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ABSTRACT
In multi- and many-objective optimization, an effective, accurate,
and meaningful comparison of multiple solution sets is an important task. Dominance move (DoM) is a quality indicator that compares two solution sets from a Pareto-optimal sense. DoM measures
the minimum move in elements of 𝑷 needed such that every element of 𝑸 is dominated or identical to at least one element of
the moved set 𝑷 ′ . The indicator presents some relevant features as
it is Pareto compliant. It does not need a prior reference point or
set; it does not demand any normalization, and it is not affected
by dominance-resistant solutions. However, the DoM computation
involves a combinatorial explosion of moves. A recent paper proposes a mixed-integer programming (MIP) approach for computing
DoM that exhibits a computational complexity that is linear to the
number of objectives and polynomial to the number of solutions.
Even with this property, considering practical situations, the MIPDoM calculation on some problems may take many hours or even
days. This paper presents an approximation method to deal with the
combinatorial nature of the DoM calculation using a cluster-based
divide-and-conquer strategy. Considering the original MIP-DoM
formulation, some classical problems sets are tested, showing that
the affinity propagation cluster based-algorithm is computationally
much faster and makes a small percentage error from the original
DoM value.
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1

INTRODUCTION

Problems with more than one objective functions to be optimized
are referred as multi-objective optimization problems (MOOP). An
MOOP involves a decision variable vector, x, from a feasible decision
space Ω ⊆ R𝑁 , and a set of 𝑀 objective functions. The minimization

of an MOOP can be simply defined as
Minimize

𝐹 (x) = [𝑓1 (x), . . . , 𝑓𝑀 (x)]𝑇 ,

x ∈ Ω.

(1)

𝐹 : Ω → Θ ⊆ R𝑀 is a mapping from the feasible decision space Ω
to vectors in the 𝑀-dimensional objective space Θ. In this paper, we
are interested in the evaluation of these objective vectors (loosely
referred here as solution sets), and a comparison among them.
Typically, these objective vectors are in conflict with each other.
Many real-world problems are formulated in this manner, and the
goal is to obtain a set of trade-off solutions known as Pareto-optimal
solutions.
The comparison between two or more solution sets has great
importance in the EMO community [8]. Quality indicators play
a relevant role in this sense, and it can be used to compare the
outcomes of multi-objective algorithms or even assist an algorithm
during the search for non-dominated candidates. Hypervolume
(HV) [3, 13], inverted generational distance plus (IGD+) [6], and
𝜖-indicator [16] are some quality indicators, just to name a few.
Dominance move (DoM) is a binary quality indicator used in
multi-objective and many-objective optimization to compare two
solution sets obtained from different algorithms [7]. The DoM measures the minimum ‘effort’ that one solution set has to make in trying to dominate the second set, more specifically, the absolute sum
of the movements (i.e., Manhattan distance) in objective directions
needed to make the first set dominant. Compared to 𝜖-indicator, it
has the advantage of considering all solutions of both sets. Moreover, it does not require any reference point or a reference set (such
as in IGD+ and HV), it does not demand any normalization, and it
is also not affected by dominance-resistant solutions.
However, the DoM formulation brings a combinatorial issue
in its calculation. The original proposers [7] presented an exact
calculation only for the bi-objective case. Another work [4] tried
to master the problem by treating it as an assignment problem.
Some experiments showed that the DoM assignment formulation
is correct and in accordance with its predecessor. However, the
solution sets’ cardinality still impose a handicap, preventing its use
in solution sets with more than 20 solution candidates.
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In a recent paper, a mixed integer programming (MIP) approach
was proposed to calculate DoM [5]. In the bi-objective space, experiments presented the model’s correctness. Other experiments
using up to 400 solutions and three to 30 objectives showed how the
model behaves in higher-dimensional cases. The paper also stated
that the MIP-DoM indicator had a positive Pearson correlation with
HV. Moreover, its time calculation was found to be polynomial to
the cardinality of sets and linear to the number of objectives (𝑀).
The MIP-DoM time spent is highly affected by the number of
solutions in the set. In [5], the experiments present a relevant variability when the number of solutions is increased. Some models
take some minutes, but others took 78 hours, for example. It is
observed that this fact is inherent to the set distribution, the model,
and some inner characteristics involving the two solution sets, 𝑷
and 𝑸. Without loss of generality, let us assume that the number of
elements in 𝑷 and 𝑸 are equal and given by 𝐿. The time complexity
function is defined by 𝑇 = 𝛼𝐿 𝛽 , in which 𝛼 and 𝛽 are two coefficients obtained using a linear regression in a log-log plot with 𝑇 and
𝐿 [5]. The primary motivation is to explore some methodology that
can reduce 𝑇 . The initial hypothesis is related to a ‘divide and conquer’ approach to deal with the combinatorial nature of DoM. Using
a cluster strategy, it is possible to establish the Proposition 1.1:
Proposition 1.1. Let 𝑷 and 𝑸 be two solution sets with an equal
number of elements defined by 𝐿, a DoM(𝑷 , 𝑸) calculation with a
complexity function defined by 𝑇 = 𝛼𝐿 𝛽 , in which 𝛼 and 𝛽 are two
positive coefficients. Assuming 𝐶 as the number of non-overlapping
clusters formed by elements from 𝑷 and 𝑸. Then, the
new complexity
 𝛽 
𝐿
time function can be defined as 𝑇𝐶 = 𝐶 𝛼 𝐶
. If 𝛽 ≥ 1, then
𝑇𝐶 ≤ 𝑇 .

2 BACKGROUND
2.1 MIP-DoM quality indicator
Dominance move is a measure for comparing two solution sets,
being classified as a binary indicator. It considers the minimum
overall movement of points in one set needed to dominate each and
every member of the other set. The DoM does not need a priori
problem knowledge, parameters, or a reference set. DoM can be
defined as follows.
Definition 2.1. DoM [7]: Consider that 𝑷 and 𝑸 are sets of points,
with 𝒑𝑖 points 𝑖 ∈ {1, . . . , |𝑷 |} and 𝒒 𝑗 points 𝑗 ∈ {1, . . . , |𝑸 |}. The
dominance move of 𝑷 to 𝑸, 𝐷𝑜𝑀 (𝑷, 𝑸), is the minimum total distance of moving points of 𝑷 , such that each and every point in
𝑸 is dominated by at least one point in 𝑷 . In fact, the problem
aims to obtain 𝑷 ′ = {𝒑 1′ , 𝒑 2′ , . . . , 𝒑 ′|𝑷 | } from {𝒑 1, 𝒑 2, . . . , 𝒑 |𝑷 | } such
that 𝑷 ′ dominates 𝑸 and the total move from {𝒑 1, 𝒑 2, . . . , 𝒑 |𝑷 | } to
{𝒑 1′ , 𝒑 2′ , . . . , 𝒑 ′|𝑷 | } must be minimum.

Proof. By contraposition, suppose that 𝑇𝐶 > 𝑇 . In this way,
 𝛽
𝐿
𝑇𝐶 > 𝑇 ⇒𝛼
𝐶 > 𝛼𝐿 𝛽
𝐶
!
𝐿𝛽
𝐶 > 𝐿𝛽
𝐶𝛽
1
>1
𝐶 𝛽−1
𝐶 1−𝛽 > 1.
Then, we have that 1 − 𝛽 > 0 ⇒ 𝛽 < 1.

algorithm presents some relevant context properties: numerical stability and deterministic behavior. The second contribution is related
to assigning each cluster from 𝑷 to each cluster from 𝑸, we solve the
problem as an assignment problem. The final contribution shows a
two-phase approach in which MIP-DoM approximation maintains
the original MIP-DoM values and properties. It can generate values
with an error estimate of less than 0.40% on average, and a time
spent improvement until 5400 times, based on the experiments
done.
This paper is organized as follows: Section 2 presents some important concepts to our final approach: the MIP-DoM quality indicator and its properties, some cluster algorithms justifying our final
choice related to affinity propagation algorithm, the assignment
problem formulation, and the two-phased proposal to the problem.
In Section 3 our algorithm is presented with a further discussion
and some relevant details that deal with the approximate MIP-DoM
calculation. Section 4 brings some multi-objective experiments to
validate the approximate MIP-DoM using affinity propagation with
the optimal MIP-DoM value and compare the time spent by the
models. The final considerations and comments are presented in
Section 5.

The formal expression of DoM can be stated as [5]:
■

The Proposition 1.1 represents the rationale behind the improvement in the MIP-DoM time spent calculation. The MIP-DoM calculation for some problem sets presents 𝛽 >> 1 [5]. Some research
questions (RQs) and their implementation details regarding the
Proposition 1.1 must be addressed:
(1) RQ1: How to cluster the solutions sets 𝑷 and 𝑸?
(2) RQ2: How to associate clusters of two 𝑷 and 𝑸?
(3) RQ3: How to compute an approximate DoM value from
individual cluster-wise DOM values?
These questions are addressed in this study. The first work’s contribution is related to clustering the solution sets. We have tested
some different algorithms such as affinity propagation [12], meanshift [14], and K-means [10]. However, only the affinity propagation

𝐷𝑜𝑀 (𝑷, 𝑸) = min
′

𝑷 ≺𝑸

|𝑷 |
Õ

𝑑 (𝒑𝑖 , 𝒑𝑖′ ),

(2)

𝑖=1

in which 𝑑 (𝒑𝑖 , 𝒑𝑖′ ) can be the Euclidean or the Manhattan distance
between 𝒑𝑖 to 𝒑𝑖′ .
DoM reflects how far one solution set 𝑷 needs to move to dominate another solution set 𝑸. Thus, 𝐷𝑜𝑀 (𝑷, 𝑸) is always larger than
or equal to zero. A small value suggests that 𝑷 and 𝑸 are close, and
a large value indicates that 𝑷 performs worst than 𝑸.
However, the computational cost to calculate DoM presents a
combinatorial nature [4, 8] and its original formulation presents
an algorithm for the bi-objective case only. In a recent paper [5], a
mixed-integer programming (MIP) is used to calculate DoM for any
number of objectives and the resulting model is dubbed MIP-DoM.
MIP-DoM applies the DoM definition and uses as input the 𝑷
and 𝑸 sets of points, with 𝒑𝑖 points 𝑖 ∈ {1, . . . , |𝑷 |} and 𝒒 𝑗 points
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𝑗 ∈ {1, . . . , |𝑸 |}, respectively. Each 𝒑𝑖 is composed of 𝑝 (𝑖,𝑚) components, 1 ≤ 𝑚 ≤ 𝑀 in which 𝑀 is the number of objective functions.
Analogously, each 𝒒 𝑗 is composed of 𝑞 ( 𝑗,𝑚) components.
Given 𝑷 and 𝑸, 𝑷 ′ is a set of points, in which each 𝒑𝑖′ , generated
from 𝒑𝑖 , can have updates in one or more objectives. The model
output is composed by the 𝑷 ′ and the final DoM value as expressed
in Equation (2).
In [5], some experiments using up to 400 solutions and three to 30objectives are performed to show how the model behaves in higherdimensional cases. The DTLZ and WFG families have been used
in the experiments. As an example, the complexity time function
obtained for DTLZ1 is 𝑇 ≈ 𝑂 (𝐿 3.311 ), 𝑂 (𝐿 2.888 ) and 𝑂 (𝐿 2.833 ), for
𝑀 = 5, 10 and 15, respectively [5]. Considering DTLZ2 there is
a 𝑇 ≈ 𝑂 (𝐿 4.408 ), 𝑂 (𝐿 4.311 ) and 𝑂 (𝐿 3.632 ). These two examples
confirm the motivation behind the Proposition 1.1 and emphasize
the importance of an approximated approach for calculating MIPDoM.

2.2

RQ1: Clustering Problem

We discuss the first research question on how to cluster the solutions
sets 𝑷 and 𝑸. Clustering aims to divide the data points into subsets
in such a way that the elements belonging to the same subset are
similar to each other. Alternatively, points belonging to different
subsets are as dissimilar as possible. There are some different types
of clustering paradigms such as hierarchical, density-based, graphbased, and others [15].
Taking our context into consideration, we would like to have
some clustering method properties:
• Parameters: typically, clustering methods involve some parameters, as inputs. The difficulty is how to pick settings for
those parameters. In this sense, we would like algorithms
that have as fewer parameters as possible;
• Numerical stability: some cluster algorithms have a stochastic component (e.g., a random initialization or a sampling
approach). Our preference is related to stable methods. If we
run the same algorithm using the same parameters, we need
to get the same clusters always. Still, if we vary some parameters, we want a change in a somewhat stable predictable
manner. It is a fundamental requisite for our approximation
method;
• Performance: a cluster algorithm with a computational complexity function better than our Proposition 1.1 is a suitable
choice to the problem. Moreover, we should prefer a clustering algorithm that can scale up to large data-sets.
Based on those criteria, we review some clustering methods.
K-Means is a representative-based algorithm that minimizes the
squared distance of points from their respective cluster means (centroids) [10]. It performs clustering interactively, assigning each
point to only one cluster and minimizing the sum of squared errors. One of the parameters of K-Means is the number of clusters.
Another K-Means feature is its stochastic component in the initialization step (it does not have numerical stability). However,
considering the performance, the time complexity is 𝑂 (𝐶 · 𝐿 · 𝑀 · 𝑖),
in which 𝐶 is the cluster number, 𝐿 is the number of data points, 𝑀
the space dimension, and 𝑖 is the number of iterations.
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Mean shift is another cluster algorithm [2, 14]. The method assumes that exists some probability density function from which
the data is obtained, and it tries to place centroids of clusters at the
maxima of the density function. It does not require prior knowledge of the number of clusters. The number of clusters is obtained
automatically by finding the centers of the densest regions in the
space, the modes. It is an iterative technique and it estimates the
modes of the multivariate distribution underlying the feature space.
However, as it approximates the centroids via kernel density estimation techniques, the key parameter is then the bandwidth of the
kernel used. Concerning the numerical stability we have a random
initialization, as well. But, the performance may vary: if it uses a
flat kernel and a ball tree to look for members of each kernel, the
complexity is 𝑂 (𝐿 · 𝑠 · 𝑙𝑜𝑔(𝑠)) in lower dimensions, and, 𝑂 (𝐿 · 𝑠 2 )
in higher dimensions, with s the number of samples.
Algorithm 1 Affinity propagation
1: function Affinity propagation(𝑺,𝜆,preference,T )
2:
Input: 𝑺,𝜆,preference,T
3:
Output: {𝑐 1 , . . . , 𝑐𝐶 }
4:
𝑹,𝑨 ← 0, 0
5:
𝑡 ←0
6:
∀𝑘 : 𝑠 [𝑘, 𝑘 ] ← 𝑝𝑟𝑒 𝑓 𝑒𝑟𝑒𝑛𝑐𝑒
7:
while 𝑡 < T do
8:
⊲ propagating responsibility

9:

10:

∀𝑖, 𝑗 : 𝜌 [𝑖, 𝑗 ] ←

∀𝑖, 𝑗 : 𝛼 [𝑖, 𝑗 ] ←


max (𝑎 [𝑖, 𝑘 ] + 𝑠 [𝑖, 𝑘 ])

 (𝑖 ≠ 𝑗), 𝑠 [𝑖, 𝑗 ] − ∀𝑘:𝑘≠𝑗


 (𝑖 = 𝑗),




 (𝑖 ≠ 𝑗),



 (𝑖 = 𝑗),


𝑠 [𝑖, 𝑗 ] − max (𝑠 [𝑖, 𝑘 ])
∀𝑘:𝑘≠𝑗

⊲ propagating availability
Í
min(0, 𝑟 [ 𝑗, 𝑗 ] +
max(0, 𝑟 [𝑘, 𝑗 ]))
∀𝑘:𝑘≠𝑖,𝑗
Í
max(0, 𝑟 [𝑘, 𝑗 ])
∀𝑘:𝑘≠𝑖

15:

⊲ updating responsibility
∀𝑖, 𝑗 : 𝑟 [𝑖, 𝑗 ] ← (1 − 𝜆)𝜌 [𝑖, 𝑗 ] − 𝜆𝑟 [𝑖, 𝑗 ]
⊲ updating availability
∀𝑖, 𝑗 : 𝑎 [𝑖, 𝑗 ] ← (1 − 𝜆)𝛼 [𝑖, 𝑗 ] − 𝜆𝑎 [𝑖, 𝑗 ]
∀𝑖 : 𝑐 [𝑖 ] ← argmax (𝑟 [𝑖, 𝑘 ] + 𝑎 [𝑖, 𝑘 ])

16:

return {𝑐 1 , . . . , 𝑐𝐶 }

11:
12:
13:
14:

𝑘

The two previously discussed methods do not present the numerical stability feature suitable for the MIP-DoM approximation.
For our calculation approach, this is a fundamental requisite. As
an alternative, affinity propagation clustering is a deterministic
algorithm (regarding its initial parameters) and is described next.
The clustering algorithm treats all points as potential cluster
center. The process starts with the similarity matrix (𝑺), which
is constructed in a pairwise manner using a similarity function,
such as the negative Euclidean distance (values near zero indicate
similarity, otherwise the degree of dissimilarity between the points)
[12].
Given 𝑺, the method tries to find ‘exemplars’ that maximize the
net similarity. The algorithm is a graph approach and can be viewed
as a message-passing process through edges with two kinds of
messages exchanged among data points. The responsibility matrix 𝑹
with 𝑟 [𝑖, 𝑗] elements in with 𝑖, 𝑗 ∈ {1, . . . , 𝐿}, means how well suited,
in a accumulated way, is the point 𝑗 to be an exemplar to 𝑖. The
availability matrix 𝑨 with 𝑎[𝑖, 𝑗] elements in with 𝑖, 𝑗 ∈ {1, . . . , 𝐿},
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is a message from data point 𝑗 to 𝑖 reflecting how appropriate it
would be for data point 𝑖 to choose data point 𝑗 as its exemplar.
The whole process is detailed in Algorithm 1. All responsibilities
and availabilities are initialized at 0. The 𝜆 parameter is a damping
factor used to avoid numerical oscillations. High value leads to
slow run time but avoids numeric oscillations. There is an interval
recommendation to 𝜆 ⊆ [0.5, 1.0].
Another important parameter is the preference, which is used to
fill up the matrix diagonal and indicates how appropriate the 𝑖-th
point is to be selected as an ‘exemplar’. High preference values will
cause the method to find many clusters. Contrarily, low values will
generate a small number of clusters. Preference can be set as the
median similarities’ value.
The propagating responsibility between point 𝑖 and 𝑗 is indicated
by 𝜌 [𝑖, 𝑗]. The expression in line 7 of Algorithm 1 indicates the update using the similarity value between points 𝑖 and 𝑗 minus the
best value for a point 𝑖. The diagonal matrix values are updated, as
well, using the preference minus the second-best similarity value.
Similarly, 𝛼 [𝑖, 𝑗] is the propagating availability. The diagonal matrix is updated, reflecting the accumulated evidence that the point
𝑗 is suitable to be an ‘exemplar’, based on the positive responsibilities of 𝑘 other elements. The messages are updated and kept
until convergence is met or the iteration reaches a certain number.
The original algorithm has a time complexity 𝑂 (𝐿 2 · 𝑇 ) to update
massages. However, there are some variants that can improve the
time complexity [12].

2.3

RQ2: Assignment Problem

The following paper question is: (2) Considering each cluster from 𝑷
and 𝑸 how to assign the subsets to calculate the MIP-DoM for each
subset assignment? The classical assignment problem is discussed
in many works in mathematical programming and management
sciences. In general, the problem deal with the question of how
to assign n tasks to n agents. The objective function is related to
minimize the total cost of the assignments. Some examples still
involve other situations, such as assigning jobs to machines, tasks
to workers, product to machines, students to teachers, clients to
sellers, and many others.
The assignment problem has many variations, such as altering
some constraints, changing the possible assignments between the
sets, or even adding some new data in the objective function, [1].
In Figure 1 we can see a bipartite graph with two sets 𝑪 𝑷 and 𝑪 𝑸
which are the clusters centroids/‘exemplars’ created from 𝑷 and 𝑸,
respectively. Our problem leads to an unbalanced version of the
assignment problem. Here, our objective is to assign to all members
of 𝑪 𝑸 one member from 𝑪 𝑷 with the minimum cost, represented
by the edges. The unbalanced version indicates that a member of
𝑪 𝑷 could not be used in the final solution. Figure 1 presents an
example, and a valid assignment from 𝑪 𝑷 to 𝑪 𝑸 representing our
case.
The mathematical model for the assignment problem presented
in Figure 1 can be given by the Equation 3. Concerning the cluster
number, it is given by |𝐶 𝑃 | and |𝐶 𝑄 |. The 𝑥𝑖 𝑗 = 1 indicates if the
i-th member of 𝑪 𝑷 is assigned to the j-th member of 𝑪 𝑸 , and 0
otherwise. The 𝑐𝑖 𝑗 represents the distance to j-th assigned to the ith. The first constraint ensures that every member in 𝑪 𝑸 is assigned

to only one member of 𝑪 𝑷 .
Minimize

𝑷
𝑸
|𝑪
Õ| |𝑪
Õ|

𝑐 𝑖 𝑗 𝑥𝑖 𝑗

𝑖=1 𝑗=1
𝑷

|𝑪

Õ|



𝑥𝑖 𝑗 = 1
subject to:

𝑖=1


 𝑥𝑖 𝑗 = 0 or 1.

(3)
𝑸

∀𝑗 ∈ {1, 2, . . . , |𝑪 |},

It is worth emphasizing that 𝑥𝑖 𝑗 is a binary variable.
The time complexity in the assignment problems can vary due to
problem specificity. The linear model, such as detailed in Equation
3, has the 𝑂 (|𝑪 𝑷 | · |𝑪 𝑸 | ·𝑟 +𝑟 2 log(𝑟 )) in which 𝑟 = min(|𝑪 𝑷 |, |𝑪 𝑸 |)
[11] .

𝐶 𝑝1

𝐶 𝑞1

𝐶 𝑝2

𝐶 𝑞2

𝐶 𝑝3

𝐶 𝑞3

𝐶 𝑞4
Figure 1: One possible example of assignment between 𝑪 𝑷
and 𝑪 𝑸 . The edges indicating the assignment can be computed using the minimum distance from members 𝑪 𝑷 to 𝑪 𝑸 .

2.4

RQ3: A Two-phase Approximate DoM
Approach

The last question is: (3) How to use the MIP-DoM values in a ‘divide
and conquer’ approach and guarantee that it preserves the original
MIP-DoM value? Based on the combinatorial nature of DoM [5]
a method that uses clustering followed by an assignment step to
calculate DoM values will probably, generate a solution with a
little chance of being a good approximation. The hypothesis is to
improve the intermediary values from the ‘divide’ phase turning
the final value even better in a ‘conquer’ phase. We present more
details in the next section. In this sense, it makes sense to observe
that the approximation should always be greater than the original
MIP-DoM value.

3

AFFINITY PROPAGATION WITH A
TWO-PHASE MIP-DOM CALCULATION

The MIP-DoM model, affinity propagation, and the assignment
formulation are the building blocks of our approximation method.
Hereafter, all the referenced methods will be put together to explain
the two-phase approach to the problem.

3.1

Geometric Intuition

A simple example can illustrate our approximation proposal. Consider two solution sets 𝑷 and 𝑸 in the bi-objective space, and with
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four solutions in each set, see Figure 2 marked ‘plot 1’. Our intention is to calculate MIP-DoM(𝑷 , 𝑸) in a two-phase manner, which
mimics a ‘divide and conquer’ approach.
In Phase 1, the first step is to apply the clustering algorithm
in both sets. For that task, affinity propagation cluster is used,
separately, in 𝑷 and 𝑸. In Figure 2, plot 1, it is possible to observe
that we have three clusters generated by the method. Let us call |𝑪 𝑷 |
and |𝑪 𝑸 | the number of clusters generated, in plot 2, |𝑪 𝑷 | = |𝑪 𝑸 |,
𝑷
but it is not a requirement of our proposal. Lets call {𝑷 1, · · · , 𝑷 |𝑪 | }
as a set formed with all the subsets created in the cluster procedure.
Ð Ð Ð
𝑷
The assertion in which 𝑷 1 𝑷 2 · · · 𝑷 |𝑪 | = 𝑷 is valid. The
similar assertion is true to 𝑸.
After the cluster method we have 𝐿𝑃 1 +· · ·+𝐿𝑃 |𝑪 𝑷 | = 𝐿𝑃 and 𝐿𝑄 1 +
· · · + 𝐿𝑄 |𝑪 𝑸 | = 𝐿𝑄 . In Figure 2, phase 1, plot 1, we can observe three
clusters from 𝑷 and 𝑸, respectively, {𝑷 1 , 𝑷 2 , 𝑷 3 } and {𝑸 1 , 𝑸 2 , 𝑸 3 }.
Each solution set member, now is a member belonging to a cluster.
Differently of K-Means, affinity propagation elects a solution as an
‘exemplar’ to represent the cluster. However, we decide to use the
ideal point to represent each cluster: constructed by each objective’s
best value for all solutions owned by the cluster. The ideal points
are depicted in Figure 2, phase 1, plot 2.
The next step is how to assign the clusters ‘exemplars’ using
𝑪 𝑷 and 𝑪 𝑸 sets. Here, the assignment problem does not use the
generated ‘exemplars’; instead, the ideal point coming from each
cluster is used. In plot 2 these points are emphasized. With such
points, the assignment is done using the Equation 3. The 𝑐𝑖 𝑗 is
calculated using the Manhattan distance and represent the distance
between the i-th cluster ideal points from 𝑷 to j-th cluster ideal
points from 𝑸.
The original MIP-DoM [5] is calculated for each assigned pair
of clusters, generating intermediary MIP-DoM values. The method
returns the MIP-DoM value and 𝑷 ′ for each assigned cluster pair. In
plot 3, Figure 2, the values generated by each MIP-DoM execution
are shown. In a ‘divide and conquer’ approach, the first estimate
appears in phase 1. Considering the problem, MIP-DoM is calculated
by summing the parts obtained from assignments. The first value
is 4.4.
In plot 4, phase 2 is started, and now the 𝑷 solution set is substituted by the 𝑷 ′ coming from all MIP-DoM cluster executions in
phase 1. It is relevant to note that the MIP-DoM offers not only a
quality indicator value. The 𝑷 ′ is a new solution set that can or can
not dominate 𝑸 completely (it can not dominate totally because
the cluster approximation makes MIP-DoM ‘blind’ for the whole
solution set). However, if we re-execute MIP-DoM using the new
solution set 𝑷 ′ and the distance coming from phase 1, it is possible
to improve the final solution better. An approximate MIP-DoM
receives an additional parameter, the intermediary value, indicated
by 𝑫 𝒊𝒔𝒕𝒂𝒏𝒄𝒆 in plot 4.
Finally, the approximate MIP-DoM is calculated. It is shown in
Figure 2, phase 2, plot 5, with the final solution (using the 𝑫 𝒊𝒔𝒕𝒂𝒏𝒄𝒆
MIP-DoM value and the new 𝑷 ′ ). Considering the MIP-DoM model
presented in [5], a new component is added to the objective function.
It works as a penalization strategy using the MIP-DoM execution
values as a parameter in this approximated MIP-DoM run (associated with each 𝑷 ′ subset comes from the first execution, we have a
distance that represents a penalization for the movement already
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done). The results from the approximated MIP-DoM are the same
as before. It generates the new, improved value (now with 3.4) and
the new 𝑷 ′ which now dominates 𝑸 completely.

3.2

Proposed algorithm

With the algorithm’s intuition explained, it is possible to discuss
some other details. Additional aspects are presented in Algorithm
2. The 𝑷 and 𝑸 solution sets are the first two input parameters,
and the preference, 𝜆, and 𝑇 are the last ones, and related to affinity
propagation clustering.
The first step is related to the similarity matrix calculation: SIMILARITYMATRIX. We use the negative Euclidean distance, as suggested in the affinity propagation algorithm. The total number of
pairwise comparisons to calculate the pairwise distance matrix is
⌈𝐿(𝐿 − 1)/2⌉, and each comparison can be a vector operation with
M summations.
Secondly, we create the clusters using the affinity propagation, as
detailed in Algorithm 1: AFFINITYPROPAGATION. We use the similarity matrix obtained from the last step. As we want the numerical
stability, in a try and error approach we decide the damping factor
𝜆 to 0.9. The preference is another clustering parameter received
in the approximation MIP-DoM function, which will be better discussed afterward. The final affinity propagation parameter is the
maximum number of iterations. It is used as a default value of
𝑇 = 200. As discussed in Section 2 the affinity propagation method
has the worst time complexity as 𝑂 (𝐿 2 · 𝑇 ).
The next step is how to assign the clusters from 𝑷 to every cluster
from 𝑸. The ASSIGNMENT method has two parameters related
to clusters from 𝑷 and 𝑸 which are formed by the elements in
each cluster, including the ‘exemplars’. The ASSIGNMENT method
calculates the ideal points in each cluster. The number of clusters
is |𝑪 𝑷 | and |𝑪 𝑸 | meaning the number of clusters suggested by the
affinity propagation clustering method. Assuming |𝑪 𝑷 | = |𝑪 𝑸 |, the
2
time complexity for this assignment in the worst case is 𝑂 (|𝑪 𝑷 | ·
𝑷
𝑷
log(|𝑪 |)). It is important to note that |𝑪 | << 𝐿, which emphasize
the use of the assignment formulation.
From the assignment step, we have tuples which indicate the
clusters from 𝑷 assigned to every cluster from 𝑸. For each tuple in
the assignment, it is possible to execute the model to calculate the
MIP-DoM value: MIPDoM function in line 17 Algorithm 2, as in [5].
𝐷𝑐 is the intermediary MIP-DoM value, and 𝑷𝒄′ are the solutions
sets generated by MIP-DoM. These values and solution sets are
retained for the next and final step.
The approximate MIP-DoM step involves the use of 𝑫 values, and
𝑷 ′ solution set:APPROXIMATEMIPDoM in line 22 . The cardinality
of 𝑷 ′ is much smaller than 𝑷 [5], in other words, 𝐿𝑃 ′ ≪ 𝐿𝑃 . The
APPROXIMATEMIPDoM differ from MIPDoM function in line 17,
just by the 𝑫 vector added in the objective function, all the other
details remained the same. It is relevant to note that if at least one
solution in 𝑷 ′ already dominate all 𝑸, the approximate MIP-DoM
value will be the same as the MIP-DoM value previously executed,
using the 𝑫 values to dominate 𝑸. Here, the time complexity is
decreased due to the 𝑷 ′ cardinality.
Concerning all complexity time component functions in the
Algorithm 2, we expect that our approximate approach has in the
worst case a 𝑂 (𝐿 2 ) complexity time.
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Figure 2: A bi-objective example of how the two-phase approximate MIP-DoM using a clustering algorithm works. There
are two phases and five plots in order. Plot 1 defines the two solution sets 𝑷 and 𝑸 and the clusters created for each one. In
plot 2, using the clusters, the ideal points are generated, and the assignment is done using such ideal points: build by each
objective’s best value for all solutions owned by each cluster. Plot 3 shows the original MIP-DoM been calculated for each
cluster. It generates a MIP-DoM value for each cluster. The generated MIP-DoM value is retained, and it is associated with
each 𝑷 ′ generated. Plot 4, phase two is started, and the approximate MIP-DoM will be calculated, but a new parameter is
related to the intermediary MIP-DoM value, which comes from the first phase execution (plot 3). Finally, plot 5 presents the
approximate MIP-DoM and the final solution calculated using the distance values.
Algorithm 2 Approximate MIP-DoM with affinity propagation

4

1: function MIP-DoM Affinity propagation(𝑷 ,𝑸,preference,𝜆,T)
2:
Input: 𝑷 ,𝑸,preference,𝜆,T
3:
Output: 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑉 𝑎𝑙𝑢𝑒
4:
⊲ PHASE 1
5:
⊲ calculating the similarity matrix
6:
𝑺 𝑷 ← 𝑆𝐼 𝑀𝐼 𝐿𝐴𝑅𝐼𝑇 𝑌 𝑀𝐴𝑇 𝑅𝐼𝑋 (𝑷 )
7:
𝑺 𝑸 ← 𝑆𝐼 𝑀𝐼 𝐿𝐴𝑅𝐼𝑇 𝑌 𝑀𝐴𝑇 𝑅𝐼𝑋 (𝑸)
8:
⊲ generating the clusters from 𝑷 and 𝑸
9:
𝑷 𝒄𝒍𝒖𝒔𝒕 𝒆𝒓 𝒔 ← 𝐴𝐹 𝐹 𝐼 𝑁 𝐼𝑇 𝑌 𝑃𝑅𝑂𝑃𝐴𝐺𝐴𝑇 𝐼𝑂𝑁 (𝑺 𝑷 , 𝜆, preference,𝑇 )
10:
𝑸 𝒄𝒍𝒖𝒔𝒕 𝒆𝒓 𝒔 ← 𝐴𝐹 𝐹 𝐼 𝑁 𝐼𝑇 𝑌 𝑃𝑅𝑂𝑃𝐴𝐺𝐴𝑇 𝐼𝑂𝑁 (𝑺 𝑸 , 𝜆, preference,𝑇 )
11:
⊲ Assigning clusters using the ideal points
12:
𝑨𝒔𝒔 𝒊𝒈𝒏𝒎𝒆𝒏𝒕 ← 𝐴𝑆𝑆𝐼𝐺𝑁 𝑀𝐸𝑁𝑇 (𝑷 𝒄𝒍𝒖𝒔𝒕 𝒆𝒓 𝒔, 𝑸 𝒄𝒍𝒖𝒔𝒕 𝒆𝒓 𝒔)
13:
⊲ calculating the MIP-DoM for each assigned cluster
14:
𝑷′ ← ∅
15:
𝑫←∅
16:
for each { (𝒑 𝒄 , 𝒒 𝒄 ) } ∈ 𝑨𝒔𝒔 𝒊𝒈𝒏𝒎𝒆𝒏𝒕 do
17:
𝐷𝑐 , 𝑷𝒄′ ← 𝑀𝐼 𝑃𝐷𝑜𝑀 (𝒑 𝒄 , 𝒒 𝒄 )
Ð
18:
𝑷 ′ ← 𝑷 ′ 𝑷𝒄′
Ð
19:
𝑫 ← 𝑫 𝐷𝑐

Somehow to validate our propositions, some multi-objective benchmark problems are selected. We use the same test sets as in [5].
These problem test sets have three objectives and come from DTLZ
and WFG families. We use DTLZ1, DTLZ2, DTLZ3, and DTLZ7,
which are linear, concave/multimodality, concave, and disconnected,
respectively. In the same manner, WFG1, WFG2, WFG3, and WFG9
are also chosen, presenting similar properties: convex/mixed, convex/disconnected, linear/degenerate, and concave, respectively.
Some algorithms are used to generate the approximated Pareto
front and using the outcomes in the MIP-DoM indicator. We use
IBEA, NSGA-II, NSGA-III, MOEA/D, and SPEA2 to generate our
solution sets. In the experiments, the maximum number of fitness
evaluations is set to 10,000, and each algorithm is executed 21 times.
We intend to compare two main factors: the time spent by the
original MIP-DoM vs. our approximate approach and the error
added at the value calculated by our approximation.
A critical parameter in the affinity propagation MIP-DoM approximation is the preference which highly influences the number
of clusters. This parameter is input in Algorithm 2. In the initial
tests, we observe that the preference value significantly influences
the final result; in general, the median value is used. We decide to

20:
21:
22:
23:

⊲ PHASE 2
⊲ final calculation using the approximate MIP-DoM
𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑉 𝑎𝑙𝑢𝑒 ← 𝐴𝑃𝑃𝑅𝑂𝑋 𝐼 𝑀𝐴𝑇 𝐸𝑀𝐼 𝑃𝐷𝑜𝑀 (𝑷 ′, 𝑸, 𝑫)
return 𝐴𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑉 𝑎𝑙𝑢𝑒

EXPERIMENTS

An Approx. MIP-DoM Calculation for MOO using Affinity Propagation Clustering Algorithm
use a brute force strategy to assess the best testing of some percentile which can represent values near minimum, median, and the
maximum value of preference is established: 0.01, 0.05, representing
the minimum, 0.5 as the median, 0.95 and 0.99 percentile as the
maximum (this value is calculated using the similarity matrix).
In Table 1, the experiment results are presented. This table is
ordered by the best algorithm results obtained by each algorithm
in each problem set. The columns labeled as ‘Original’ means the
value obtained from the MIP-DoM model as in [5], and the ‘Approx.’
represents the result obtained from our best MIP-DoM approximation using affinity propagation. In the same manner, there is
the time spent by each execution. The time spent in the ‘Approx.’
column is the summation of all preference percentiles.
The difference between the Original vs. Approximate value in
some problem sets did not exist. This is the case for DTLZ1, DTLZ2,
DTLZ3, WFG1, WFG2, and WFG3. The approximation value is
always greater than the original values. The first difference appears
to DTLZ7 for the IBEA algorithm, the difference is 2.72%, and for
NSGA-II the percentual difference is 0.51%. The next one is related
to WFG9 for IBEA, and SPEA2, with the values of 3.00%, and 9.82%.
Regarding all the problem sets, the experiment average difference
is 0.40%.
Regarding the time spent, there is just one problem set in which
the ‘Approx.’ is higher than the Original time spent: DTLZ1 for
NSGA-III and MOEA/D. The first observation is that DTLZ1, in
general, does not represent a critical demand/improvement in the
time spent considering the original MIP-DoM. However, the approximation approach maintained a similar time spent behavior
compared with the original MIP-DoM. The differences are tiny, and
the values are next to each other.
For all other problem sets, there are improvements in the time
spent. The most time-consuming problem sets are DTLZ2, DTLZ7,
and WFG3. Regarding this problem sets, there is an improvement
range from ∼ 9 to ∼ 5400 times better, which happens to DTLZ7
for NSGA-III and DTLZ2 for IBEA, respectively.
As an approximation approach, the method is influenced by parameters. In the approximate MIP-DoM, this parameter comes from
the affinity propagation algorithm: the preference. It is relevant to
assess the behavior of this parameter in the experiments.
A brute force strategy is used with some preference percentiles
search space. Table 2 tries to uncover the method behavior due to
the preference parameter. The two time-consuming problem sets
family of each family is exposed in more detail: DTLZ2 and WFG3.
Table 2 has three main columns exposing the MIP-DoM values,
the number of clusters, and the time spent. All these columns are
detailed by the respective percentile preference. The first observation related to preference is the non-monotonic behavior; neither
MIP-DoM values, the number of clusters, or the time spent presents
it. For example, in WFG3 for NSGA-III, the percentile 0.01 and 0.05
shows the same MIP-DoM value 3.034, it decreases with percentile
0.50, but it is increased again with percentile 0.99.
Another interesting observation is that sometimes different percentile generated the same number of clusters and produces the
same MIP-DoM value. In fact, in these cases, the same clusters were
generated, resulting in the same final solution. This kind of ‘memory’ is one of the improvements in the iterative call of the Algorithm
2. In other words, the 𝐴𝐹 𝐹 𝐼 𝑁 𝐼𝑇𝑌 𝑃𝑅𝑂𝑃𝐴𝐺𝐴𝑇 𝐼𝑂𝑁 is called before,
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Table 1: Original MIP-DoM(𝑷 ,𝑸) and Approximate MIPDoM(𝑷 ,𝑸) values for the DTLZ and WFG families for comparison among some algorithms. Observe that 𝑷 is the solution set generated by the algorithm, and 𝑸 is the nondominated solution set from all algorithms results combined. The two column’s groups detail the MIP-DoM values
(Original vs. Approximate) and time spent in seconds.
Problem Algorithms

MIP-DoM
Time spent
Original Approx. Original Approx.

DTLZ1

0.312
0.551
1.630
6.422
11.139
0.970
1.000
1.004
1.013
1.022
0.049
18.652
25.374
51.208
150.870
1.402
1.468
1.695
1.782
2.184
1.230
1.557
1.659
1.822
1.944
1.503
1.571
1.683
1.687
1.859
1.889
2.609
2.630
2.820
3.178
1.965
2.194
2.331
2.601
2.759

DTLZ2

DTLZ3

DTLZ7

WFG1

WFG2

WFG3

WFG9

IBEA
NSGA-III
MOEA/D
NSGA-II
SPEA2
MOEA/D
IBEA
NSGA-III
NSGA-II
SPEA2
IBEA
NSGA-III
MOEA/D
NSGA-II
SPEA2
NSGA-III
IBEA
MOEA/D
NSGA-II
SPEA2
IBEA
MOEA/D
SPEA2
NSGA-III
NSGA-II
IBEA
NSGA-III
MOEA/D
NSGA-II
SPEA2
IBEA
NSGA-III
NSGA-II
MOEA/D
SPEA2
IBEA
NSGA-III
MOEA/D
NSGA-II
SPEA2

0.312
0.551
1.630
6.422
11.139
0.970
1.000
1.004
1.013
1.022
0.049
18.652
25.374
51.208
150.870
1.402
1.508
1.695
1.791
2.184
1.230
1.557
1.659
1.822
1.944
1.503
1.571
1.683
1.687
1.859
1.889
2.609
2.630
2.820
3.178
2.024
2.194
2.331
2.601
3.030

32.59
22.24
7.21
10.87
22.25
27.08
4.49
4.45
5.04
2.47
101138.66 65.77
976980.85 286.50
190875.98 288.71
39250.80 253.25
107129.99 72.73
16.72
5.00
14.15
7.86
122.72
3.94
26.78
5.55
12.63
6.56
3345.07 364.33
65875.00 135.76
2520.99 23.90
8260.20 363.03
2040.71 21.74
60.27
22.33
158.81 36.62
341.12 78.79
950.14 126.53
184.51 60.14
283.05 39.53
181.02 50.57
328.40 17.25
140.20 50.57
879.41 24.47
1368.77 269.54
32534.96 855.45
3491.16 440.10
37238.82 1009.81
5779.25 425.97
673.26 23.05
348.48 25.25
263.90 20.80
2898.88 22.89
748.76 27.74

and if the method generates the same clusters in which the results
are known, there is no necessity to call the Algorithm 2 again. This
is a relevant fact; for example, let us consider the WFG3 for the
IBEA algorithm, the total spent time presented in Table 1 do not
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Table 2: Some details about the approximation algorithm search process due to the preference parameter. DTLZ2 and WFG3
are further presented, and they are the slowest experiments. Three column groups are presented with the respective percentile
preference: MIP-DoM value, number of clusters suggested by the affinity propagation cluster, and the time spent for each case.
MIP-DoM
Problem Algorithms Original
DTLZ2

WFG3

MOEA/D
IBEA
NSGA-III
NSGA-II
SPEA2
IBEA
NSGA-III
NSGA-II
MOEA/D
SPEA2

0.970
1.000
1.004
1.013
1.022
1.889
2.608
2.630
2.820
3.178

MIP-DoM Approx. values
0.01

0.05

0.50

0.95

1.013
1.000
1.004
1.013
1.022
1.889
3.034
2.630
3.058
3.178

1.011
1.000
1.004
1.041
1.022
1.889
3.034
2.630
3.058
3.178

0.974
1.000
1.004
1.013
1.022
2.072
2.609
2.888
2.820
3.178

0.970
1.009
1.004
1.013
1.022
1.889
2.609
2.999
3.058
3.178

compute the percentile 0.05 , as it has generated the same clusters
for percentile 0.01, as showed in Table 2.
In Table 2, it is possible to observe that in some cases the number
of clusters is 1. It happens for WFG3 in all algorithms, but in different percentile preferences. It means that the original problem will
be solved by the MIP-DoM with the same number of solutions in
each set. This happens for the DTLZ1 as well, however, for the DTZ1
this is interesting behaviour, because the own problem is easily
solved by the original MIP-DoM. This is not the case for WFG3. Due
to this possibility, a early stopping procedure was adopted in the
approximate MIP-DoM, specifically in Algorithm 2 line 17: if there
is no improvement during 180 seconds the MIP-DoM terminates
and returns the current solution.
One last interesting observation comes from the SPEA2 in both
problem sets, and in DTLZ2 for NSGA-III algorithm. The original
value is always obtained, and the percentile variance is innocuous
considering the MIP-DoM value.

5

CONCLUDING REMARKS

DoM is a quality indicator that does not need a priori problem
knowledge, parameters, or a reference set and is more suitable to
multi- and many-objectives scenarios. This paper has analyzed and
proposed an approximate MIP-DoM calculation using the affinity
propagation cluster algorithm.
Our empirical results have shown that the proposed approximation is faster than the original MIP-DoM calculation, from ∼ 9 to
∼ 5, 400 times better, and the average approximation error is 0.40%.
We also empirically presented the effects of the preference parameter. Using a brute force approach, our results demonstrate that
this percentile parameter plays an essential role in the approximation method. In the future, a better way should perform different
strategies to find a better preference, such as the irace approach [9].
It is still possible to try to predict these values based on some inner
solution set features.
Similarly, a parametric study can further show the influence of
𝜆 and 𝑇 , if any, in the approximation quality result.

Number of clusters
Preference percentile
0.99 0.01 0.05 0.50 0.95 0.99 0.01

0.970
1.000
1.004
1.013
1.022
2.268
3.099
3.081
3.232
3.178

4
4
4
3
3
3
2
1
2
2

5
4
4
2
3
3
2
1
2
2

4
5
6
5
4
4
1
4
1
1

10
2
10
9
9
1
1
7
2
6

24
23
26
26
24
7
2
2
3
13

3.27
3.30
3.14
9.02
11.02
4.51
233.94
423.63
237.87
215.01

Time spent
0.05

0.50

0.95

0.99

5.56
3.34
3.17
5.56
10.17
5.10
234.84
428.06
237.59
216.93

4.85
2.56
3.12
4.48
4.26
0.94
621.46
9.78
771.83
188.71

5.48
64.10
4.23
3.57
2.19
263.65
603.89
6.64
238.65
2.62

46.61
216.54
278.22
230.62
55.26
0.44
0.05
0.05
0.11
19.63

This MIP-DoM approximation drastically reduced its computational cost. It can improve the DoM applicability in a way to become
applicable and useful in the EMO community.
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