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Abstract. A low-fidelity model using surrogate functions helps reduce
the overall computational time for optimizing problems involving time-
consuming evaluation of objectives and constraints. Most surrogate-assisted
evolutionary multi- and many-objective optimization (SA-EM(a)O) al-
gorithms evaluate a newly-created population member either using high-
fidelity or low-fidelity models for all objectives and constraints. However,
recent studies have shown that a mixed-fidelity evaluation of a population
member, in which some objectives and constraints are evaluated using
a high-fidelity model and others evaluated using a low-fidelity model,
may be more efficient. This is because the time saved by not evaluating
constraint functions for largely infeasible or largely feasible solutions,
and objective functions for largely infeasible solutions can be utilized to
evaluate potential solutions near the constraint boundaries and feasible
regions, respectively. In this paper, we propose a metric that determines
the potential benefit for evaluating every objective and constraint func-
tion for every population member independently. The metric uses the
potential for the solution’s probability to dominate other neighboring
members, modeling error, and extent of constraint violation. We demon-
strate the efficacy of the proposed approach by presenting results on
two to 10-variable test and engineering design problems having up to
eight objectives and up to 10 constraints. We compare the proposed ap-
proach with a SA-EMO algorithm which evaluates every constraint and
objective function for every new offspring. This preliminary study shows
promise as a new direction of research in the area of surrogate-assisted
evolutionary multi- and many-objective optimization.

Keywords: Constrained surrogate-assisted optimization, Selective eval-
uation, Multi-objective optimization, Independently evaluable objectives
and constraints
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1 Introduction

Optimization methods require a considerable number of solution evaluations be-
fore near-optimal solutions are found from an initial point or set of random
solutions. This is particularly challenging in problems where each evaluation is
computationally expensive, such as when using one or more third-party mod-
eling and evaluation software. One practically viable way to execute an opti-
mization algorithm in such scenarios is to construct a low-complexity surrogate
model for each objective and constraint function and use the surrogate models
to run the majority of optimization iterations. Since surrogate models are usu-
ally approximate mathematical representations of the original functions, they
are computationally cheap to compute. It is not surprising that a number of
surrogate-assisted optimization (SAO) algorithms have been proposed for this
purpose [4, 5, 8, 9, 17,20,25,28,33].

Despite the idea being appealing, optimization researchers need to figure
out several matters related to SAO algorithms: (i) which new solutions must
be computed for high-fidelity evaluation in addition to the already-evaluated
set of high-fidelity solutions? (ii) which surrogate modeling approach would be
most appropriate for the current set of high-fidelity evaluated solutions? and (iii)
how should the optimization with surrogates be integrated with the overall opti-
mization algorithm (referring to the surrogate management problem)? The first
question requires a methodology to analyze the current set of high-fidelity evalu-
ation solutions to predict new solutions at the potential search regions providing
better solutions and/or improving the surrogates to produce lesser prediction
error for better solutions. Thus, this first task is an important step towards any
SAO algorithm. The second question usually demands the SAO algorithm to
try a number of surrogate modeling approaches in competition and discover the
most appropriate approach for the current phase of the SAO algorithm. Notice
that such an ensemble-based surrogate modeling method has the self-adaptive
ability to choose a different surrogate modeling approach at different stages of
the SAO algorithm. The third question arises from the fact that after the sur-
rogate models are developed, they must be exploited to optimize and find new
(infill) solutions for the next set of high-fidelity evaluations. Since surrogate
models are cheaper to evaluate, direct optimization of surrogate models, instead
of high-fidelity models, will help reduce computational time to arrive at better
regions of the search space. The flip side of surrogate optimization is that since
surrogates are approximate functions of the original objective and constrained
functions, the true optimal solutions of the surrogate models may not corrob-
orate to the better regions of the original objectives. Thus, this task requires
estimating how much the developed surrogate models can be trusted to avoid
selecting infill solutions that are far from the true optimal regions of the original
problem.

Clearly, the above three tasks must be coordinated in an adaptive manner so
that progressive surrogate modeling with new infill solutions and by using ap-
propriate surrogate modeling approaches monotonically progresses towards the
near-optimal search region with a minimal number of high-fidelity evaluations.
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When multiple objectives and constraints are present, the SAO becomes more
challenging, as there exist multiple objectives and constraints to be modeled
using surrogates. A recent study [13] has suggested a taxonomy of 10 different
surrogate methods for modeling each individual objective independently to mod-
eling a single combined scalarized and composite function combining objectives
and constraints for surrogate-assisted evolutionary multi-objective optimization
(SA-EM(a)O) algorithms. A later study [16] has shown that an adaptive choice of
the most appropriate one out of 10 methods at every iteration of the overall opti-
mization algorithm produces the best performing outcome. Since an optimization
process goes through different types of search landscapes (constrained, isolated,
multi-modal, strongly interconnected objectives, etc.) at different phases of the
run, a different surrogate modeling method was found to be most appropri-
ate. The adaptive surrogate modeling (ASM) [16] approach discovered the right
method adaptively to produce the best performing result.

However, in most existing SA-EM(a)O studies, every infill solution, found
worthy to be evaluated with high-fidelity models, is eventually evaluated for all
objectives (M) and constraints (J) either individually or in an aggregate fash-
ion, irrespective of whether surrogate prediction error of each objective function,
whether it has the potential to be feasible, and whether it has the potential to
have the best objective value compared to its neighboring and competing other
solutions. Since the entire solution is marked to be evaluated for all objectives
and constraints, in many-objective optimization, this may cause unnecessary
high-fidelity evaluation of some objectives and constraints, which have an ap-
parent correlation with other computationally fast objectives/constraints. This
aspect of not evaluating all objectives and constraints for a solution leading
to a mixed-fidelity evaluation (MFE) of objectives and constraints of popu-
lation members is not addressed that well in the existing SA-EM(a)O litera-
ture [1–5,19,25,27,29].

In this paper, we propose an MFE-EM(a)O framework that determines a
high-fidelity selection (HFS) criterion for each objective and constraint for each
population member, thereby allowing a population to have mixed-evaluated
members, in which some objectives and constraints carry surrogate-evaluated
values and some carry high-fidelity evaluated values. An EM(a)O algorithm then
uses the current surrogate models to find a new infill population without much
computational effort. The old and new infill populations are combined, and then
the proposed HFS criteria for each objective and constraint are invoked. This
process considers the probability of a solution being feasible, the extent of con-
straint violation, and metrics used in [30]. As a result, we can determine the
objectives and constraints that need to be high-fidelity evaluated and a selection
of the new infill population members for the next generation. Those selected
members will undergo high-fidelity evaluation if not previously evaluated.

In the remainder of the paper, we discuss the proposed mixed-fidelity evalua-
tion based evolutionary multi- and many-objective optimization (EM(a)O) algo-
rithm in Section 2 with detailed sketches. Section 3 presents results on multi- and
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many-objective test and engineering problems including unconstrained problems.
Conclusions and future extensions of this study are discussed in Section 4.

2 Proposed Mixed-Fidelity Evaluation (MFE) Based
EM(a)O Algorithm

We modify the elitist evolutionary many-objective optimization algorithm –
NSGA-III [14] – to implement the MFE algorithm, which can also be used in
other popular reference vector based EM(a)O algorithms [22, 32]. A set of N
reference vectors are first created using the Das and Dennis [10] approach or
using the Riesz energy method [7]. The goal of the proposed MFE-NSGA-III is
to find at most N non-dominated (ND) solutions close to the Pareto front (PF)
of the problem using a mixed-fidelity evaluation technique.

Each member of the initial population Pdoe of size Ndoe , generated using the
Latin hypercube sampling (LHS) method [26], is evaluated with high fidelity for
all objectives (M) and constraints (J). Although we do not consider the exact
computational time for evaluating objectives and constraints in this study, we
simply assume that each objective and constraint takes an equal amount of time
to evaluate. Assuming that the total time required to evaluate all objectives
and constraints is one unit, each objective or constraint takes 1/(J +M) units
of time. Thus, the initial design of experiments (doe) population Pdoe of size
Ndoe consumes T = Ndoe units of time before starting the proposed EM(a)O
procedure. A maximum of Tmax time is allowed for finding the non-dominated
(ND) set, of which the final N units time is reserved for evaluating at most N
final population members with high-fidelity evaluations. Thus, a total of Tmax−N
time is kept for MFE-NSGA-III generations.

A surrogate for each objective or constraint function is constructed with
Ndoe high-fidelity evaluations. We select an initial population P0 of size N (with
N ≤ Ndoe) by using a chosen EM(a)O survival operator from Ndoe solutions.
Then, an EM(a)O algorithm is run with initial population P0 for tS generations
using the surrogates, thereby not causing any new high-fidelity evaluation. The
final population Q0 at the end of the surrogate-assisted NSGA-III run is then
merged with P0 and a combined population R0 = P0 ∪Q0 is formed. Note that
no member of Q0 is high-fidelity evaluated yet. We set the iteration counter as
t = 0.

Each population member s, in the combined population of Rt is then associ-
ated with one of the supplied reference vectors. To make a fair computation, all
solutions for which a high-fidelity evaluation of one or more objectives and con-
straints were already made are re-evaluated with the respective surrogate model
for executing surrogate-assisted NSGA-III run. Then, a prospect metric ρms is
calculated for every objective (m) and solution (s) using an overall probability
of constraint satisfaction (PGs), as follows:

ρms = (1 + PGs)P
m
s

(
1 +

(
σm
s

|∆fm|

) 1
η

)
. (1)
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Here, Pm
s refers to the probability of solution s being non-dominated among its

neighboring members, (in the sense of reference vectors [14, 32]), discussed in a
previous study [30]. σm

s and ∆fm are surrogate uncertainty and range of m-th
objective in the population, respectively, discussed in [30] as well. Parameter
η = 20 has worked well in this study. The structure of ρms is obtained by nu-
merous trial-and-error experiments and with an intuitive understanding of each
constituent term.

The overall probability of constraint satisfaction (PGs) is calculated as fol-
lows:

PGs =

J∏
j=1

P (gj(s) ≤ 0) , (2)

where P (gj(s) ≤ 0) = Φ
(
Zj
s

)
= 1

2

(
1 + erf

(
Zj

s√
2

))
and

Zj
s =

−µj
s

σj
s

. (3)

The parameters µj
s and σj

s are prediction and associated uncertainty in prediction
in j-th constraint for solution s using Kriging surrogate model. We used the
same Kriging models [6, 21, 23] as in our previous study [30]. The motivation
for the structure of Equation 1 comes from our successful previous study on
heterogeneous evaluation of objectives with unequal computational times. We
add the first term involving constraint satisfaction in the above equation to
handle constraints.

The procedure for deciding which objectives and constraints to be high-
fidelity evaluated is described below, but it requires a threshold parameter e,
which is calculated from the median value of the non-dimensional entity Zj

s for
all constraints of the entire Rt population:

e = min
(
Median∀(s,g)Z

g
s ,−1

)
. (4)

Figure 1 illustrates the philosophy of the high-fidelity selection (HFS) procedure.

In short, if a solution s is highly infeasible with respective any of the con-
straints, then no constraint or objective function needs to be high-fidelity evalu-
ated for the solution, as the solution cannot be a potentially good solution. On
the other hand, if a constraint value is within one-sigma (surrogate’s error) from
zero, the constraint is worth evaluating with a high-fidelity model. If a solution is
feasible for all constraints or marginally infeasible (within one-sigma from zero,
see Figure 1) for some constraints, then, at least one objective must be evaluated
with its high-fidelity model. The step-by-step procedure is given below:

Step 1: For every reference vector (k) starting with k = 1, rank all associated
population members based on the ρms (Equation 1). Then, pick the solution
s and respective m corresponding to the largest ρms . If s has already been
selected for high-fidelity evaluation (in P0 or Q0), include this solution for
survival in Pt+1 and move to Step 3. Else, consider this solution for its
prospect for high-fidelity evaluation of constraints and move to Step 2.
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Fig. 1: Selection of solutions to be high-fidelity evaluated. Solutions A, B, and
C are either feasible or close to the constraint boundary, hence some of their
objective functions are selected for high-fidelity evaluation based on ρms and e
values. Solution D is infeasible and far away from the constraint boundary, hence
it is not selected for either constraints or objectives for high-fidelity evaluations.
Solutions B and C are close to the constraint boundary and are evaluated using
high-fidelity constraint models.

Step 2: Use the following sub-steps to decide which constraints need to be high-
fidelity evaluated for s:

2.1: If minj

(
|Zj

s |
)
> |e|, meaning that s is not close to the boundary of any

constraint, this solution does not need to be evaluated for any constraint
function.

2.2: Else, identify all constraints (j) for which Zj
s is within [e,−e], meaning

that s is close to the boundary of these constraints, select s for a high-
fidelity evaluation of all of these constraints. If C constraints are high-
fidelity evaluated, a total time of C/(J+M) is added to the time counter
(T ). The solution is also picked for survival. Additionally, Step 3 is ex-
ecuted to determine which objective function needs to be high-fidelity
evaluated.

Step 3: If minj

(
Zj
s

)
> e, meaning that s is either feasible or is infeasible but

lies close to all constraint boundaries, then perform a high-fidelity evaluation
of the objective m (if not selected before) having the largest ρms . Time 1/(J+
M) is added to T . Select s for survival as well.

Step 4: Repeat above steps for the reference vector by incrementing k by one.
This process is continued untilN members are selected for survival and saved
in Pt+1.

Figure 2 illustrates the above procedure of combining Pt and Qt to form Rt and
arriving at the next generation population Pt+1. It is interesting to note how
our proposed technique handles a mixed-fidelity of objectives and constraints
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Fig. 2: Survival selection of Pt+1 from Rt based on ρms metric and high-fidelity
selection (HFS) criterion.

(green entities were previously high-fidelity modeled, white entities are surrogate
modeled, and orange entities are freshly high-fidelity evaluated).

Notice also that for unconstrained problems, every s is feasible. In this case,
Zj
s = ∞ and Step 2 does not get executed and the above technique simply

chooses a single objective m for high-fidelity evaluation for each solution s at
a time. This process is similar to the heterogeneous unconstrained surrogate-
assisted algorithm proposed and was shown to perform extremely well on un-
constrained problems by the authors recently [30].

3 Results and Discussions

We test the proposed approach MFE-NSGA-III with two other algorithms run
for an identical Tmax: (i) the original NSGA-III [14] in which every population
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member is high-fidelity evaluated for all objectives and constraints without any
use of surrogates, and (ii) SA-NSGA-III, in which surrogates are used for opti-
mization for tS generations, but all offspring population members of Qt+tS are
high-fidelity evaluated for all objectives and constraints and surrogates are then
updated for next generation.

In this study, we test these three methods on several multi and many-
objective problems: ZDT1 [34], DTLZ2 [15], BNH, OSY, SRN, TNK, CTP1 [12],
C2DTLZ2 [18], MW3, MW7, MW14 [24], and three engineering design prob-
lems [11,31]. In these problems, we consider 2-10 variables, up to 10 constraints,
and 2-8 objectives.

For all problems, the population size (N) is set to 50, number of reference
directions chosen to be same as the population size (N). The overall termination
budget Tmax is set as 300 and the initial design of experiments (doe)Ndoe is set as
100 for two and three objective problems. For five and eight objective problems,
the termination budget Tmax is set as 400, and the initial doe Ndoe is set as 150.
The surrogate generations (tS) to create offspring population Qt+tS is set as 10.
The parameter η in Equation 1 to emphasize uncertainty in surrogate modeling
of objectives is 20.

For each problem, we run all algorithms 15 times with different initial popu-
lations. Hyper-volume (HV) is chosen as the performance metric. For HV com-
putation, we normalize the population members using the known Pareto front’s
nadir and ideal points. If the Pareto front is unknown in the engineering design
problems, we obtain the approximated Pareto fronts from the work of Tanabe et
al. [31]. We used a reference point vector [1.05]1×M to compute HV. Wilcoxon
signed-rank test with p = 0.05 is used to determine statistically best, similar,
and worst-performing algorithms.

3.1 Unconstrained Problems

First, we consider two bi-objective unconstrained test problems (ZDT1 [34] and
DTLZ2 [15]) to illustrate the working of our proposed mixed-fidelity evaluation
algorithm on unconstrained problems.

For HV growth plots, the time T is used in the x-axis for a fair compari-
son of the three algorithms. The HV growth plots are presented in Figures 3c
and 3d. We observe that the proposed MFE-NSGA-III has a much better per-
formance compared to the other two methods. The obtained final generation
solutions of all three algorithms are shown in Figures 3a and 3b. We observe
that MFE-NSGA-III obtains a well-distributed near-Pareto-optimal solutions.
The obtained median HV values of the final generation members are shown in
Table 1. The statically best and similar performing algorithms for each problem
are marked in bold and bold italics text, respectively. The MFE-NSGA-III is
statically better compared to the other two algorithms on these unconstrained
problems.
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Fig. 3: Comparison of three algorithms for two-objective unconstrained optimiza-
tion problems. SA-NSGA-III produces near-PF solutions, but the distribution
of solutions is not as good as MFE-NSGA-III.

3.2 Constrained Multi-Objective Problems

Next, we consider two and three-objective constrained test and engineering prob-
lems. The final generation solutions and HV growth plots for OSY, SRN, BNH,
MW3, CTP1, and C2DTLZ2 problems are shown in Figure 4. It is evident from

NSGA-III SA-NSGA-III MFE-NSGA-III
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Fig. 4: Comparison of PFs for two-objective constrained optimization problems.
With only Tmax = 300 (meaning equivalent to a maximum of 300 complete solu-
tion evaluations), no algorithm is perfect, but MFE-NSGA-III produces better
PFs in all problems.

HV growth plots (Figure 5) that MFE-NSGA-III outperforms NSGA-III and
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Table 1: Median hypervolume (HV) comparison of three algorithms for all prob-
lems used in this study. HVs for statistically equivalent algorithms (with 95%
confidence level) are marked in bold italics and for the best performing algorithm
is marked in bold.

Problem #Obj. #Constr. Tmax NSGA-III SA-NSGA-III MFE-NSGA-III

ZDT1 2 0 300 0.0000e+0 6.4321e-1 7.4482e-1
DTLZ2 2 0 300 5.2156e-2 2.9640e-1 3.0179e-1

BNH 2 2 300 8.9956e-1 9.0599e-1 9.0682e-1
SRN 2 2 300 5.6782e-1 5.9049e-1 5.9130e-1
TNK 2 2 300 3.0120e-1 3.8077e-1 3.8900e-1
OSY 2 6 300 1.8338e-1 6.9623e-1 7.9869e-1
MW3 2 2 300 1.1953e-1 4.1405e-1 4.7122e-1
MW7 2 2 300 4.7374e-2 2.3489e-1 3.0304e-1
CTP1 2 2 300 0.0000e+0 6.2555e-1 7.1673e-1
C2DTLZ2 2 1 300 7.8029e-2 2.4434e-1 2.6294e-1
WELD 2 4 300 8.6389e-1 8.5806e-1 9.6595e-1

MW14 3 1 300 6.3110e-3 1.0374e-1 1.2581e-1
C2DTLZ2 3 1 300 1.0415e-1 3.4501e-1 4.0335e-1
Carside 3 10 300 4.0586e-1 5.8093e-1 6.2751e-1

C2DTLZ2 5 1 400 2.0309e-1 4.8035e-1 5.6943e-1
WATER 5 7 400 4.6298e-1 5.2203e-1 5.2791e-1

C2DTLZ2 8 1 400 3.4028e-1 5.0270e-1 8.0004e-1

Total + / = / − 0 / 0 / 17 0 / 3 / 14 14 / 3 / 0

SA-NSGA-III. The final generation median HV values for all two objective con-
strained problems are presented in Table 1. MFE-NSGA-III outperforms the
other algorithms eight times and performs similarly to SA-NSGA-III once.

Figure 6a shows the number of high-fidelity evaluations for f1, f2 and g1
with respect to T in MFE-NSGA-III for C2DTLZ2 problem. This figure clearly
demonstrates selective high-fidelity evaluations for objective and constraint func-
tions. In this problem, the constraint function is less frequently modeled using
high-fidelity models due to relatively less complex structure of it compared to
objective functions. Figure 6b shows the total number of high-fidelity evalua-
tions in all three algorithms, showing fewer overall evaluations of the constraint
function.

For three objective C2DTLZ2, Carside impact, and MW14 problems, final
generation solutions in objective space and HV growth plots are presented in
Figure 7. The final generation median HV values of all three objective problems
are presented in Table 1. For MW14, MFE-NSGA-III performs similar to SA-
NSGA-III. For all other problems, MFE-NSGA-III performs the best.
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Fig. 5: Comparison of HV growth for three algorithms for two-objective con-
strained optimization problems. Different algorithms start from a different ini-
tial T due to each algorithms evaluation scheme of initial DOE set for surrogate
model creation.

3.3 Constrained Many-Objective Problems

Finally, we present results on five and eight-objective C2DTLZ2 problems and
a five-objective engineering problem (WATER [18]). The first row in Figure
8 shows the final generation objective function solutions on PCP. The second
row in Figure 8 shows HV growth plots of five and eight-objective C2DTLZ2
problems, which clearly demonstrates the superiority of the proposed MFE-
NSGA-III. Table 1 shows the median HV values of final generation population
members. For five and eight-objective C2DTLZ2 problems, the proposed MFE-
NSGA-III performs statistically better than other methods. For the WATER
problem, MFE-NSGA-III is statically similar to SA-NSGA-III.

4 Conclusions and Future Extensions
In this paper, we have proposed a mixed-fidelity evaluation algorithm mainly
for constrained optimization problems, which also degenerates to handle uncon-
strained problems. The proposed technique allows the objectives and constraints
of an evolving population member to be evaluated using a surrogate, or, a high-
fidelity model, as needed, determined by a proposed prospect metric. Results
on a number of multi- and many-objective test and engineering problems show
the efficacy of the proposed algorithm compared to two other algorithms. MFE-
NSGA-III makes unequal calls to objectives and constraints, as demanded by
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Fig. 6: Number of high-fidelity evaluations recorded for f1, f2 and g1 on
C2DTLZ2 (M = 2, J = 1) using MFE-NSGA-III, which uses less evalua-
tion of the constraint compared to objectives to produce a better performance
(HV=0.263) than NSGA-III (HV=0.078) and SA-NSGA-III (HV=0.244).
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Fig. 7: Comparison of algorithms for three-objective constrained problems.

the relative ease with which the surrogate models can be achieved, to produce
an efficient algorithm.

The proposed algorithm is now ready to be applied to more challenging multi-
and many-objective problems. The mixed-fidelity evaluation algorithm can now
be extended for problems involving evaluation models requiring heterogeneous
computational times for objectives and constraints. Other interesting methods
for calculating the prospect metric may also be explored. Nevertheless, results of
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Fig. 8: Comparison of algorithms for five and eight-objective C2DTLZ2.

this first study are extremely encouraging and show a direction for developing a
more efficient and flexible search algorithm for computationally expensive multi-
and many-objective constrained optimization problems. Due to the flexibility of
evolutionary algorithm framework, mixed-fidelity evaluation of objectives and
constraints for every solution is possible and EMO researchers must now take
advantage in creating more such computationally efficient constrained optimiza-
tion algorithms.
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