
A Knee-based Multi-objective Optimization for
Gait Cycle of 25-DOF NAO Humanoid Robot

Pushpendra Gupta1, Dilip Kumar Pratihar1, and Kalyanmoy Deb2

1 Mechanical Engineering Department, Indian Institute of Technology Kharagpur,
West Bengal 721302, India

pushpendra050@iitkgp.ac.in, dkpra@mech.iitkgp.ac.in,
2 Electrical and Computer Engineering, Michigan State University,

East Lansing, MI 48824, USA
kdeb@egr.msu.edu

COIN Report 2025008

Abstract. A multi-objective optimization problem finds multiple op-
timal solutions represented on a Pareto front (PF), for conflicting ob-
jectives. Focusing on the ”knee” region (KR) of the PF is preferred to
targeting the entire PF since there is a significant degradation in one
objective for a minor gain in another outside the KR. This paper ap-
plies two knee-finding methodologies– angle- and utility-based methods
within the elitist non-dominated sorting genetic algorithm (NSGA-II),
to address a multi-objective optimization problem of a 25 DOF NAO
humanoid robot’s gait cycle. The objectives are minimizing power con-
sumption and maximizing dynamic balance margin. The single support
phase exhibits a single KR, whereas the double support phase shows two
KRs. This research demonstrates a knee-based multi-objective optimiza-
tion algorithm to reduce the burden on decision-makers in selecting the
most preferred solutions. It compares two knee-finding techniques and
provides insights into a practical robotics problem for different gait cycle
phases.

Keywords: NAO humanoid robot, multi-objective optimization, deci-
sion making, NSGA-II, knee-based evolutionary algorithm.

1 Introduction

Evolutionary Multi-objective optimization (EMO) techniques are often used to
simultaneously optimize several objectives that may be in conflict with each
other. EMO finds multiple solutions, known as ”Pareto optimum solutions,” rep-
resenting a trade-off between conflicting objectives. While the Pareto optimum
solutions are not inferior to one another, it can be challenging for the decision
maker (DM) to select the best solution out of many options. However, if the
Pareto Front (PF) has a ”knee” region (KR), they often draw the attention of
DMs, as it helps narrow down the options. A knee region is one outside that a
slight enhancement in one objective is accompanied by a substantial worsening
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in another objective. In such cases, it is better to search this region of interest
instead of the whole PF. However, some prior information about the existence of
a knee region is not usually available to the DM. Researchers employed various
multi-criterion decision-making techniques to focus on a preferred region of the
PF. Angle and utility-based knee-finding methods [4] enable the DM to make
the better choices from the fewer solutions without having prior knowledge of
the importance of different objectives, which is not possible in real-world prob-
lems. Thus, angle- and utility-based methods are utilized to directly find the
KRs instead of the whole PF.

Researchers have made significant progress in finding the PF solutions us-
ing EMO techniques. The majority of the effort in multi-objective optimization
using EMO approaches had been concentrated on determining the optimal PF.
This advancement has resulted in several efficient metaheuristic and population-
based algorithms for dealing with competing objectives. Open-source programs
such as jMetal [11], jMetalpy [2], PyGMO [23], Platypus [15], pymoo [3] and
Metaheuristics [16], and commercial software like Matlab, Wolfram Mathemat-
ica etc., could handle the optimization requirements. However, presenting the
trade-off solution set was not sufficient; much work is still necessary to integrate
the decision-making processes. Designers must explore the design space to make
the better-informed selections, and selecting a preferred solution set would ben-
efit DM. The Knee solutions help concentrate on one or more regions of interest.
The procedure can be repeated as often as necessary until DM is satisfied with
the final outcome. Decision-making and optimization are dependent activities
that cannot be considered separately. The DM can choose between solutions be-
fore, during, or after optimization. During the optimization process, these choice
categories are referred to as a priori, progressive, and posteriori [33]. Most EMO
approaches are posteriori, meaning that the DM makes his/her decision after
receiving trade-off solutions. These decisions get considerably more challenging
when dealing with multi-objective optimizations. This paper attempts to reduce
the burden of DM by providing the fewer solutions.

Problems related to biped locomotion are increasingly solved for competing
objectives like power and stability using EMO [9,20,21,25,26]. A gait cycle that
is energy efficient and ensures a significant level of stability, leading to a smooth
walking motion, is considered to be the most desirable. The DM favors design pa-
rameters that can accomplish the task with higher stability and lower energy us-
age. This research attempts to determine optimum gait parameters that decrease
power utilization while enhancing the stability of the NAO. The multi-objective
optimization problem is addressed using the elitist non-dominated sorting ge-
netic algorithm-II (NSGA-II) [8] to find PF separately during the single support
phase (SSP) and double support phase (DSP). This problem formulation also
considers maintaining torque variation within a predefined threshold. In this pa-
per, an endeavor has been put forward to incorporate the knee-based methods
in this problem for finding knee solutions, which will assist the DM in select-
ing a preferred one from a few alternate solutions compared to the entire PF.
Two knee-finding methodologies have been implemented separately in NSGA-
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II to solve the optimization problem during each phase. SSP exhibits a single
knee-like region, whereas DSP shows two. First, it is tested on a benchmark test
problem and later implemented on the NAO robot gait generation problems.
Overall, besides comparing two knee-finding methods, this study demonstrates
the application of a knee-based EMO algorithm to focus on the interested region,
revealing interesting insights into the robotics problem.

The rest of the paper is organized as follows: Section 2 presents key past stud-
ies on knee-finding methods. Section 3 discusses the knee-finding methodologies
used in this paper. Then, Section 4 introduces the gait generation problem.
Section 5 presents the mathematical multi-objective optimization problem for-
mulation. Results are presented in Section 6. Finally, conclusions are made in
Section 7.

2 Past Studies

Das [5] first identified the knee as a desired or good PF region. Branke et al. [4]
modified the EMO method to focus on knee regions utilizing angle and utility-
based focus. This assisted in narrowing the search region and generating fewer
but more relevant DM solutions. DO-DK and DEB-DK were also proposed in [4]
as benchmark problems and performance metrics to test the knee-based EMO al-
gorithms. Another research used trade-off information to describe the knee [24].
Test problems with complicated knee regions were created to evaluate EMO
algorithms’ capacity to detect all knee points [37]. Deb and Gupta [7] offered
multiple definitions for knee points and knee regions, as well as edge knee solu-
tions for bi-objective problems and properties of such problems that may exhibit
a Knee solution. Afsar et al. [1] presented an artificial decision maker (ADM)
to quantitatively evaluate several reference point-based EMO approaches. The
ADM process involves generating reference points in a learning phase to gain
insight into the problem and in a decisive phase to designate a region of inter-
est. It was found to be effective in comparing different EMO algorithms. Zhang
et al. [38] proposed an EMO (MMO-EvoKnee) to search for the whole set of
global knee solutions rather than an entire PF. Their study of various problems
demonstrates that the proposed method can lessen the burden of the DM. He
also proposed a recursive evolutionary algorithm (EvoKneer) [39] for finding
both local and global knee solutions.

The impact of a knee-based algorithm is demonstrated by solving a complex
gait cycle problem for the NAO humanoid robot. SSP and DSP represent the
phases when the NAO is supported by a single leg and both legs, respectively
[22]. Researchers had extensively focused on the influence of SSP [31, 35, 36],
DSP [26], and both phases [19] for highly stable and efficient gait cycle. However,
DSP occurs for a short period of time and has received less attention compared
to SSP. DSP was simplified by modeling it as an Inverted Pendulum in [19],
whereas Rajendra and Pratihar [26] investigated it as two SSPs with no lateral
movement. Raj et al. [25] demonstrated a trade-off between stability and energy
consumption in optimizing walk parameters for the NAO robot. Still, their study
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assumed a constant hip height of the NAO robot. Genetic algorithms (GA)
[6,9,13] extensively had been used by researchers to find the best trajectories for
efficient gait cycles. Few notable research to reduce the high energy consumption
could be found in [18,28,32], and Uno et al. [32] also considered the least change
in torque for smoother motion.

This research aims to address gaps in the field of biped robot gait op-
timization by examining the DSP, lateral movement, and the effect of arm
and hip movements in 3-dimensional space on stability. Moreover, most knee-
finding methods are tested on benchmark problems, but an application to a
complex real-world problem may provide more insight into the effectiveness of
these methodologies. The effectiveness of knee-finding techniques, viz. angle, and
utility-based methodologies is evaluated through testing on benchmark problems
and application to a complex real-world problem involving the bipedal gait cycle.
It allows for exploring the relevant knee region to understand the optimization
problem in robotics better. Thus this paper focuses on the relevant knee region
using angle and utility-based methodologies to provide valuable insights into the
robotics optimization problem.

3 Knee Based Optimization Methodology

EMO generates a set of solutions known as Pareto optimal solutions, but these
solutions can be numerous and overwhelming for the DM. To reduce the burden
on the DM, it can be useful to explore ”knee” solutions, which are a small number
of solutions near the true PF that offer a good trade-off between the objectives.
However, it is not always possible for the DM to have access to the necessary
information to identify good solutions in real-world problems, where the true
PF is unknown. In these cases, angle- and utility-based methods [4] can be used
to find knee solutions without requiring prior knowledge. NSGA-II [8] is a well-
known EMO approach recognized for its rapid convergence towards PF while
keeping a wide range of solutions. The two measurements, non-domination rank,
and crowding distance, assist in achieving those quality features. The second
measurement in the algorithm is modified to focus on the knee and replaced
with angle and utility-based techniques.

3.1 Angle-Based Focus

This allows the EMO approach to focus on the knee area without needing prior
knowledge. The slope of the lines connecting an individual solution with its two
neighbors can be used to estimate the degree of trade-off in either direction. The
angle formed by these slopes can then be used to determine if the solution is at
the knee, which is considered a desirable region for decision-making.

The angle α for a PF with a knee is shown in Fig. 1(a). It is a slope obtained
by taking into consideration just one neighboring point. On the other hand, more
intense bulges may be easily detected by taking more than two neighbors at a
time, and the angles β, γ, and δ are computed by taking out two, three, and
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four neighbors at a time, respectively. The larger angle indicates the larger bulge
in the PF. Later, a benchmark test problem DO2DK with 1000 solutions in PF
was explored. All slope angles are calculated directly using these solutions on
the PF and shown in Fig. 1(b). Knee solutions can be obtained by including all
slope angles slightly greater than 180◦. However, four-angle measurement (when
taken maximum of 4 angle measure) is more effective at identifying knee solutions
than single-angle measurements due to the greater slope angle at the knee point.
Figs. 1(c) and (d) depict the acquired knee solutions when all angles slightly
greater than 180◦ are included during single-angle and four-angle measurements,
respectively. The size of the markers grows in proportion to the slope angles.
The largest value of these four angles is examined in Fig. 1(d), which focuses
aggressively on knee solutions.

(a) (b)

(c) (d)

Fig. 1: Angle-based focus. a calculation of the angles viz. α, β, γ, and δ by
taking 1, 2, 3 and 4 neighbours, respectively [4]. b variation of α, β, γ, and δ for
DO2DK test problem. c knee solutions with single angle measure (α > 180.1◦). d
knee solutions with a maximum of 4 angle measures. (max(α, β, γ, δ) > 180.3◦).
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3.2 Utility-Based Focus

The expected marginal utility can be another way to find knee solutions. Suppose
U(x, λ) = λf1(x) + (1− λ)f2(x) is a known utility function ∀λ ∈ [0, 1], then the
DM can easily make his decision based on the highest utility. xi denotes the
solution at position i in the population for the objective f1.

λi,j =
f2(xj)− f2(xi)

f1(xi)− f1(xj) + f2(xj)− f2(xi)
(1)

E (U ′(xi, λ)) =

∫ λi,i+1

λi−1,i

α (f1(xi)− f1(xi−1))+

(1− α) (f2(xi)− f2(xi−1)) dα

(2)

If it is sorted according to criterion f1, then λi,j be the weighting of the ob-

(a) (b)

Fig. 2: Utility-based focus. a expected marginal utility variation. b mapping of
utility function on the test problem to find the knee solutions.

jectives such that solutions xi and xj would have the same utility as given in
(1). Then the expected marginal utility of the solution xi can be calculated as
given in (2) by integrating over all possible linear utility functions. U ′(xi, λ) is
the individual’s marginal utility. This individual’s marginal utility, as defined in
an earlier publication [4], can act as an additional cost that the DM must bear
in the absence of a particular solution. This approach may readily be expanded
to more than two objectives by defining U(x, λ) =

∑
λifi(x) with

∑
λi = 1.

Multiple utility functions are first examined, and then an expected marginal
utility is determined for the benchmark problem DO2DK with four knee solu-
tions, as illustrated in Fig. 2(a). Later, a threshold value (equal to the mean of
the utility functions) is used in the test problem to find four knee solutions, as
shown in Fig. 2(b). In contrast to the angle-based method, the predicted utility
function fluctuates with neighboring points since it is the additional cost the
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DM must incur if that specific individual is unavailable, and the DM must set-
tle for the second-best solution with the lower utility value. The utility-based
NSGA-II knee solutions have been found to be more uniformly distributed than
the angle-based technique, which intensifies at larger slope angles.

4 Problem Definition

In this section, the multi-objective optimization problems of gait generation
have been introduced for the robot. The kinematic model and key parameters of
NAO’s walking gait are as described in detail in our prior work on single objec-
tive optimization [14]. In particular, the single and double support phases that
characterize NAO’s gait cycle were established in that paper. Building upon that
foundation, here the approach has been extended to handle multiple competing
objectives related to power consumption and dynamic stability.

All masses exerting force on the NAO robot’s joint are taken into consider-
ation [30]. Fig. 3(a) illustrates the NAO robot during SSP. Robot kinematics
analysis is carried out using Denavit–Hartenberg parameters [10]. Inverse kine-
matics (IK) [14] determines the joint angles from the predefined cubic polyno-
mial trajectories for the hip and swing leg. If [XSwing(t),−0.05, ZSwing(XSwing)]

T

and [Xhip(t), Yhip(t), Zhip(t)]
T denote the Swing leg ankle and hip Trajectories,

respectively, then, four boundary conditions, XSwing(ti) = xi, XSwing(tf ) =

xf , ẊSwing(ti) = 0, ẊSwing(tf ) = 0 are used to find the x-coordinates of the
swing leg ankle. Its z-coordinates are found using ZSwing(xi) = 0, ZSwing(xi +

SL) = 0, ZSwing(xm) = Smax
h , ŻSwing(xm) = 0. ti and tf are the initial and fi-

nal times during one gait cycle. Step length (SL) is set to 0.06 m. Similarly,
XHip(t) (using XHip(ti) = xi + xf/4, XHip(tf ) = xi + 3xf/4, ẊHip(ti) =

V start
x , ẊHip(tf ) = V end

x ), YHip(t) (using YHip(ti) = 0.025 m, YHip(tf ) =

0.025 m, ẎHip(ti) = V start
y , ẎHip(tf ) = V end

y ), and ZHip(t) (using ZHip(ti) =

h, ZHip(tf ) = h, ŻHip(ti) = V start
z , ŻHip(tf ) = V end

z ) are calculated using their
respective boundary conditions. h represents the hip height. The support leg
is fixed at [xi + xf/2, 0.05, 0]

T . V start
x , V start

y and V start
z are the starting veloc-

ities in x, y, and z-directions, respectively. V end
z , V end

y and V end
z are the end

velocities in x, y, and z-directions, respectively. The hip traveled from XHip(ti)
to XHip(tf ). Shoulder Pitch (θSP (t)) and Elbow Roll (θER(t)) cubic trajecto-
ries are also considered in joint space during SSP. Both arms start with zero
initial velocity and end at zero final velocity. Other four boundary conditions,
θShoulderPitch(ti) = qSP

i rad, θShoulderPitch(tf ) = qSP
f rad, θElbowRoll(ti) =

qER
i rad, θElbowRoll(tf ) = qER

f rad are utilized to compute arm joint angles at
a given time. The Lagrange-Euler formulation [12] is used to compute torque as
τi =

∑n
c=1 Dicq̈c +

∑n
c=1

∑n
d=1 hicdq̇cq̇d +Ci. Dic, hicd and Ci represent inertia,

coriolis and centrifugal, and gravity terms, respectively. q̇i and q̈i are the angular
velocity and acceleration of the ith joints.

The zero moment point (ZMP) [34] is the location on the ground where the
total moments acting on the robot’s body are balanced. At the ZMP, the robot
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Fig. 3: Showing various aspects of bipedal locomotion of humanoid robot. a
a schematic view during SSP. The stride length is from xi to xf whereas ZH

and Smax
h represent the hip height and maximum swing height, respectively. b

definition of ZMP and DBM. c a schematic view during DSP. d ZMP’s maximum
and minimum values depend on the support leg location. e NAO robot foot
dimensions. f minimum XDBM and YDBM values during DSP.
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is in dynamic equilibrium and will not fall over. The net moment occurs at the
ZMP and is represented by the resultant force R, which must remain inside
the foot support polygon to maintain the dynamic balance of the humanoid
robot, as depicted in Figs. 3(a) and (b). ZMP along the x and y-axes can be

determined [22] as XZMP =
∑i=n

i=1 (Iiω̇i+mixi(z̈i−g)−miẍizi)
/∑n

i=1 mi(z̈i−g)

and YZMP =
∑i=n

i=1 (Iiω̇i +miyi(z̈i − g)−miÿizi)
/∑i=n

i=1 mi(z̈i − g). All symbols
carry their usual meaning. Figs. 3(d) and (e) show the lower and upper bounds
of ZMP values based on the foot coordinates and the foot dimensions. The
DBM [27] can be determined by calculating the absolute value of the difference
between the ZMP and the edge of the support polygon. The DBM in the x
direction (XDBM ) and y direction (YDBM ) depend on the position of the support
leg and the ZMP locations in each direction [14]. Initially, the combined center
of mass of the entire robot is calculated, and its differentiation yields the total
momentum of the robot. The equation of translational motion is determined by
taking the numerical differentiation of total momentum with respect to time.
This equation is then utilized to determine the external force experienced by the
robot. Moreover, Gupta et al. [14] explored this approach on the NAO robot,
and further detailed analysis is available in their work.

Fig. 3(c) shows the NAO robot model during DSP. The DSP is assumed
as two SSPs using the Gupta et al. concepts [14]. The robot model consists
of 23 lumped masses and is represented as two 12-mass serial manipulators.
mTorso, acting on both legs during DSP, is distributed in two parts, namely
mTorsoR = mTorsoYR

/
(YL + YR) and mTorsoL = mTorsoYL

/
(YL + YR). [XL,

XR]
T and [YL, YR]

T represent the distance of mTorso on the ground from the
left and right foot in the sagittal and lateral plane, respectively. The subscripts

L and R have been used to denote the left and right leg, respectively. Two ZMP
positions: pL and pR are initially determined after considering them as two SSPs,
as shown in Fig. 3(c). The value of n is taken as 12 during ZMP calculations.
mTorso is replaced by either mTorsoL or mTorsoR , depending on which leg is
being analyzed while computing the ZMP.

The whole model’s ZMP at point p during DSP is calculated by putting the
moment’s x and y components about point p = [px, py, 0]

T to zero [17]. The
point pL and pR are the ZMP points for the respective legs and are obtained
after solving for px = (pLxfLz + pRxfRz )

/
(fLz + fRz ) and py = (pLyfLz +

pRy
fRz

)
/
(fLz

+ fRz
) [14]. DBM during DSP is determined, as shown in Fig.

3(f). The DBM is determined during hip movement from [0.07, 0.025, h]T to
[0.11,−0.025, h]T during DSP by considering the minimum DBM available in
the sagittal and lateral direction. Cubic polynomial functions are used to model
the joint space trajectories for the shoulder pitch and elbow roll. The unknown
coefficients in these cubic polynomials are determined by applying boundary
conditions related to the start and end positions, as well as the start and end
velocities that have been set to zero.
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5 Multi Objective Optimization Formulation

In this paper, the gait cycle of the NAO robot is formulated as a multi-objective
optimization problem to handle conflicting objectives viz. power consumption
and stability margin with constraints in a 3D space with arms movement dur-
ing each phase separately. The constraints include joint rotation limit, minimum
torque fluctuation, minimum dynamic stability, a directional limit on hand move-
ment, and minimum dynamic stability margin in the lateral direction.

The left leg (Support leg) during SSP is fixed at [0.06, 0.05, 0]T . The Right leg
(swing leg) moves from [0.0,−0.05, 0]T to [0.12,−0.05, 0]T . In the context of gait
analysis, the calculation of power consumption serves as the primary objective
function. This involves determining the average power for jth joint over an entire
gait cycle duration, denoted as T . The power at each time step is computed by
multiplying the joint torque (τj) and velocity (q̇j), and also accounting for heat
loss, with a constant value of K set to 0.025. The objective is to minimize
this function, denoted as P . Additionally, the optimization problem involves a
secondary objective function that aims to maximize the stability margin. This
multi-objective problem formulation specifically pertains to the single support
phase and is represented by (3) and (4).

minimize
x∈X⊆Rk

P (x) =

n∑
j=1

1

T

∫ T

0

(
|τj q̇j |+Kτ2j

)
dt, (3)

minimize
x∈X⊆Rk

1/XDBM , (4)

subject to

g1(x) ≡ qj − qjmin ≥ 0, (5)

g2(x) ≡ qjmax − qj ≥ 0, (6)

g3(x) ≡ 0.4 Nm−mean(∆τmax
ij ) ≥ 0, (7)

g4(x) ≡ min(Xi
DBM )− 0.001 m ≥ 0, (8)

g5(x) ≡ min(Y i
DBM )− 0.001 m ≥ 0, (9)

g6(x) ≡ qfinalLShoulderPitch − qinitialLShoulderPitch ≥ 0, (10)

g7(x) ≡ qfinalLElbowRoll − qinitialLElbowRoll ≥ 0, (11)

g8(x) ≡ minY Avg
DBM m− Y Avg

DBM ≥ 0, (12)

xL
i ≤ xi ≤ xU

i , with

xL
i = [ 0.25, -0.05, -0.05, 0.001, 0.001, -0.2, -0.2, 0.015, 0.4, 0, 1, 0.04,

0.2 ]T ,
xU
i = [ 0.31, 0.05, 0.05, 0.2, 0.2, 0.2, 0.2, 0.030, 4, π/2, 2, 0.5, 1.5 ]T ,

qjmin = −[ 1.14, 0.38, 1.53, 0.09, 1.19, 0.39, 0.79, 1.53, 0.10, 1.18, 0.76 ]T ,
and,
qjmax = [ 0.74, 0.79, 0.48, 2.11, 0.92, 0.76, 0.38, 0.48, 2.12, 0.93, 0.39 ]T .

The number of decision parameters is denoted by k, which is 13 for SSP
and 12 for DSP. x1 represents hip height. x2 and x3 denote the initial and final
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velocities associated with the hip height, respectively. x4 and x5 represent the
initial and final sagittal velocities, whereas x6 and x7 indicate the initial and
final lateral velocities. x8 and x9 denote the maximum swing height and time
spent in SSP, respectively. x10 and x11 denote the left arm’s initial and final
shoulder pitch angles. x12 and x13 denote the left arm’s initial and final elbow
roll angles. The right arm will move opposite to the left arm. The jth joint’s
movement is restricted within qjmin rad and qjmax rad. The joint angle values
are starts from HipYawPitch, and other joints’ values follow the order from
the hip to ankle joint [29]. The walking cycle time is considered in ten equal

parts. Superscripts min, Avg and i ( in min(Xi
DBM ) and Y Avg

DBM ) denote the
min DBM, mean DBM in ith interval during gait cycle. ∆τmax

ij is the thresold

value for torque fluctuation.j and i together denote jth joint in ith time interval.
minY Avg

DBM during SSP is considered as 0.02 m.

The selection of gait parameters for optimization is a crucial step that re-
quires careful consideration. Our approach involves careful consideration of var-
ious gait parameters, such as hip trajectory, swing leg trajectory, arm motion,
and transition velocities, with the intention of addressing gaps identified in pre-
vious research. Based on the previous study conducted in this area by Gupta
et al. [14], the first 9 gait parameters for SSP and 8 gait parameters for DSP
have been retained. Four new specifically designed gait parameters have been
introduced to control arm movement. Through the deliberate selection of these
parameters, it is to be noted that the key regions have emerged through the
deliberate selection of these parameters in both the SSP as well as DSP.

The objectives and nature of the DSP problem closely resemble those of
the SSP problem, with a few notable differences. These include variations in
the values of certain constraints, such as the minimum average DBM in the
y direction (minY Avg

DBM ) taken as 0.05 m, as well as a change in the number
of decision parameters. Specifically, in the DSP problem, the number of deci-
sion parameters is reduced to 12 from the 13 parameters present in the SSP
formulation. The reduction in the number of decision parameters in the DSP
problem is primarily attributed to the absence of the swing height parameter. In
the DSP phase, the body weight is supported by both legs, namely the left leg
([0.06, 0.05, 0]T ) and the right leg ([0.12,−0.05, 0]T ), working simultaneously to
move the torso from left to right leg while providing stability and support to the
robot. The XDBM represents the minimum DBM as explained in Fig. 3(f). The
lower and upper limits for the last five decision variables are considered as from
[0.2, 0, 1,−0.50,−1.50]T to [2, π/2, 2,−0.04,−0.2]T . The rest of the decision pa-
rameters (x1−x7) are similar to SSP with the exception of the maximum swing
height.

There are eight constraints considered for the optimization process during
both phases. The joints constraints (g1(x) and g2(x)) restrict joint movements
within their allowable ranges. The minimum change in torque constraints (g3(x))
keeps the fluctuations within a predefined limit.mean(∆τmax

ij ) denotes the mean

of fluctuation of torque for jth joint in ith interval. Minimum DBM constraints
(g4(x) and g5(x)) keep the motion dynamically stable in x- and y-direction. A
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minimum DBM of 0.001 m should always be maintained in both directions.
Hand movement constraints (g6(x) and g7(x)) would help in moving the arms
according to the leg movement and in the right order. The average DBM in the
y direction (g8(x)) helps maintain a stability margin of 0.02 m during SSP and
0.05 m during DSP.

6 Results and Discussion

NSGA-II has been used to solve the SSP and DSP problem of the NAO humanoid
robot for two objectives, viz. Average Power Consumption and Dynamic Balance
Margin. The following NSGA-II parameters are found to get the better result.
The distribution indices for crossover (ηc) and mutation (ηm) are taken as 20 and
50, respectively. Crossover probability and real-parameter mutation probability
are set as 0.9 and 0.1, respectively. A population size of 152 and 200 generations
are considered to get an optimal solution. Figs. 4 (a) and 4 (d) show PF for the
SSP and DSP problems without using any knee-finding techniques. Figs. 4(b)
shows the single-angle measure solutions obtained using knee-finding NSGA-IIs.
Fig. 4(c) shows the knee solution obtained using a utility-based measure. The
angle-based function can be easily implemented for 2-D cases, but the utility-
based function gives the better results due to the number of well-distributed
weight vectors. The four-angle measure can also be computed using a maximum
of four-points slope method; to get a better focus on the knee region than single
angle measure. The PF obtained during SSP has one knee region, which is useful
to the DM. It suggests that the hip’s initial and final position is crucial and can
change the PF shape. The step length determines the hip movement during the
SSP. Different close trajectories are available; most importantly, they are always
dynamically stable. These trajectories fulfill the constraints of providing a single
knee region during SSP.

Similarly, Figs. 4(e) and (f) show the obtained PF during DSP using the
single-angle and utility approaches. In contrast to SSP, DSP produces a PF
with two knee-like regions indicating two favored locations, since the support
polygon (due to both legs being on the ground) has a larger area than in the
SSP case. Two types of trajectories satisfy all of the stability constraints. One
trajectory improves stability by requiring more power (an example of dynamic
stability). The alternate trajectory uses less power since the robot is already sta-
ble (an example of static stability, as it moves very slowly while still satisfying
the stability constraints) because both the legs are on the ground, which ac-
counts for the presence of an additional knee-like region. Both the utility-based
and angle-based methods are able to identify both knee regions. However, in
both cases, the utility-based method is found to be better than the angle-based
method in detecting multiple knee regions with well-distributed solutions.
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Fig. 4: SSP Problem: a NSGA-II SSP result. b single-angle measure. c utility-
based measure on the gait cycle. DSP Problem: d NSGA-II DSP result. e single-
angle measure. f utility-based measure on the gait cycle.



14 Pushpendra Gupta et al.

7 Conclusions

The modified NSGA-II knee-based technique has proven effective in reducing
the search space and decreasing the decision maker’s workload during the SSP
and DSP of the NAO humanoid robot’s gait cycle. If there is a bulge in the
PF, this technique concentrates on the knee region, as verified on the test prob-
lem. While real-world problems may not contain an obvious knee bulge, they
often have high trade-off areas where improvement in one objective results in
significant deterioration of another. The SSP solutions concentrated around the
knee region, with fewer solutions at the extremes. The DSP revealed two knee re-
gions where solutions clustered. This demonstrates the ability of the knee-finding
NSGA-II algorithm to locate key trade-off regions even for complex real-world
optimization tasks.

It is worthwhile to note that the four-angle measure focused more heavily
on the knee area compared to the single-angle approach. However, angle-based
techniques rely on local neighborhood information, limiting their adaptability.
In contrast, the utility-based method considers objective trade-offs more holisti-
cally, enabling better identification and focusing on knee regions. With sufficient
weight vectors representing objective importance, the utility-based approach
outperformed the angle-based method. Expanding the utility-based NSGA-II
to many objective problems with additional criteria like power, stability, and
torque fluctuations could reveal further trade-offs.

Overall, this research highlights effective mechanisms to locate key trade-
off regions to aid decision-making in complex multi-objective optimization. The
knee-finding NSGA-II techniques developed here facilitate practical implemen-
tation by reducing the solution space and guiding the decision-maker. Further
work could expand these methods to improve performance across a wider range
of real-world problems.
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34. Vukobratović, M., Borovac, B.: Zero-moment point—thirty five years of its life.
International journal of humanoid robotics 1, 157–173 (2004)

35. Vundavilli, P.R., Sahu, S.K., Pratihar, D.K.: Dynamically balanced ascending
and descending gaits of a two-legged robot. International Journal of Humanoid
Robotics 4, 717–751 (2007)

36. Vundavilli, P.R., Sahu, S.K., Pratihar, D.K.: Online dynamically balanced ascend-
ing and descending gait generations of a biped robot using soft computing. Inter-
national Journal of Humanoid Robotics 4, 777–814 (2007)

37. Yu, G., Jin, Y., Olhofer, M.: Benchmark problems and performance indicators
for search of knee points in multiobjective optimization. IEEE transactions on
cybernetics 50(8), 3531–3544 (2019)

38. Zhang, K., Shen, C., He, J., Yen, G.G.: Knee based multimodal multi-objective evo-
lutionary algorithm for decision making. Information Sciences 544, 39–55 (2021)

39. Zhang, K., Yen, G.G., He, Z.: Evolutionary algorithm for knee-based multiple
criteria decision making. IEEE Transactions on Cybernetics 51(2), 722–735 (2019)


