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Abstract. The knowledge and intuition of experienced users for practi-
cal optimization problems are often underutilized in academic research.
Such knowledge, formulated as inter-variable relationships, can assist an
optimization algorithm in finding good solutions faster. User-provided
information can be utilized at the beginning of the optimization, or dur-
ing the optimization in an interactive fashion. In this paper, we pro-
pose IK-EMOViz, a software framework to allow discovery and use of
knowledge from and to an EMO algorithm interactively. Key knowledge
common to current non-dominated solutions are extracted using rule
learning methods and shared with the decision-makers (DMs) through a
easy-to-comprehend visualization tool. Learned knowledge are then fil-
tered and vetted by DMs are communicated to the EMO algorithm using
the same visualization tool. EMO algorithm then processes the filtered
knowledge and integrates them with its search operators. Repeated such
interactions have resulted in faster convergence to the final trade-off set
on a large-scale engineering design problem. In addition, the effect of
asynchronous and synchronous interactivity is also evaluated to make
the proposed interactive optimization procedure more pragmatic.

Keywords: Interactive optimization · knowledge extraction · graphical user
interface · multi-objective optimization.

1 Introduction

For practical multi-objective optimization problems (MOPs), keeping the user
in the loop may be beneficial because of several reasons. First, user’s knowl-
edge accrued over many years of dedicated time spent on the problem can be
suitably leveraged. An algorithm may find it time-consuming or simply difficult
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to gather an equivalent amount of knowledge from scratch. Second, consulting
the user intermittently during the optimization process may generate a natural
interest through ownership by the user on the final solution, thereby resulting
in a willful acceptance of the final solution. Besides the practical importance of
co-solving a problem with human users, computational researchers often dismiss
such collaborative methodologies as subjective and of lesser quality research.
However, there is merit for both types of studies. If problem-solving is the main
goal, the use of algorithmic rigor and human expertise, if available, should both
be embraced. This study is an attempt to involve human users to interact with
evolutionary multi-objective optimization (EMO) algorithms in solving problems
quickly by utilizing an appropriate combination of their acquired knowledge.

An obvious way to involve users is to develop an interactive optimization
framework, where the user can provide guidance during the optimization run.
Users can provide information in multiple ways, such as aspiration levels [5], rela-
tive importance of objective functions [14], pairwise solution comparison [12], etc.
Decision support system software like NAUTILUS Navigator [17] and FACTS
Analyzer [18,15] play an important role in ensuring a smooth user experience
while interacting with the optimization algorithm.

Problem knowledge can also be learned automatically. Innovization studies
[4,2] are good examples, where additional problem information were extracted
from high-performing solutions in the form of simple mathematical rules such
as power laws (xix

b
j = c). Such rules can also be found during the optimization

run and used to speed up convergence [16,6,7,9,8].
The IK-EMO method [8] uses an automatic knowledge extraction method in

an interactive optimization framework in order to achieve faster convergence and
take user feedback into account. In order for IK-EMO to be effective in practice,
a user-friendly visualization software is necessary. This paper introduces such a
software framework (IK-EMOViz) and demonstrates its visualization features on
120 and 820-member truss design problems. In addition, this study evaluates a
practicality providing the decision-makers time to analyze obtained knowledge,
while the algorithm is allowed to continue to run in the background.

In the remainder of the paper, we provide a detailed description of the pro-
posed IK-EMOViz in Section 2. Section 3 describes the scalable 3D truss design
problem with two objectives and presents the results of the IK-EMOViz proce-
dure. Conclusions are drawn in Section 4.

2 Proposed IK-EMO Visualizer (IK-EMOViz)

IK-EMO Visualizer, or IK-EMOViz is a software implementation of user inter-
activity in the IK-EMO [8] framework. In this section, we briefly cover the basic
IK-EMO components shown in Figure 1 and how they relate to IK-EMOViz.

2.1 User-provided knowledge before the optimization

An n-variable problem, we can have n(n−1)
2 pairwise variable interactions. The

IK-EMO framework seeks to reduce the number of interactions that needs to be
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Fig. 1: Interactive knowledge-based EMO framework (IK-EMO), adapted from
[8]. Blue blocks represent a normal EMO. Green blocks represent the automated
knowledge extraction and application. Information from the learning agents and
variable relation graphs is presented to the user using IK-EMOViz. The user, in
turn, can provide feedback using the same interface.

learned by defining variable clusters or groups [8,7,9]. As an example, consider a
seven-variable problem with two non-interacting variable groups, G1 = {1, 4, 6},
and G2 = {3, 5}. For G1, all three pairwise combinations (x1, x4), (x4, x6), and
(x1, x6) can be checked for existence of any possible relationships. A similar
process is repeated for G2. Since x2 and x7 are not part of any group, they
are assumed to not exhibit any significant pattern, and can be ignored from
knowledge extraction analysis.

2.2 Automatic knowledge-extraction during optimization

Any automated knowledge-extraction method or a learning agent, used as a part
of the IK-EMO framework, needs to analyze high-performing non-dominated
(ND) solutions obtained by the EMO algorithm for knowledge extraction. A
learning interval (TL) is defined as the number of generations or solution evalu-
ations (SEs) after which a new set of rules are learned. Knowledge in this case
are mathematical relations or rules existing between one or more variable pairs
among the ND solutions. The learned rules are stored by IK-EMO in a data
structure known as a variable relation graph (VRG) [8].

In this paper, we restrict the rules to simple power laws [4], however the
concept can be extended to extract other structures of rules [1,10] as well. For
example, xix

b
j = c represents a power law rule between two variables xi and xj ,

where b and c are constants. Power laws are able to represent a wide variety
of rules, such as proportionate (b = −1) or inversely proportionate (b = 1)
relationships among two variables. A special case of the power law where b = 0
is referred to as a constant rule, since it involves only one variable taking a
constant value (xi = c). This type of rule can occur if multiple high-performing
solutions are expected to have in common a fixed value of a specific variable [11].
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2.3 Knowledge application through repair operators

After a learning agent learns the constant rules and power laws, the next step
is to apply these rules to newly-generated solutions using a repair agent. An
important issue is to determine how much to adhere to each learned rule [8].
Three repair operators with different rule adherence schemes are used in this
study: tight to loose adherence RA1 to RA3, described in the next paragraph. A
repair interval (TR) is defined as the number of generations or SEs between any
two repair operations. The order of repair for each new solution is determined
by a graph-traversal algorithm [8] which generates a variant of the VRG created
by the learning agent.

A constant rule repair agent applies the rule xi = κi to a particular solution

x(k) by setting the variable x
(k)
i to κi. Constant rules are always implemented

with tight adherence. For a power law rule xixj
b = c, either xi or xj is selected

as the base (independent) variable based on which the other variable will be
repaired in the VRG. If, for a particular solution x, xj is selected as the base
variable, xi is set as follows: xi =

c
xb
j

. Depending on the rule adherence scheme,

the c-value used for repair may be modified to xixj
b = cr. RA1 uses cr = c

(tight adherence); RA2 uses cr ∈ N (c, σc) (medium adherence), and RA3 uses
cr ∈ N (c, 2σc) (loose adherence), where σc is the standard deviation of learned
c-values from current ND solutions.

An ensemble approach (RA-E) combining the above three options (RA1,
RA2, and RA3) is also included [8]. RA-E can switch adherence schemes based
on the successful survival of solutions repaired using each of the three schemes,
with a fourth option added where no repair to an offspring is performed.

2.4 User feedback through IK-EMOViz’s graphical user interface

IK-EMOViz is implemented in Python using Plotly and Dash [13], which pro-
vides a browser-based graphical user interface (GUI) for the IK-EMO framework.
IK-EMOViz allows the user to access real-time data about the optimization run
such as convergence indicators, scatter plots, and parallel coordinate plots (PCP)
through separate widgets. Figure 2 shows an example instance of IK-EMOViz
where the user wants to analyze the results of a bi-objective optimization prob-
lem after 60 generations. The optimization progress in this case is represented
by a hypervolume (HV) [19] evolution plot (left-most plot in Figure 2) over the
generations completed. The plot is dynamically updated as each generation is
completed. Indicators other than HV can also be used, if desired. The scatter
plot widget (middle plot) shows the entire population in the objective space with
the ND solutions marked in orange and dominated solutions marked in blue. By
using the generator slider shown below the plot, the user can also check the ob-
jective vectors of the population in any earlier generation. The software saves all
earlier populations and can display any earlier population, if desired. The PCP
plot (right-most plot) gives a visualization of the objective and decision variable
values together. An additional widget is available whereby the user can visualize
any solution from the Pareto front scatter plot, but for brevity, it is not shown
here.
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Fig. 2: IK-EMOViz graphical user interface showing the optimization progress,
scatter plots, and parallel coordinate plot widgets describing the results of a
bi-objective optimization problem which was terminated after 60 generations.

The ‘IK-EMO Controls’ widget has three buttons (not shown here). The first
button can pause or resume the optimization run. This is used if the user wants
the algorithm to wait till he/she analyzes the results and provides feedback, also
known as ‘synchronous interaction’. The second button is used to refresh all the
widgets except the one showing optimization progress to get the latest data.
This functionality is necessary if the user did not pause the optimization run
(‘asynchronous interaction’) and wants to see the updated results and their as-
sociated rules. The third button saves any user feedback which will be considered
by IK-EMO in subsequent generations.

Another important widget displays the latest rules and the corresponding
VRGs generated by the learning agent for all variable groups. A group selector
menu allows the user to switch among multiple groups. Figure 3 shows the rule
list and VRG for Group 2 variables of the example problem. Two variables found
to possess a significant relation are connected by a gray edge whose thickness
is proportional to the rule score. Nodes are colored on the basis of their degree,
with reddish nodes indicating a high number of connected edges, and bluish
nodes representing a low number of connected edges.

After analyzing the VRG and associated rules, the user provides feedback
by modifying one or more nodes in the VRG. The following operations can be
performed on the learned rules.

– Exclusion: The user may select to remove certain rules provided by the algo-
rithm, based on their knowledge of the problem. The VRG will be updated
by removing the corresponding edges.

– Selection: The user may wants to keep only certain rules. In that case, the
corresponding VRG edges will be retained and the rest will be deleted.

– Filtering: If there are a large number of rules, the user can choose to filter
them based on criteria like rule scores, variable correlations, etc.
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Fig. 3: IK-EMOViz graphical user interface showing the full VRG for variable
group 2 for a specific optimization problem.

– Ranking: The user may provide a ranking of rules (rank 1 is most preferred)
provided by the algorithm. The algorithm will then try to implement the
rules according to the ranks, as demonstrated in [8].

Figure 3 shows a portion of the IK-EMOViz GUI for the example problem con-
sidered previously. For Group 2, the list of power laws obtained is shown on
the left and the corresponding VRG is shown on the right. Figure 4 shows the
selected rules by the user achieved by clicking the corresponding check-boxes.
On clicking the green tick button (top corner in right plot), the VRG is updated
with only the selected rules. For example, Node 12 in Figure 3 is now absent
in Figure 4, since the user did not select any rule involving variable x12. This
type of operation can be useful when the user only wants to select a few rules
involving a few important variables.

Fig. 4: IK-EMOViz graphical user interface showing a rule selection operation.

Figure 5 shows the resulting VRG when some rules are excluded from Figure 3
by selecting them in the rule list and clicking the cross button on the top right
of the VRG. This is useful when the user only wants to exclude specific rules
provided by the algorithm.

2.5 Synchronous vs asynchronous user interaction

Pausing the optimization until the user finishes providing feedback ensures the
user always has access to the latest data. This is also referred to as synchronous
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Fig. 5: IK-EMOViz graphical user interface showing a rule exclusion operation.

interaction. However, the user can take a longer time to analyze the results and
provide his/her feedback. It can be more practical to continue running the op-
timization in the background while the user analyzes the intermediate solutions
and their associated rules. This is known as asynchronous interaction. In the
previous section, the pause optimization functionality of IK-EMOViz was in-
troduced. It allows the user to switch between synchronous and asynchronous
interaction modes.

Apart from the learning interval (TL) and repair interval (TR), we introduce
another quantity, the user feedback time (TU ). This is defined as the number of
generations or SEs that can be performed during the time the user is analyzing
the results and preparing the feedback. TU is undefined for synchronous user
interaction. Figure 6 illustrates the asynchronous user interaction mechanism
of IK-EMOViz, assuming TL = TR. After every TL SEs, the learning agent
generates a new VRG for each variable group, marked by the blue vertical dashed
lines. IK-EMOViz allows the user to provide feedback at any point thereafter
during the optimization run. The green dashed lines represent a user interaction
phase lasting for TU SEs. In the example shown in Figure 6, the user launches
IK-EMOViz between learning rounds 2 and 3. Since user interaction is active,
no repair is performed during learning rounds 3 and 4. Once user feedback is
complete, the user-modified VRG (VRG(U)) is merged with the last learned VRG
(VRG(4)) using the method specified elsewhere [8], and the combined VRG is
used by the repair agent. Thus, a larger TU means the user is making a decision
based on potentially outdated information and may not be as efficient as using
the latest knowledge.

3 Truss Design Problem

For this study, a scalable truss optimization problem [8] is used. The aim is to
minimize two objectives: (a) weight, and (b) compliance of a truss subject to a
load on all the top nodes of the truss. Member radii (r), and length of the vertical
members (Lv) are the two types of decision variables. Stress and displacement
in each member is constrained to lie below threshold values.



8 Ghosh, Deb, Averill, and Goodman

Fig. 6: Asynchronous user interaction example with TL = TR. Blue dashed lines
represent the learning phases taking place at intervals of TL SEs. Green dashed
lines represent a user interaction phase.

3.1 Experimental settings

In this paper, we use two instances of the truss design problem, a truss with
120 members, 36 nodes, 129 decision variables and 156 non-linear constraints,
and another larger truss with 820 members, 236 nodes, 879 decision variables,
and 1056 non-linear constraints. Variable groups were created similar to [8] ac-
cording to the physical orientation of the truss beams, shown in Table 1. The

Table 1: Variable groups for the 120 and 820-member truss design problems.

Group Variable Type
Variable Indices

120-member truss 820-member truss

G1 li of vertical members [120 − 128] [820 − 878]

G2 ri of top longitudinal members [8 − 15], [24 − 31] [0 − 57], [116 − 173]

G3 ri of bottom longitudinal members [0 − 7], [16 − 23] [58 − 115], [174 − 231]

G4 ri of vertical members [36 − 53] [236 − 353]

120-member truss is used to illustrate how IK-EMOViz can allow the user to
obtain insights about an optimization problem. NSGA-II [3] is chosen as the
optimization algorithm of IK-EMO in this paper. Population size is set as 40
and the maximum number of generations is set as 100. After 100 generations,
IK-EMOViz is launched. The results are presented in the next section.

The 820-member truss design problem is used to illustrate the power of IK-
EMO in finding good solutions with periodic user interactions. NSGA-II is run
for a maximum number of generations of 12,500 (set by trial-and-error process
and required to work with 879 variables), thus giving a total computational
budget of 500,000. To ensure consistency, three artificial users – U1, U2, and
U3 are created to select rules from the all the generated rules by our rule learn-
ing method with scores above 0.9, 0.7, and 0.5, respectively. Thus, user U1
chooses fewer rules compared to U2 and U3. For each user, four rule adherence
schemes (RA1, RA2, RA3, and RA-E) are considered, making a total of 12 sep-
arate optimization runs. Moreover, two different scenarios are considered: syn-
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chronous interaction, where optimization is paused when user interaction takes
place, and asynchronous interaction, in which the optimization does not wait for
the analysis process by the user. Since we would like to complete the runs after a
fixed execution time is achieved, the synchornous interaction cases are allocated
less overall SEs (for each round of user analysis, TU SEs are discounted). For
each user-repair agent combination, 20 runs are performed, involving a total of
480 optimization runs. The hypervolume (HV) [19] metric value for each run is
recorded.

3.2 Experimental results and discussion on the 120-member truss

For the 120-member truss, the Pareto front and HV evolution plots are shown in
Figure 7. The figures are extracted from IK-EMOViz. From the Pareto-optimal

(a) Pareto front.
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(b) Hypervolume vs. generations.

Fig. 7: Pareto front and hypervolume plot for a 120-member truss optimization
problem obtained from IK-EMOViz.

solutions found till now, power law rules are extracted. Group G1 representing
the length of the vertical members are shown in Figure 8 highlighted in green.
From Figure 8b, it can be seen that all the variables are related to each other

(a) 120-member truss.
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(b) Variable relation graph.

Fig. 8: A Pareto-optimal truss design with group G1 highlighted in green and
the corresponding variable relation graph obtained from IK-EMOViz.

through some significant power law. However, through the functionality of IK-
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EMOViz we can perform some simplifications. Variables 120-128 represent con-
secutive vertical members shown in Figure 8a from right to left. So we perform
rule selection and select rules of the form xix

b
i+1 = c where i = 120, 121, . . . , 127.

The reduced set of power law rules thus obtained for G1 along with their rule
compliance values are given in Table 2. Rule compliance is defined as the propor-
tion of ND solutions that follow a power law. The corresponding VRG is shown
in Figure 9a.

Table 2: Power law rules found for group G1.

Rule no. Power law Rule compliance

1 x120x
−0.57
121 = 0.92 1.00

2 x121x
−1.00
122 = 0.87 1.00

3 x122x
−0.92
123 = 0.96 1.00

4 x123x
−0.82
124 = 1.05 1.00

5 x124x
−1.13
125 = 0.98 1.00

6 x125x
−0.78
126 = 1.14 1.00

7 x126x
−1.06
127 = 1.10 1.00

8 x127x
−1.72
128 = 1.03 1.00
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(a) Simplified variable relation graph. (b) Power laws.

Fig. 9: Simplified variable relation graph of group G2 and power laws between
pairs of variables (x120, x121) and (x127, x128) obtained from IK-EMOViz.

From Table 2, let us consider two power laws ϕ1(x) = x120x
−0.57
121 − 0.92 =

0 and ϕ2(x) = x127x
−1.72
128 − 1.03 = 0. x120 and x128 represent the length of

the vertical members at each end, and x121 and x127 represent the adjacent
vertical members, respectively. Figure 9b obtained from IK-EMOViz plots the
two power laws over the normalized variable range of [1, 2] and plots another line
xi = xj . The variables of the ND set from which the power laws are extracted are
also shown. An interesting observation is that the ϕ1(x) lies above and ϕ2(x)
lies below the xi = xj line. This indicates that x120 < x121 and x127 > x128

among good solutions. Analyzing the rest of the power laws in Table 2 and the
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loading condition of the truss, we observe that x120 < x121 < . . . < x124 and
x124 > x125 > . . . > x128. This indicates that the length of the vertical members
increase from the end to the middle of the truss, which is an expected from
an engineering intuition for the specific support and loading conditions [7]. IK-
EMO is able to successfully extract these rules and IK-EMOViz provides useful
functionality to the user to understand the rules. Such a knowledge derived from
intermediate iterations of an optimization run will be reassuring to an inquisitive
user.

3.3 Experimental results and discussion on the 820-member truss

The final median HV obtained at the end of 500k SEs for each user-repair agent
combination are shown in Table 3. The row-wise best is marked in bold with
the statistically similar performing algorithms marked in italics. The column-
wise best is marked by a gray box. It can be seen that user U2 who selects a
moderate amount of rules (supported by 70% or more ND solutions) is the best
performer for all the repair agents. Moreover, for each user, RA2 with medium
adherence scheme is the best algorithmic strategy in 4 out of 6 cases, and RA-E
(ensemble scheme) has a the best performance in 3 out of 6 cases. This shows
that an intermediate amount of rule usage combined with a medium level of
rule adherence works the best, as was also observed in another study [8]. In all
cases, asynchronous interaction results in a better performance due to the use
of more SEs. While asynchronous interaction runs the risk of the user making
a decision based on outdated rules, the built-in safeguards of IK-EMO against
incorrect user information [8] mitigate some of the risks, thereby allowing the
optimization to run in the background while the user deliberates on the available
information. The asynchronous interaction in an interactive framework is also
practical and does not keep the computing system ideal, and provide users time
to grasp and prepare feedback for the algorithm.

Table 3: Final median HV obtained at the end of 500k SEs for the 820-member
truss optimization problem. Best-performing algorithm in each row is marked
in bold. Statistically similar performance to the best in each row is marked in
italics. The gray boxes represent the column-wise best.

Repair agent
U1 U2 U3

Sync Async Sync Async Sync Async

None (base) 0.79 0.79 0.79 0.79 0.79 0.79

RA1 0.81 0.98 0.88 1.01 0.82 0.95
RA2 0.84 1.06 0.91 1.08 0.77 0.99
RA3 0.81 0.96 0.86 0.98 0.79 0.90
RA-E 0.85 1.02 0.88 1.08 0.79 0.99

For user U2 and repair agent RA2, the PF and HV plots comparing syn-
chronous and asynchronous interaction cases are shown in Figure 10. Figure 10a
shows how asynchronous interaction can provide better solutions compared to



12 Ghosh, Deb, Averill, and Goodman

synchronous interaction. The HV plot in Figure 10b shows a portion of the op-
timization run between 50k and 200k SEs with user interaction instances being
marked in red. Asynchronous interaction results in a better median HV.
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(a) Pareto Front for one run.
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Fig. 10: Pareto fronts and median hypervolume plots obtained by IK-EMO with
U2, RA2, and asynchronous interaction for 820-member truss design problem.

4 Conclusions and future work

This study has introduced a knowledge-based interactive optimization tool IK-
EMOViz for executing a better-informed optimization study. Through a 120-
member truss design problem, we have shown how IK-EMOViz can help the
user to obtain useful insights about an optimization problem in the form of sim-
plistic relationships among variables and visualization of the interaction through
relationship graphs. In addition, the user can also provide their own feedback by
providing their preferences on obtained relationships using the tool. IK-EMOViz
also allows the user to perform an asynchronous interaction by utilizing comput-
ing resources in the background while understanding and analyzing the obtained
relationships. As demonstrated on an 820-member truss problem, the option of
asynchronous interaction can result in a better performance. Moreover, mod-
erately few relationships chosen by the user applied with moderate adherence
within the EMO algorithm have found to produce better results.

Our future work will focus on enhancing the functionality of IK-EMOViz by
allowing direct modification of rule parameters. The user should also be able to
introduce new rules if they are not present in the rule set extracted by the learn-
ing agents. Other modifications can include introduction of new repair agents
or disabling existing ones. The VRG widget can also be made interactive by
turning it into a 3D model, allowing the user to directly modify the VRG. Nev-
ertheless, this study provides evidence of the importance of a robust software
implementation for any knowledge-based interactive optimization method that
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combines human knowledge and machine intelligence in executing an optimiza-
tion task faster than either of them alone. IK-EMOViz opens a communication
channel between the user and the optimization algorithm through scientific vi-
sualization and analytics. This will benefit users desiring greater involvement in
the optimization process, especially for practical problems.
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12. Greco, S., Matarazzo, B., S lowiński, R.: Interactive evolutionary multiobjective
optimization using dominance-based rough set approach. In: IEEE Congress on
Evolutionary Computation (CEC) 2010 (2010). https://doi.org/10.1109/CEC.
2010.5585982

13. Hossain, S.: Visualization of bioinformatics data with dash bio. Proceedings of the
18th Python in Science Conference (2019), https://dash.plot.ly/dash-bio.

14. Miettinen, K., Ruiz, F., Wierzbicki, A.P.: Introduction to multiobjective opti-
mization: Interactive approaches. In: Lecture Notes in Computer Science, vol.
5252 LNCS, pp. 27–57. Springer Verlag (2008). https://doi.org/10.1007/

978-3-540-88908-3_2

15. Ng, A.H., Bernedixen, J., Moris, M.U., Jägstam, M.: Factory flow design and anal-
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