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ABSTRACT

Learning for effective problem information from already explored search-space in an optimization
run, and utilizing it to improve convergence properties have presented important directions in Evolu-
tionary Computation research. In this paper, we propose an Artificial Neural Network (ANN)-assisted
modeling approach which learns from pairs of solutions—changes in the design variables resulting
in improved solutions—and uses the resulting ANN as an innovized repair operator in an adaptive
manner. Although the concept can be easily applied to single-objective problems, in this paper, we
develop the overall procedure for multi-objective optimization. On a number of test and engineering
problems involving two and three objectives, with or without constraints, we demonstrate faster con-
vergence behavior of ANN-assisted Evolutionary Multi-objective Optimization Algorithms (EMOA)
in terms of the hypervolume metric. The results are encouraging, pave a new path for the perfor-
mance enhancement of EMOAs, and set the motivation for further exploration on more challenging
problems.

1. Introduction
Optimization is an iterative process which usually starts

with one (for point-based methods) or more (for population-
based methods) random solutions. For our discussions here,
we restrict ourselves to population-based optimization algo-
rithms. The solutions are modified by using a series of pre-
defined operators in the hope of arriving near to the true op-
timal solutions. For multi-objective optimization, a number
of Pareto-optimal (PO) solutions are our target and hence
population-based methods are ideal for finding a set of well-
diversified and well-converged solutions [7, 5].

Under the umbrella of Evolutionary Algorithms (EAs),
there are Genetic Algorithms (GAs) like NSGA-II, NSGA-
III, MOEA/D, SPEA1, etc., and several Multi-Objective Es-
timation of Distribution Algorithms (MO-EDAs) which pri-
marily differ on two grounds–i.e., (i) how new solutions are
generated, and (ii) how survival selection is utilized to choose
the solutions passing on to the next generation. For gen-
erating new solutions, the GAs use genetic operators like a
crossover and mutation, while the EDAs perform a sampling
using custom-built probabilisticmodels or standard techniques
like Bayesian networks, decision trees, etc. In addition, hy-
brid approaches have developed over time, in which a local
search (LS) is deployed at intermediate generations to im-
prove a solution locally. However, it may be noted that ev-
ery time local search is invoked, it requires additional func-
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tion evaluations apart from the standard evaluation of the
offspring population.

Recent studies in EvolutionaryMulti-objectiveOptimiza-
tion (EMO) have focused on an online innovization approach
[19, 11, 20] which attempts to extract variable patterns or
relationships that exist among non-dominated solutions and
use them back as additional operators (apart from crossover
andmutation) in subsequent generations. The online innoviza-
tion studies [1, 16], so far, have been restricted to certain
structures of relationships, despite some limited generic stud-
ies [2]. These studies provide a promising direction for ex-
ploration and exploitation of these inter-variable relation-
ships.

In this paper, we propose a generic online Artificial Neu-
ral Network (ANN)-assisted knowledge extraction method
to capture the directional improvements of solutions in the
variable space and we apply the developed ANN within the
optimization algorithm to facilitate the transition of the EMO
solutions in the learned direction. However, this proposition
is not exclusive to ANN as a learning mechanism. Since in
an EMO approach, one of the goals is to maintain a diverse
set of solutions, we associate a variable vector in an early
generation with another variable vector in a latter generation
closest to a common reference direction. These associated
pairs of solutions are then used as a training data-set for de-
veloping a multi-layered ANN. The trained ANN is then ap-
plied as an innovized repair operator – to the offspring popu-
lation at a regular interval of generations. The innovized re-
pair operator is expected to improve the offspring solutions
by the knowledge learned and captured in theANN from pre-
vious improvements in earlier generations, without requir-
ing any additional function evaluations. Such a learning-
based optimization task has a better prospect for converg-
ing faster than a predefined fixed set of operators. The con-
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cept of learning during an optimization run is not new; the
recent online innovization studies and developments in ma-
chine learning algorithms give us the motivation to launch
this study. However, one may not confuse this as anything
similar to local-search or surrogate-modelling, further de-
tailed in sections 2 and 6. Notably, in our approach, the ANN
is not modeling the objective function, but the trajectories of
solutions in the design space.

In the remainder of this paper, we provide a brief overview
of the learning-basedmulti-objective optimization algorithms
and current state-of-the-art in online innovization in Sec-
tion 2. Our proposed methodology is outlined in Section 3.
Results and discussions are presented in Section 4. Thework-
ing and properties of the proposed algorithm along with dif-
ferences from other local-search and meta-modeling tech-
niques are discussed in Section 6. Finally, conclusions of
the study are presented in Section 7.

2. Learning-based Improvements in
Multi-objective Optimization: Past Studies
EMO algorithms (EMOAs) have evolved for more than

decades now. For certain problems, the usual evolutionary
algorithm (EA) operators, such as, crossover and mutation,
alone are not effective enough to reach to the optimal solu-
tion quickly [39, 29]. To address this, there has been some
attempts like (i) local-search methods, and (ii) surrogate-
modeling techniques to reduce the overall number of func-
tion evaluations required to reach the set of optimal solu-
tion(s). However, there is another class of EAs known as
Estimation of Distribution Algorithms (EDAs) which evolve
the population based on certain probabilistic modeling tech-
niques instead of genetic operators, as discussed later in this
section, along with Hybrid GAs. Besides these, there have
been some recent studies in the domain of online innoviza-
tion which explore structured, meaningful, and understand-
able relationships between the variables (further detailed in
Section 2).

Some existing local-search techniques are presented here.
S-MOGLS–A hybrid algorithm (GA & LS), which uses the
weighted sum of different objectives as the fitness function
for the local search step, was proposed in [23]. Apart from
this, neighborhood search (NS) a fundamentally different ap-
proach from local search, was combined with EMO to pro-
pose C-MOGLS [38]. Two additional approacheswithweighted-
summethods were proposed in [21], where the first approach
used local-search once the optimization runwas finishedwhile
the second approach used local-search with NSGA-II and
applied it to all offspring generated in all generations. Even
though the weighted-sum approach produced better results,
one of the critical issues was that the offspring population
could also be degraded by the local search [23]. Further, an
Achievement Scalarizing Function (ASF)-based approachwas
presented in [44], where an ASF function was used as the
fitness-function for performing the local-search.

However, as mentioned earlier, local-search requires ad-
ditional function evaluations beyond the offspring-evaluations

which happen every generation. To deal with these addi-
tional function evaluations associatedwith local searchmeth-
ods, there are some studies which use a surrogate fitness
model to perform the local-search [32] [31]. These meth-
ods use a structural hill-climber for local-search with the
Bayesian Optimization Algorithm (BOA) [40], in which the
search neighborhoods are defined by the dependency groups
learned by the probabilistic model of BOA. Despite these
efforts, the choice between a surrogate-fitness model and
an actual-fitness model was inconclusive, since different dy-
namics were observed for different problems [32].

Exploitation of the underlying problem structure, in terms
of inter-variable or variable-objective dependencies, to con-
verge towards the optimal solution is not new. Estimation
of Distribution Algorithm (EDA) emerged as a new class of
EMO algorithms starting in 1996 [36]. EDA was designed
to directly extract the global search space statistical informa-
tion from the search and build a probabilistic model of elite
solutions. The model would then be used to sample new
solutions for further iterations. Although EDA has been ap-
plied to multi-objective optimization, there are two major
issues: (i) how to select parents and (ii) how to build the
probability distribution model [3]. In order to deal with real-
valued problems, several approaches have been proposed to
extend EDA, such as mapping from the original problem
search space to a new domain, and thenmapping the solution
back to the problem domain [47]. MONEDA–Neural EDA
uses a modified growing neural gas network for the model-
building step [34]. This is a custom-built model specifically
for this optimization task. However, the results documented
were only on DTLZ problems with objectives ranging from
M = 3 to 9 and the GAs used for benchmarking are NSGA-
II and SPEA2 which are known for solving two- & three-
objective problems well.

The Bayesian Optimization Algorithm (BOA) has been
designed to explore the inherent correlations between the
problem variables and objectives [40]. Also, some prior
knowledge regarding these dependencies can assist inmodel-
building, eventually leading to faster convergence. NSGA-
Net is another studywhich exploits the search space explored
up to some generation, and reinforces the patterns commonly
shared among the past elite solutions [33]. Once the opti-
mization of neural-net architecture is finished, it basically
constructs a Bayesian Network (BN) from all explored so-
lutions during the GA run to relate the variables, and then
estimates the distribution. New offspring are created by sam-
pling using the BN.

Apart from MONEDA, ANN has been used in the do-
main of EMO for surrogate-modeling or meta-modeling, in
problems where the actual function-evaluations are compu-
tationally very expensive. The idea is tomodel the objective-
variable relationships locally and use it to evolve towards a
better solution, eventually requiring fewer actual function-
evaluations in order to converge. There are other models
used as well, including gaussian regression models [17], and
gaussian random-field models [18]. As concluded in [17],
for a dataset-sizeN , the computational complexity ofmodel-
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building is ofN3 order. This means that the computationally
efficient algorithm will involve multiple local meta-models
to alleviate this burden. A recent study [22] explores differ-
ent meta-modeling frameworks and proposes a unified algo-
rithmwhich can switch between different frameworks during
the optimization run to ensure earliest convergence. How-
ever, it may be noted that these surrogate-models are used
to approximate the fitness-values of the individuals without
carrying out actual and expensive function evaluations. A
local or global search optimization algorithm is deployed to
improve the solution quality, and uses these models to ap-
proximate the fitness value of a solution, in order to reduce
the number of actual function evaluations required.

Hybrid Approaches with repair heuristics can be broadly
classified into Lamarckian and Baldwinian approaches [43].
If the genotype or the variable-vector is changed using a lo-
cal repair heuristic, it is known as Lamarckian algorithm. On
the other hand, Baldwinian learning based heuristics mod-
ify the fitness landscape. However, [48] suggests that adap-
tive Baldwinian learning can guide the course of evolution
in an EA altering the shape of search-space and thus pro-
viding good evolutionary paths to the individuals. It may
be noted that Baldwinian Learning is not a learning mecha-
nism or method, rather it signifies the way of learning. An
example of this is Multiobjective Immune Algorithm with
Baldwinian Learning (MIAB) [42]. In MIAB, the learning
operator at generation t captures the individual evolving di-
rections from t − 1 to t and uses it to decide the individual
direction of evolution from t to t + 1. It may be noted that
this learning-based evolution operator is used as an alterna-
tive to genetic operators, i.e., crossover and mutation but our
proposed approach repairs/evolves the offsprings which have
already been produced using genetic operators.

Online Innovization
Innovization is a two-step task proposed first by Deb in

2003 [8] and exemplified on a number of engineering prob-
lems in 2006 [15]. The first step is to obtain a set of high-
performing solutions pertaining to a problem, which can be
achieved by optimizing the problem for a minimum of two
conflicting objectives, such as cost and quality. The second
step is to analyze the high-performing solutions to reveal re-
lationships among problem variables, objectives, and con-
straints, that are common to the solutions. Online innoviza-
tion denotes the discovery of innovization-based relation-
ships present in multiple non-dominated solutions during a
multi-objective optimization run and their use within the run
to enhance the convergence of the optimization algorithm
[1, 19, 20]. The relationships can be used to repair the solu-
tions of subsequent iterations created by EMO operators in
order to force the solutions to possess some of the properties
of good solutions found thus far [19]. This process, when ap-
plied a few times during an optimization run in an iterative
manner, is expected to learn and to use these learned prop-
erties from good solutions to accelerate convergence. While
there is no doubt about the advantage of using learned infor-
mation from an optimization run to improve its convergence,

the main issues remain concerning the process of learning,
the type of information to be extracted, and the process of
utilizing the information back within evolving populations.
In this paper, we use a machine learning approach – ANN –
to capture and use the properties of good solutions.

3. Proposed ANN-Assisted EMO
TheANN-assisted online learning and repairmethod pro-

posed here can be used with any EMOA, like NSGA-II [9],
NSGA-III [13, 24], MOEA/D [49], or others. The frame-
work is divided into three steps: (i) Training-data-set gen-
eration (ii) Training, and (iii) Repair. Towards the first step,
an archive of the previous population members from the past
few generations (governed by parameter tpast) is preserved
and amapping scheme (guided by the dual goals of an EMOA
– convergence and diversity) is used. In the training step, this
data-set is then used to train a neural network. The trained
network is then used to make repairs to the offspring popula-
tions during the repair step. The frequency of these repairs is
governed by another parameter tf req. We discuss these three
steps in more detail in the following subsections.

3.1. Training-data-set Generation
At a generation t, let the parent and child populations,

each sizedN , be referred to, as Pt andQt, respectively. Also
let the current Parent populationPt and t̃past populationmem-
bers constitute an archive At (sized S), so it can provide
for the input-target or input-output data-set for training the
ANN. Let X and F represent the set of variable and objec-
tive vectors inAt, respectively. Notably, for ease of reference
Pt ∪ t̃past shall be referred as tpast in the remaining text.

It is critical that the data-set to be used for training is
prepared in a manner that the repair operator post training
pursues the goals of an EMOA, namely convergence-to and
diversity-across the Pareto-front (PF). Towards its realiza-
tion: (i) reference points well distributed across the F -space
are created, (ii) a non-dominated member inAt is associated
with each reference point, and referred as the target point in
F -space, and (iii) each remainingmember inAt is associated
with one of the reference point (hence, to its associated tar-
get point), and referred as the input point in F -space. The
X vectors underlying all input-target points constitute the
input-output data-set. Implicitly the subsequent ANN train-
ing on the input-output data-set, would be about learning the
transitions in X space for better convergence (transition of
inputs to targets), while maintaining good diversity across
the F -space. Finally, this learnt recipe for the desired transi-
tion inX-space that reflects in a good transition inF -space is
implemented through an innovized repair operator on some
fraction of Qt (details discussed later).

While the overarching principle is highlighted above, the
data-generation procedure is summarized in Algorithm 1,
and the associated details are as follows. For generating the
reference-point set Z (dimensions=M , size=N), the Das-
Dennis method [6] has been used. Alternatively, the recently
proposed generic samplingmethod [10] on anM-dimensional
unit simplex can also be used. The number of reference
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points is set to be almost identical to the population size.
The number of gaps (p) as defined in the Das-Dennis method
along an objective-axis, is chosen as p = N − 1 and p ≈
⌊

√

2N − 1.5⌋, for two- and three-objective problems, re-
spectively.

Notably, the association of target or input points with
the reference points is based on computation of ASF [46],
with a uniform weight vectorw = (1, 1,… , 1)T of sizeM ×
1, and normalized objective function values described by
Equations 1-3. In that, Z ideal and Znadir represent the ideal-
point and nadir-point for the archive At; F

(i)
k represents the

ktℎ objective value for itℎ Archive member; and F̄ (i)k rep-
resents the corresponding normalized objective value. The
use of ASF, instead of an alternative in the perpendicular
distance (as used in NSGA-III [13]), has the following ben-
efits: (i) it is a single-valued measure that accounts for the
distance from the reference vector as well as improvement
in its direction, and (ii) it is computationally less expensive
than calculating the perpendicular distance.

Z ideal
k =

S
min
i=1

F (i)k , (1)

Znadir
k =

S
max
i=1

F (i)k , (2)

F̄ (i)k =
F (i)k −Z ideal

k

Znadir
k −Z ideal

k

, ∀k = 1,… ,M (3)

Algorithm 1 Data_Generation(Z, At)
Require: Reference points Z, Archive data At
1: X ← Variable values in At
2: F ← Objective function values in At
3: Compute Z ideal & Znadir from F %Eqs. 1-2
4: F̄ ← Normalize F using Z ideal and Znadir %Eq. 3
5: T arget ← BestASF(Z, F̄ ,X)
6: Input ← X∖T arget
7: Output ← RefASF(Input, T arget, Z)
8: Tt ← [Input, Output]
9: return Training data Tt

As evident, Algorithm 1, uses external functions, namely,
BestASF andRefASF, individually presented inAlgorithms 2
and 3, respectively. The BestASF function associates with
each reference point, a target – a non-dominated member in
At which has the best (lowest) ASF value. Similarly, each in-
put point (At member that is not a target w.r.t. any reference
point) is associated with a particular reference point by the
RefASF function. In effect, these two functions provide all
the input-target pairs of points, whose underlyingX vectors
constitute the input-output data-set for ANN training.

Figure 1 symbolically illustrates the generation of input-
target pairing among members in At, via there association
with a common reference point. For better visualization,
reference points have been replaced by the direction vec-
tors (R1 to R6) passing though the reference points. The
At members are shown with circular markers, of which, the

Algorithm 2 BestASF(Z, F , X)
Require: Reference points Z, Normalized Obj. func. val-

ues F , Variable values X
1: N ← Number of data points in Z
2: S ← Number of data points in F
3: for i = 1 toN do % for each reference
point Z(i)

4: for j = 1 to S do % for each member of F
5: ASFj ← maxMk=1

(

F (j)k −Z(i)
k

)

6: [Index,∼]← minSj=1 ASFj
7: T arget(i) ← XIndex

8: return T arget

Algorithm 3 RefASF(Input, T arget, Z)
Require: Input, T arget, Reference points Z
1: N ← Number of data points in Z
2: SI ← Number of data points in Input
3: for i = 1 to SI do %for each member of Input
4: for j = 1 toN do %for each reference
point Z(j)

5: ASFj ← maxMk=1
(

F (i)k −Z(j)
k

)

6: [Index,∼]← minNj=1 ASFj
7: Output(i) ← T argetIndex

8: return Output

non-dominated ones (A to G) are marked in red. With re-
spect to each reference line, those red points which have in-
coming blue arrows happen to be the target points by virtue
of minimum ASF. Interestingly, point E despite being non-
dominated fails to qualify as a target because its adjacent
vectors (R4 andR5) have found other points with better ASF-
values, namely, D and F, respectively. Hence, all points with
circular markers that are not targets (including E) qualify as
inputs. This figure also broadly captures the sense as to how
the input-target pairings well spread across the F -space may
facilitate both convergence and diversity, post ANN-training
and subsequent innovized repair.

3.2. ANN Training
After the training data-set is generated at generation t

by the above procedure, an ANN is trained to capture the
Input-Output relationships of the decision variable vectors.
In this study, the architecture of the ANN used for training is
fixed and the numbers of neurons in input and output layers
are set equal to the numbers of variables in the optimiza-
tion problem. Apart from these two layers, the ANN (used
here) is fixed to have two hidden layers with 30 neurons each.
This will create 900 (30 × 30) weights between the two hid-
den layers, requiring at least that many data points to train
the ANN. If the archive size is around 1,000 (which is rea-
sonable to accumulate after a few generations) and assum-
ing that there are about 100 Target points and the remaining
900 Input points, the data generation step will create a train-
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Figure 1: A Schematic for data-generation, for ANN training.

ing dataset of size 900. For experiments mentioned in the
later sections, the loss-function used is the Mean Squared
Error, the activation function is sigmoid, and the optimizer
is Adam. The authors claim no preference towards the cho-
sen loss-function or activation-function; some other vari-
ants may be tried in further studies. However, the Adam-
optimizer is chosen since it has an adaptive learning rate (re-
ducing the number of pre-defined parameters). Also, if the
loss function does not show improvement in 50 epochs, the
learning process is terminated. The maximum epoch limit
is kept as 2,500. This reduces the chances of over-fitting,
keeping the learning generalized.

As per the authors’ observations towards a better train-
ing, the batch size for each iteration is kept as one-fifth of the
size of the training dataset. The loss-function-based termi-
nation and the adaptive learning rate reduce the number of
tunable parameters to only two, i.e., tfreq and tpast, a para-
metric study of which is performed in a later section.

Dynamic Normalization of the Training Dataset
There is another step which is essential before the gen-

erated X-space data-set for the input-output pairings (Sec-
tion 3.1) could be subjected to the ANN training. This step,
which we call dynamic normalization of any particular X-
vector, draws its motivation from the following:

(a) the scales and ranges of different variables may be dif-
ferent

(b) in an iteration t, the range explored by a particular
variable (xu,tk − xl,tk ) as a fraction of its total permis-
sible range (xuk − x

l
k), may differ from another’s.

These possibilities may bias an individual variable’s contri-
bution to the total error, leading to a biased training/learning,
since most learning methods, including ANN, rely on mini-
mization of some error function to be able to modify the pa-
rameters, and yield a Predict function. In the case of an

ANN, these parameters are nodal weights and their respec-
tive bias values. In learning as a classifier,Mean Squared Er-
ror (MSE) works well in one or two dimensions, but our out-
put dimensions are equal to the number of variables (max-
imum 30 as per examples solved in this paper). Hence, the
contribution of each variable to the value of MSE must be
”evened out,” on both accounts ((a) and (b)) above, towards
which we propose dynamic normalization based on Equa-
tion 4.

x̄k =
xk − xmink

xmaxk − xmink

, (4)

where

xmink = 0.5
(

xlk + x
l,t
k

)

, and xmaxk = 0.5
(

xuk + x
u,t
k
)

.

This normalization, which gives equal importance to a vari-
able’s absolute and current range, is employed twice in every
generation of the underlying EMOA:

1. to normalize the generated dataset before the ANN is
trained.

2. to normalize each offspring before it is repaired, and
then to de-normalize the repaired offspring back to the
original variable-space (in xk ∈ [xlk, x

u
k]).

3.3. Innovized Repair
The trained neural network, the predict function, is

used to repair the offspring solutions obtained after recom-
bination and mutation operations at generation t. Since the
ANN is not developed as a pre-optimization step, instead is
learned during the optimization process, we call this an In-
novized Repair step, as the learning resembles the innoviza-
tion process of learning patterns of solutions from current
non-dominated solutions [15]. There are three steps in this
repair-process, as described below.

3.3.1. Select & Repair
Once the offspring population Qt is created using the

conventional genetic (crossover and mutation) operators on
Pt, 50% ofQt members are selected randomly, so they could
be subjected to innovized repair. Interestingly, random se-
lection does away with the need for function evaluation apri-
ori. While the percentage ofQt members to be repaired may
vary, the rationale for the choice of 50% lies in the quest to
balance the potential gains and the risk associated in utilizing
the ANN training for repair. It may be noted (Section 3.1)
that the input-target pairing done in the F -space is directly
mapped on to the input-output pairing in theX-space, based
on which the ANN is trained. In highly nonlinear problems,
this mapping may not allow the ANN to capture the true
inter-variable relationships. In such a scenario, relying 100%
on the ANN training and repairing entire Qt may be a risky
proposition.

Notably, before the selectedQt members are repaired by
the trained ANN using the predict function, they are nor-
malized using equation 4. Once repaired, the new offsprings
are de-normalized back to the original variable-space.
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3.3.2. Near-bound Restoration
Consider, a problem where some of the optimum solu-

tions are characterized by extreme/bound values for a partic-
ular variable xi. Hence, it is desirable that the ANN-assisted
repair pushes xi to its extreme. However, during the initial
or even intermediate generations of the underlying EMOA,
the training data-set may dominantly have xi values away
from its extremes. Hence, the trained ANN may be biased
against the extreme values for xi. Consequently, if a natural
offspring (created by conventional genetic operators) pos-
sessing a near-extreme value for xi is subjected to repair,
it is likely that xi gets pushed in the direction opposite to
what’s desired. In such a case, repairing xi could be self de-
feating. To help avoid such instances, it is important that
variables with values too close to their extremes are not re-
paired. From implementation perspective, where the entire
chromosome of a selectedQt member undergoes repair, it is
imperative that the repair is undone for variables with val-
ues in very close vicinity of their extremes. To this effect,
we propose, that in a repaired Qt member, the original val-
ues are restored for the variables with had values within 1%
of either extremes.

3.3.3. Boundary Repair
In case the ANN-assisted repair pushes a variable value

beyond the permissible bound, we propose that it be replaced
by its respective bound. Notably, in the EMO domain, there
are three common methods to prevent an operation from set-
ting a variable’s value outside its bound. These include: (i)
replacing by the variable value at its respective bound, (ii)
mapping the value inwards, as much as it was outside the
bound, and (iii) choose an arbitrary value within the vari-
able bounds. Our choice in the context of repair, aligns with
the first method.

3.4. Proposed Overall Algorithm
The proposedANN-assisted EMOalgorithm is presented

in Algorithm 4. The pseudo-code represents an intermedi-
ate generation of an EMO or EMaO (Evolutionary Many-
objective Optimization) algorithm with the learning and the
innovized repair steps. Lines 3-6 make a check on whether to
learn or not, that is, if it has been sufficient number of gener-
ations since the last repair as per tfreq , and if at least half of
the parent population lies in the non-dominated front. Lines
7-10 consist of the learning scheme with mapping of indi-
viduals, normalization of variables, and training of the neu-
ral network as discussed in Sections 3.1 and 3.2. Lines 14-
25 illustrate the repair scheme discussed in Section 3.3 ad-
dressing 50% selection from the offspring, predictions from
the trained neural-net, and exemption if a variable lies in the
vicinity of its own bounds. Finally, as given in Line 25, all
offspring selected from Qt into I are replaced by their re-
spective repaired offspring given in R. Since the offspring
population is evaluated post-repair, the number of function
evaluations remains the same as in the original EMOor EMaO.

Algorithm 4Generation t of ANN-assisted EMO Procedure
Require: Reference Set Z, Parent Population Pt, Archive

data At, Collection tpast , Frequency tf req
1: At ←

(

At ∪ Pt
)

∖Pt−tpast
2: flag ← False
3: countANN ← rem(t, tf req)
4: if countANN == 0 then % Generate Data for
ANN

5: ndom← Number of non-dominated individuals in Pt
6: if ndom ≥ N∕2 then
7: Tt ← Data_Generation(Z,At)
8: Compute Normalization bounds: xmin & xmax
9: NTt ← Normalize Tt using xmin & xmax
10: Train ANN usingNTt to develop Predict()
11: flag ← True
12: Qt ← Recombination + Mutation(Pt)
13: if flag ← True then %Innovized Repair
14: I ← Randomly selected 50% Qt
15: Compute xmin and xmax using Eq, 4
16: rangek ← xmaxk − xmink
17: for i = 1 toN /2 do
18: temp← Normalize I (i) using xmin & xmax
19: R(i) ← Predict(temp)
20: R(i) ← Denormalize R(i) using xmin & xmax
21: for k = 1 to nvar do
22: vicinity← min

(

|I (i)k −x
min
k |, |xmaxk −I (i)k |

)

23: if vicinity ≤ 0.01 ∗ rangek then
24: R(i)k ← I (i)k
25: Replace I (i) by R(i) in Qt
26: Boundary Repair on I (i)

27: Evaluate Qt
28: Pt+1 ← Survival Selection in Pt ∪Qt
29: return Next Parent Population Pt+1

4. Experiments on Benchmark Test Problems
In this section, we report the performance of our pro-

posedANN-assisted EMOAs, namely, NSGA-II [9] andNSGA-
III [13, 24], for two- and three-objective problems, respec-
tively.

4.1. Test Suite
Several two- and three-objective test-problemswith vary-

ing degree of difficulties are used in this paper, to estab-
lish the enhanced performance by theANN-assisted EMOAs
compared to the base EMOAs. For two-objective (M = 2)
studies, five test problems taken are from ZDT test-suite [7],
and suitably modified (whose rationale has been presented
earlier). Besides these, two other problems, namely, OSY
and KUR, are also considered towards performance assess-
ment on the constrained problems. Themathematical formu-
lation of these problems is given in Appendix-Section A, in
that, fi represents an objective function (to-be minimized),
ci represents a constraint and xi represents a variable.

For three-objective (M = 3) studies, the following prob-
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Table 1
Parametric study of tpast on two test problems.

Prob. tpast = 5 tpast = 10 tpast = 20
Med. HV p Med. HV p Med. HV p

ZDT1 0.679287 – 0.679061 0.011 0.678997 0.008
ZDT2 0.345576 – 0.345381 0.016 0.345073 4.2e-06

lems are considered: the unconstrained DTLZ1, DTLZ2 and
DTLZ4; and the constrained C2-DTLZ2. The mathematical
formulations of them are presented in Appendix-Section B.

4.2. Parameter Settings
As mentioned earlier, the EMOAs employed for two-

and three-objective problems are NSGA-II and NSGA-III,
respectively. For both these EMOAs, and all the problems,
a population size of 100, SBX operator with probability of
0.9 and distribution index of 10, polynomial mutation with
probability of 0.1 and distribution index of 20, have been
used.

With respect to the ANN-assistance to the EMOAs, two
additional parameters involved, are fixed as tpast = 5 and
tf req = 5. The rationale behind the choice of these param-
eters lies in the preliminary parametric study, discussed be-
low. The effects of these parameters are first studied on two
30-variable test problems, namelymodified ZDT1 and ZDT2
(Appendix-Section A), for which each variable is initialized
in xk ∈ [0, 1] for k = 1, 2,… , 30. The g() functions of
these two problems (and also of ZDT3 and ZDT4) are modi-
fied so that the optimal value of xk is at 0.5 (a non-boundary
value) for k ≥ 2 to prevent the proposed Algorithm from
exercising any biased advantage owing to its mechanism of
boundary repair (Subsection 3.3.3). In effect, success with
these modified problems shall endorse that ANN training is
able to capture the recipe of approaching the optimal value
for each variable from both (higher and lower) the directions.

For the parametric study, we first fix tf req = 5, and ex-
plore its combinations with tpast= 5, 10 and 20, respectively.
The median hyper-volume (HV) for 31 independent runs are
shown with generations in Figure 2a. Although some dif-
ferences are observed in early generations, the performance
against the three variants of tpast seem to become compara-
ble after about 100 generations. Table 1 shows the median
HV values of 31 runs with their respective p-values from
Wilcoxon Rank-Sum test for the final non-dominated sets. It
is clear that despite no apparent visual difference, the me-
dian HV with its distribution over 31 runs makes tpast = 5
the best in a statistical sense. Similar observations can also
be made for the ZDT2 problem in Figure 2b and Table 1.

Based on the above results, we fix tpast = 5 and con-
sider three its combinations with tf req= 2, 3, and 5, respec-
tively. Table 2 presents the median HV values of 31 runs for
the three cases and the Wilcoxon rank-sum test shows that
tf req = 5 produces the best performance at the final gener-
ation. Similar trend is evident with tf req = 5 for the ZDT2
problem, as in Table 2.

To conclude, this preliminary parametric study leads us
to use tpast = tf req = 5, for all the experiments in this paper.

(a) ZDT1.

(b) ZDT2.

Figure 2: Median hypervolume for different tpast values on
ZDT1 and ZDT2.

Table 2
Parametric study of tf req on two test problems.

Prob. tf req = 2 tf req = 3 tf req = 5
Med. HV p Med. HV p Med. HV p

ZDT1 0.679045 0.006 0.679155 0.016 0.679287 –
ZDT2 0.345139 4.6e-04 0.345053 1.3e-04 0.345576 –

4.3. Two-objective ZDT1 Problem
First, we discuss and analyze the performance of ANN-

assisted NSGA-II on ZDT1 problem. Figure 3 shows the
variation of hypervolume (HV) of 31 runs with and with-
out ANN approach. The hypervolume has been computed
with reference-point [P , P ] and [P , P , P ] for two- and three-
objective problems, respectively, where P = popsize

popsize−1 . The
median HV variation is shown in a thick black line. From
Figure 3, it is evident that the proposed approach is able to
converge faster (higher HV at earlier generations) than the
standard NSGA-II algorithm. However, it is also clear that
there is not much difference in the final HV value at the end
of 100 generations, although the final HV from the ANN-
assisted learning approach is still higher than the one without
learning.
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Figure 3: Variations of HV for NSGA-II with and without the
ANN-assisted innovized repair operator are shown for ZDT1.

Effectiveness of ANN-assisted Learning Approach
As mentioned earlier in Section 3.3, the predict func-

tion is used to improve a selected offspring solution x and
produce an output variable vector y. Although the learn-
ing for updating x to y is done at the variable space, the
respective objective vector of the learned variable vector is
expected to be better (non-dominated). However, this repair
was done without knowing/evaluating the fitness-function
for either x or y. This movement has its roots in the foun-
dation of our method in the very first step, i.e., the data-
generation step. The training dataset is generated such that
it can be used to try to map a nearly-good solution to a good
solution.

For illustration purpose, a random run is chosen with
our proposed algorithm applied to ZDT1. At generation 20,
the offspring population (before repair) is shown in Figure 4
with crosses, along with 50% repaired population (after re-
pair) with red dots.
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Figure 4: Offspring population [HV=0.92084] and Repaired
population [HV=0.99748] at generation 20 for a random seed
run of proposed algorithm on ZDT1.

To analyze further, the proportion of total offspring pop-

ulation (popsize) and repaired offspring subpopulation (0.5×
popsize) which survived to the next generation are computed
after every five generations and are plotted in Figure 5. It is
revealing that about 60 to 80% of the repaired solutions are
good and survived to the next generation in the early genera-
tions. With further generations, the proportion settles some-
where around 40%, which is a reasonably good outcome of
our proposed ANN-assisted learning operator. It is also clear
from the red line with crosses that a large proportion (around
25%) of the complete offspring population survive to the
next generation. This indicates the importance and effec-
tiveness of the proposed ANN-assisted learning operator.
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Figure 5: Percentage of repaired and total offspring that sur-
vive to the next generation in ZDT1 indicating a better sur-
vivability of repaired solutions.

4.4. Other ZDT Problems
This section compares the performances ofANN-assisted

NSGA-II and the original NSGA-II on the modified ZDT2,
ZDT3, ZDT4, and ZDT6 problems, and also the KUR and
OSY problems.

In all cases, results are summarized for 31 independent
runs. Table 3 presents the median HV value of 31 runs and
the respective p-value comparing the other algorithm from
the best-observed algorithm. The best performing algorithm
is marked in bold. It is clear that out of seven problems,
ANN-assisted NSGA-II performs better in five problems in
terms of median HV at the final generation. Although in
OSY, the median performance of ANN-assisted NSGA-II is
better, in this situation the above conclusion is not valid with
95% confidence level (with p > 0.05). However, in all other
problems, the conclusions are at least 95% confident (p ≤
0.05).

The variation of best, worst andmedian HV from 31 runs
for problems ZDT2 and ZDT6 are shown in Figures 6 and
7, respectively. The dotted lines represent base NSGA-II’s
performance, while the solid lines represent ANN assisted
NSGA-II’s performance. It is clear that on both occasions,
starting with a similar performance, ANN-assisted NSGA-
II eventually performs better. Similar behavior is also ob-
served for ZDT3, however, for ZDT4, the original NSGA-II
produces a slightly better performance. For space restric-
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Table 3
Hypervolume values for two-objective problems. Best perform-
ing framework is marked in bold.

Problem Median HV p-valueANN NSGA-II
ZDT1 0.679192903 0.677411959 1.34e-11
ZDT2 0.345447659 0.34336054 1.47e-11
ZDT3 0.535026882 0.534393763 1.34e-11
ZDT4 0.680704325 0.68106437 3.98e-04
ZDT6 0.333949369 0.296750563 3.55e-08
KUR 0.488729677 0.48886593 1.73e-03
OSY 0.726310048 0.725220295 5.03e-01

tions, we do not provide the respective figures, but we make
further discussions in Section 4.6.

Figure 6: Variations of HV for NSGA-II with and without the
ANN-assisted innovized repair operator are shown for ZDT2.

4.5. Three-objective Problems
After a general success of the proposed ANN-assisted

NSGA-II procedure on two-objective problems, we now im-
plement the ANN-assisted learning and innovized repair op-
erator toNSGA-III for solving three-objective problems. Due
to the increase in dimension, instead of using equal weight
vector, we use weight vectors connecting ideal point and the
reference points on the unit simplex – similar to the way
weight vectors were defined inMOEA/D andNSGA-III stud-
ies. Since with higher objectives, most population mem-
bers become non-dominated quickly, we wait to apply ANN
learning until allN populationmembers become non-dominated.
The rest of the procedure is exactly the same as that given in
Algorithm 4.

Median HV values of ANN-assisted NSGA-III and orig-
inal NSGA-III for 31 independent runs on the three-objective
DTLZ1 problem are shown in Figure 8. The solid line repre-
sents the ANN-assisted approach. It can be seen that ANN-
assisted NSGA-III performs better than the base NSGA-III
approach. Table 4 presents the median HV values at the final

Figure 7: Variations of HV for NSGA-II with and without the
ANN-assisted innovized repair operator are shown for ZDT6.
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Figure 8: Median hypervolume for ANN-assisted NSGA-III and
original NSGA-III on DTLZ1, showing better HV with ANN
method.

Table 4
Hypervolume values for three-objective problems. Best per-
forming framework is marked in bold.

Problem Median HV p-valueANN NSGA-III
DTLZ1 0.102606174 0.102549493 0.000467838
DTLZ2 0.441596325 0.442056236 0.904746249
DTLZ4 0.442211583 0.442040007 0.239770391
C2-DTLZ2 0.382412245 0.382366888 0.587801227

generation and the respective p-values on a Wilcoxon rank-
sum test with its competitor. Clearly, ANN-assisted NSGA-
III performs better statistically (p ≤ 0.05) over 31 runs.

Bettermedian performances of theANN-assistedNSGA-
III are observed forDTLZ2 and for the constrainedC2-DTLZ2
problems as well, as shown in Figures 9 and 10, respectively.
Table 4 also shows the median HV and corresponding p-

values for DTLZ2, DTLZ4, and C2DTLZ2 problems.
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Figure 9: Median hypervolume for ANN-assisted NSGA-III and
original NSGA-III on DTLZ2.
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Figure 10: Median hypervolume for ANN-assisted NSGA-III
and original NSGA-III on constrained C2DTLZ2.

4.6. Proposed Approach on Certain Problems
Weobserved fromTable 3 that the proposedANN-assisted

EMO approach has performed slightly worse compared to
the original EMO algorithm in a few problems like (ZDT4
and KUR). We attempt to provide a reason and in the next
section provide further arguments about the working princi-
ple of the proposed approach.

It is clear that if in a problem, the inherent learning task
for arriving at a widely distributed non-dominated solutions
is challenging, ANN learning may not be effective. A learn-
ing procedure is difficult for following circumstances: (i)
there are not enough training data representing certain parts
of the Pareto-optimal front, (ii) there is an imbalance in data
across the entire Pareto-optimal set, and (iii) some part of
the Pareto-optimal front is more difficult to learn (involv-
ing complex relationships) than other parts. Thus, any EMO
or EMaO algorithm trying to take advantage of an learning
paradigm must ensure the availability of training data across
the entire Pareto-optimal set. In the ZDT4 problem, there are
multiple local PO fronts where a population may get stuck
during the course of optimization process. In an optimiza-
tion run, some part of the non-dominated set may have con-
verged to a better local front, but in another part the popula-

tion members may have gotten stuck to a worse local front.
This may cause the learning to get confused. Although the
resulting ANN-assisted NSGA-II is able to overcome the lo-
cally optimal fronts and eventually converge to the global
efficient front (Figure 11), the overall convergence comes at
a cost and the distribution of PO solutions obtained by ANN-
assisted approach is slightly worse.
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(a) ANN-assisted NSGA-II
(HV=0.680704).
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(b) Original NSGA-II
(HV=0.680920).

Figure 11: Final non-dominated points on ZDT4.

In the KUR test problem, there are four fragmented parts
in the PO set including one isolated point at f2 = 0. Al-
though ANN-assisted approach is able to find and cover all
four parts eventually, the distribution of points is slightly
worse than the original algorithm, as shown in Figure 12.

(a) ANN-assisted NSGA-II
(HV=0.488405).

(b) Original NSGA-II
(HV=0.488518).

Figure 12: Final non-dominated points on KUR.

5. Experiments on Real-world Problems
In this section, four real-world engineering design opti-

mization problems have been considered. These include, the
TRUSS [15] and the VALVE [35] problems with M = 2;
and the IMPACT [13] and WIPER [41] problems withM =
3. Their formulations are presented in Appendix-Section C.
It may be noted that the Algorithmic parameter settings em-
ployed, remain the same as cited in Section 4.2.

5.1. Problem TRUSS
The optimal design of the two-bar structure (originally

described in [15]) requires the simultaneous minimization of
two objectives, i.e., the total volume (V ) of material in the
structure and the maximum stress (S) developed in either of
the structural members. The corresponding multi-objective
optimization problem is described with three variables (x =
(x1, x2, y)) and one constraint g1(x).
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This problem is solved using NSGA-II with and with-
out our proposed ANN-assisted repair operator. Rest of the
GA parameters were same as described earlier in section 4.
Figure 13 illustrates the median-HV results from both algo-
rithms taken over 31 independent runs. At the end of 200
generations, the median-HV value for NSGA-II is 0.865994
and for our approach is 0.866832. These values and the HV-
plot suggests better performance of our algorithm in terms
of both speed of convergence and better final-solution.
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Figure 13: Median hypervolume for ANN-assisted NSGA-II
and original NSGA-II on TRUSS.

5.2. Problem VALVE
This is a two-objective optimization problem to find the

optimal design parameters of the secondary-valve to support
the main two-way spool valve (originally proposed in [35]).
It maximizes the assistance byminimizing the operator force
(f1) and simultaneously minimize the material and surface-
area required to build the secondary-valve. The parameters
for the main-valve (k1, d1, x1, y1) are taken from an existing
valve block being used in a backhoe loader. The secondary
spool-valve parameters, i.e., k2, d2, x2 and the lever ratio m
are the four design variables. The problem has one constraint
g1 which limits the minimum value of force exerted by the
operator. The mathematical formulation of the problemwith
variable set (x = (d2, x2, k2, m)) is given in the Appendix.

This problem is solved using NSGA-II with and with-
out our proposed ANN-assisted repair operator. Rest of the
GA parameters were same as described earlier in section 4.
Figure 13 illustrates the median-HV results from both algo-
rithms taken over 31 independent runs. Even though the HV
plot clearly suggests that the final solutions from both algo-
rithms are similar, the difference in theHV-curve reveals that
the convergence was attained faster in NSGA-II with ANN-
assisted repair operator.

5.3. Problem WIPER
This is a three-objective problem that deals with the hard

finish turning operation of hardened 18HGT steel using a
tool with an insert of wiper geometry. The problem aims to
minimize three objectives, i.e., cycle-time (f1), per-unit pro-
duction cost (f2) and resultant cutting force (f3), involving
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Figure 14: Median hypervolume for ANN-assisted NSGA-II
and original NSGA-II on VALVE problem.
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Figure 15: Median hypervolume for ANN-assisted NSGA-III
and original NSGA-III on WIPER problem.

three process-control parameters as design variables, namely,
cutting speed (x1), feed rate (x2) and depth of cut (x3), or x =
(x1, x2, x3). Moreover, there are 5 constraints in the problem
(g1,… , g5) which monitor different surface-roughness pa-
rameters like average of roughness profile ordinates (Ra), av-
erage maximal roughness height (Rz) and maximum rough-
ness height (Rm).

This problem is solved using NSGA-III with and with-
out our proposedANN-assisted repair operator. To solve this
problem, 105 reference-points were generated using Das &
Dennis method, and used for both NSGA-III and the learn-
ing operation. Rest of the GA parameters were same as de-
scribed earlier in section 4. Figure 15 illustrates the median-
HV results from both algorithms taken over 31 independent
runs. At the end of 400 generations, the median-HV value
for NSGA-III is 0.467505 and for our approach is 0.467537.
Even though the HV plot doesn’t show much improvement,
it may be noted that the performance still equivalent or better
than the base-algorithm alone.

5.4. Problem CAR-SIDE-IMPACT
This is a three-objective design problem to find the op-

timal design of the V-pillar of a passenger car in order to
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Figure 16: Median hypervolume for ANN-assisted NSGA-III
and original NSGA-III on CAR-SIDE-IMPACT problem.

withstand the impact-load. The problem formulation aims
at minimizing the weight of the car (f1) and simultaneous
minimization of two more objectives, i.e., the pubic force
(f2 = F ) experienced by the passenger and the average ve-
locity the pillar during side-impact (f3). All these three ob-
jectives are conflicting in nature, involving 7 design vari-
ables (x1,… , x7). These variables represent the thickness
of various structural members like B-pillars, floor, cross-
members, door-beam, roof-rail, etc. Apart from this, the
complexity of the problems increases due to the ten involved
constraints (g1,… , g10) which limits various critical param-
eters like abdomen load, pubic force, velocity of V-pillar, rib
deflection, etc.

This problem is solved using NSGA-III with and with-
out our proposedANN-assisted repair operator. To solve this
problem, 105 reference-points were generated using Das &
Dennis method, and used for both NSGA-III and the learn-
ing operation. Rest of the GA parameters were same as de-
scribed earlier in section 4. Figure 16 illustrates the median-
HV results from both algorithms taken over 31 independent
runs. At the end of 400 generations, the median-HV value
for NSGA-III is 0.401552 and for our approach is 0.401973.
These values and the HV-plot suggests better performance
of our algorithm in terms of both speed of convergence and
better final-solution.

6. Investigating Proposed Approach Further
The concept of using anANN-assisted learning approach

to an EMO/EMaO proposed here may seem to be similar to
certain existing practices used in an EA. We consider a few
of them here and distinguish how the proposed approach is
different or similar to each of them.

6.1. Comparing with a Linkage-Preserving
Offspring Creation Method

One of the ways to enhance the performance of a single-
objective EA or a multi- or many-objective EA is to use a
linkage-preserving recombination operator which preserves
the variable interactions among variables, rather than using a

variable-wise recombination, such as the SBX operator used
above. One way to achieve the above is to use a differential
evolution which adds a reduced value of the vector differ-
ence of two population members to a third population mem-
ber. If population members are lined up in certain way to
have better fitness values, such a operator captures the di-
rectional spread of the points and automatically restricts the
new points to lie along the underlying direction. In the par-
lance of our approach, the learning aspect to create new so-
lutions from the current population is directly embedded in
the offspring population creation process.

To investigate this aspect, the proposed ANN-assisted
NSGA-II is run on two, 10-variable bi-objective linked prob-
lems, presented below:

Problem L1:
Minimize f1(x) = (1 + g(x))x1,
Minimize f2(x) = (1 + g(x))(1 − x0.51 ),
Where g(x) =

∑10
i=2 |xi − (0.2 + 0.6x1)

2
|

0.6,
xi ∈ [0, 1], ∀i = 1, 2,… , 10.

(5)

Problem L2:
Minimize f1(x) = (1 + g(x))x1,
Minimize f2(x) = (1 + g(x))(1 − x0.51 ),
Where g(x) =

∑

i∈I1|xi − (0.2 + 0.6 cos(0.5�x1))|
+
∑

i∈I2 |xi − (0.2 + 0.6 sin(0.5�x1))|,
I1 = {i|i is odd and 2 ≤ i ≤ 10},
I2 = {i|i is even and 2 ≤ i ≤ 10},
xi ∈ [0, 1], ∀i = 1, 2,… , 10.

(6)

The g() functions in this problem are modified so that the
optimal value of variable xi is dependent on the value of x1
for k ≥ 2.

Both of these problems are solved with four algorithms:
NSGA-II with variable-wise SBX operator, NSGA-II mod-
ified with DE operator, MOEA/D (with 70% neighborhood
mating probability and SBX crossover), and NSGA-II with
our ANN-assisted learning approach. Since DE operator can
create offsprings in which individual variables may lie out-
side their respective variable bounds, a variable-boundary
repair is needed after the mating step. In this study, the vari-
able which goes out-of-bounds is replaced with a randomly
selected value within the respective variable bounds, as done
in [28]. The final fronts obtained by solving ProblemL1with
the aforementioned four methods (popsize = 200, ngen =
1500) are shown in Figure 17. It is evident that NSGA-
II and MOEA/D (both with SBX-crossover) failed to pre-
serve the diversity well and provided a scattered solution set,
whereas NSGA-II (with DE operator) and our ANN-assisted
approach (but with SBX-crossover) are able to arrive at a
well-distributed optimal front. A hypervolume plot (with
reference-point = [1.1, 1.1]) (Figure 18) shows generation-
wise evolution of the performance of all four methods.

Similar results are also observed for Problem L2, as is
evident from the HV curves plotted in Figure 19. The HV
metric values are obtained from 31 independent runs. This
clearly indicates that a linked offspring generation process
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Figure 17: Final non-dominated front obtained on Problem L1
with four different algorithms including our proposed approach
NSGA-II-ANN.
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Figure 18: Median HV for different algorithms on proposed
Problem L1.

Table 5
HV-metric comparison for NSGA-II with DE and SBX along
with ANN-assisted NSGA-II.
Problem NSGA-II-DE NSGA-II-SBX NSGA-II-ANN
ZDT1 0.666709 0.677412 0.679193
ZDT2 0.330388 0.343361 0.345448
ZDT3 0.518096 0.534394 0.535027

does not produce enough learning faster compared to our
proposed ANN-assisted learning approach.

Interestingly, if the original ZDT1, ZDT2 and ZDT3 prob-
lems are optimized using the NSGA-II-DE approachwithout
any ANN-assisted learning, we obtain worse performance
than the original NSGA-II with SBX operator, as shown in
Table 5. Since x∗i = 0.5 for (n − 1) variables with i > 2 for
each Pareto-optimal solutions for these problems, DE oper-
ator does not particularly produce any advantage in making
solutions achieve the above condition. Independent mating
of xi values through the SBX operator cause a more efficient
search for these problems. However, the table shows that
our proposedANN-assisted NSGA-II with the SBX opeartor
produces a better performance.
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Figure 19: Median HV for different algorithms on proposed
Problem L2.

6.2. Comparing with a Local Search Method
The proposed ANN-assisted learning approach attempts

to improve an offspring solution x to an improved solution
y. Hence, this operation may be confused with a local search
operation.

Implementing a local search in a multi-objective opti-
mization algorithm is always tricky, as the local search usu-
ally means searching for the best solution in a local neigh-
borhood with respect to a single objective function. Since
a multi-objective optimization involves more than one con-
flicting objectives, it gets tricky to define a single objective
function for improvement. However, a number of sugges-
tions have been made in the literature [25, 27, 23]. Our
ANN-assisted approach implicitly contains all objective in-
formation through the ANN learning process. The infor-
mation of a set of well-diverse set of non-dominated solu-
tions with respect to all objectives is captured through an
ANN and used for improving dominated solutions. In our
approach of modifying x to an improved solution y, no ad-
ditional function evaluation is needed, as it would in a lo-
cal search method. Moreover, the change in an offspring
solution from x to y made by the ANN may be substantial
and may not necessarily be local. Thus, our proposed ANN-
assisted learning approach is not a usual local searchmethod.

6.3. Comparing with a Meta-modeling Method
Ameta-model or a surrogate-model is usually constructed

and used, instead of the actual high-fidelity evaluationmodel
in many practical problems, mainly to reduce the compu-
tational time. In the context of multi- and many-objective
optimization algorithms, there has been a surge of studies
made recently [12, 4]. In one approach, the surrogate model
of each objective and constraint function is formed from al-
ready evaluated solutions using Kriging [26], response sur-
faces [30], radial basis function [37], random forest [45] and
even using an ANN. In this sense, one may think our ANN-
assisted learning approach is nothing but a standard surrogate-
modeling approach. But in our approach, we do not make
a surrogate model of the objective function on the entire
search space, like most of existing surrogate modeling ap-

Sukrit Mittal, Dhish Kumar Saxena, Kalyanmoy Deb and Erik Goodman Page 13 of 18



ANN-Assisted Online Innovization

proaches tend to do. We tend to make a mapping model of
pushing any solution to a specific currently non-dominated
solution. Our goal in this study is not to replace the actual
objective and constraint computations with their surrogates
in any way, but to take an otherwise dominated population
member and convert it into a competing non-dominated so-
lution directly by using the learned ANN model. This pro-
cess is likely to hasten the convergence procedure in finding
a better solution quickly, rather than allowing an algorithm
to work with surrogate models of the actual objective and
constraint functions in an effort to reduce expensive solution
evaluations. Both approaches have their merits and scopes,
but we would like to highlight that there is a substantial dif-
ference between our proposed approach with standard meta-
modeling approaches.

Based on the above discussion, we call our proposedANN-
assisted learning method is a additional and important re-
pair operator, which can be applied to each newly created
offspring using usual genetic operators, such as recombina-
tion, mutation, and other means. The word ‘repair’ is used
in the EA literature to change a solution to a new, and hope-
fully better one, by using certain known information about
the problem (see the repair operator used in [14] for making
a solution satisfy a linear equality constraint, as an example).
Here, we do not have any known information to repair a solu-
tion to improve its quality, but we seek and capture the repair-
ing information from past iterations using an ANN and then
apply the trained ANN to repair a solution. The process does
not require any additional solution evaluation. It only needs
to certain computational time to develop a trained ANN. The
process comes close to the recently proposed concept of on-
line innovization [15]. Another important distinction is that
the knowledge learned in our approach is not fixed from start
to end of an optimization process, but is adaptive with the
elapse of iterations. This is also desired in an effective oper-
ator, as the information to be utilized in the early iterations
may be quite different from that in later iterations. In this
sense, our ANN-assisted learning is more than a repair op-
erator, rather it is truly an adaptive, knowledge-learnt-and-
augmented (in short, an innovized) repair operator, which
does not require any additional solution evaluation.

7. Conclusions
In this paper, we have proposed an ANN-assisted learn-

ing operator for improving dominated solutions to get close
to currently-found non-dominated solutions. To achieve this,
first, we have paired past dominated solutions with the cur-
rent non-dominated solutions along different reference di-
rections. Such a data-set has then been used to train an ANN
to create a prediction model. It is then used as an innovized
repair operator for reparing offspring solutions, created by
genetic operators. Results on a number of two and three-
objective constrained and unconstrained problems have demon-
strated that the proposed ANN-assisted EMO is able to pro-
duce, in general, a better hypervolume compared to their
original versions (NSGA-II andNSGA-III). Understandably,

in certain "easy" problems, the hypervolume gain is not sig-
nificant, but in other more "difficult" problems, there are sig-
nificant gains. But importantly, in most problems, a gain
in hypervolume with the proposed ANN-assisted EMO is
observed. This indicates the usefulness of such a learning-
based operator in repairing offspring solutions andmotivates
further research in this direction.

We have attempted to distinguish our innovized repair
operator with a few other standard enhancements often used
in an EA – (i) a linkage-based offspring generator, (ii) a
local search operator, and (iii) a meta-modeling approach.
We have argued that the ANN-assisted learning operator in
some sense comes close to a repair operator that is often ap-
plied to a population member by using problem information
to improve its quality. However, our approach is distinc-
tively adaptive and uses no user-defined prior knowledge,
and learns it with iterations of the optimization algorithm,
similar to the online ‘innovization’-based approach proposed
recently [15].

It may be noted also that a GA with the learning-based
repair operator is a generic approach to solve multi-objective
optimization problems more efficiently. The base EMO al-
gorithms used here (NSGA-II/III) can be substituted with
any other population based single and multi-objective meth-
ods, like MOEA/D, SPEA2, hybrid GAs, etc. Similarly, the
learning method used here (ANN-assisted) can also be sub-
stituted by other machine learningmethods, sich as decision-
trees, Bayesian Networks, random forests, or any other prob-
abilistic modeling techniques.

The distinctive contribution of this paper lies in its set-
ting of the foundations for learning-assisted evolutionarymulti-
objective optimization. The proof-of-principle results pre-
sented through 17 different constrained and unconstrained
problems, amply demonstrates the usefulness of this approach
towards enhancing the performance of EMO algorithms. In
future, it would be interesting to evaluate the utility of this
approach on many-objective problems (involving more than
three objectives), extend the ideas to better tackle combi-
natorial optimization problems, and lower level approxima-
tions in bi-level problems to reduce computational time.
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Appendix
A. Two-Objective Test Suite

Two-objectivemodified ZDTproblems and two constrained
problems are presented below.

Problem ZDT2:
Min. f1(x) = x1,
Min. f2(x) = g(x)

[

1 −
√

x1∕g(x)
]

,
Where g(x) = 1 + 9(Σni=2(xi − 0.5)

2)∕(n − 1),
xi ∈ [0, 1], ∀i = 1, 2,… , 30.

(7)

Problem ZDT2:

Min. f1(x) = x1,
Min. f2(x) = g(x)(1 − (x1∕g(x))2),
Where g(x) = 1 + 9(Σni=2(xi − 0.5)

2)∕(n − 1),
xi ∈ [0, 1], ∀i = 1, 2,… , 30.

(8)

Problem ZDT3:
Min. f1(x) = x1,
Min. f2(x) = g(x)

[

1 −
√

x1
g(x) −

x1
g(x) sin (10�x1)

]

,
Where g(x) = 1 + 9(Σni=2(xi − 0.5)

2)∕(n − 1),
xi ∈ [0, 1], ∀i = 1, 2,… , 30.

(9)

Problem ZDT4:
Min. f1(x) = x1,
Min. f2(x) = g(x)

[

1 −
√

x1∕g(x)
]

,
Where g(x) = 1 + 10(n − 1)

+Σni=2|(xi − 0.5)
2 − 10 cos (4�(xi − 0.5))|,

x1 ∈ [0, 1], xi ∈ [−5, 5], ∀i = 2, 3,… , 30.

(10)

Problem ZDT6:
Min. f1(x) = 1 − e(−4x1)(sin 6�x1)6,
Min. f2(x) = g(x)(1 − (f1∕g(x))2),
Where g(x) = 1 + 9

[

(Σni=2(xi − 0.5)
2)∕(n − 1)

]0.25,
xi ∈ [0, 1], ∀i = 1, 2,… , 30.

(11)

Problem OSY:
Min. f1(x) = −[25(x1 − 2)2 + (x2 − 2)2 + (x3 − 1)2

+(x4 − 4)2 + (x5 − 1)2],
Min. f2(x) = x21 + x

2
2 + x

2
3 + x

2
4 + x

2
5 + x

2
6,

S. t. c1(x) ≡ x1 + x2 − 2 ≥ 0,
c2(x) ≡ 6 − x1 − x2 ≥ 0,
c3(x) ≡ 2 + x1 − x2 ≥ 0,
c4(x) ≡ 2 − x1 + 3x2 ≥ 0,
c5(x) ≡ 4 − (x3 − 3)2 − x4 ≥ 0,
c6(x) ≡ (x5 − 3)2 + x6 − 4 ≥ 0,

Where 0 ≤ x1, x2, x6 ≤ 10,
1 ≤ x3, x5 ≤ 5,
0 ≤ x4 ≤ 6.

(12)

Problem KUR:

Min. f1(x) = Σ2i=1
[

− 10 exp (−0.2
√

x2i + x
2
i+1)

]

,
Min. f2(x) = Σ3i=1

[

|xi|0.8 + 5 sin (x3i )
]

,
Where xi ∈ [−5, 5], ∀i = 1, 2, 3.

(13)

B. Three-Objective Test Suite
Unconstrained and constraint DTLZ problems used in

this study are presented below.

Problem DTLZ1:
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Min. f1(x) =
1
2x1x2(1 + g(xM )),

Min. f2(x) =
1
2x1(1 − x2)(1 + g(xM )),

Min. f3(x) =
1
2 (1 − x1)(1 + g(xM )),

Where g(xM ) = 100
[

|xM | + Σxi∈xM ((xi − 0.5)
2

−cos (20�(xi − 0.5)))
]

,
xM = (xM ,… , xn),
xi ∈ [0, 1], ∀i = 1, 2,… , 10.

(14)

Problem DTLZ2:
Min. f1(x) = (1 + g(xM )) cos (x1�∕2) cos (x2�∕2),
Min. f2(x) = (1 + g(xM )) cos (x1�∕2) sin (x2�∕2),
Min. f3(x) = (1 + g(xM )) sin (x1�∕2),
Where g(xM ) = Σxi∈xM (xi − 0.5)

2,
xM = (xM ,… , xn),
xi ∈ [0, 1], ∀i = 1, 2,… , 10.

(15)

Problem DTLZ4:
Min. f1(x) = (1 + g(xM )) cos (x�1�∕2) cos (x

�
2�∕2),

Min. f2(x) = (1 + g(xM )) cos (x�1�∕2) sin (x
�
2�∕2),

Min. f3(x) = (1 + g(xM )) sin (x�1�∕2),
Where g(xM ) = Σxi∈xM (xi − 0.5)

2,
� = 100,
xM = (xM ,… , xn),
xi ∈ [0, 1], ∀i = 1, 2,… , 10.

(16)

Problem C2-DTLZ2:
Min. f1(x) = (1 + g(xM )) cos (x1�∕2) cos (x2�∕2),
Min. f2(x) = (1 + g(xM )) cos (x1�∕2) sin (x2�∕2),
Min. f3(x) = (1 + g(xM )) sin (x1�∕2),

Sub. to c1(x) ≡ min
[

min
i∈(1,M)

[

(fi(x) − 1)2 + ΣMj=1,j≠i(f
2
j

−r2)
]

,
[

ΣMi=1(fi(x) − 1∕
√

M)2 − r2
]

]

≤ 0,

Where g(xM ) = Σxi∈xM (xi − 0.5)
2,

xM = (xM ,… , xn),
xi ∈ [0, 1], ∀i = 1, 2,… , 10.

(17)

C. Engineering Design Problems
Four engineering design optimization problems used in

this study are presented below.

Problem TRUSS:
Minimize f1(x) = V = x1

√

16 + y2 + x2
√

1 + y2,
Minimize f2(x) = S = max(�AC (x), �BC (x)),
Subject to g1(x) ≡ max(�AC , �BC ) ≤ 105 kPa,

0 ≤ x1, x2 ≤ 0.01 m2,
1 ≤ y ≤ 3 m,

Where �AC (x) =
F
4

√

16+y2
yx1

,

�BC (x) =
5F
4

√

1+y2
yx2

,
F = 100 kN.

Problem VALVE:

Min. f1(x) = F (x) = y1
(

k1 +
k2
m

(

1
m −

(

d1
d2

)2
))

+k1x1 + k2x2

(

1
m −

(

d1
d2

)2
)

,

Min. f2() = C(x) =
d22
m ,

S.t. g1(x) ≡ F ≥ 30 N,
6 mm ≤ d2 ≤ 18 mm,
2 mm ≤ x2 ≤ 5 mm,
1000 N/m ≤ k2 ≤ 2000 N/m,
0.75 ≤ m ≤ 3,

Where k1 = 3383.31 N/m,
d1 = 18 mm,
x1 = 20.54 mm,
y1 = 6 mm.

Problem WIPER:
Min. fi(x) = �i +

(

1.25
(

1 +
(

x1.6721841 x0.0366542 x0.0721333 ∕
�i
))

∕x1x2
)

, ∀i = 1, 2,
Min. f3(x) = ax−0.2006001 x0.6236202 x0.6603143 L0.1580122

+bx−0.2137341 x0.2931662 x0.3732553 L0.2401122

+cx−0.3887261 x0.3863652 x1.5029163 L0.285235,
S.t. 0.2 ≤ Ra ≤ 0.8, 1.0 ≤ Rz ≤ 4.0,

Rz ≥ 1.0, Rm ≤ 6.3,
0.1 ≤ x2 ≤ 0.3, 0.1 ≤ x3 ≤ 0.2,

Where �1 = 85219.83, �1 = 1.6, �2 = 1693.30, �2 = 0.14,
a = 993.40, b = 320.40, c = 814.91, L = 1800,
Ra = 0.634065 − 0.004599x1 − 1.221571x2
−1.125925x3 + 0.000010x21 + 0.0000001x1L
+0.007205x1x2 + 0.007658x1x3 + 2.265811x22
+6.020526x2x3 − 0.039339x1x2x3,

Rz = 2.678195 − 0.015906x1 − 3.961551x2
−4.844458x3 + 0.000027x21 + 28.458896x2x3
+0.046635x1x2 + 0.033541x1x3 + 3.816645x22
+0.001495x3L − 0.243340x1x2x3
−0.008445x2x3L + 0.000049x1x2x3L,

Rm = 2.775194 − 0.016048x1 − 2.123522x2
+0.000042x21 + 5.430604x

2
2 + 0.028112x1x2

−0.058322x1x2x3 + 0.000008x1x2L,
100.0 ≤ x1 ≤ 200.0.
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Problem CAR-SIDE-IMPACT:
Min. fi(x) = 1.98 + 4.9x1 + 6.67x2 + 6.98x3 + 4.01x4

+1.78x5 + 0.00001x6 + 2.73x7,
Min. f2(x) = F (x),
Min. f3(x) = 0.5

(

VMBP (x) + VFD(x)
)

,
S.t. g1(x) ≡ 1.16 − 0.3717x2x4 − 0.0092928x3 ≤ 1,

g2(x) ≡ −0.0159x1x2 − 0.06486x1 − 0.019x2x7
+0.261 + 0.0144x3x5 + 0.0154464x6 ≤ 0.32,

g3(x) ≡ .023232x3 − 0.045195x1 − 0.0135168x1
+0.214 − 0.018x22 − 0.018x2x7 + 0.007176x3
+0.03099x2x6 + .00817x5 − .00364x5x6 ≤ 0.32,

g4(x) ≡ 0.74 − 0.61x2 − 0.031296x3 − 0.031872x7
+0.227x22 ≤ 0.32,

g5(x) ≡ 28.98 + 3.818x3 − 4.2x1x2 + 1.27296x6
−2.68065x7 ≤ 32,

g6(x) ≡ 33.86 + 2.95x3 − 5.057x1x2 − 3.795x2
−3.4431x7 + 1.45728 ≤ 32,

g7(x) ≡ 46.36 − 9.9x2 − 4.4505x1 ≤ 32,
g8(x) ≡ F (x) = 4.72 − 0.5x4 − 0.19x2x3 ≤ 4,
g9(x) ≡ VMBP (x) = 10.58 − .674x1x2 − .67275x2

≤ 9.9,
g10(x) ≡ VFD(x) = 16.45 − .489x3x7 − .843x5x6
≤ 15.7,

0.5 ≤ x1 ≤ 1.5, 0.45 ≤ x2 ≤ 1.35, 0.5 ≤ x3 ≤ 1.5,
0.5 ≤ x4 ≤ 1.5, 0.875 ≤ x5 ≤ 2.625,
0.4 ≤ x6 ≤ 1.2, 0.4 ≤ x7 ≤ 1.2.
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