”

Given the class probability vectorp< for objective5< , a cumula-
tive distribution function (CDF) is constructed, as shown in Figure 7.
A stochastic class for objective5< is then assigned by drawing a
random number A and selecting the objective class as follows:

�< =

8>>>><

>>>>
:

� Ÿ• if 0 � A � ? <•1•
� � • if ?<•1 Ÿ A � ?<•1 ¸ ? <•2•
� =• if ?<•1 ¸ ? <•2 Ÿ A � ?<•1 ¸ ? <•2 ¸ ? <•3•
� � • if ?<•1 ¸ ? <•2 ¸ ? <•3 Ÿ A � 1”

(8)

Figure 7: Cumulative distribution function (CDF) for stochas-
tic objective classi�cation. Where A � U»0•1¼ 2 �� in this case.

4.2 Updated Bounding Parameters
The description on updated bounding parameters is provided in
Section 5.2. It handles the over-constrained problem scenarios due
to ill-de�ned bounding parameters of objectives obtained through
F%%. This is a very common scenario for disjoint PFs, presented in
Sections 6.1 and 6.2.
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5 ?MachDM-STEM Procedure
Step-wise procedure for the proposed?MachDM-STEM is provided
as follows. The replacement of a human DM with?Machine-DM is
shown in italics.

(1) Compute a feasible start pointx ¹0º and corresponding objec-
tive vectorz¹0º. Calculate ideal objective vector (z� ) and nadir
objective vector (znad). Set� = 1. Solve the following AASF
subproblem to compute start point (z¹1º):

Minimize
"

max
8=1

"
58¹xº � I ¹0º

8

I nad
8 � I ��

8

¸ d
"Õ

8=1

58¹xº

I nad
8 � I ��

8

#

•

subject to x 2 (”

(SP-0)

(2) Denote the solution by x� 2 ( and the corresponding objective
vector by z� 2 / , where( and/ are feasible decision space and
attainable criterion space, respectively.

(3) Use stochastic ANN1 to classify the objective functions at x�

into satisfactoryf� � • �=gand unsatisfactory onesf� Ÿ• �� g. If all
the objective functions belong to class {� =• �� }, go to Step (6).
Otherwise, use ANN-2 to specify upper boundsY8¹8 2 �� º and
lower bound�I 8¹8 2 �� º for the satisfactory objective functions.

(4) Compute weightsF8;8 =1• ” ” ” • "; as provided in Section 5.1.
SetF8 = 0, for8 2 �� [ � =. Solve the following subproblem,
where the upper bounds are taken into account:

Minimize
"

max
8=1

h
F8j58¹xº � I �

8 j
i
•

subject to ~68 : 58¹xº � Y8• 8 8 2 I� •

~69 : 59¹xº � 5 9¹x� º• 89 2 IŸ [ � � [ I =•

x 2 (”

(SP-I)

(5) Compute preference-evaluator metric (M %�) for solution x�¸1 ,
and compute corresponding objective vector z�¸1 . If x� = x�¸1 ,
obtain a di�erent objective class�I using stochastic ANN1 (�F�! ).
If �I 2 � = [ � � , goto Step (6). Otherwise, update the bounding
parameters (Y9• 89 2 �� ) and relax the active constraints (~68• ~69)
in Subproblem(SP-I), as provided in Section 5.2. Next, set� = �¸ 1,
and go to Step (3).

(6) Stop. The �nal solution is x� .

5.1 Computation of weight vector in Step (4)
The weight F8 can be computed as follows:

F8 =
48

Í "
9=149

• 8 = 1• ” ” ” • ";

where• 88 48 =
1
I �

8

I nad
8 � I �

8

I nad
8

; I �
8• Inad

8 < 0”
(w-vec.)

5.2 Update parameter and constraints in Step (5)
If x�¸1 = x� , we update the parameter (Y) and constraints as follows:

Y�¸1
8 = Y�

8 ¸ 0”05C ¹Inad
8 � I �

8º• 8 8 2 I� •

5�¸1
9 ¹x� º = 5�

9 ¹x� º � 0”05C ¹Inad
9 � I �

9º• 89 2 IŸ [ I � •

5�¸1
: ¹x� º = 5�

: ¹x� º � X : ¹I nad
: � I �

: º• 8: 2 I=”

(9)

WhereC 2 /¸ is a positive integer with an initial value ofC =1.
The value ofCincreases till a di�erent solution¹x�¸1 j x�¸1 < x� º
is obtained in two consecutive iterations, � and � ¸ 1.

6 Simulation Results
?MachDM-STEM procedure is illustrated using four test problems
and four real-world constrained and unconstrained M(a)OO prob-
lems. The Machine-DM parameters in Equations(3)and(4)are set
asU9 = ÛandX9 = X̂• ¹Inad

9 � I �
9º for all 9. The problem descriptions

and corresponding values of̂U andX̂ are summarized in Table 1.

Table 1: Problem description and parameter setting for GA
and Machine-DM. Parameters " , =, and � are number of ob-
jectives, variables, and constraints, respectively.

Examples
Problem
Details

NSGA-II/III
Parameters

Machine-DM
Parameters

ANN1/ANN2
Parameters

" = � pop Gen X̂ Û ;A1 ;A2 ;reg

ZDT3 2 5 0 1000 100 0.100 0.100 0.01000.010 0.010
Knee 3 5 0 1350 100 0.050 0.100 0.00100.001 0.010
C2-DTLZ2 3 10 1 1350 100 0.100 0.100 0.00010.00010.001
*Crash. 3 5 0 1350 100 0.100 0.050 0.00100.002 0.020
*Carside 3 7 10 1350 100 0.100 0.075 0.00200.001 0.012
*River 4 2 0 2000 200 0.015 0.025 0.00250.001 0.010
WATER 5 3 7 2000 200 0.025 0.035 0.00100.002 0.020
DTLZ2 8 10 0 2000 500 0.050 0.200 0.00100.001 0.010

*Results for vehicle crashworthiness, car side impact, and river pollution
problems are provided in Appendix A.3.

To train ANN1 and ANN2, a representative set of PO solutions
is �rst generated using NSGA-II or NSGA-III in pymoo [2]. The
augmentation parameter (d) in the AASF formulation of the Sub-
problems is set to 0.001. Subproblems(SP-0)� (SP-I)are solved using
a real-coded GA (RGA) [9] with a population size of 100 and 200
generations; all other RGA parameters follow standard settings [12].
Both ANNs have hidden layers [128, 64, 32, 16] and are trained us-
ing the Adam optimizer [16] with learning rates;A1 and;A2. ANN2
additionally uses L2 regularization with parameter;reg. The train-
test-validation split is 80-20-10, with batch size 32 and a maximum
of 500 epochs for both networks. ANN1 training is evaluated via
Accuracy, Precision, Recall, and F1 Score, while ANN2 uses' 2 and
MSE. Detailed error metrics are provided in the Appendix A.2.

6.1 Bi-objective ZDT3 problem
ZDT3 problem is a scalable unconstrained MOO problem [36]. In
this example, we demonstrate the implementation of MachDM-
STEM procedure on two objectives and �ve variable ZDT3 problem.
For this problem, a target solution corresponding to reference point
' = [0.50, 0.75] is picked (Figure 8a). Table 1 provides the problem
description for this example, along with the NSGA-III, Machine-DM,
and ANN parameters. The iteration-wise results for this example
starting with a deterministic Machine-DM and then followed by
?Machine-DM is presented in Figure 8a. The objective values (58)
along with subproblem constraints (~68), classi�cation status (�8),
bounding parameters (Y8• �I 8), and preference evaluator values (M %�)
are presented in Table 2. This example clearly demonstrated the
limitations of Machine-DM, e�ectively addressed by?Machine-DM.
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(a) Bi-objective ZDT3 problem (b) Three-objective knee problem. (c) Three-objective C2-DTLZ2 problem

Figure 8: Iteration-wise ?MachDM-STEM solutions represented in letters obtained for ZDT3, knee, and C2-DTLZ2 problems.

Table 2: Iteration-wise objectives ( 5< ), subproblem con-
straints ( ~6< ), classes (�< ), bounding parameters ( �I < •Y< ), and
preference values (M %�) for bi-objective ZDT3 problem.
While the deterministic ANNs produce a stagnation on the
end of a disjointed PF, ?Machine-DM based ANNs overcomes
the gap and converges near the true preferred PO solution.

MachDM-STEM started with deterministic Machine-DM
Points 51 52 ~61 ~62 �1 �2 �I 1•Y1 �I 2•Y2 M %� Rank

A: z¹1º 0.00140.9623 � � 4 1 0.0981 � 2.9580 5
B: z¹2º 0.08300.6697-0.293-0.015 4 1 0.1742 � 2.7403 4
C: z¹3º 0.08300.6697 0.0 -0.091 4 1 0.1742 � 2.7403 4

MachDM-STEM followed by ?Machine-DM after solution C: z ¹3º

Points 51 52 ~61 ~62 �1 �2 �I 1•Y1 �I 2•Y2 M %� Rank

D: z¹4º 0.21670.4256-0.244 0.0 4 2 0.30200.24201.3742 3
E: z¹5º 0.25780.2422-0.184-0.044 4 2 0.34100.16081.2625 2
F: z¹6º 0.25780.2422 0.0 -0.083 4 2 0.34100.16081.2625 2
G: z¹7º 0.42620.0347-0.208 0.0 3 3 � � 0.0374 1

6.1.1 Starting with a deterministic Machine-DM. In Step (1) of
MachDM-STEM procedure, a feasible start pointx ¹0º = [0.7608,
0.0464, 0.0033, 0.7605, 0.2769] is picked and corresponding objec-
tive vectorz¹0º is computed. Considering,z¹0º as a reference point,
Subproblem(SP-0)is solved to compute a start pointz¹1º = [0.0014,
0.9623]. The start point is presented by point `A' in Figure 8a. This
completes Step (1) and Step (2) and iteration counter is set to� = 1.

In Step (3), a deterministic ANN1 is used to classify the objectives
51 and52. The objective values and their classi�cation for start point
z¹1º (A) is provided in Table 2. As the objective class (� ={� Ÿ• �� }={1,4})
for start point (z¹1º) is not satisfactory, ANN2 is used to predict
the bounding parameters. Since, objective52 2 � Ÿ, no bounding
parameter is obtained. However, for objective51 2 � � , parameter
Y1=0.0981 is computed, allowing51 to deteriorate till 51 = 0.0981.
This completes Step (3).

In Step (4), given the objective class forz¹1º, weight vector is com-
puted using Equation(w-vec.). Next, Subproblem(SP-I)is solved
to obtained a solutionz¹2º = [0.0830, 0.6697], presented as point `B'
in Figure 8a and reported in Table 3. This completes Step (4).

In Step (5), preference valuesM %� are compared for solutions
z¹1º andz¹2º, which indicates thatz¹2º is better thanz¹1º. As these
solutions are di�erent i.e.x ¹1º < x ¹2º, Step (5) is completed and we
proceed with Step (3). This completes one iteration of MachDM-
STEM procedure. Next, iteration counter is set to � = 2.

In the next iteration, solutionz¹3º (Point C in Figure 8a) is ob-
tained which is identical to the previous solution (z¹2º) with objec-
tive classI = f� � • �Ÿg• f4•1g . In absence of a stochastic Machine-
DM and parameter updates, the same solution will be obtain in next
iterations, which terminates the MachDM-STEM procedure with
deterministic Machine-DM without achieving target class.

6.1.2 Analysis on failure of Deterministic Machine-DM. Figure 8a
represents solutions B and C (z¹2º and z¹3º) located at the edge
of disjoint Pareto boundary. Note that the parameterY1 = 0.1742
relaxing the objective 51 is not su�cient to jump and attain a new
PO solution. Because the next PO solution can only be obtained
at 51 = 0.1822 [36]. This makes the constraint (~61) in subproblem
(SP-I)active and the identical solutions (z¹2º andz¹3º) are obtained
in consecutive iterations, prematurely terminating the MachDM-
STEM followed by deterministic Machine-DM.

6.1.3 Decision-making followed by Stochastic Machine-DM. To fur-
ther proceed from the prematurely converged solutionz¹3º, we use
Stochastic Machine-DM (?Machine-DM) which provides a di�er-
ent classi�cation (I 2 f 4•2g) following Equation(8). Also, to jump
from one disjoint boundary to another, Equation 9 is used to up-
date the parameter and relax the constraint~61 in subproblem(SP-I).
These modi�cation implemented in?Machine-DM provides a new
solution z¹4º = [0.2167, 0.4256], located on a di�erent boundary
of disjoint PF. In the next iterations, solutionsz¹5º and z¹6º are
computed that are identical and located at disjoint PF boundary.
Reapplying?Machine-DM yieldsz¹7º = »0”4262• 0”0347¼(point G
in Figure 8a), achieving the target class¹I 2 f 3•3gº. This termi-
nates?MachDM-STEM procedure. The limitation of deterministic
Machine-DM for other problems are provided in Appendix A.3.b.

6.2 Three-objective problems
Three-objective problems include knee example [3], C2-DTLZ2
example [10], vehicle crashworthiness example [28], and car side
impact example [29]. The results for three-objective knee example



A Stochastic Machine-DM for Interactive MCDM , COIN Report 2026003,

Table 3: Iteration-wise objectives, constraints, classes, parameters, and preference values for the three-objective knee problem.

Points 51 52 53 ~61 ~62 ~63 �1 �2 �3 �I 1•Y1 �I 2•Y2 �I 3•Y3 M %� Rank

A: z¹1º 0.0000 0.0000 6.5270 � � � 4 4 1 0.9891 1.3236 � 2.9944 7
B: z¹2º 0.6656 1.3236 4.6207 -1.9063 -0.3236 0.0000 4 4 2 1.5520 2.1838 4.0197 1.3968 6
C: z¹3º 1.0218 2.1835 4.0382 -0.5825 -0.5302 -0.0004 4 4 2 2.0123 2.9997 3.3750 1.2917 5
D: z¹4º 1.4997 2.9997 3.9670 -0.0712 -0.5126 0.0000 4 4 2 2.4112 3.2572 3.1863 1.2007 4
E: z¹5º 1.7121 3.2570 3.8235 -0.1435 -0.6991 -0.0001 4 3 2 2.5711 � 3.0682 1.1642 2
F: z¹6º 1.6903 3.2570 3.8222 -0.0012 0.0000 -0.8808 4 3 2 2.5559 � 3.0742 1.1676 3
G: z¹7º 3.4058 3.2569 2.3999 -1.4223 -0.0002 -0.0001 3 3 4 � � 2.7800 1.0202 1

Table 4: Iteration-wise objectives, constraints, classes, parameters, and preference values for three-objective C2-DTLZ2 problem.

Points 51 52 53 ~61 ~62 ~63 �1 �2 �3 �I 1•Y1 �I 2•Y2 �I 3•Y3 M %� Rank

A: z¹1º 0.0000 0.0000 1.0000 � � � 4 4 1 0.1532 0.0732 � 3.0354 8
B: z¹2º 0.1511 0.0730 0.9858 -0.0142 -0.0021 -0.0002 4 4 1 0.2363 0.1844 � 2.8121 7
C: z¹3º 0.2347 0.1844 0.9544 -0.0314 -0.0016 0.0000 4 4 1 0.3143 0.2818 � 2.6166 6
D: z¹4º 0.2738 0.2798 0.9202 -0.0343 -0.0405 -0.0020 4 4 1 0.3669 0.3836 � 2.4416 4
E: z¹5º 0.3418 0.1917 0.9200 -0.0002 -0.0251 -0.1919 4 4 1 0.3999 0.3148 � 2.5503 5
F: z¹6º 0.5495 0.4646 0.6944 -0.2256 -0.0026 -0.0003 3 4 2 � 0.5271 0.6231 1.1242 3
G: z¹7º 0.5462 0.5270 0.6511 -0.0434 -0.0033 -0.0001 3 4 2 � 0.5554 0.5976 1.0674 2
H: z¹8º 0.5442 0.5550 0.6292 -0.0219 -0.0020 -0.0004 3 3 3 � � � 0.0479 1

Table 5: Iteration-wise results with objectives, constraints, classes, parameters, and preference values for WATER problem.
Points Objectives: 51 � 5 5 Subprob. constraints:~61 � ~65 Class: �1 � � 5 Parameters:�I 1 � �I 5•Y1 � Y 5 M %� Rank

S.P.: z¹1º [6.43e+4, 1.03e+3, 4.04e+5,
5.58e+6, 6.36e+3]

[ � , � , � , � , � ] [4, 1, 4, 2, 4]
[6.51e+4, �, 5.07e+5,

4.95e+6, 8.40e+3]
2.69 10

Iter 1: z¹2º [6.47e+4, 7.81e+2, 5.07e+5,
4.83e+6, 6.75e+3]

[-2.53e+2, -7.47e+5, -4.39e+2,
-2.55e+2, -1.65e+3]

[4, 2, 4, 2, 4]
[6.54e+4, 7.40e+2, 6.00e+5,

4.26e+6, 8.82e+3]
1.45 9

Iter 2: z¹3º [6.50e+4, 6.51e+2, 6.00e+5,
4.24e+6, 6.85e+3]

[-1.30e+2, -5.88e+5, -3.57e+2,
-7.74e+1, -1.97e+3]

[4, 2, 4, 2, 4]
[6.57e+4, 6.06e+2, 6.96e+5,

3.74e+6, 8.64e+3]
1.32 8

Iter 3: z¹4º [6.54e+4, 5.91e+2, 6.96e+5,
3.71e+6, 6.46e+3]

[-5.95e+1, -5.33e+5, -2.94e+2,
-2.41e+1, -2.18e+3]

[2, 2, 4, 2, 4]
[6.58e+4, 5.45e+2, 7.54e+5,

3.46e+6, 8.32e+3]
1.26 7

Iter 4: z¹5º [6.80e+4, 1.74e+2, 1.40e+6,
1.40e+6, 1.15e+4]

[-4.17e+2, -2.31e+6, -2.58e+3,
-3.11e+1, -8.27e+3]

[2, 4, 2, 4, 4]
[6.73e+4, 2.15e+2, 1.30e+6,

2.01e+6, 1.20e+4]
1.26 6

Iter 5: z¹6º [6.70e+4, 2.09e+2, 1.14e+6,
2.01e+6, 1.18e+4]

[-9.67e+2, -2.58e+5, -5.96,
-3.89e+1, -2.50e+2]

[2, 4, 2, 4, 4]
[6.64e+4, 2.36e+2, 1.03e+6,

2.60e+6, 1.23e+4]
1.12 5

Iter 6: z¹7º [6.64e+4, 2.36e+2, 9.69e+5,
2.54e+6, 1.23e+4]

[-6.33e+2, -1.69e+5, -4.13e-1,
-5.83e+4, -2.71e-1]

[2, 4, 2, 4, 4]
[6.59e+4, 2.59e+2, 8.66e+5,

2.98e+6, 1.27e+4]
1.04 4

Iter 7: z¹8º [6.60e+4, 2.59e+2, 8.53e+5,
2.98e+6, 1.27e+4]

[-4.32e+2, -1.15e+5, -1.52e-1,
-6.45e+2, -7.50e-1]

[2, 3, 2, 4, 4]
[6.58e+4, �, 8.09e+5,

3.16e+6, 1.29e+4]
1.01 3

Iter 8: z¹9º [6.59e+4, 2.59e+2, 8.40e+5,
3.04e+6, 1.29e+4]

[-5.05e+1, -1.35e+4, -3.84e-2,
-1.18e+5, -4.16]

[2, 3, 3, 4, 3] [6.58e+4, �, �, 3.17e+6, �] 1.01 2

Iter 9: z¹10º [6.59e+4, 2.59e+2, 8.40e+5,
3.04e+6, 1.29e+4]

[0.00e+0, 0.00e+0, 0.00e+0,
0.00e+0, -3.30e+6]

[3, 3, 3, 3, 4] [�, �, �, �, 1.30e+4] 1.00 1

and C2-DTLZ2 examples are presented in Figure 8b and Figure 8c,
respectively. Their objective values, class, and preference values are
provided in Table 3, and Table 4, respectively. Results for vehicle
crashworthiness and car side impact examples are provided in
Appendix A.3.

In case of three-objective knee example [3], target solution cor-
responding to reference point' =[6, 6, 6] is considered.?MachDM-
STEM procedures start with a feasible start pointx ¹0º = [0.0223,
0.1075, 0.6478, 0.9607, 0.7703]. As highlighted in Figure 8b, solutions
A-E are computed and tabulated asz¹1º � z ¹5º in Table 3. At point
E and solutionz¹5º, the classi�cation status isI = f� � • �=• �� g i.e.

[4,3,2]. Since objective52 2 �=, bounding parameters are only de-
�ned for objectives51 and 53. However, there is a small hole or gap
near solutionz¹5º, hence the current bounding parameters are not
su�cient to move close to target solution (red dot). Therefore next
solutionz¹6º comes very close to solutionz¹5º. In order to further
move from pointz¹6º, updated bounding parameter is computed
and stochastic ANN is used to obtain a di�erent classi�cation. With
a di�erent classi�cation and updated bounding parameters (Y1• �I 3),
solution z¹7º, close to the true target PO solution is computed.
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C2-DTLZ2 problem has a disjoint PF as presented in Figure 8c.
This example also requires computation of updated bounding pa-
rameters at point E and solutionz¹5º where the parameters are not
su�cient to cross the disjoint region to evaluate a new PO solution.
In absence of updated parameter,?MachDM-STEM would have pre-
maturely converged at solutionz¹5º, without achieving the target
class. With updated parameters, solutionz¹6º is evaluated. Once
?MachDM-STEM crosses the Pareto disjoint region, next iteration
solutions reaches close to target solution with further requiring the
computation of updated parameters.?MachDM-STEM achieves the
target class and provides solution z¹8º = [0.5442, 0.5550, 0.6292].

Figure 9: Visualization of �ve-objective WATER problem on
PCP. Gray, black, red, and green lines represent PF, start
point, target solution, and preferred solutions, respectively.

6.3 Many-objective problems
Many-objective optimization problems include four-objective river
pollution example [28], �ve-objective WATER example [12], and
eight-objective DTLZ2 example [14]. The results of �ve-objective
WATER and DTLZ2 problems are visualized in Figure 9, and Fig-
ure 10 using parallel coordinate plot (PCP) with normalized objec-
tive values. Gray, black, red, and green lines represents PF, start
point, target point, and iteration-wise preferred solutions, respec-
tively. Table 5 provides the iteration-wise objective function values,
classi�cation status, parameters values, and preference values. The
results for river pollution problem are provided in Appendix A.3.

Figure 10: Eight-objective DTLZ2 problem.

WATER example is a �ve-objective, three-variable constrained
problem with seven constraints [12]. For this example, target solu-
tion corresponding to reference point' = [7.5e+4, 9.0e+2, 2.0e+6,

1.58e+7, 4.0e+4] is picked and a start pointx ¹0º = [0.34478, 0.0142,
0.0103] is used in Step (1) of?MachDM-STEM procedure. Next,
solutionsz¹1º to z¹10º are computed in consecutive iterations fol-
lowing ?Machine-DM. Table 5 suggests that the �nal solutionz¹10º

= [6.59e+4, 2.59e+2, 8.40e+5, 3.04e+6, 1.29e+4] has achieved the
target classI = f 3•3•3•3•4g or I = f� =• �=• �=• �=• �� g. M %� values
indicate that the solutions have improved with iterations. Next, we
implement?MachDM-STEM procedure on 10-variable and eight-
objective DTLZ2 problem [14]. Iteration-wise solutions obtained
through ?MachDM-STEM are visualized using PCP and are pre-
sented in green lines in Figure 10. For this example, 15 solutions-z¹1º

to z¹15º (see Appendix A.3) are computed to achieve the target class.

7 Conclusion and Future Work
To address the challenges in benchmarking iMCDM procedures,
this paper has introduced an ML-based Machine-DM framework
that infers objective preferences through classi�cation statuses
and bounding parameters without involving any human DM. The
framework comprises two ANNs, namely a class-predictor ML and
a parameter-predictor ML, along with a preference evaluator for
ranking candidate solutions. We have discussed two key limita-
tions of the Machine-DM method: (i) the use of a deterministic
class predictor and (ii) the risk of over-constraining the problem
due to predicted bounding parameters. To overcome these issues, a
stochastic class predictor and a mechanism for updating bounding
parameters have been proposed to develop a stochastic version:
?Machine-DM. The approach is generic and can be integrated with
any iMCDM procedure to evaluate its performance for a bench-
marking purpose.

Next, the proposed?Machine-DM has been integrated with a
well-known iMCDM procedure � STEM � to develop?MachDM-
STEM procedure. We have implemented?MachDM-STEM proce-
dure on four benchmark and four engineering constrained and
unconstrained M(a)OO problems to demonstrate its e�ectiveness.
The results have shown that the?MachDM-STEM procedure is
able to progressively converge near to the true target PO solution,
whereas the deterministic MachDM-STEM procedure failed.

In future, we plan to integrate the?Machine-DM approach with
other iMCDM procedures including NIMBUS, STOM, and GUESS
for their performance evaluation and benchmarking. Trained ANNs
provide local information about the current solution in terms of
classi�cation of objectives and extent of improvement, but any
further meta-learning from a series of iterative decisions, which a
human DM may acquire to in�uence future decisions, is not learnt
by our current approach � a matter which can be addressed. The
problem description and associated pre-trained ANNs will also be
made publicly available on GitHub for their generic use. They can
be accessed by EMO and MCDM researchers to benchmark existing
iMCDM procedures and also develop novel and competing ones.
We also plan to release a comprehensive benchmarking framework
including performance evaluation metrics and a problem library for
developing, testing, and comparing competing iMCDM procedures
more realistically than the deterministic approach.
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Appendix
A.1 Data Generation for Training ANNs
In this section, we provide a comprehensive computational frame-
work for generating data for training ANN1 and ANN2 in detail.
For a given" -objective and=-variable problem, generate a well
distributed, well-converged, and a diverse set of near Pareto op-

timal solutions
� �

x� • f�
� #
8=1

�
. Consider that' = f ' is an unknown

" -dimensional pessimistic point and) = f ) is the M-dimensional
target point. Machine-DM parameters described in main manu-
script areXandU. Also,z� andz=03 represent ideal and nadir point,
respectively.

A.1.a Data Generation for ANN1
For a" -dimensional PO pointf � , the " -dimensional objective
class I is computed as follows:

�< =

8>>>>>>>><

>>>>>>>>
:

1 : Class �Ÿ• if 5�
< ¡ 5 '

<

2 : Class �� • if 5'
< � 5 �

< ¡ 5 )
< ¸ 0”5 � X̂<

3 : Class �=• if 5)
< � 0”5 � X̂< � 5 �

< � 5 )
<

¸0”5 � X̂<

4 : Class �� • if 5�
< Ÿ 5)

< � 0”5 � X̂<

;

< = 1• ” ” ” • "”

(10)

Here,X̂< = X< � ¹I =03
< � I �

< º de�nes the width of target ob-
jective class (� =) in < -th objective. Next, for all the PO solutions� �

x� • f�
� #
8=1

�
obtain the class according to Equation(10). Get the

training data (D�# # 1 ) for ANN1 as follows:

D �# # 1 =
h
x�•¹8º• I¹8º

i #

8=1
(11)

Next, the data D�# # 1 is used for train-test-validation split and
for training ANN1 (F�! ).
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Table 6: Error metric for ANN models across benchmark MCDM problems and instances.

S.I. Example
Objective
function

ANN 1 (F̂�! ) Error Metric ANN 2 (F̂%%) Error Metric
Accuracy Precision Recall F1-Score ' 2 MSE

1
ZDT3
(bi-objective)

51 1.0000 1.0000 1.0000 1.0000 0.9962 0.0002
52 0.9429 0.9167 0.9474 0.9206 0.9566 0.0056

2
Knee
(three-objective)

51 0.9554 0.9482 0.9296 0.9372 0.9930 0.0198
52 0.9732 0.9516 0.9609 0.9550 0.9953 0.0133
53 0.9286 0.8947 0.9023 0.8983 0.9780 0.0321

3
C2-DTLZ2
(three-objective)

51 0.9882 0.9696 0.9622 0.9658 0.9898 0.0253
52 1.0000 1.0000 1.0000 1.0000 0.9889 0.01265
53 0.9704 0.9464 0.9511 0.9450 0.9927 0.0219

4
Vehicle
Crashworthiness
(three-objective)

51 0.9610 0.9495 0.9518 0.9494 0.9962 0.0026
52 0.9610 0.9651 0.9453 0.9522 0.9915 0.0066
53 1.0000 1.0000 1.0000 1.0000 0.9975 0.0023

5
Car side
Impact
(three-objective)

51 0.9505 0.9259 0.9489 0.9364 0.9952 0.0049
52 0.9286 0.9059 0.8633 0.8752 0.9973 0.0028
53 0.9670 0.9468 0.8982 0.9201 0.9950 0.0042

6
River
Pollution
(four-objective)

51 0.9950 0.9947 0.9976 0.9961 0.9987 0.0003
52 0.9750 0.9421 0.9647 0.9514 0.9939 0.0001
53 0.9600 0.9681 0.9059 0.9447 0.9954 0.0196
54 0.9650 0.9748 0.9359 0.9527 0.9931 0.0535

7
WATER
(�ve-objective)

51 0.9600 0.8344 0.9132 0.8605 0.9992 0.0008
52 0.9475 0.8056 0.8211 0.8130 0.9996 0.0004
53 0.9800 0.7417 0.7367 0.7391 0.9997 0.0003
54 0.9775 0.7606 0.8051 0.7163 0.9994 0.0004
55 0.9425 0.7073 0.7137 0.7013 0.9988 0.0012

8
DTLZ2
(eight-objective)

51 0.9503 0.9057 0.9121 0.9080 0.9830 0.0478
52 0.9526 0.9184 0.9159 0.9161 0.9756 0.0625
53 0.9464 0.9364 0.8994 0.9165 0.9786 0.0601
54 0.9619 0.9382 0.9199 0.9278 0.9786 0.0677
55 0.9611 0.9513 0.9603 0.9553 0.9882 0.0383
56 0.9580 0.9358 0.9244 0.9299 0.9860 0.0438
57 0.9565 0.9430 0.9249 0.9319 0.9845 0.0581
58 0.9775 0.9727 0.9743 0.9734 0.9926 0.0222

A.1.b Data Generation for ANN2
In this section, we provide the computational framework for gener-
ating training data for ANN2 (F%%). Following the objective clas-
si�cation de�nition provided in Equation (10), compute the" -
dimensional bounding parameter (�) as follows:

� < =

8>>>>><

>>>>>
:

0 if �< 2 IŸ

�I < • if �< 2 I �

0 if �< 2 I=

Y< • if �< 2 I¡

; < = 1• ” ” ” • "” (12)

The detailed computation for�I andYis provided in Appendix A

of the main document. Next, for all the PO solutions
� �

x� • f�
� #
8=1

�
,

compute the bounding parameter vector (�). Get the training data
(D �# # 2 ) as follows:

D �# # 2 =
h
x�•¹8º• � ¹8º

i #

8=1
” (13)

Next, the dataD �# # 2 is used for train-test-validation split and for
training ANN2 (F%%).

A.2 Architecture and Error Metric for ANNs
The architecture of ANN1 and ANN2 is provided in Table 7 and Ta-
ble 8, respectively. For ANN1 and ANN2, four-layered feed-forward
neural networks are used with a reduced number of hidden layers
[128, 64, 32, 16] and Adam optimizer [16] with a learning rate set
to ;A1 and;A2, respectively. ANN1 uses Softmax and ANN2 uses
Sigmoid activation functions. For ANN2, L2-regularization with pa-
rameter;reg is used to train the respective ANN. For both the ANNs,
80% of data is used in training and 20% data is used for testing. In
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Table 7: A generic architecture of ANN1�Class Predictor ANN
(F�! ) for an =-variable, " -objective MOO problem, trained
with �xed hidden (dense) layer [128,64,32,16].

Layer Type Output Number of Connected to

Shape Parameters

Input Layer = 0 �

Dense Layer 1 128 128¹= ¸ 1º Input Layer

Dense Layer 2 64 8,256 Dense Layer 1

Dense Layer 3 32 2,080 Dense Layer 2

Dense Layer 4 16 528 Dense Layer 3

Output Layer 1 1 68 Dense Layer 4
”””

”””
”””

”””

Output Layer " 1 68 Dense Layer 4

Total Trainable Parameters: 128= ¸ 10• 992 ¸ 68"

Table 8: A generic architecture of ANN2�Parameter Predic-
tor ANN ( F%%) for an =-variable, " -objective MOO problem,
trained with �xed hidden (dense) layer [128,64,32,16].

Layer Type Output Number of Connected to

Shape Parameters

Input Layer = 0 �

Dense Layer 1 128 128¹= ¸ 1º Input Layer

Dense Layer 2 64 8,256 Dense Layer 1

Dense Layer 3 32 2,080 Dense Layer 2

Dense Layer 4 16 528 Dense Layer 3

Output Layer 1 1 17 Dense Layer 4
”””

”””
”””

”””

Output Layer " 1 17 Dense Layer 4

Total Trainable Parameters: 128= ¸ 10• 992 ¸ 17"

training phase, 20% of training data is used for cross-validation
purpose. The batch-size and maximum epoch for both the ANNs
are set to 32 and 500, respectively. For training ANN1, error metrics
� Accuracy, Precision, Recall, and F-1 Score � are checked for their
closeness to one. For training ANN2,' 2 and MSE is used as error
metric.

The error metric of class-predictor ML (̂F�! ) is provided in
terms of Accuracy, Precision, Recall, and F-1 Score. For parameter-
predictor ML (F̂%%), coe�cient of regression (' 2) and mean squared
error (MSE) is used indicate the ANN performance and error met-
ric. The error metrics for class-predictor ML (̂F�! ) and parameter-
predictor ML (F̂%%) are provided in Table 6.

A.3 Additional Results
This section �rst reiterates the subproblems used in?MachDM-
STEM procedure. Then the equations used for updating parameters
and constraints is provided. Next, we discuss the results of de-
terministic Machine-DM for three-objective knee and C2-DTLZ2
problems highlighting the limitations of using deterministic class
predictor ML (F�! ) while devising Machine-DM. Finally, the results
for three-objective vehicle crashworthiness [? ], three-objective
car side impact [29], four objective river pollution problem [28],
and table for eight-objective DTLZ2 problem [14] are discussed in
detail.

A.3.a Subproblems in ?MachDM-STEM Procedure
In the following, we re-iterate the subproblems and the weight-
vector computation used in the STEM procedure, as presented in
the main manuscript. This is done to provide clarity and continuity
while discussing the additional results for additional examples. Sub-
problem presented in Equation(SP-0)is used to compute the start
point. Subproblem presented in Equation(SP-I)is used to compute
preferred solutions other than the start point in Step (1) of MachDM-
STEM procedure. The weight vector used in ASF formulation(SP-I)
is computed using formula provided in Equation(w-vec.). An up-
date in parameter and Subproblem(SP-I)constraint is outlined in
Equation (14).

A.3.a (i) Subproblem to compute Start Point.

Minimize
"

max
8=1

"
58¹xº � I ¹0º

8

I nad
8 � I ��

8

¸ d
"Õ

8=1

58¹xº

I nad
8 � I ��

8

#

subject to x 2 (”

(SP-0)

A.3.a (ii) Subproblem for computing other than Start Point.

Minimize
"

max
8=1

h
F8j58¹xº � I �

8 j
i

subject to ~68 : 58¹xº � Y8• 8 8 2 I� •

~69 : 59¹xº � 5 9¹x� º• 89 2 IŸ [ I � [ I =•

x 2 (

(SP-I)

A.3.a (iii) Computation of weight vector for ?MachDM-STEM.

F8 =
48

Í "
9=149

• 8 = 1• ” ” ” • ";

where• 88 48 =
1
I �

8

I nad
8 � I �

8

I nad
8

• I �
8 < 0”

(w-vec.)

A.3.a (iv) Update parameter and constraints in Step (5).

Y�¸1
8 = Y�

8 ¸ 0”05C ¹I=03
8 � I �

8º• 8 8 2 I� •

5�¸1
9 ¹x� º = 5�

9 ¹x� º � 0”05C ¹I=03
9 � I �

9º• 89 2 IŸ [ I � •

5�¸1
: ¹x� º = 5�

: ¹x� º � X : ¹I =03
: � I �

: º• 8: 2 I=”

(14)

A.3.b Deterministic Machine-DM Results
In this section, we highlight the limitations of deterministic Machine-
DM by implementing MachDM-STEM procedure to three-objective
knee and C2-DTLZ-2 problems.
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Table 9: Implementation of deterministic MachDM-STEM to three-objective knee problem, highlighting the limitations of
deterministic Machine-DM. This table reports values of iteration-wise objectives, constraints, classes, parameters, and preference
values for the three-objective knee problem. MachDM-STEM terminates at solution F, which is still distant from target solution.

Points 51 52 53 ~61 ~62 ~63 �1 �2 �3 �I 1•Y1 �I 2•Y2 �I 3•Y3 M %� Rank

A: z¹1º 0.0000 0.0000 6.5270 � � � 4 4 1 0.9891 1.3236 � 2.9944 7
B: z¹2º 0.6656 1.3236 4.6207 -1.9063 -0.3236 0.0000 4 4 2 1.5520 2.1838 4.0197 1.3968 6
C: z¹3º 1.0218 2.1835 4.0382 -0.5825 -0.5302 -0.0004 4 4 2 2.0123 2.9997 3.3750 1.2917 5
D: z¹4º 1.4997 2.9997 3.9670 -0.0712 -0.5126 0.0000 4 4 2 2.4112 3.2572 3.1863 1.2007 4
E: z¹5º 1.7121 3.2570 3.8235 -0.1435 -0.6991 -0.0001 4 3 2 2.5711 � 3.0682 1.1642 2
F: z¹6º 1.6903 3.2570 3.8222 -0.0012 0.0000 -0.8808 4 3 2 2.5559 � 3.0742 1.1676 3

Table 10: Results three-objective C2-DTLZ2 problem obtained upon implementation deterministic MachDM-STEM, highlighting
the limitations of deterministic Machine-DM. MachDM-STEM terminates at solution E, which is far from target PO solution.

Points 51 52 53 ~61 ~62 ~63 �1 �2 �3 �I 1•Y1 �I 2•Y2 �I 3•Y3 M %� Rank

A: z¹1º 0.0000 0.0000 1.0000 � � � 4 4 1 0.1532 0.0732 � 3.0354 8
B: z¹2º 0.1511 0.0730 0.9858 -0.0142 -0.0021 -0.0002 4 4 1 0.2363 0.1844 � 2.8121 7
C: z¹3º 0.2347 0.1844 0.9544 -0.0314 -0.0016 0.0000 4 4 1 0.3143 0.2818 � 2.6166 6
D: z¹4º 0.2738 0.2798 0.9202 -0.0343 -0.0405 -0.0020 4 4 1 0.3669 0.3836 � 2.4416 4
E: z¹5º 0.3418 0.1917 0.9200 -0.0002 -0.0251 -0.1919 4 4 1 0.3999 0.3148 � 2.5503 5

(a) Three-objective knee problem implemented with deter-
ministic Machine-DM.

(b) Three-objective C2-DTLZ2 problem implemented with deter-
ministic Machine-DM.

Figure 11: Three-objective problems solved using deterministic MachDM-STEM. Black and red dots denote the start and target
points. ' and $ indicate the reference and ideal points, respectively. Green points represent preferred solutions other than the
start point. Preferred solutions are denoted as letters (A, B, C, ...) adjacent to black/green dots.

A.3.b (i) Three-objective knee problem. The iteration-wise solu-
tions for three-objective knee problem is represented in Figure 11a.
The objective values (58), subproblem constraints (~68), objective
classi�cation (�8), and preference values (M %�) for this example
is provided in Table 9. Figure 11a suggests that the determinis-
tic Machine-DM computes identical solution E and F (z¹5º and
z¹5º in Table 9) in two consecutive iterations with objective class
I 2 f� � • �=• �� g = f4•3•2g. Since solutionsz¹5º and z¹5º do not
achieve the target class, deterministic Machine-DM implemented
with STEM procedure terminates, prematurely. The reason this is

due to a small hole or gap between the solutions E/F and target
point (red dot in Figure 11a). The parametersY1 = 2.5559 and�I 3

= 3.0742 makes the constraints in Subproblem(SP-I)active which
does not allow to jump over the gap to compute a new solution.
This example clearly demonstrates the limitation of deterministic
Machine-DM approach in achieving the target class due to present
of a gap or hole on PF. The implementation of this example with
stochastic?Machine-DM along with results is provided in main
manuscript in Figure 8b and Table 3.
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