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ABSTRACT
Most practical optimization problems involve expensive evaluation
procedures for computing objective and constraint functions. To ob-
tain reasonable and accurate solutions close to true Pareto-optimal
solutions, evolutionary multi-objective optimization (EMO) algo-
rithms create surrogate models from already-evaluated high-fidelity
solutions and use them during optimization to save computational
time. However, most surrogate-assisted EMO algorithms are de-
signed to evaluate all objectives and constraints of a solution, if
found worthy of a high-fidelity evaluation. Such algorithms are
inefficient if objectives and constraints involve heterogeneity with
orders of magnitude of difference in evaluation times. Clearly, func-
tions with relatively small evaluation time can be high-fidelity
evaluated more often to obtain an overall idea of the potential im-
portance of the solution before deciding to spend more time on
evaluating expensive functions. In this paper, we propose an EMO
approach that carefully determines which constraints and objec-
tives should be high-fidelity evaluated for every population member
and suggests a mixed-fidelity survival selection procedure capa-
ble of working with low- and high-fidelity evaluated population
members. Results on a number of test and engineering problems in-
dicate the viability of such a constrained multi- and many-objective
optimization algorithm and encourage further attention.

KEYWORDS
Constrained surrogate-assisted optimization, Heterogeneous evalu-
ation, Multi-objective optimization

1 INTRODUCTION
Most practical optimization problems involve expensive evalua-
tions of objectives and constraints over multiple iterations to find
near Pareto-optimal (PO) solutions. This expensive evaluation of
objectives and constraints becomes particularly challenging when
solutions are evaluated using one or more third-party modeling
and simulation software. To overcome this challenge, surrogate-
assisted optimization (SAO) methods [4, 5, 8, 9, 15, 18, 23, 26, 31]
have emerged as powerful approaches for reducing the overall com-
putational burden. Surrogate models are mathematical representa-
tions of the original expensive objective and constraint functions
that are inexpensive and easier to evaluate. These surrogate mod-
els are utilized during the majority of the optimization iterations,
significantly reducing the overall computational cost.

While the concept of surrogate-assisted optimization (SAO) shows
promise, evolutionary multi/many-objective optimization (EM(a)O)
researchers face several challenges: (i) identifying which new solu-
tions require high-fidelity evaluation, (ii) selecting the most appro-
priate surrogate modeling technique for the current high-fidelity
evaluated solutions, and (iii) integrating the surrogate-assisted
search with the optimization algorithm.

The first task involves assessing existing solutions that enhance
the search to predict new solutions. The second task may require
testing and validating different surrogate modeling methods to find
the most effective one at various optimization stages. After devel-
oping surrogate models, in the third task, they must be optimized
to find new (infill) solutions for further evaluation. Although eval-
uating surrogate models is less expensive, they may not accurately
reflect the true values of the original objectives, highlighting the
need for an assessment of surrogate-evaluated solutions to avoid
selecting the solutions that are not corresponding to true Pareto-
optimal regions.

The three tasks mentioned above need to be coordinated adap-
tively to ensure that progressive surrogate modeling, through new
infill solutions and suitable surrogate modeling techniques, consis-
tently move toward the near Pareto-optimal regions while mini-
mizing the number of high-fidelity evaluations required.

In most of the existing surrogate-assisted multi/many-objective
optimization (SA-EM(a)O) studies, every infill solution selected for
high-fidelity evaluation is evaluated for all (𝑀) objectives and all
(𝐽 ) constraints, either individually or in an aggregated manner [13].
Since the entire solution is evaluated for all objectives and con-
straints, this can lead to unnecessary high-fidelity evaluations for
certain objectives and constraints, resulting in inefficient use of
computational budget. The aspect of partial evaluation of objectives
and constraints for a solution to save computational time, leading
to a mixed-fidelity evaluation (MFE) of objectives and constraints of
population members, has received limited attention in the current
SA-EM(a)O literature [1–5, 23, 25, 27]. In this paper, we propose
an MFE-EM(a)O framework extending a previous study [28] for
handling constraints, that determines a high-fidelity selection crite-
rion for each objective and constraint for each population member,
considering the following aspects:

(1) The solution being largely feasible, largely infeasible, or
close to the constraint boundary considering the uncer-
tainty in the predicted solution.
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(2) The probability of solution being non-dominated within its
neighborhood in the sense of reference vectors [14, 30].

(3) The probability of the solution being feasible.
(4) The high-fidelity evaluation time of objectives, and
(5) The uncertainty in the predicted solutions.

MFE-EM(a)O framework results in a population with mixed-
evaluated members, in which some objectives and constraints pos-
sess surrogate-evaluated values, and some possess high-fidelity
evaluated values. At the end of an optimization run, we evaluate all
surviving population members with high-fidelity evaluation and
present feasible non-dominated solutions.

The remainder of the paper presents the proposed mixed-fidelity
evaluation based evolutionary multi- and many-objective optimiza-
tion (MFE-EM(a)O) algorithm. Details of the proposed method with
sketches are presented in Section 2. Section 3 presents results on
multi- and many-objective test, engineering problems. Finally, Sec-
tion 4 summarizes the conclusions from this study and proposes
potential future research directions.

2 PROPOSED MIXED-FIDELITY EVALUATION
FRAMEWORK: MFE-EM(A)O

We use the elitist evolutionary many-objective optimization algo-
rithm, NSGA-III [14, 17], to incorporate the MFE algorithm. This ap-
proach is also compatible with other reference vector-based EM(a)O
algorithms [30]. The process begins by generating a set of 𝑁 ref-
erence vectors, which can be generated using the Das and Den-
nis method [10] or the Riesz energy method [7]. The objective
of the proposed MFE-NSGA-III algorithm is to identify up to 𝑁

non-dominated (ND) solutions that are as close as possible to the
Pareto front (PF) of the problem, while carefully determining which
objectives and constraints require high-fidelity evaluation for each
selected solution.

Each member of the initial population 𝑃𝐷𝑜𝐸 of size 𝑁𝐷𝑜𝐸 , gen-
erated using the Latin Hypercube Sampling (LHS) method [24], is
evaluated with high-fidelity for all objectives (𝑀) and constraints
(𝐽 ). Assuming that the total time required to evaluate all objectives
and constraints is one unit, the initial design of experiments (DoE)
population 𝑃𝐷𝑜𝐸 of size 𝑁𝐷𝑜𝐸 consumes 𝑇 = 𝑁𝐷𝑜𝐸 units of time
before starting the proposed EM(a)O procedure. A maximum of
𝑇max time is allowed for finding the non-dominated (ND) set, of
which the final 𝑁 units time is reserved for evaluating at most
𝑁 final population members with high-fidelity evaluations. Thus,
(𝑇max − 𝑁 ) time is kept for MFE-EM(a)O generations.

A surrogate model for each objective and constraint function is
constructed using 𝑁𝐷𝑜𝐸 high-fidelity evaluations. An initial popu-
lation 𝑃0 of size 𝑁 (𝑁 ≤ 𝑁𝐷𝑜𝐸 ) is selected from the 𝑁𝐷𝑜𝐸 solutions
using EM(a)O survival operator. Then, the chosen EM(a)O algo-
rithm (NSGA-III [14, 17] here) is executed with the initial popula-
tion 𝑃0 for 𝑡𝑆 generations, relying solely on the surrogates, thereby
avoiding any additional high-fidelity evaluations. At the end of this
surrogate-assisted NSGA-III run, the final population 𝑄0 is com-
bined with 𝑃0 to form a merged population 𝑅0 = 𝑃0 ∪𝑄0, where no
member of 𝑄0 has been high-fidelity evaluated yet. The iteration
counter is initialized to 𝑡 = 0.

2.1 Mixed-Fidelity Survival Selection Procedure
Each population member 𝑠 , in the combined population of 𝑅𝑡 is
then associated with one of the supplied reference vectors. To make
a fair computation, all solutions for which a high-fidelity evalua-
tion of one or more objectives and constraints were already made
are re-evaluated with the respective surrogate model for execut-
ing surrogate-assisted NSGA-III run. The mixed-fidelity survival
selection procedure is presented below.

Step 1: Classifying population into feasible and infeasi-
ble classes: First, the population members (𝑠) are classified
into two classes: (i) Feasible (Class I) and (ii) Infeasible
(Class II) solutions, based on a statistic, defined below:

𝑍
𝑗
𝑠 =

−𝜇 𝑗𝑠
𝜎
𝑗
𝑠

. (1)

The terms 𝜇
𝑗
𝑠 and 𝜎

𝑗
𝑠 are prediction and associated un-

certainty in prediction of 𝑗-th constraint for solution 𝑠

using the Kriging surrogate model proposed elsewhere
[6, 19, 21]. We use the same Kriging models as in the previ-
ous study [28]. Note that for feasible solutions, predicted
constraint value 𝜇

𝑗
𝑠 ≤ 0 and 𝑍

𝑗
𝑠 ≥ 0. But, due to the un-

certainty of prediction with the surrogate models, we re-
define a feasible solution, as follows. If for a solution 𝑠

min𝐽
𝑗=1

(
𝑍
𝑗
𝑠

)
≥ 𝑒 (where 𝑒 is a small negative value), 𝑠 is

declared feasible. We have chosen here 𝑒 = −1 by perform-
ing a limited number of trial-and-error experiments. This
means that we can include solutions having the worst con-
straint value up to one-sigma of its predicted value on the
infeasible side as feasible solutions. Figure 1 shows (𝐴, 𝐵,
and𝐶) as Class I members. Point 𝐷 is considered a member
of Class II (infeasible class).
If the number of population members in Class I is greater
than 𝑁 (population size), survival selection must choose
best 𝑁 solutions for the next generation parent population
(𝑃𝑡+1). Step 2 of the procedure achieves this task.

Step 2: Choosing 𝑁 feasible solutions for next genera-
tion: A mixed-fidelity selection (MFS) metric 𝜌𝑚𝑠 is calcu-
lated for every objective (𝑚) of every feasible solution (𝑠),
as follows:

𝜌𝑚𝑠 = 𝑃𝑚𝑠

(
1 +

(
𝜎𝑚𝑠

|Δ𝑓𝑚 |

) 1
𝜂

) (
1 + �𝐸𝑇𝑚

)𝛼
. (2)

Here, 𝑃𝑚𝑠 refers to the probability of solution 𝑠 being non-
dominated among its neighboring members (in the sense
of reference vectors [14, 30]), discussed in a previous study
[28]. Parameters 𝜎𝑚𝑠 and Δ𝑓𝑚 are surrogate uncertainty
and range of𝑚-th objective in the population, respectively.
The parameter 𝜂 = 20 has worked well in this study. The
𝛼-update on the term for average evaluation time 𝐸𝑇𝑚 is
described in Subsection 2.2. Themotivation for the structure
of Equation 2, also described in Subsection 2.2, comes from
the successful previous study on heterogeneous evaluation
of unconstrained objectives with unequal computational
times. The procedure for deciding which objectives and
constraints to be high-fidelity evaluated is described next.
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Figure 1: Mixed-fidelity selection procedure. Solutions A, B, and C are in Class I: either feasible or close to the constraint
boundary, hence some of their objective and constraint functions are selected for high-fidelity evaluation based on 𝜌𝑚𝑠 and
𝑒 values. Solution D is in Class-II: infeasible and far away from the constraint boundary, hence it is not selected for either
constraints or objectives for high-fidelity evaluations.

For every feasible population member (𝑠), 𝜌𝑚𝑠 for every ob-
jective function (𝑚) is computed. For each reference vector
w, all associated population members are identified and
then the solution 𝑠 with largest 𝜌𝑚𝑠 is chosen. If this popu-
lation member has already been high-fidelity evaluated in
a previous generation, it is simply included in 𝑃𝑡+1 and no
new high-fidelity evaluation is scheduled. Otherwise, for
this solution, if any constraint function value is within plus
or minus of one 𝜎 𝑗

𝑠 (surrogate’s error) from zero, the solu-
tion is close to the constraint boundary and the constraint
is considered worth evaluating with its high-fidelity model.
If any constraint ( 𝑗 ) is largely satisfied (with 𝑍 𝑗

𝑠 > −𝑒), then
there is no real need to make high-fidelity evaluation of
that constraint ( 𝑗 ). Thus, by the above process, not all 𝐽
constraints for a solution 𝑠 may be chosen for high-fidelity
evaluation and only the ones close to their constraint bound-
aries are marked for high-fidelity evaluation.
After the specific feasible population member’s (𝑠) specific
objective and constraint functions are chosen for high-
fidelity evaluation, the procedure is repeated for the next
reference vector. This process continues until all reference
vectors are considered. If less than 𝑁 population mem-
bers are selected by this process, it starts again with the
first reference vector and its associated solution having
the second-best 𝜌𝑚𝑠 value. In case this objective function
happens to be for a population member already selected
for high-fidelity evaluation of its constraints and a different
objective function in the previous cycle, it is not selected
again for constraint evaluation, but is simply marked for
high-fidelity evaluation for the second objective function.
By this process, exactly 𝑁 population members are selected

for 𝑃𝑡+1 for which critical constraints and at least one criti-
cal objective function for each of member have been chosen
for high-fidelity evaluation.

Step 3: Handling infeasible solutions for next genera-
tion: In case the number of feasible solutions is less than 𝑁 ,
all feasible solutions are included in 𝑃𝑡+1 and the procedure
of Step 2 for deciding which constraints and objectives to
be high-fidelity evaluated is used for all feasible population
members. The remaining population slots are filled with bet-
ter infeasible solutions. If one or more constraints of each in-
feasible solution are violated largely (with max𝐽

𝑗=1 𝑍
𝑗
𝑠 < 𝑒),

no high-fidelity evaluation of any constraint or objective
is performed for these solutions. However, solutions hav-
ing a higher probability of constraint satisfaction (𝑃𝐺𝑠 )
are chosen for 𝑃𝑡+1. The formulation of overall constraint
satisfaction (𝑃𝐺𝑠 ) is defined below:

𝑃𝐺𝑠 =

𝐽∏
𝑗=1

𝑃
(
𝑔 𝑗 (𝑠) ≤ 0

)
, (3)

where, 𝑃 (𝑔 𝑗 (𝑠) ≤ 0) = Φ
(
𝑍
𝑗
𝑠

)
= 1

2

(
1 + erf

(
𝑍

𝑗
𝑠√
2

))
.

All selected (and previously unevaluated) solutions are then high-
fidelity evaluated for respective objective and constraint functions
and the time counter 𝑇 is incremented with the respective 𝐸𝑇𝑚

and 𝐸𝑇 𝑗 evaluation times, as the case may be. These new evaluated
solutions are combined with previous high-fidelity evaluated solu-
tions and surrogate models are updated. Thereafter, the survived
population is re-evaluated using newly created surrogate models
and another 𝑡𝑆 generations of surrogate-assisted NSGA-III is per-
formed to create a new offspring population 𝑄𝑡+1. This process is
continued until (𝑇max − 𝑁 , where 𝑁 is the population size) units of
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time is elapsed. At this point, all final 𝑁 solutions are high-fidelity
evaluated and feasible non-dominated solutions are reported.

Figure 1 illustrates the above-described mixed-fidelity selection
(HFS) procedure. The constraint boundary 𝑔(x) = 0 and the two
other boundaries 𝑔(x) = 𝑒𝜎

𝑔
x and 𝑔(x) = −𝑒𝜎𝑔x are also shown.

Solution A is feasible (𝑔(𝐴) < 0), hence one of critical objective
functions (decided by 𝜌𝑚𝑠 metric) will be chosen for high-fidelity
evaluation. But, since it is too far into the feasible region (with
𝑍
𝑔

𝐴
> −𝑒), a high-fidelity evaluation of the constraint function

may not yield any new information, hence the constraint will not
be chosen for high-fidelity evaluated. For multiple constraints, all
constraints that are feasible at the current point 𝑠 with a large
margin (𝑍 𝑗

𝑠 < 𝑒) will not be chosen, but those that cause the current
point 𝑠 to fall close their boundaries (𝑒 ≤ 𝑍

𝑗
𝑠 ≤ −𝑒) are chosen for

high-fidelity evaluation. For the constraint in the figure, solution B
is feasible (𝑔(𝐵) < 0) and it is close to the constraint boundary
(with 0 < 𝑍

𝑔

𝐵
< −𝑒), hence the critical objective and the constraint

will be high-fidelity evaluated for obvious reasons. Solution C, on
the other hand, is infeasible (𝑔(𝐶) > 0), but the constraint violation
is small (0 > 𝑍

𝑔

𝐶
> 𝑒 , hence one of the critical objectives and the

constraint will also be high-fidelity evaluated. However, solution D
is largely infeasible (𝑔(𝐷) > 0 and 𝑍

𝑔

𝐷
< 𝑒), hence it is neither

considered for high-fidelity evaluation of any of the objectives or
the constraint. The step-by-step proposed MFS procedure described
above implements these aspects of four different types of solutions.

Initially when the surrogate models are not precise due to a small
number of points being used to model the entire search space, it is
likely that prediction uncertainties 𝜎𝑠 of objectives and constraints
will be large. This will allow many largely-violated constraints
(𝑔 𝑗 < 𝜎

𝑔
𝑠 , for 𝑒 = −1) to be selected for high-fidelity evaluations.

But with iterations when more high-fidelity solutions near the PO
front are used for surrogate model creation, the prediction error
in their neighborhood becomes small. Our proposed stochastic
constraint handling method then does not allow largely violated
constraints to be high-fidelity evaluated. Only when a solution lies
close to a constraint boundary, the respective constraint will be
allowed to be high-fidelity evaluated. Another important feature of
our procedure is that if any one of the constraints is largely violated
by a solution 𝑠 , it is declared as Class II solution and no objective
or constraint is chosen for high-fidelity evaluation for this solution.
All these features are adaptive and cause a considerable saving in
computational time to complete an execution of the EM(a)O run
without much sacrifice on information loss.

Notice also that for unconstrained problems (without any con-
straint), every 𝑠 is feasible. In this case, 𝑍𝑠 = ∞ and Step 3 does
not get executed and the above technique simply chooses a single
objective 𝑚 for high-fidelity evaluation for each solution 𝑠 at a
time. This process is similar to the heterogeneous unconstrained
surrogate-assisted algorithm proposed earlier and was shown to
perform extremely well on unconstrained problems [28]. Thus,
the previously proposed heterogeneous unconstrained surrogate-
assisted optimization algorithm becomes a degenerate case of our
proposed constraint handling procedure.

2.2 Motivation for Mixed-Fidelity Selection
Metric

The mixed-fidelity selection (MFS) metric (𝜌𝑚𝑠 ), proposed in Equa-
tion 2, determines a potential metric for high-fidelity evaluation
of objective𝑚 for a population member 𝑠 involving probability of
constraint satisfaction. Intuitively, this requires a number of factors.
First, the MFS metric (𝜌𝑚𝑠 ) must be given more emphasis for quick
or expensive evaluation of objectives depending on the generation
counter – a matter established in a previous study in [20] for a
different purpose. This is achieved by varying the 𝛼 parameter as a
function of elapsed time 𝑇 , as follows:

𝛼 =
((𝑇 − 𝜏) − (𝑇max −𝑇 ))

𝑇max − 𝜏
, (4)

where, 𝜏 = 𝑁𝐷𝑜𝐸 budget spent on the initial design of experiments
and𝑇max is the total allowed time. It emphasizes more high-fidelity
evaluation of less expensive objectives in the beginning and more
expensive ones at the end.

The first term (𝑃𝑚𝑠 ) is the probability of the solution 𝑠 to be
better with respect to𝑚-th objective. Its computation procedure
was discussed elsewhere [28]. Higher the probability, more potential
is the solution and more emphasis is given for its high-fidelity
evaluation.

The second term takes into account the surrogate prediction
error 𝜎𝑚𝑠 . More the error with respect to the range of objective
value in the population (Δ𝑓𝑚), the higher is the need for its high-
fidelity evaluation. The parameter 𝜂 controls its effect and a value
around 20 or so was found to be a good number [28]. All these
terms and their use in the combined equation are intuitive, but the
reason for adding one to some of the terms is as follows. Among all
three terms, we believe the second term signifies its potential to be
better in its own neighborhood for the𝑚-th objective, and hence,
it is the more important factor. By adding one to other two terms
and not to the second term, we dilute the correlation of other two
terms in the computation of the overall MSF metric 𝜌𝑚𝑠 .

3 RESULTS
We test the proposed approach MFE-NSGA-III with two other algo-
rithms run for an identical 𝑇max: (i) the original NSGA-III [14, 17]
in which every population member is high-fidelity evaluated for
all objectives and constraints without any use of surrogates, and
(ii) SA-NSGA-III, in which surrogates are used for optimization
for 𝑡𝑆 generations, but all offspring population members of 𝑄𝑡+𝑡𝑆
are high-fidelity evaluated for all objectives and constraints and
surrogates are then updated for next generation.

In this study, we test these three methods on several multi- and
many-objective problems: TNK, CTP1 [12], C2DTLZ2 [17], MW3,
MW7 [22], and two engineering problems [11, 17, 29]. They cover
2-10 variables, up to 10 constraints, and 2-5 objectives.

We set population size (𝑁 ) to 50 for all problems, and the number
of reference directions is set equal to 𝑁 . We use the maximum
termination budget (𝑇max) as 300. The number of initial design of
experiments (𝑁𝐷𝑜𝐸 ) is 100 to build surrogate models initially. We
set the surrogate generations (𝑡𝑆 ), used to generate the offspring
population (𝑄𝑡+𝑡𝑆 ), to 10, obtained by performing a limited number
of experiments. Additionally, based trial-and-error experiments, we
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set 𝜂 = 20 (Equation 2) to control the emphasis on uncertainty in
the surrogate modeling of objectives.

As mentioned before, we assume that the estimated total evalua-
tion time of a solution for all objectives (𝑀) and all constraints (𝐽 ) is
one unit and use relative evaluation times (𝐸𝑇𝑚) of each objective
and (𝐸𝑇 𝑗 ) of each constraint. For example, 𝐸𝑇𝑚1 = 𝐸𝑇𝑚2 = 𝐸𝑇 𝑗1 =

𝐸𝑇 𝑗2 = 0.25 mean that all objectives and constraints take more
or less an identical average time to evaluate a solution. However,
𝐸𝑇𝑚1 = 0.7, 𝐸𝑇𝑚2 = 0.1, 𝐸𝑇 𝑗1 = 0.15, 𝐸𝑇 𝑗2 = 0.05 mean that ob-
jectives take 80% and constraints take 20% of the total evaluation
time of a solution, and in which, the first objective is seven times
more expensive than the second, and the first constraint is three
times more expensive than the second. In the original NSGA-III
and SA-NSGA-III algorithms, the parameter 𝑇 corresponds directly
to the number of high-fidelity solution evaluations (SE), as both
methods perform high-fidelity evaluations for all objectives and
all constraints for every solution. However, in MFE-NSGA-III, we
increment 𝑇 by 𝐸𝑇𝑚 each time a solution undergoes high-fidelity
evaluation for the𝑚-th objective and by 𝐸𝑇 𝑗 for high-fidelity eval-
uation of the 𝑗-th constraint. We have studied various evaluation
time scenarios, including cases where objectives require more time
than constraints, and vice versa.

For each problem instance, we execute all algorithms 15 times
using different initial populations. We select 𝐼𝐺𝐷+ [16] as the per-
formance metric. To compute 𝐼𝐺𝐷+, we normalize the population
members based on the nadir and ideal points of the known PO front.
In cases where the PO front is unavailable, particularly in engineer-
ing design problems, we derive an approximated PO front from the
study by Tanabe et al. [29]. Since different runs of MFE-NSGA-III
may record different 𝐼𝐺𝐷+ values at varying 𝑇 values, we employ
an interpolation strategy to estimate the 𝐼𝐺𝐷+ value between the
two nearest𝑇 values. Additionally, because each runmay generate a
distinct surrogate model at a specific𝑇 , we compute the 𝐼𝐺𝐷+ using
high-fidelity evaluations for all algorithms to ensure consistency
for reporting purposes. Moreover, MFE-NSGA-III high-fidelity eval-
uates all solutions at the end to present feasible non-dominated
solutions. To identify statistically significant differences in algo-
rithm performance, we apply the Wilcoxon signed-rank test with a
significance level of 𝑝 = 0.05, categorizing algorithms as statistically
best, similar, or worst-performing based on the results.

To reveal the working procedure of the proposed approach (MFE-
NSGA-III), we consider its performance on the TNK problem first
with the assigned evaluation times as 𝐸𝑇𝑚1 = 0.05 for objective
𝑓1, 𝐸𝑇𝑚2 = 0.15 for objective 𝑓2, 𝐸𝑇 𝑗1 = 0.7 for constraint 𝑔1, and
𝐸𝑇 𝑗2 = 0.1 for constraint 𝑔2 units of evaluation time and denote
it as TNK-(0.05, 0.15 | 0.7, 0.1) in the order of evaluation time first
objective to last constraint. Figure 2a presents the final solutions
by three algorithms with constraint boundaries 𝑔1, 𝑔2, and the
feasible region. Figure 2b shows the number of high-fidelity evalu-
ations for 𝑓1, 𝑓2, 𝑔1 and 𝑔2 with respect to 𝑇 in MFE-NSGA-III. This
figure clearly demonstrates selective high-fidelity evaluations for
objective and constraint functions. In this problem, the constraint
function 𝑔2 is less frequently evaluated using high-fidelity models
because the constraint 𝑔2 is largely inactive in the regions close
to the PO front. Our proposed approach automatically detects it
and does not high-fidelity evaluate 𝑔2 for all solutions to save com-
putational budget. Since constraints take 80% of total evaluation

time, and in this problem feasible solutions are relatively easy to
find, MFE-NSGA-III high-fidelity evaluates objectives more often
to get closer to the PO front. Figure 2c shows the total number
of high-fidelity evaluations in all three algorithms, showing fewer
overall evaluations of the constraint functions.
3.1 Two-Objective Constrained Problems
First, we consider two-objective constrained test and Welded Beam
engineering problems. The median 𝐼𝐺𝐷+ values of the final popula-
tion for all algorithms are presented in Table 1. We have considered
different relative evaluation times of objectives and constraints,
with at most one of the objectives being 14 times more expensive
than a constraint, and vice versa. The final generation solutions and
𝐼𝐺𝐷+ convergence plots for MW3, C2DTLZ2, and CTP1 problems
are presented in Figure 3.

The solutions obtained for a specific test instance of evaluation
times are presented in Figures 3a, 3b, and 3c for the same overall
evaluation time 𝑇max and varying relative evaluation times (𝐸𝑇 )
for objectives and constraints. Figures 3d, 3e, and 3f present the
convergence of 𝐼𝐺𝐷+ for the three methods, plotted against the
equivalent solution evaluations 𝑇 on the 𝑥-axis. While MFE-NSGA-
III and SA-NSGA-III begin with 100 initial high-fidelity evaluations
to build their first surrogate models, NSGA-III starts with an initial
population of 𝑁 = 50 members. The gray-colored dashed lines
represent iterations where all solutions are infeasible. They are
included to show the same starting point of SA-NSGA-III and MFE-
NSGA-III. Colored lines indicate that at least one feasible solution
exists in the respective non-dominated front. We can observe the
remarkable performance of MFE-NSGA-III in 𝐼𝐺𝐷+ convergence
plots. MFE-NSGA-III achieves better performance by selecting so-
lutions for high-fidelity constraint evaluation, if they are close to
constraint boundaries and objective evaluation, if it is a potential
non-dominated, adequately time-consuming and critically impor-
tant for high-fidelity evaluation based on Equation 2. In a few prob-
lems, not all constraints may be predominantly active; in such cases,
MFE-NSGA-III carefully decides for a particular solution 𝑠 which
constraints and objectives need high-fidelity evaluations to utilize
the computational budget efficiently and go for more iterations
with the saved budget to achieve superior performance, whereas
most of the existing SA-EMO methods evaluate all objectives and
constraints for the selected solution.

3.2 Results on Three and Many-Objective
Constrained Problems

Next, we present results on three and five-objective C2DTLZ2 test
problems and the Carside [17] engineering problem. For the three-
objective C2DTLZ2 and Carside problems, the obtained final so-
lutions with all three methods are presented in Figures 4a and 4b.
Figure 4c shows the final generation objective function solutions
on PCP for the five-objective C2DTLZ2 problem. Figures 4d, 4e
and 4f show 𝐼𝐺𝐷+ convergence plots of three-objective C2DTLZ2,
Carside, and five-objective C2DTLZ2 problems respectively, clearly
demonstrating the superiority of the proposed MFE-NSGA-III. The
obtained median 𝐼𝐺𝐷+ values of the final generation population
members are presented in Table 1. The proposed MFE-NSGA-III
approach demonstrates enhanced effectiveness in addressing many-
objective and constrained problems by leveraging its capability
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Figure 2: Obtained final solutions and number of high-fidelity evaluations recorded for 𝑓1, 𝑓2, 𝑔1 and 𝑔2 on TNK-(0.05, 0.15
| 0.7, 0.1) with 𝑇max = 300, MFE-NSGA-III uses less evaluation of the constraints compared to objectives to produce a better
performance. Notice the less number of 𝑔2 evaluations, as the PO set is on 𝑔1. Since objective evaluation is cheaper than
constraints in this problem, MFE-NSGA-III assigns more objective evaluations within the stipulated overall evaluation time.
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Figure 3: Comparison of algorithms for two-objective constrained problems with different relative evaluation times of objectives
and constraints. In the 𝐼𝐺𝐷+ plots in the second row, the gray-colored lines indicate that no feasible solutions are found after 𝑇
units of time, while all colored lines correspond to populations having at least one feasible solution available for computing
the 𝐼𝐺𝐷+ metric. MFE-NSGA-III points are closer to the true PO set than other two algorithms and are achieved with identical
𝑇max = 300 units of evaluation time.
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Table 1: Median 𝐼𝐺𝐷+ value comparison of algorithms for multi-and many-objective problems. The numbers in the final row
indicate the number of times the respective algorithm is better, equivalent, or worse (statistically) with respect to MFE-NSGA-III.
The numbers in the final column and final row indicate the number of times MFE-NSGA-III is better, equivalent, and worse
than any other algorithm used in this study. 𝐼𝐺𝐷+ values for statistically equivalent algorithms (with 95% confidence level) are
marked in bold italics and for the best performing algorithm is marked in bold.

Problem
(
𝐸𝑇𝑚1 . . . 𝐸𝑇𝑚𝑀 | 𝐸𝑇 𝑗1 . . . 𝐸𝑇 𝑗𝐽

)
NSGA-III SA-NSGA-III MFE-NSGA-III

C2DTLZ2 (M=2, J=1) (0.33, 0.5 | 0.17) 1.5090e-1 1.0316e-2 4.5954e-3
C2DTLZ2 (M=2, J=1) (0.08, 0.12 | 0.8) 1.5090e-1 1.0316e-2 6.0429e-4
C2DTLZ2 (M=2, J =1) (0.33̄, 0.33̄ | 0.33̄) 1.5090e-1 1.0316e-2 3.8559e-3
C2DTLZ2 (M=2, J =1) (0.12, 0.08 | 0.8) 1.5090e-1 1.0316e-2 5.2572e-4
C2DTLZ2 (M=2, J =1) (0.5, 0.33 | 0.17) 1.5090e-1 1.0316e-2 4.5157e-3
C2DTLZ2 (M=2, J =1) (0.4, 0.4 | 0.2) 1.5090e-1 1.0316e-2 3.5736e-3

MW3 (M=2, J=2) (0.25, 0.25 | 0.25, 0.25) 2.3881e-1 8.3882e-2 5.0393e-2
MW3 (M=2, J=2) (0.05, 0.15 | 0.7, 0.1) 2.3881e-1 8.3882e-2 7.0410e-2
MW3 (M=2, J=2) (0.05, 0.15 | 0.1, 0.7) 2.3881e-1 8.3882e-2 6.6914e-2
MW3 (M=2, J=2) (0.7, 0.1 | 0.15, 0.05) 2.3881e-1 8.3882e-2 6.0484e-2
MW3 (M=2, J=2) (0.1, 0.7 | 0.15, 0.05) 2.3881e-1 8.3882e-2 7.7318e-2

MW7 (M=2, J=2) (0.25, 0.25 | 0.25, 0.25) 2.7449e-1 9.4441e-2 1.3889e-1
MW7 (M=2, J=2) (0.05, 0.15 | 0.7, 0.1) 2.7449e-1 9.4441e-2 2.4811e-1
MW7 (M=2, J=2) (0.05, 0.15 | 0.1, 0.7) 2.7449e-1 9.4441e-2 2.5631e-1
MW7 (M=2, J=2) (0.7, 0.1 | 0.15, 0.05) 2.7449e-1 9.4441e-2 2.4678e-1
MW7 (M=2, J=2) (0.1, 0.7 | 0.15, 0.05) 2.7449e-1 9.4441e-2 2.3958e-1

CTP1 (M=2, J=2) (0.25, 0.25 | 0.25, 0.25) 3.0725e+0 1.0051e-1 3.5074e-2
CTP1 (M=2, J=2) (0.05, 0.15 | 0.7, 0.1) 3.0725e+0 1.0051e-1 3.8309e-2
CTP1 (M=2, J=2) (0.05, 0.15 | 0.1, 0.7) 3.0725e+0 1.0051e-1 3.6374e-2
CTP1 (M=2, J=2) (0.7, 0.1 | 0.15, 0.05) 3.0725e+0 1.0051e-1 2.9666e-2
CTP1 (M=2, J=2) (0.1, 0.7 | 0.15, 0.05) 3.0725e+0 1.0051e-1 3.8417e-2

TNK (M=2, J=2) (0.25, 0.25 | 0.25, 0.25) 7.5656e-2 1.4925e-2 8.6070e-3
TNK (M=2, J=2) (0.05, 0.15 | 0.7, 0.1) 7.5656e-2 1.4925e-2 2.1107e-2
TNK (M=2, J=2) (0.05, 0.15 | 0.1, 0.7) 7.5656e-2 1.4925e-2 7.7710e-3
TNK (M=2, J=2) (0.7, 0.1 | 0.15, 0.05) 7.5656e-2 1.4925e-2 9.3400e-3
TNK (M=2, J=2) (0.1, 0.7 | 0.15, 0.05) 7.5656e-2 1.4925e-2 8.9470e-3

Welded Beam (M=2, J=4) (0.2, 0.3 | 0.15, 0.1, 0.15, 0.1) 8.1271e-2 1.3146e-1 2.7624e-2
Welded Beam (M=2, J=4) (0.08, 0.12 | 0.25, 0.2, 0.15, 0.2) 8.1271e-2 1.3146e-1 1.8428e-2
Welded Beam (M=2, J=4) (0.3, 0.2 | 0.15, 0.1, 0.15, 0.1) 8.1271e-2 1.3146e-1 4.4226e-2
Welded Beam (M=2, J=4) (0.16̄, 0.16̄ | 0.16̄, 0.16̄, 0.16̄, 0.16̄) 8.1271e-2 1.3146e-1 2.1620e-2

C2DTLZ2 (M=3, J=1) (0.25, 0.25, 0.25 | 0.25) 3.8838e-1 1.9329e-1 3.0290e-2
C2DTLZ2 (M=3, J=1) (0.05, 0.15, 0.7 | 0.1) 3.8838e-1 1.9329e-1 2.5230e-2
C2DTLZ2 (M=3, J=1) (0.05, 0.15, 0.1 | 0.7) 3.8838e-1 1.9329e-1 2.2998e-2
C2DTLZ2 (M=3, J=1) (0.7, 0.1, 0.15 | 0.05) 3.8838e-1 1.9329e-1 2.9782e-2
C2DTLZ2 (M=3, J=1) (0.1, 0.7, 0.15 | 0.05) 3.8838e-1 1.9329e-1 3.1727e-2

Carside (M=3, J=10) (0.3, 0.2, 0.2 | 0.02, 0.01, 0.05, 0.01, 0.03, 0.05, 0.01, 0.05, 0.02, 0.05) 4.6211e-2 4.6281e-3 8.2246e-4
Carside (M=3, J=10) (0.076923, . . . (repeated 13 times)) 4.6211e-2 4.6281e-3 1.5360e-3
Carside (M=3, J=10) (0.2, 0.2, 0.3 | 0.01, 0.02, 0.05, 0.01, 0.03, 0.05, 0.01, 0.05, 0.02, 0.05) 4.6211e-2 4.6281e-3 1.7306e-3

C2DTLZ2 (M=5, J=1) (0.2, 0.3, 0.15, 0.1, 0.15 | 0.1) 5.1711e-1 3.5365e-1 1.9117e-1
C2DTLZ2 (M=5, J=1) (0.08, 0.12, 0.25, 0.15, 0.2 | 0.2) 5.1711e-1 3.5365e-1 1.7213e-1
C2DTLZ2 (M=5, J=1) (0.04, 0.04, 0.04, 0.04, 0.04 | 0.8) 5.1711e-1 3.5365e-1 1.7463e-1
C2DTLZ2 (M=5, J=1) (0.16̄, 0.16̄, 0.16̄, 0.16̄, 0.16̄, | 0.16̄) 5.1711e-1 3.5365e-1 1.7068e-1
C2DTLZ2 (M=5, J=1) (0.1, 0.05, 0.15, 0.1, 0.15 | 0.45) 5.1711e-1 3.5365e-1 2.7178e-1
Total + / = / − of 43 cases 0 / 0 / 43 0 / 10 / 33 ( 33 / 10 / 0 )
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Figure 4: Comparison of algorithms for three and five-objective constrained problems with different relative evaluation times
of objectives and constraints.

to selectively evaluate objectives and constraints for the selected
solutions.

As presented in the table, out of 43 cases,MFE-NSGA-III performs
statistically best in 33 of them and equivalent in 10 other cases with
SA-NSGA-III, whereas SA-NSGA-III performs better than MFE-
NSGA-III in none of the cases. These are remarkable results, clearly
demonstrating the need for individualistic evaluation of objectives
and constraints to arrive at a computationally efficient algorithm.

4 CONCLUSIONS
This paper has presented a mixed-fidelity evaluation algorithm
to handle heterogeneous evaluation times in constrained multi-
objective and many-objective optimization problems. The proposed
method selects solutions for high-fidelity evaluation based on their
feasibility and proximity to constraint boundaries while consider-
ing the predicted solution’s uncertainty and heterogeneous eval-
uation times of objectives and constraints. Extensive testing on
multi-and many-objective benchmark and engineering problems
has demonstrated that the proposed algorithm outperforms two
other algorithms. Notably, MFE-NSGA-III achieves impressive effi-
ciency by allowing unequal high-fidelity evaluations of objectives

and constraints, and selectively evaluating requisite objectives and
constraints.

The proposed MFE-NSGA-III is now ready to be applied to more
challenging multi- and many-objective problems and to be com-
pared its performance with other existing constrained SA-EMO
algorithms by performing comprehensive sensitivity studies on al-
gorithmic parameters. More efficient 𝜌-metric and overall surrogate
evaluation assignment procedures can be developed. Nevertheless,
results of this pilot study are extremely encouraging and indicate
a viable direction for developing more efficient and flexible algo-
rithms for multi- and many-objective constrained optimization
problems having heterogeneous evaluation times.
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