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Abstract Visualization techniques in design space exploration with high
dimensional data are helpful in enhancing the decision making in the context of multiple objective optimization. Visualization of Pareto solutions
obtained is crucial to understand the trade-off between the objectives as
it enables intuitive decision making. However, such a task is not trivial
beyond three dimensions. In this work, we propose using interpretable
self-organizing map (iSOM), to visualize Pareto solutions for MOO problems involving n objectives (n > 3). iSOM enable simplified component
plane plots that allow visual inspection of the Pareto fronts and also allow identifying clusters in the Pareto front and the corresponding design
variables. Proposed approach is successfully demonstrated on 3 analytical examples.
Keywords: multi-objective optimization · Pareto solution set · Pareto
front · visualization · self-organizing maps · iSOM.
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Introduction

The basic paradigm of design with multiple objectives is tradeoff. Betterment
in one objective is at the expense of other objective(s). Often designers are
faced with multiple objectives and it is important to understand the tradeoffs
to make wise design decisions. Techniques such as Multiobjective Evolutionary
Alogrithms(MOEAs) allow understanding these tradeoffs. During the conceptual or early design stages of a design process, designer is interested in exploring
the design space that will correspond to good designs, or tradeoffs in the case of
multiple objectives. The ability to explore the design space permits the designer
to make more informed decisions. Its useful if the exploration has a visualization
aspect. Holden et al.[1] discuss about future designer who will be equipped with
plenty of data and the need for advanced visualization techniques to understand
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tradeoffs for making quick design decisions. Hence it is desirable to develop appropriate visualization techniques that are inherently understandable, to explore
designs with tradeoffs, in the event of multiple objectives, and high dimensions.
The solution to a multiple objective problem is not a single point but a set
of nondominated solutions(Pareto solutions), being chosen as optimal if no objective can be improved without compromising at least one other objective. In
order to make a trade-off decision, it is useful for a decision maker to visualize
the pareto front and pick solution that matches their preference. There are many
visualization techniques used in multiple objective optimization for visualizing
Pareto data. Few of those techniques include Scatterplot Matrix , Parallel axis
plots, Nested axes plot, Tile plot, RadVis-3D, Self Organizing Maps (SOM),
Chernoff faces and Hyperspace Pareto Frontier (HPF) [2, 3, 4]. While, each of
the listed techniques have their own advantages and disadvantages, most of them
become cluttered in high dimensions and are not easily interpretable. However,
SOM is known to preserve the topology while taking the high-dimensional data
as input and producing a low-dimensional, generally two-dimensional, representation of the input data. This property is attractive from visualizing high dimensions and understanding design space including tradeoffs among objectives.
Obayashi et al.[5] use conventional SOM (cSOM) to visualize tradeoffs in multiple objectives and further, use the resulting SOM to generate a new SOM that
generates clusters of design variables, which indicate roles of the design variables
for design improvements and tradeoffs. Parashar et al. [6] use conventional SOM
to visualize Pareto front of multiple objectives. Witowski et al. [7] investigate
the use of Parallel Coordinate Plot, Hyper Radial Visualization and SOM for
visualization of Pareto data in the context of a shape optimization case crash
application executed with LS-OPT. Suzuki et al. [8] proposes a technique for visualizing Pareto optimal solution sets using growing hierarchical self-organizing
maps (GHSOMs).GHSOM is a variation of conventional SOM which generates
multiple maps while input spaces are divided at each layer. Thole et al. [4]
develop an interpretable SOM (iSOM) that avoids self intersections and is inherently understandable. They use it for design space exploration and adaptive
sampling. We propose the use of iSOM for exploring the Pareto front generated
by using nondominated sorting genetic algorithm II (NSGA-II). The contribution of the proposed work will be the simplified visualization and understanding
of the SOM plots of the Pareto fronts. It also permits direct mapping of regions of interest in the Pareto front to the corresponding patches in the design
variable space. We demonstrate the proposed approach on Examples with 2 − 4
objectives and 2 − 10 design variables. Rest of the paper is organized as follows.
Discussions on SOM and iSOM are provided in Section 2. Section 3 discusses
the results followed by conclusion in Section 4.
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Self-Organizing Maps(SOM)

Self-Organizing Maps(SOM) are a type of Artificial Neural Network which is
based on unsupervised learning [3, 9, 10]. It provides a mapping from N-dimensional
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input to a low dimensional, generally 2D space. Mapping preserves the topology
of the data so that similar data points will be mapped to nearby locations on the
map so that the relative distances between input data points is conserved. This
allows the user to identify the pattern in the input data. SOM implementation
consist of nodes (neurons) associated with a weight vector of the same dimension
as the input data vectors. The nodes are arranged in a 2D space using a hexagonal or rectangular topology. If there are n design variables in the dataset namely
[x1 , x2 , ..., xn ] and response y, then each input vector (corresponding to a DoE
point) to SOM will be vi = [xi1 , xi2 , ..., xin , yi ] and each SOM node wj will have
weight vectors [mj1 , mj2 , ..., mjn , mjout ]. First n weights correspond to design
variables and the last weight corresponds to response. SOMs commonly use the
unified distance matrix (U-Matrix) to store each node’s average distance to its
closest neighbors. In the final SOM output, different colors are used to represent
each node’s distance to adjacent nodes. A large distance (typically denoted by
red color) between the neurons correspond to a large gap between the codebook
values in the input space.

2.1

Conventional SOM (cSOM) algorithm

Training a SOM algorithm iteratively consists of choosing a winner neuron called
Best Matching Unit (BMU). The BMU is the neuron that has the least distance
from the selected data point. Upon identifying the BMU, the weights of the
neighboring nodes are modified based on an update rule. The BMU selection
and updation are repeated until a prescribed number of iterations or error convergence metrics are met. The output of the iterative algorithms is the trained
SOM weights and these weights are used to construct the U-matrix (Unified
Distance Matrix) and component plane plots. The U-Matrix representation of
the SOM is a single plot that captures the distances between the neurons (in
all the dimensions). It shows the local distance structure of a topology preserving projection of a high dimensional data set. This is sufficient to detect cluster
boundaries. It is composed of the distances from the map units to it’s nearest
neighbors which can be visualized in various ways, but most often a color map
is used to visualize the distance values. Low denote that the nodes are closer to
each other, while high values convey cluster borders where the values are rapidly
changing from one value to other.
A component plane plot helps in visualizing weights corresponding to a particular attribute (input or output) for all the map units in the SOM. In the
component plane each node has the same position regardless of which attribute
is being visualized, making it easy to compare different attributes. For example, if SOM is trained over data with columns [x, y, f (x, y)] to give weights
[mx , my , mf ], the x component plane will represent values of mx and so on.
Component planes that look similar suggest that the respective variables are
correlated.
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Interpretable SOM (iSOM) algorithm

cSOM tends to fold and self intersect [11] which affects the visualization and
interpretation of design space. iSOM avoids these folds and self intersections
while preserving the topography of the function that is approximated [4]. iSOM
which is inherently interpretable can further be used explore the design space.
iSOM algorithm is similar to the regular SOM but for BMU selection. The
BMUs are computed using the input space alone as against using both input and
response values in the conventional SOM. Then, the weights of the respective
node and the ones in its neighborhood are updated along the response values.This
modification on algorithm allows avoiding the folds or intersections. In addition,
the component plane plots are also in an ordered fashion permitting simplified
understanding of component planes and their comparison. For further details
the reader is refered to [4].
2.3

Methodology

We propose using iSOM to visualize Pareto fronts so that the tradeoff can be
visualized directly, aiding in design decisions. Upon obtaining the Pareto front,
the Pareto solution set is subjected to iSOM training. iSOM trains along the
response dimension at a time; however, in MOO problems we have more than
one objective. If iSOM for each objective is trained based on separate map grid,
then mapping back to the input space becomes impossible. Hence, a weighted
sum of all the responses is used to initialize the SOM grid. The weights for each
of the response is proportional to the range of the response. The same grid is
used to train Pareto solutions of each objective function on an individual basis.
The resulting plots will consist of component planes of the input variables and
the objective functions. The component plane plots of the objective functions
can be used to understand the tradeoffs. During visualization of Pareto fronts
using iSOM, U-matrix is constructed using updated weights corresponding to
the objective functions.

3

Numerical Examples

In this section, we discuss the examples on which the proposed approach will be
illustrated. We consider two examples from [12] and the ZDT1 example [13].
Example-1
The first example we consider here consists of four-objectives and two-input
variables and stated as follows:
F1 =

p

(x1 − 50)2 + (x2 − 50)2

(1)

F2 =

p
(x1 − 50)2 + (x2 − 150)2

(2)
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F3 =

p
(x1 − 150)2 + (x2 − 50)2

(3)

F4 =

p

(4)

(x1 − 150)2 + (x2 − 150)2

Example-2
The second example consists of three objectives with two-input variables, stated
as follows:
F 1 = 0.5 × (x21 + x22 ) + sin(x21 + x22 )
2

2

F2 =

(5)

(x1 − x2 + 1)
(3x1 − 2x2 + 4)
+
+ 15
8
27

F3 =

x21

(6)

1
− 1.1 × exp(−x21 − x22 )
+ x22 + 1

(7)

Example-3
The third example is a biobjective ZDT1 problem with ten input variables.
F 1 = x1

(8)

s
F2 = g ·

1−

F1
g

!
(9)
n

g (x2 , . . . , xn ) = 1 +

9 X
xi
n − 1 i=2

(10)

0 ≤ xi ≤ 1; n = 10
In all the examples stated above, the objectives are to be minimized. NSGAII, the well known fast sorting and elite multi objective genetic algorithm [14] is
used to generate the Pareto data. The Pareto front for examples 1, 2 and 3 are
presented in Figures 1, 2 and 3 respectively.
Pareto optimal solution sets serve as the input data to train the SOM. In
iSOM, each objective function is trained one at a time in the design variable space
and the weights of these objective functions are used to generate the U-matrix.
It is to be noted that the map grid for both cSOM and iSOM are initialized with
same number of nodes and map grids after training for Examples 1 and 2 are
shown in Figures 4, 5 and Figures 6, 7 respectively.
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Fig. 1. Pareto front for Example 1

Fig. 2. Pareto front for Example 2

Fig. 3. Pareto front for Example 3

Fig. 4. cSOM grid (after training) in
Pareto space for Example 1

Fig. 5. iSOM grid (after training) in
Pareto space for Example 1
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Quality measures for SOM

To evaluate the quality of the trained map, coverage and the convergence to
Pareto optimal solution sets, the incorrectness (E), deviation (C) [8] and topographic error (TE) [4] are calculated.
Incorrectness (E) is the average of errors between node on the map and its
nearest Pareto optimal solution [8]. Therefore, it means that the smaller the
value of E, more the node on the map converge to the Pareto optimal solution.
Deviation (C) is the average of errors between Pareto optimal solution and
its nearest node [8]. Therefore, it means that the smaller the value of C, more
uniformly the node on the map covers the input Pareto optimal solution set.
Topographic error (TE) measure the percentage of data vectors for which the
first- and second-BMUs are not adjacent units. Therefore, it means that smaller
the value of TE, more accurately the structure of the input space is preserved
by SOM [4]. It allows capturing local discontinuities [15].

Fig. 6. cSOM grid (after training) in
Pareto space for Example 2

4

Fig. 7. iSOM grid (after training) in
Pareto space for Example 2

Results and Discussion

Figures 8–13 show visualization maps of cSOM, and iSOM for Pareto optimal
solution sets (Pareto front) for Examples 1, 2 and 3. Figures 4–7 show the orientation of trained map grid for SOM and iSOM along with the Pareto optimal
solutions (input data) on the objective space for Examples 1 and 2. It should be
noted that coloured points show Pareto optimal solution and black points are the
reference vector values(nodes). iSOM shows better convergence of nodes on the
Pareto front, which indicates that iSOM captures more accurate variation of the
Pareto front than the cSOM. Incorrectness (E), deviation (C), and Topographic
error (TE) for maps obtained for each Example are presented in Table 1.
In Example-1 the Pareto front is not complex due to which both SOM and
iSOM captures the correct variation of the Pareto front and generate similar
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Table 1. Number of data points (K), Number of nodes (Nv ), incorrectness (E), Topographic error (TE), and deviation (C) of the obtained maps.

Example-1
Example-2
Example-3

cSOM
iSOM
cSOM
iSOM
cSOM
iSOM

K

Nv

E

TE

C

3500
3500
3500
3500
2813
2813

625
625
625
625
900
900

1.383
1.298
0.070
0.038
0.001
0.009

0.094
0.022
0.620
0.173
0.872
0.128

1.776
2.253
0.072
0.092
0.001
0.003

visualization maps as shown in Figure 8 and 9 but in iSOM more nodes on the
map converge to the Pareto optimal solution as shown in Figure 4 and 5 and
this can also be validated by comparing the Incorrectness (E) value. Smaller the
value of E, more nodes on the map converge to the Pareto optimal solution. Here
U-matrix did not provide much information as there is no cluster or discontinuity
on the Pareto front. It is observed that U-matrix presents very low values at the
corners which denotes data points are closer to each other in that region whereas
in the middle region they are not. The original Pareto front presented in Figure
1 supports the inference made from observing the U-matrix.
To observe the tradeoff between the objectives, four regions (a, b, c and d)
are highlighted on the objective component planes as shown in Figures 8 and
9 . In region (d), objective function(F 1) attains its maximum value whereas in
region (a, c and b), other objective functions (F 2, F 3 and F 4) attain their maximum values respectively. The variation in the input variables corresponding to
these regions can be observed by highlighting the same regions in the respective
component planes. We can use these component planes to generate more information about our Pareto front. For example, by observing component planes of
F 1 and F 4 in Figures 8 and 9, it can be inferred that F 1 and F 4 show conflicting behavior. F 1 shows an increasing trend from region b to d whereas F 4
shows decreasing trend for the same region. Similar conflicting behavior can be
observed for F 2 and F 3 from region c to a. Again, the inferences are supported
by the actual Pareto front presented in Figure 1. The objective of our work is to
interpret the Pareto function space using SOM component planes. Hence, only
response component planes will be presented from here onwards.
In Example-2 the Pareto front is complex due to which there are folds and self
intersections in the cSOM grid as shown in Figure 6 and it does not captures the
correct variation of the Pareto front. Whereas in iSOM there are no folds or self
intersection in the iSOM grid as shown in Figure 7 due to which iSOM captures
the correct variation of the Pareto front.This is also validated by comparing the
Topographic error (TE) value. Smaller the value of TE, better is the topography
preservation. This can also be proved by comparing the component planes of
the objective functions generated by cSOM and iSOM. Lets consider a region on
component plane where F1 is minimum as shown in Figure 10 and 11. Comparing
on how F2 and F3 are varying in this region, one can observe that iSOM captures
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Fig. 8. cSOM for Pareto front of Example 1

Fig. 9. iSOM for Pareto front of Example 1
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the fact that F2 and F3 have conflicting behavior in this region, where as cSOM
does not provide such information about F2 and F3. This can be validated from
the actual Pareto front as shown in Figure 2

Fig. 10. cSOM for Pareto front of Example 2

Fig. 11. iSOM for Pareto front of Example 2

Example-3 is a high dimension example which has a Pareto front with less
variation in the objective space due to which both cSOM and iSOM capture
the correct variation of the Pareto front as shown in Figure 12 and 13. Figures
reveal that both the objectives are majorly governed by the design variable x1
but iSOM preserves the structure of function space more accurately and this
can be validated by comparing the Topographic error (TE) value, smaller the
value of TE, the more accurately the structure of the input space is preserved
by SOM.

Fig. 12. cSOM for Pareto front of Example 3
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Fig. 13. iSOM for Pareto front of Example 3

5

Conclusion

iSOM was used to plot the Pareto fronts of multiple objective functions. It was
observed that iSOM performs better in terms of Topographic Error, Deviation
and Incorrectness. These metrics measure the extent of original function preservation and the extent by which the SOM nodes are close to the points in Pareto
front. In addition, iSOM plots also allow understanding clusters in the input
space that correspond to regions of interest in the Pareto front.
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