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Abstract. In the past several years, it has become apparent that the effectiveness of Pareto dominance-based multiobjective evolutionary algorithms degrades dramatically when solving many-objective optimization
problems (MaOPs). Instead, research efforts have been driven toward developing evolutionary algorithms (EAs) that do not rely on Pareto dominance (e.g., decomposition-based techniques) to solve MaOPs. However,
it is still a non-trivial issue for many existing non-Pareto-dominancebased EAs to deal with unknown irregular Pareto front shapes. In this
paper, we develop the novel “(M -1)+1” framework of relaxed Pareto
dominance to address MaOPs, which can simultaneously promote both
convergence and diversity. To be specific, we apply M symmetrical cases
of relaxed Pareto dominance during the environmental selection step,
where each enhances the selection pressure of M -1 objectives by expanding the dominance area of solutions, while remaining unchanged for
the one objective left out of that process. Experiments demonstrate that
the proposed method is very competitive with or outperforms state-ofthe-art methods on a variety of scalable test problems.
Keywords: Evolutionary algorithm · Many-objective optimization · Pareto
dominance · Expanding the dominance area
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Introduction

Many-objective optimization problems (MaOPs), as refer to the task of optimizing more than three conflicting objectives, have posed great challenges to
existing multi-objective evolutionary algorithms that were designed for solving
two- or three-objective problems. As the number of objectives M increases, most
of Pareto-optimal individuals are mutually non-dominated, resulting in their incomparability. In other words, the Pareto dominance relation cannot effectively
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distinguish the quality of solutions for MaOPs, mainly due to the loss of selection
pressure towards the true Pareto optimal set [10, 6].
To tackle the scalability problem of Pareto-based evolutionary algorithms
(EAs), two main groups of many-objective evolutionary algorithms (MaOEAs)
have been developed. The first group is the Relaxed Pareto Dominance (RPD)
relation that modifies the Pareto dominance concept, like -dominance [3], CDAS
[12], S-CDAS [11], and the generalization of Pareto optimality (GPO) [16], to
better discriminate among solutions and select elite ones with enhanced selection
pressure. The other group modifies the diversity maintenance operations—e.g.,
the use of associated reference points in NSGA-III [2]. However, most of them,
especially the former, have difficulty maintaining the delicate balance between
convergence and diversity. Usually, excessive selection pressure tends to deteriorate diversity maintenance—e.g., it may lead the population to converge into a
subregion or several small subregions of the Pareto front (PF).
In recent years, a large number of decomposition-based algorithms have been
proposed for MaOPs, as they can generate a strong selection pressure towards the
PF. However, it has been shown that the performance of decomposition-based
algorithms strongly depends on the PF shapes [5], and the predefined reference
weights/directions that should be distributed uniformly along the PF play an
important role in the performance. Hence, the decomposition-based methods
are more likely to fail on irregular MaOPs. More recently, Ishibuchi et al. [7]
demonstrated that MaOPs are not always difficult for Pareto dominance-based
EAs, and even NSGA-II outperforms recent decomposition-based algorithms on
a variety of test MaOPs, apart from the widely-used DTLZ test problems. It was
also shown that a slight change of the DTLZ feasible region can clearly improve
the convergence ability of NSGA-II for higher numbers of objectives [6].
Therefore, to fully investigate the potential of Pareto dominance in MaOPs,
we propose the “(M -1)+1” framework of RPD, (M -1)-RPD for short, which is
free of setting reference points/vectors. To solve the problem of losing population
diversity in RPD methods, M symmetrical cases of (M -1)-RPD are used simultaneously to balance convergence and diversity, which leads to the MultiRPO
(i.e., Multiple (M -1)-RPD-based Optimization) algorithm. Specifically, in each
case of (M -1)-RPD, M -1 objectives enhance the selection pressure by expanding
dominance area (via RPD), and the one objective left out remains unchanged.
The remainder of this paper is organized as follows: Section 2 presents some
existing RPD methods. The proposed “(M -1)+1” framework of RPD is described
in Section 3. The experimental study on test problems is presented in Section 4.
Finally, Section 5 concludes the paper.

2

Existing Relaxed Pareto Dominance Methods

RPD methods use a straightforward way to enhance selection pressure by modifying the objective to expand the dominated area for each solution. There exist
many RPD methods in the literature, such as α-dominance [8], -dominance [3],
CDAS [12], S-CDAS [11], and GPO [16], etc.
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First, the early proposed α-dominance [8] directly modifies the objective as:
PM
fi0 (x) = fi (x) + j6=i αfj (x), where α is a parameter to control the modification degree. The CDAS approach [12] is a very representative RPD, which
has gained much attention recently. It modifies the objective value as: fi0 (x) =
kf (x)ksin(ωi +S·π)
, where ωi denotes the declination angle between x and the isin(S·π)
th axis and S ∈ [0.25, 0.5] is a key parameter to control the expanding degree. In order to eliminate the parameter S of CDAS, the authors proposed
an adaptive version of CDAS, called self-CDAS (S-CDAS) [11]. S-CDAS adaptively determines the expanding degree of a candidate solution x according to
the extreme solutions in the population, thereby modifying the objective value
(x)k·sin(ωi )
i +φi )
, where φi = arcsin kfkf
and pi is the extreme
by fi0 (x) = kf (x)ksin(ω
sin(φi )
(x)−pi k
solution in the population with respect to the i-th axis.
As pointed out and analyzed in [16], the existing RPD methods cannot guarantee identity of expanding dominance area for each solution to improve selection pressure if M > 3. Nevertheless, a GPO criterion is desired that retains
the common features of conventional Pareto optimality, to ensure the identity of
dominance envelopes (i.e., the boundaries of the dominancePareas) for all solutions [16]. It modifies the objective value as fi0 (x) = fi (x) + k6=i δi fk (x), where
δi = √tanϕi is determined by the expanding angle ϕ. It is worth noting that, in
(M −1)

these RPD methods, extra parameters are usually required (except in S-CDAS
[11]) that should be well tuned to control the dominance area.
Although the aforementioned RPD methods have shown their capacity to
solve MaOPs by enhancing selection pressure, which instead, at the cost of introducing some difficulty in diversity maintenance. To solve this problem, we
are inspired by developing a “(M -1)+1” framework of RPD, which can balance
convergence and diversity more effectively in addressing MaOPs.

3

Proposed Method

In this section, we first present the overall framework of the proposed MultiRPO
method. Thereafter, the key component of MultiRPO—i.e., the (M -1)-RPDbased environmental selection—is described in detail.
3.1

The Overall Framework of MultiRPO

The proposed MultiRPO algorithm starts with the initialization step by randomly generating a population P and evaluating it. Then the evolutionary operators, including mating selection and reproduction operations (typically crossover
and mutation), are executed to generate offspring solutions. Here we employ binary tournament selection to select promising parents for recombination. As for
the environmental selection step, the (M -1)-RPD-based environmental selection
(see Algorithm 2) is used to choose the solutions to survive to the next generation. The evolution procedure is repeated until the termination criterion is met.
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Algorithm 1: General framework of MultiRPO

1
2
3
4
5
6
7
8

Input: population size N , the parameter ϕ (for GPO);
Output: final population P .
P =Population initialization();
Evaluate population P ;
while termination criterion is not fulfilled do
P 0 ← Mating Selection (P );
Q ← Reproduction (P 0 );
R ← P ∪ Q;
P = (M -1)-RPD-based Environmental Selection (R, N , ϕ);
end

The overall framework of MultiRPO is presented in Algorithm 1, where the input includes population size N and the parameter for a certain RPD technique.
Note that there also exists parameter α in α-dominance, S in CDAS, and ϕ in
GPO. For simplicity, here we just present ϕ (for GPO) in the input.
In each generation, the computational complexity is dominated by the environmental selection procedure: each of the M different (M -1)-RPD cases takes
O(M N 2 ) time, so the total complexity is O(M 2 N 2 ), but the M cases of (M -1)RPD can be executed in parallel with a total complexity reducing to O(M N 2 ).
3.2

(M -1)-RPD-based environmental selection

In our (M -1)-RPD-based environmental selection, we implement M symmetrical
(M -1)-RPD processes, wherein for each process the dominance area expansion
is performed in M -1 dimensions, and the remaining dimension remains unexpanded. Here, we take a 3-D problem as an example, and the (M -1)-GPO scheme
(GPO is a specific RPD method) is used for a more convenient explanation. Thus,
three expanding vectors Φ1 = [0, ϕ, ϕ], Φ2 = [ϕ, 0, ϕ], and Φ3 = [ϕ, ϕ, 0], are used
for the three processors with the same expanding angle ϕ. With this subdivision, the selection pressure of each sub-task is sufficient using a relatively small ϕ,
which remains fixed during the entire optimization process. For an M -objective
optimization problem, there are M different, parallel cases of (M -1)-GPO, and
each one is responsible for converging to a relatively large subregion.
To better explain the proposed framework, Fig. 1 illustrates the dominating
area in bi-objective space and the dominance envelopes in three-objective spaces,
which is obtained by the MultiGPO (i.e., Multiple (M -1)-GPO-based Optimization) method. In Fig. 1(a) the dominating areas inside the red lines and blue lines,
respectively, are achieved by the two complementary (M -1)-GPO cases; while
in Fig. 1(b), (M -1)-GPOf1 with Φ1 , (M -1)-GPOf2 with Φ2 , and (M -1)-GPOf3
with Φ3 , are used for the three processors using the same ϕ value. Specifically,
the dominance envelope of (M -1)-GPOf1 is obtained by expanding the dominated area of objectives f2 and f3 (f1 is not expanded), and it is similar for the
other two cases. Thanks to the capacity of GPO, the expanding degree is the
same of all solutions in each case.
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Fig. 1. An illustration of MultiRPO (GPO is used here). (a) the obtained dominating
area in bi-objective space; and (b) the dominance envelopes in three 3-objective spaces.

For the environmental selection, fast non-dominated sorting is first performed
on the original objectives, for rough selection. The whole process of the (M -1)RPD-based selection method is described in Algorithm 2, which roughly contains
two steps: 1) lines 4-8: simultaneously conducting M symmetrical (M -1)-RPDbased-Sort operations to obtain an M × 2N matrix F ront(RPD) of sorted values,
where each row denotes the sorting result of a specific case; and 2) lines 9–24:
selecting solutions one-by-one according to each of M rows of F ront(RPD) . Note
that, each row of F ront(RPD) is selected in a random order and resampled each
generation (see lines 9,12), rather than sequentially adopted from the first row to
the M -th one. Moreover the parameter Nt in line 19 is set as min(0.5|R|, |Rnd |),
in order to balance selection pressure enhancement (lines 13,20) and the max-min
subset-selection-based diversity preservation (lines 18–22).
In fact, Algorithm 2 is exactly used for MultiGPO. For other MultiRPO
versions, the minor changes are needed in line 5 of Algorithm 2, resulting in
0
the modified objective vector [f10 (x), . . . , fi (x), . . . , fM
(x)] for (M -1)-RPDfi . For
k
k
example, Φ =[S, . . . , S] is used in line 5, and set Φ (k)=0.5 (Pareto dominance
is achieved by setting S=0.5 [12]) for the MultiCDAS algorithm (via CDAS).

4
4.1

Experiments
Experimental Setting

Firstly, four representative RPD methods—namely α-dominance, CDAS, S-CDAS
and GPO—are introduced into our framework, to verify the effectiveness of the
proposed (M -1)+1 framework of RPD. Then, for the purpose of performance
comparison, we consider some representative decomposition-based MaOEAs, like
NSGA-III [2], MOEA/DD [9], and θ-DEA [15], which were also considered in
[7]. Also, the NSGA-II [4] considered in [7] and the recent NSGA-II/SDR which
based on the strengthened dominance relation (SDR) [14] are all compared here.
All methods were executed on the PlatEMO platform [13].
– Test problems: Here, we use 18 newly generated types of test problems
(Type1-Type18 for short) from [7] and the MaF2-MaF9 test problems, which
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Algorithm 2: (M -1)-RPD-based Environmental Selection

1
2
3
4
5

6
7
8

9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

Input: Population size N , combined population R and expanding angle ϕ;
Output: The survival solution set P .
Initialize P = ∅ and conduct fast non-dominated sorting on R;
N
Create an M -length vector Ts = [t, . . . , t], where t = b M
c;
Let Nt =t × M , and if Nt < N , then N -Nt random values of Ts are set as t+1;
for k=1:M do
Let expanding vector Φk = [ϕ, . . . , ϕ] with M copies of the same ϕ, then
set Φk (k) = 0 that is used for the (M -1)-RPDfk case;
(RPD)
F rontk
= (M -1)-RPD-based-Sort(R, Φk );
end
Randomly select a solution x in the first front determined by a certain
(RPD)
F rontk
to append to P , and R ← R\x, Ts (k)=Ts (k)-1;
Generate a value set Γ = {1, 2, . . . , M }; %% for randomly selecting each case
for j=1:M do
Let Rnd be the set of all non-dominated solutions in R;
Randomly select a value τ from set Γ , then Γ ← Γ \τ ;
(RPD)
;
P F ∗ = F rontτ
for each solution x ∈ Rnd do
dmin (x) =miny∈P dist(x, y); %% angular distance is used here
end
for i = 1 : Ts (j) do
Sort solutions of Rnd in descending order of dmin values;
Let RT be the subset of the top ranked Nt individuals in Rnd ;
S = {x|x ∈ RT , P F ∗ (x) = min(P F ∗ (RT ))};
si =arg S
max(dmin (S)); %% if |S| = 1, then si =S
P ← P si , R ← R\si ;
end
end

have complicated PFs [1] (MaF1 is similar to Type1, so is not used), to compare the performance of the aforementioned methods. These test MaOPs
differ in their properties, such as linearity, convexity, concavity, degeneracy,
and disconnectedness. Note that the distance function of DTLZ1 and the
position function of DTLZ2 were used to generate the Type problems. The
number of objectives M is set by M ∈ {5, 8, 10, 15}. For the 18 Type test
problems, the number of distance variables is specified as k=5, thus the total
number of decision variables n is n=M +4; while for the MaF test problems,
n=M +9 for MaF2-MaF6, n=M +19 for MaF7, and n=2 for MaF8-MaF9.
– Parameter setting: In all algorithms, simulated binary crossover and polynomial mutation operators [2] are used to generate offspring, with the distribution indices both set as 20. Although the population size N can be arbitrarily assigned for MultiRPO, we set N ={210, 240, 275, 240} for the cases
M ={5, 8, 10, 15}, respectively, to make a fair comparison. The maximum
generation (Gmax ) is used to determine the termination of all algorithms,
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Fig. 2. Comparison of four RPD-based MaOEAs and the corresponding MultiRPO
algorithms on 3-objective DTLZ2.

and here Gmax is set as 200 for the 18 Type problems and 500 for the MaF
problems. For the parameters that are used to modify the objectives (see
Section 2), we set the parameter α=1/3 for α-dominance, S=0.39 for CDAS
and ϕ=3M for GPO. Moreover, in MOEA/DD, the neighborhood selection
probability is δ=0.9; while in θ-DEA, the PBI function is used with θ=5.
– Performance metrics: Due to page limitation, we only present the performance comparison in terms of hypervolume (HV) [2] metric, wherein a larger
HV indicates a better result. Before calculating the HV values, all objective
values are normalized by the ideal and 1.1 times the values of nadir points.
Then the reference point is set to (1.3,. . .,1.3) for Type problems which
partly follows the original paper of Type problems [7], and (1,. . .,1) for MaF
problems. We independently conduct all the experiments for 30 runs, and
record the mean value and the standard deviation of each problem instance.
Moreover, the Wilcoxon rank-sum test at a significance level of 0.05 is used.
4.2

Effect of the proposed framework

To illustrate the effectiveness of our proposed (M -1)+1 framework in balancing
convergence and diversity, we compare four representative RPD methods (αdominance, CDAS, S-CDAS and GPO) and their MultiRPO versions on 3-D
DTLZ2 problems, as shown in Fig. 2. Note that the original RPD methods are
embedded into NSGA-II to replace the Pareto-dominance-based solution sorting;
while the MultiRPO method is as described in Algorithm 1. From Fig. 2, it is
obvious that, compared to the four RPD-based methods, the related MultiRPO
methods can improve the population diversity significantly.
Taking MultiGPO (the GPO-based MultiRPO version) as an example, we
further present its effectiveness in improving population diversity by performing

8

S. Zhu et al.

(a)

(b)

(c)

(d)

Fig. 3. Comparison of (a) (M -1)-GPOf1 , (b) (M -1)-GPOf2 , (c) (M -1)-GPOf3 , and
(d) MultiGPO on 3-objective DTLZ2 by setting ϕ=10.

(M -1)-GPOf1 , (M -1)-GPOf2 , (M -1)-GPOf3 and MultiGPO on the 3-D DTLZ2
problem, as shown in Fig. 3. We can see that each of Figs. 3 (a), (b), and (c)
has a relatively large gap region, but they display a complementary property. In
(d), the solution set using these three cases simultaneously can cover the whole
PF; also, in each case, the solutions generated can cover the gap region.
Table 1 presents the average HV values of NSGA-II and four MultiRPO
methods (i.e., Multi-I∼Multi-IV) on some test problems with different properties, including DTLZ2, DTLZ7 (similar to MaF7), MaF6, and Types 1, 7, 13. We
see that the Multi-IV (i.e., MultiGPO) outperforms the others mostly. Thus, the
MultiGPO method should be compared with other state-of-the-art MaOEAs, as
discussed in the next subsection. In addition, we compare GPO and MultiGPO
by setting different expanding angles (i.e., ϕ=10, 20, 30) on 3-D DTLZ2 and
DTLZ7, as shown in Figs. 4 and 5. It is evident that MultiGPO performs much
better than GPO in all cases. The diversity of solutions obtained by MultiGPO
is acceptable even if ϕ is fixed at 30, whereas GPO degrades dramatically when
ϕ is increased to provide higher selection pressure. That is to say, the performance of GPO is very sensitive to the setting of ϕ, but MultiGPO alleviates this
problem effectively, which is also achieved by other MultiRPO methods.

Multi-II

DTLZ2

1.76e+0−
3.52e+0+
1.38e+1+
5.12e+1≈

1.76e+0−
3.50e+0−
1.37e+1≈
5.10e+1−

1.74e+0−
3.52e+0+
1.37e+1≈
5.11e+1−

1.77e+0
3.51e+0
1.37e+1
5.12e+1

DTLZ7

3
5
10
15

1.10e+0≈
1.62e+0−
1.12e−3−
6.58e−5−

1.11e+0≈
1.71e+0−
4.15e−1−
1.66e−2−

1.11e+0≈
1.30e+0−
2.44e−1−
8.46e−3−

1.11e+0≈
1.83e+0−
5.36e+0−
1.67e+1+

1.10e+0
1.88e+0
5.60e+0
7.41e+0

3 1.01e+0≈ 1.00e+0− 1.00e+0− 8.96e−1− 1.01e+0
5 1.33e+0+ 1.31e+0− 1.31e+0− 1.27e+0− 1.32e+0
10 0.00e+0− 2.15e+0≈ 2.23e+0≈ 2.13e+0≈ 2.69e+0
15
-

Multi-III Multi-IV

+/ − / ≈ (All of the six problems)

NSGA-II

Multi-I

Multi-II

Type1

Multi-I

1.75e+0−
3.36e+0−
2.41e−1−
8.62e−1−

2.02e+0−
1.89e+0−
0.00e+0−
0.00e+0−

2.04e+0≈
3.68e+0≈
1.38e+1≈
5.12e+1+

2.04e+0≈
3.68e+0≈
1.38e+1≈
5.08e+1≈

2.03e+0≈
3.60e+0−
1.37e+1−
3.45e+1−

2.04e+0
3.68e+0
1.38e+1
5.11e+1

Type7

NSGA-II

3
5
10
15

1.74e+0−
2.92e+0−
0.00e+0−
0.00e+0−

1.76e+0−
3.52e+0+
1.38e+1+
5.12e+1+

1.76e+0−
3.50e+0≈
1.36e+1−
5.08e+1−

1.74e+0−
3.36e+0−
1.35e+1−
6.44e+0−

1.77e+0
3.51e+0
1.37e+1
5.11e+1

Type13

M

MaF6

Table 1. Average HV values of NSGA-II, and Multi-I∼Multi-IV on some test suites.
The best for each instance is shown with dark gray background.
Multi-III Multi-IV

2.17e+0≈
2.34e+0−
0.00e+0−
0.00e+0−

2.17e+0−
3.69e+0−
1.37e+1−
5.11e+1−

2.16e+0−
3.69e+0−
1.37e+1≈
5.12e+1+

2.17e+0≈
3.69e+0−
1.38e+1≈
5.12e+1+

2.18e+0
3.70e+0
1.38e+1
5.11e+1

1/19/4

6/11/7

1/13/10

3/13/8

[1] Multi-I∼Multi-IV denotes Multiα-dominance, MultiCDAS, MultiSCDAS and MultiGPO, respectively.
[2]+, −, and ≈ indicate that the compared MOEA performs significantly better than, worse than, or similarly
to Multi−IV, respectively, on that problem instance.
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(a) ϕ=10

(b) ϕ=10

(c) ϕ=20

(d) ϕ=20

(e) ϕ=30

9

(f) ϕ=30

Fig. 4. The comparison of GPO (a, c, e) and MultiGPO (b, d, f) using different expanding angles (i.e., ϕ=10, 20, 30) on 3-objective DTLZ2.

(a) ϕ=10

(b) ϕ=10

(c) ϕ=20

(d) ϕ=20

(e) ϕ=30

(f) ϕ=30

Fig. 5. The comparison of GPO (a, c, e) and MultiGPO (b, d, f) using different expanding angles (i.e., ϕ=10, 20, 30) on 3-objective DTLZ7.

4.3

Overall comparison on the Type and MaF test problems

The mean and standard HV values of all methods on Type 1∼18 test problems
are shown in Table 2. Note that the standard HV result of NSGA-II is not
shown here due to space limitation. It is evident that MultiGPO achieves overall
better HV performance than other MaOEAs on most instances, which shows
the competitive potential of the proposed selection criterion (Algorithm 2) on
these problems. To be specific, NSGA-II, NSGA-III, MOEA/DD, θ-DEA, and
NSGA-II/SDR obtains better result than MultiGPO in merely 8, 3, 2, 6, and 13
out of 72 cases, respectively. Among the peer methods, NSGA-II/SDR performs
a little better, as it can usually obtain the best HV results on Type 7∼9 and
Type 16∼18. This may be owing to the fact that the convergence indicator of
SDR, which is measured in terms of the sum of objectives, suits the PF shapes
of these kinds of problems—namely, Concave triangular and Convex inverted
PFs. As reported in [7], NSGA-II can beat the other examined decompositionbased MaOEAs on half of the 18 Type test problems with 8 and 10 objectives.
This can also be witnessed in Table II, where NSGA-II is beaten by NSGA-III,
MOEA/DD, and θ-DEA in just 24, 14, and 23 out of the total 72 comparisons,
respectively; however, it is outperformed by both NSGA-II/SDR and MultiGPO.
Table 3 reports the mean and standard HV values of all MaOEAs on the
MaF2–MaF9 test problems, which tend to have more complicated PFs. It is
also evident that MultiGPO can achieve overall better performance than other
MaOEAs on most instances, in terms of HV. To be specific, our MultiGPO
method beats NSGA-III, MOEA/DD, θ-DEA, and NSGA-II/SDR in 16, 28, 19,
and 23 out of 32 cases, respectively. In addition, MultiGPO can also outperform
the competitors on most Type and MaF problems in terms the IGD metric,
however, the IGD results are not provided here due to page limitation.
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Table 2. Mean and Standard HV of the Six Algorithms on 18 Type Problems. The
best result for each instance is shown with dark gray background.
Type M

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15

+/ − / ≈

NSGA-II

NSGA-III

MOEA/DD

θ-DEA

NSGA-II/SDR

MultiGPO

1.85e+0−
0.00e+0−
0.00e+0−
0.00e+0−
3.66e+0≈
8.08e+0≈
1.36e+1≈
4.98e+1≈
3.64e+0≈
8.04e+0≈
1.34e+1≈
4.99e+1≈
3.76e-1−
4.13e-2−
7.76e-3−
7.84e-5−
3.77e-1−
4.42e-2−
9.05e-3−
9.56e-5≈
3.62e-1−
4.52e-2−
9.52e-3−
1.23e-4−
2.33e+0−
0.00e+0−
0.00e+0−
0.00e+0−
3.39e+0−
7.71e+0−
1.30e+1−
4.77e+1−
3.35e+0−
7.61e+0−
1.29e+1−
4.65e+1−
1.73e-1−
1.60e-2−
3.11e-3−
3.55e-5≈
1.68e-1−
1.64e-2−
3.18e-3−
2.64e-5≈
1.61e-1−
1.50e-2−
2.91e-3−
4.46e-5≈
1.98e+0−
0.00e+0−
0.00e+0−
0.00e+0−
3.70e+0+
8.14e+0+
1.37e+1+
5.10e+1+
3.71e+0+
8.15e+0+
1.37e+1+
5.11e+1+
1.01e+0−
2.15e-1−
5.99e-2−
1.13e-3−
1.08e+0−
2.79e-1−
9.16e-2−
2.54e-3−
1.04e+0−
3.08e-1−
1.08e-1−
3.52e-3−

3.61e+0(2.1e-1)≈
6.53e+0(3.0e+0)−
1.01e+1(5.5e+0)−
4.64e+1(1.2e+1)≈
3.66e+0(3.4e-2)≈
7.95e+0(1.0e-1)−
1.36e+1(7.7e-2)≈
4.93e+1(1.1e+0)−
3.65e+0(2.1e-2)≈
7.94e+0(7.8e-2)−
1.36e+1(1.6e-1)≈
5.02e+1(7.5e-1)≈
3.30e-1(1.8e-2)−
3.32e-2(2.4e-3)−
4.68e-3(4.1e-4)−
5.61e-5(6.8e-6)−
3.36e-1(1.0e-2)−
3.13e-2(2.2e-3)−
4.80e-3(3.8e-4)−
4.66e-5(6.0e-6)−
3.19e-1(7.5e-3)−
3.06e-2(6.8e-4)−
4.31e-3(2.4e-4)−
3.01e-5(1.7e-6)−
3.15e+0(1.1e+0)≈
4.60e+0(3.9e+0)−
8.02e+0(6.9e+0)≈
4.09e+1(1.8e+1)−
3.45e+0(5.9e-2)−
7.83e+0(2.3e-1)≈
1.34e+1(1.8e-1)−
4.95e+1(9.1e-1)−
3.45e+0(2.3e-2)−
7.88e+0(9.1e-2)−
1.35e+1(8.5e-2)−
4.98e+1(1.1e+0)−
1.34e-1(1.3e-2)−
7.26e-3(8.0e-4)−
8.01e-4(5.7e-5)−
6.81e-6(1.2e-6)−
1.36e-1(8.5e-3)−
7.78e-3(8.2e-4)−
8.35e-4(1.2e-4)−
7.16e-6(1.36e-6)−
1.32e-1(4.2e-3)−
1.16e-2(1.4e-3)−
1.72e-3(3.6e-4)−
1.32e-5(2.7e-6)≈
3.71e+0(2.2e-3)+
7.65e+0(1.2e+0)≈
1.34e+1(7.7e-1)−
5.11e+1(2.3e-1)≈
3.68e+0(3.6e-2)≈
8.05e+0(8.5e-2)≈
1.37e+1(7.7e-2)≈
5.08e+1(4.0e-1)+
3.70e+0(9.7e-3)+
8.13e+0(3.4e-2)≈
1.37e+1(5.6e-3)≈
5.10e+1(3.5e-1)≈
9.92e-1(3.9e-2)−
2.60e-1(1.8e-2)−
9.69e-2(5.7e-3)−
3.94e-3(4.4e-4)≈
9.92e-1(3.7e-2)−
2.66e-1(1.2e-2)−
9.01e-2(4.8e-3)−
3.72e-3(3.3e-4)−
9.84e-1(2.0e-2)−
2.33e-1(1.1e-2)−
8.60e-2(5.0e-3)−
3.50e-3(1.3e-4)−

3.69e+0(7.8e-4)+
8.12e+0(2.1e-2)−
1.37e+1(1.1e-2)−
5.01e+1(4.3e-1)−
3.65e+0(2.1e-2)≈
7.79e+0(2.3e-1)−
1.36e+1(1.1e-1)≈
4.76e+1(1.4e+0)−
1.52e+0(1.5e-1)−
6.61e+0(1.6e+0)−
1.35e+1(9.7e-2)−
4.56e+1(5.5e+0)−
2.60e-1(1.2e-2)−
1.62e-2(8.8e-4)−
1.70e-3(2.5e-4)−
1.54e-5(1.4e-6)−
2.26e-1(5.6e-2)−
1.71e-2(1.3e-3)−
1.69e-3(1.6e-4)−
1.56e-5(1.4e-6)−
1.12e-1(1.2e-2)−
1.72e-2(5.6e-3)−
1.60e-3(1.2e-4)−
1.39e-5(9.7e-7)−
3.50e+0(6.7e-3)≈
8.03e+0(2.0e-2)−
1.37e+1(7.2e-3)+
4.93e+1(4.9e-1)−
3.45e+0(5.5e-2)≈
6.83e+0(1.0e+0)−
1.35e+1(9.7e-2)≈
4.48e+1(4.7e+0)−
1.03e+0(2.1e-1)−
4.87e+0(2.3e+0)−
1.31e+1(3.9e-1)−
3.72e+1(1.3e+1)−
1.31e-1(4.4e-3)−
8.29e-3(1.6e-3)−
8.25e-4(1.4e-4)−
1.01e-5(1.2e-6)−
1.02e-1(2.8e-2)−
8.25e-3(1.4e-3)−
7.83e-4(8.4e-5)−
8.32e-6(2.7e-6)−
4.90e-2(9.2e-3)−
5.45e-3(3.4e-4)−
6.61e-4(5.7e-5)−
5.85e-6(2.1e-7)≈
3.68e+0(6.3e-3)−
8.14e+0(5.5e-3)−
1.37e+1(1.9e-2)−
5.10e+1(3.6e-2)−
3.65e+0(2.5e-2)−
8.05e+0(6.5e-2)≈
1.36e+1(7.6e-2)≈
5.05e+1(6.1e-1)≈
1.80e+0(2.6e-1)−
7.71e+0(5.0e-1)−
1.36e+1(1.1e-1)−
4.99e+1(7.2e-1)−
8.80e-1(4.3e-2)−
1.60e-1(8.6e-3)−
3.80e-2(2.1e-3)−
1.43e-3(2.9e-4)−
7.43e-1(1.5e-1)−
1.62e-1(5.0e-3)−
4.01e-2(2.3e-3)−
1.62e-3(2.6e-4)−
2.87e-1(3.3e-2)−
1.75e-1(5.0e-2)−
4.04e-2(4.3e-3)−
1.45e-3(1.5e-4)−

3.68e+0(8.3e-3)≈
8.13e+0(2.8e-2)≈
1.37e+1(1.0e-1)≈
5.11e+1(2.4e-2)+
3.66e+0(1.0e-2)≈
8.06e+0(6.3e-2)≈
1.36e+1(1.0e-1)≈
4.96e+1(1.2e+0)≈
3.67e+0(7.8e-3)≈
7.97e+0(1.1e-1)≈
1.37e+1(1.1e-1)≈
4.96e+1(1.1e+0)−
2.56e-1(3.3e-2)−
2.25e-2(3.5e-3)−
3.32e-3(5.5e-4)−
3.79e-5(8.2e-6)−
2.61e-1(9.2e-3)−
2.34e-2(2.2e-3)−
2.99e-3(3.0e-4)−
3.56e-5(6.8e-6)−
2.79e-1(3.0e-2)−
2.25e-2(4.0e-3)−
2.34e-3(5.1e-4)−
1.86e-5(1.2e-6)−
3.51e+0(8.5e-3)≈
7.93e+0(1.7e-1)−
1.37e+1(1.4e-2)+
5.11e+1(4.5e-2)≈
3.50e+0(2.2e-2)≈
7.92e+0(8.0e-2)≈
1.35e+1(1.8e-1)≈
4.96e+1(9.1e-1)≈
3.48e+0(1.3e-2)−
7.80e+0(6.4e-2)−
1.34e+1(2.1e-1)−
4.80e+1(1.7e+0)−
1.11e-1(7.5e-3)−
5.70e-3(1.6e-3)−
9.07e-4(3.6e-4)−
6.34e-6(1.5e-6)−
1.20e-1(1.7e-2)−
8.90e-3(1.7e-3)−
8.57e-4(2.1e-4)−
6.72e-6(1.8e-6)−
1.20e-1(2.1e-2)−
7.16e-3(1.0e-3)−
7.81e-4(1.2e-4)−
7.77e-6(1.7e-6)≈
3.70e+0(2.6e-3)≈
8.15e+0(1.0e-3)+
1.37e+1(3.5e-3)+
5.11e+1(2.1e-2)+
3.68e+0(1.2e-2)≈
8.12e+0(2.6e-2)≈
1.37e+1(2.6e-2)≈
5.09e+1(1.9e-1)+
3.69e+0(1.3e-2)≈
8.14e+0(5.9e-3)−
1.37e+1(1.4e-2)−
5.10e+1(7.4e-2)−
9.51e-1(4.6e-2)−
1.96e-1(2.0e-2)−
7.18e-2(3.5e-3)−
2.8e-3(3.2e-4)−
9.62e-1(5.1e-2)−
1.96e-1(2.1e-2)−
6.74e-2(5.2e-3)−
2.67e-3(2.0e-4)−
9.55e-1(2.9e-2)−
2.04e-1(1.8e-2)−
6.69e-2(4.8e-3)−
2.71e-3(2.4e-4)−

3.63e+0(2.9e-2)−
8.05e+0(5.9e-2)−
1.35e+1(1.1e-1)−
5.02e+1(7.4e-1)−
3.63e+0(1.5e-2)−
8.03e+0(6.1e-2)−
1.35e+1(1.0e-1)≈
5.02e+1(6.4e-1)≈
3.63e+0(1.3e-2)≈
8.05e+0(4.8e-2)≈
1.36e+1(8.3e-2)≈
5.0e+1(1.3e+0)≈
3.97e-1(6.0e-3)−
5.52e-2(1.0e-3)−
1.23e-2(3.2e-4)−
1.62e-4(9.5e-6)≈
3.96e-1(5.4e-3)−
5.44e-2(1.2e-3)−
1.23e-2(3.4e-4)−
1.72e-4(1.7e-5)≈
3.94e-1(6.1e-3)−
5.52e-2(9.6e-4)−
1.22e-2(2.9e-4)−
1.63e-4(1.6e-5)≈
3.50e+0(3.1e-3)≈
8.08e+0(2.1e-3)+
1.37e+1(2.6e-3)+
5.11e+1(3.5e-2)≈
3.50e+0(1.3e-2)≈
8.03e+0(8.2e-2)≈
1.35e+1(2.1e-1)≈
5.09e+1(2.0e-1)≈
3.49e+0(1.7e-2)≈
8.08e+0(2.8e-3)+
1.37e+1(4.7e-2)+
5.09e+1(4.7e-1)≈
1.82e-1(1.2e-3)−
1.96e-2(1.6e-3)≈
3.80e-3(5.8e-4)≈
4.64e-5(3.1e-5)≈
1.82e-1(1.3e-3)−
1.89e-2(1.8e-3)≈
3.66e-3(9.5e-4)≈
3.52e-5(1.2e-5)≈
1.81e-1(1.0e-3)−
1.99e-2(2.8e-4)≈
4.03e-3(1.9e-4)≈
7.64e-5(5.1e-5)≈
3.68e+0(9.2e-3−
8.11e+0(2.5e-2)−
1.37e+1(1.2e-2)−
5.10e+1(6.2e-2)−
3.67e+0(7.3e-3)−
8.09e+0(2.3e-2)≈
1.36e+1(3.4e-2)≈
5.09e+1(2.9e-1)≈
3.68e+0(1.4e-2)−
8.12e+0(9.8e-3)−
1.37e+1(2.6e-2)−
5.10e+1(9.7e-2)−
1.09e+0(1.4e-2)−
3.80e-1(4.1e-3)+
1.52e-1(3.2e-3)+
8.41e-3(2.2e-4)+
1.09e+0(9.1e-3)−
3.78e-1(5.3e-3)+
1.51e-1(2.6e-3)+
8.46e-3(3.8e-4)+
1.08e+0(1.2e-2)≈
3.71e-1(3.8e-3)+
1.50e-1(1.5e-3)+
8.64e-3(1.9e-4)+

3.6e+0(3.6e-3)
8.1e+0(7.6e-4)
1.3e+1(1.0e-3)
5.1e+1(3.7e-2)
3.66e+0(2.4e-2)
8.07e+0(1.4e-1)
1.36e+1(1.5e-1)
5.04e+1(6.8e-1)
3.65e+0(2.6e-2)
8.07e+0(5.6e-2)
1.36e+1(1.5e-1)
5.05e+1(1e+0)
4.18e-1(6.2e-3)
5.93e-2(1.5e-3)
1.29e-2(5.1e-4)
1.62e-4(5.1e-5)
4.20e-1(6.1e-3)
6.09e-2(9.0e-4)
1.30e-2(8.5e-4)
1.56e-4(4.0e-5)
4.14e-1(6.4e-3)
5.97e-2(1.2e-3)
1.30e-2(5.3e-4)
1.95e-4(8.9e-5)
3.50e+0(1.3e-2)
8.05e+0(1.6e-2)
1.36e+1(1.6e-2)
5.11e+1(2.6e-2)
3.49e+0(1.6e-2)
7.97e+0(1.3e-1)
1.36e+1(8.5e-2)
5.07e+1(2.7e-1)
3.50e+0(2.1e-2)
8.03e+0(5.5e-2)
1.36e+1(8.9e-2)
5.06e+1(6.5e-1)
1.84e-1(1.4e-3)
1.99e-2(1.3e-3)
3.72e-3(7.0e-4)
3.75e-5(8.6e-6)
1.84e-1(1.9e-3)
1.91e-2(1.7e-3)
3.70e-3(5.3e-4)
2.90e-5(7.2e-6)
1.82e-1(1.3e-3)
2.00e-2(4.0e-4)
4.15e-3(2.0e-4)
4.90e-5(4.7e-5)
3.70e+0(2.9e-3)
8.15e+0(9.0e-4)
1.37e+1(1.4e-3)
5.11e+1(7.6e-3)
3.68e+0(1.0e-2)
8.10e+0(3.6e-2)
1.36e+1(8.3e-2)
5.04e+1(5.3e-1)
3.69e+0(1.7e-2)
8.14e+0(2.9e-3)
1.37e+1(3.3e-3)
5.11e+1(1.8e-2)
1.12e+0(1.8e-2)
3.39e-1(1.6e-2)
1.18e-1(5.5e-3)
4.42e-3(4.4e-4)
1.11e+0(2.4e-2)
3.37e-1(1.8e-2)
1.18e-1(3.5e-3)
4.20e-3(5.8e-4)
1.09e+0(2.1e-2)
3.35e-1(7.6e-3)
1.17e-1(3.6e-3)
4.31e-3(3.1e-4)

8/52/12

3/49/20
24/35/13

2/61/9
14/50/8

6/44/22
23/39/10

13/29/30
52/10/10

52/8/12

+, −, and ≈ indicate that the compared MaOEA performs significantly better than, worse than, or similarly to
MultiGPO/NSGA-II, respectively, on that problem instance.
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Table 3. Mean and Standard HV values obtained by NSGA-III, MOEA/DD, θ-DEA,
NSGA-II/SDR, and MultiGPO on MaF2–MaF9 problems. The best result for each
instance is shown with dark gray background.
Prob. M

MaF2

MaF3

MaF4

MaF5

MaF6

MaF7

MaF8

MaF9

5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15
5
8
10
15

+/ − / ≈

NSGA-III
1.879e-1
2.153e-1
2.163e-1
1.35e9-1
9.989e-1
5.998e-1
9.998e-2
9.101e-2
7.578e-2
1.965e-3
2.263e-4
1.943e-7
8.122e-1
9.246e-1
9.695e-1
9.909e-1
1.237e-1
8.808e-2
1.899e-2
9.554e-3
2.578e-1
2.068e-1
1.719e-1
7.123e-2
1.081e-1
2.645e-2
9.307e-3
5.140e-4
1.934e-1
2.233e-2
9.362e-3
8.105e-4

(1.69e-3)≈
(6.84e-3)−
(5.59e-3)−
(1.45e-2)−
(4.92e-4)≈
(5.07e-1)≈
(3.08e-1)≈
(2.58e-1)≈
(5.51e-3)−
(1.92e-4)≈
(2.38e-5)+
(2.67e-8)+
(4.74e-4)+
(5.21e-4)+
(2.07e-4)+
(1.34e-4)+
(1.59e-3)−
(3.04e-2)−
(3.19e-2)−
(2.35e-2)≈
(3.40e-3)−
(2.50e-3)+
(5.75e-3)+
(2.09e-2)≈
(2.35e-3)−
(7.80e-4)−
(2.65e-4)−
(2.85e-5)−
(5.11e-2)−
(1.33e-2)−
(1.68e-3)−
(2.13e-4)−

8/16/8

MOEA/DD
1.575e-1
1.588e-1
1.825e-1
9.427e-2
9.916e-1
6.658e-1
5.424e-1
5.910e-1
5.132e-2
2.453e-5
1.315e-7
5.53e-13
6.827e-1
5.824e-1
5.846e-1
4.854e-1
1.159e-1
9.639e-2
9.421e-2
9.229e-2
9.601e-2
3.116e-2
1.755e-3
3.796e-7
8.205e-2
1.887e-2
6.005e-3
3.134e-4
2.517e-1
2.281e-2
7.888e-3
5.664e-4

(3.63e-3)−
(3.83e-3)−
(6.50e-3)−
(3.47e-3)−
(2.90e-3)−
(4.30e-1)−
(4.33e-1)≈
(4.20e-1)+
(6.26e-3)−
(1.23e-5)−
(2.86e-8)−
(1.9e-13)−
(1.17e-2)−
(4.83e-2)−
(1.90e-2)−
(2.63e-2)−
(7.45e-4)−
(6.69e-4)−
(9.67e-4)≈
(4.31e-4)+
(1.57e-2)−
(2.69e-2)−
(7.52e-3)−
(4.20e-8)−
(4.59e-3)−
(1.71e-3)−
(2.06e-4)−
(1.32e-5)−
(2.01e-3)−
(3.45e-3)−
(8.58e-5)−
(1.11e-5)−

2/28/2

θ-DEA
1.734e-1
1.821e-1
1.963e-1
1.243e-1
9.919e-1
9.971e-1
9.415e-1
9.162e-1
8.156e-2
1.189e-3
2.025e-4
1.614e-7
8.124e-1
9.260e-1
9.709e-1
9.913e-1
1.162e-1
1.029e-1
8.214e-2
1.654e-2
2.201e-1
1.849e-1
1.868e-1
9.399e-2
8.512e-2
1.738e-2
5.953e-3
3.091e-4
1.253e-1
2.323e-2
6.161e-3
4.172e-4

(3.23e-3)−
(8.01e-3)−
(7.31e-3)−
(1.25e-2)−
(1.67e-3)−
(1.86e-3)−
(8.00e-2)+
(7.54e-2)+
(1.15e-2)−
(3.53e-4)−
(3.14e-5)+
(2.26e-8)+
(3.85e-4)+
(2.95e-4)+
(2.20e-4)+
(9.10e-5)+
(1.42e-3)−
(9.38e-4)−
(3.33e-2)≈
(3.48e-2)≈
(1.07e-2)−
(2.20e-2)+
(8.03e-3)+
(2.37e-2)+
(5.57e-3)−
(2.79e-3)−
(6.86e-4)−
(5.26e-5)−
(3.97e-2)−
(1.16e-2)−
(1.14e-3)−
(1.94e-4)−

11/19/2

NSGA-II/SDR
2.029e-1
2.323e-1
2.233e-1
2.062e-1
9.820e-1
9.921e-1
9.928e-1
9.953e-1
1.314e-1
7.052e-4
1.510e-5
2.34e-10
1.880e-1
1.128e-1
1.045e-1
1.047e-1
1.244e-1
1.038e-1
9.987e-2
9.440e-2
2.582e-1
2.021e-1
1.664e-1
2.545e-3
1.234e-1
3.141e-2
1.094e-2
6.215e-4
2.903e-1
4.526e-2
1.602e-2
1.129e-3

(1.40e-3)+
(2.25e-3)+
(2.79e-3)−
(6.73e-3)−
(5.36e-3)−
(2.75e-3)−
(2.33e-3)+
(1.24e-3)+
(1.31e-3)+
(1.70e-4)−
(2.83e-6)−
(1.9e-10)−
(1.52e-1)−
(3.64e-2)−
(3.70e-2)−
(4.24e-2)−
(2.66e-3)−
(1.35e-3)−
(6.32e-4)+
(1.26e-3)+
(2.15e-3)−
(4.55e-3)+
(4.35e-3)+
(1.00e-2)−
(5.55e-4)−
(1.74e-4)−
(9.54e-5)−
(9.36e-6)−
(3.82e-3)−
(6.21e-4)−
(4.17e-4)−
(3.58e-5)−

MultiGPO
1.879e-1
2.236e-1
2.263e-1
2.158e-1
9.996e-1
9.988e-1
2.769e-1
0.00e+0
1.117e-1
2.027e-3
8.466e-5
3.988e-9
7.676e-1
8.822e-1
9.122e-1
9.436e-1
1.290e-1
1.054e-1
6.122e-2
1.121e-2
2.599e-1
1.366e-1
9.403e-2
6.172e-2
1.265e-1
3.209e-2
1.121e-2
6.602e-4
3.265e-1
5.302e-2
1.883e-2
1.278e-3

(2.45e-3)
(2.48e-3)
(2.90e-3)
(3.36e-3)
(2.11e-3)
(1.29e-3)
(4.36e-1)
(0.0e+0)
(5.31e-3)
(1.83e-4)
(1.35e-5)
(1.23e-8)
(1.06e-2)
(8.76e-3)
(7.18e-3)
(5.63e-3)
(5.02e-4)
(3.28e-4)
(4.33e-2)
(2.20e-2)
(1.16e-2)
(2.83e-2)
(2.38e-2)
(2.79e-2)
(4.21e-4)
(9.81e-5)
(5.81e-5)
(1.27e-5)
(9.57e-4)
(1.71e-4)
(1.41e-4)
(3.15e-5)

9/23/0

+, −, and ≈ indicate that the compared MaOEA performs significantly better than, worse than, or similarly to
MultiGPO, respectively, on that problem instance.

5

Conclusion

In this paper, a new (M -1)+1 framework of relaxed Pareto dominance—i.e., the
(M -1)-RPD relation—is proposed for solution ranking in MaOPs, and leads to
the MultiRPO methods which adopt different RPD schemes. The MultiRPO
method uses M symmetrical (M -1)-RPD relations for solution ranking, which
can improve the performance of the original RPD methods to maintain a good
balance of convergence and diversity. Among the four MultiRPO methods compared, which used four dominance types—α-dominance, CDAS, S-CDAS and
GPO techniques—the MultiGPO version based on GPO outperforms the others. Moreover, MultiGPO is shown to perform better than or comparably to the
state-of-the-art on a variety of scalable benchmark problems. Since no reference
vectors are employed, the performance of Pareto dominance-related MultiGPO
algorithm (or other MultiRPO method) is less dependent on the PF shapes
than methods using reference vectors, which deserves more attention, especially
in solving problems having irregular PFs.
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