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Abstract

Over the past two decades, evolutionary multi-
objective optimization (EMO) algorithms have
demonstrated their ability to find and maintain multi-
ple trade-off solutions in two and three-objective prob-
lems. This is because their operators are able to estab-
lish an implicit parallel search within an evolving pop-
ulation around multiple optimal regions of the search
space simultaneously. For many-objective optimiza-
tion problems involving a large-dimensional objective
space, the extent of parallelism present in early EMO
methods was found to be too generic. Decomposition-
based EMO algorithms which divide the overall com-
puting task into a number of sub-tasks of focusing
within a region of the search space have found to
be successful in solving many-objective problems. In
this paper, we term this external control of an algo-
rithm’s parallelism as ‘explicit parallelism’ set by the
algorithm developer. Although such a decomposition
concept compromises on the implicit parallelism as-
pect of an EMO algorithm, an externally defined co-
ordination among different subtasks is able to bring
back the requisite parallelism needed to solve them.
In this paper, we consider three decomposition-based
EMO algorithms – MOEA/D, M2M, and NSGA-III
– to investigate the effect of user-controlled explicit
parallelism mechanism on their search operators. For
this purpose, we first consider a number of M2M vari-
ants with differing levels of explicit parallelism and
identify the most-balanced algorithm between explicit
and implicit parallelisms by applying them on a num-
ber of standard many-objective unscaled and scaled
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test problems (DTLZ and WFG problems). Results
from our extensive study indicate that by relaxing the
decomposition effect, thereby re-establishing an ap-
propriate parallel search within M2M operators, the
performance of the resulting M2M variants can be
improved. Motivated by the M2M-variant study, we
repeat the procedure on NSGA-III and MOEA/D op-
erators and observe interesting but unique balancing
acts between explicit and implicit parallelisms that
each of the algorithms requires. We also investigate
the effect of normalization of objectives in improving
the performance of MOEA/D and M2M methods and
report much improved performances than the original
methods. The overall approach helps to develop more
efficient algorithms than the original methods. The
principles of this study can be used to improve the
performance other EMO methods.

1 Introduction

After the success of population-based evolutionary al-
gorithms (EAs) in solving two and three-objective
optimization problems for finding multiple Pareto-
optimal solutions simultaneously through an evolving
population, researchers and applicationists became in-
terested in solving four and more objective optimiza-
tion problems. While the main crux of this paper is
on solving evolutionary many-objective optimization
problems involving up to 15-objective problems, first,
we begin by discussing probable reasons for the success
of EAs in solving two and three-objective optimization
problems.

EAs use a population of solutions in each genera-
tion and its operators select good solutions, recombine
them in the hope of mixing their good features to pro-
duce new and hopefully better offspring solutions. Oc-
casional mutations of offspring solutions ensure that
the evolving population is not stuck prematurely to
sub-optimal regions and also help achieve locally bet-
ter solutions. Starting with Holland’s O(N3) (where
N is the population size) schema processing argument
in 1975 [21] to Goldberg’s implicit parallelism argu-
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ment [18] in 1989 to more theoretical studies in the
EA field have all provided reasons for the working of
EAs as follows. When a population of N solutions
are evolved within an EA framework, much more than
O(N) building blocks (the essential ingredients needed
to form a near-optimal solution) get processed in every
generation. More broadly, this means that more than
N sub-regions of the search space gets evaluated and
processed in a generation for the overall EA to sort
out the promising regions to concentrate, despite the
use of only N population members. A single solution
based search algorithm misses this implicit parallelism
aspect of population-based search algorithms, provid-
ing EAs their global perspectives and their ability to
solve complex problems than their point-based coun-
terparts.

When EAs are applied to two and three-objective
optimization problems, there is no single optimal so-
lution which is the target; rather the goal is to
find multiple trade-off Pareto-optimal solutions in a
single simulation run. Early EA researchers inter-
ested in solving multi-objective optimization prob-
lems [16,18,22,41,42] have realized that in addition to
converging towards a single Pareto-optimal solution, a
diversity-preserving or niching operator was needed to
establish stable and sustained sub-populations along
various regions of the Pareto-optimal front within an
evolving population. For two or three-objective op-
timization problems, once a suitable niching is es-
tablished, EA’s other operators were able to impose
the needed implicit parallelism to constitute an ef-
ficient search within each niche and also among the
niches. The first generation algorithms were made
better by introducing more efficient and, in some
cases, parameter-less, second generation algorithms,
such as NSGA-II [8], SPEA2 [50], PESA-II [5]. In
most problems, a low-dimensional Pareto-optimal ob-
jective space comes from a low-dimensional variable
space interactions, piece-wise or parametrically, de-
spite having a large-dimensional variable space de-
scription of the original problem [11].

However, when many-objective problems involv-
ing four or more objectives are to be solved, vari-
able interactions requiring to represent the Pareto-
optimal solutions increase and the simple implicit
niching based methods designed to solve two and
three-objective optimization problems cease to find
a diverse set of Pareto-optimal solutions on the en-
tire front. The need to preserve solutions from
a widely spread-out objective space for EA’s im-
plicit parallelism mechanism to find new and continu-
ously evolving non-dominated solutions gets less em-
phasized by the so-called dominance-resistance phe-
nomenon. This fact has alluded EA researchers for a
long time and they took a number of different paths
to reliably solve many-objective optimization prob-

lems. A lot of efforts have been made to modify
the Pareto dominance relationship, such as, with α-
dominance [24], ε-dominance [10, 20], subspace dom-
inance [28], fuzzy dominance [33], L-optimality [15],
grid dominance [46], and preference order ranking [13].
Another attempt to remedy the dominance resistance
phenomenon in certain problems was to use a dimen-
sion reduction technique [4, 27, 40], in which redun-
dant objectives were identified and eliminated, as and
when found, thereby reducing the effective dimension-
ality of the Pareto-optimal set. Other ways to beat
the high-dimensionality aspect was to use a scalarized
metric to provide information about poorly progressed
part of the Pareto-optimal front and then introduce
an enhanced search there. Indicator based EMO algo-
rithms, such as hypervolume indicator [1, 2, 30, 36, 39,
43,45], R2 indicator [19] and Iε+ indicator [44] used a
metric-based selection for solving many-objective op-
timization problems.

In 2007, Zhang and Li [49] came out with
a decomposition-based algorithm (MOEA/D) that
made the implicit niching methods somewhat explicit,
by dividing the overall task of finding the entire multi-
dimensional Pareto-optimal front into a number of
loosely interacting sub-tasks. This reduced the effect
of entire search space wide implicit parallelism aspect
of early evolutionary multi-objective optimization al-
gorithms. Instead, MOEA/D relied more on implicit
parallelism to take place within each sub-problem and
leaving the automatic distribution of Pareto-optimal
solutions to parallel but more independent evolution
of individual sub-problems. The trick lied in choos-
ing an appropriate sub-problem size and a suitable
metric for evaluating solutions within a sub-problem.
In decomposition-based evolutionary many-objective
optimization (EMO) algorithms, a set of decompo-
sition vectors is predefined, either for objective ag-
gregation [25, 34, 49] or for diversity and convergence
enhancement [3, 9, 29, 35, 47, 48]. This way, despite
the large dimensionality of the objective space, the
search is restricted within an island of solutions in
the variable space dictated by a decomposition vec-
tor. Although such decomposition enabled to negoti-
ate the challenges of dimensionality increase, the pro-
posed EMO algorithms vary in the way the extent
of decomposition was introduced. One extreme with
a zero parallelism is the classical “generating meth-
ods” [38], which attempts to find a single Pareto-
optimal solution in a single optimization task.

The above discussion raises an important distinc-
tion between the well-known “implicit” parallelism as-
sociated with a population-based EA and an “explicit”
parallelism mechanism which is introduced by the al-
gorithm developer. The decomposition mechanism,
the restriction on the choice of parents, and proce-
dures for accepting a child solution to a subproblem
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are explicitly designed by the algorithm developer,
but have a huge impact in interacting with the in-
herent implicit parallelism introduced by the EMO’s
standard selection, recombination and mutation op-
erators. A balance between the explicit parallelism
introduced by the developer and implicit parallelism
introduced by the EMO’s operators is crucial for the
overall algorithm to work well. In this paper, we
demonstrate the need for such a balance in solving
large-dimensional problems and present a balancing
procedure on three popularly used EMO algorithms.
The current study uses three main decomposition-
based EMO methods – MOEA/D, M2M and NSGA-
III – for this purpose. M2M [37] is a new vari-
ant of MOEA/D for population decomposition, and
it decomposes a many-objective optimization prob-
lem into a set of many-objective optimization sub-
problems. M2M makes the sub-problems more inde-
pendent from each other, thereby making the respec-
tive algorithm less implicitly parallel. NSGA-III [9]
is the third generation non-dominated sorting genetic
algorithm, but it uses a decomposition-based niching
method to achieve the required convergence and di-
versity.

The remainder of paper is organized as follows. Sec-
tion 2 defines a many-objective optimization problem
and then briefly introduces the basic working prin-
ciples of MOEA/D, M2M, and NSGA-III. Section 3
explains the concepts of the two modes of parallelisms
associated with solving unscaled and scaled many-
objective optimization problems. In Section 4, ex-
periments are conducted with M2M algorithm and its
variants. The balance between explicit and implicit
parallelism is demonstrated through simulation results
on both unscaled and scaled problems. MOEA/D and
M2M algorithms did not have an explicit normaliza-
tion procedure to handle scaled problems – common
in practical problems. We apply two different nor-
malization procedures within MOEA/D and M2M to
comprehensively evaluate these two algorithms. Sec-
tion 5 conducts the experimental studies and analysis
on the performance of two normalization procedures in
MOEA/D-M2M variants and MOEA/D. Further per-
formance comparison on a series of NSGA-III variants
and MOEA/D variants are conducted in Section 6 to
find if these two methods are properly balanced for
explicit and implicit parallelisms and interesting ob-
servations are made in Section 7. Finally, Section 8
concludes this paper.

2 Preliminaries

In this section, we first define an optimal solution
in a multi-objective optimization problem and then
briefly introduce three main algorithms used in this
paper – MOEA/D-M2M [37], NSGA-III [9], and

MOEA/D [49].

2.1 Problem Definition

A multi-objective optimization problem (MOP) can
be generally defined as:

minimize F (x) = {f1(x), . . . , fm(x)} , (1)

subject to x ∈ Ω ⊂ Rn,

meaning that each objective function fi must be min-
imized. The vector x is a n-dimensional decision vari-
able vector and the feasible search region is defined
as Ω ⊂ Rn. An objective vector F ∈ Rm is a m-
dimensional vector, which is mapped from the decision
space. When m > 3, it is called a many-objective op-
timization problem (MaOP) [32]. A feasible solution
(or point) u = (u1, ..., um) is said to dominate another
feasible solution (or point) v = (v1, ..., vm), if ui ≤ vi
for all i = 1, . . . ,m, and u 6= v. A point x∗ is called
Pareto-optimal, if there is no x ∈ Ω such that F (x)
dominates F (x∗). The set of all the Pareto-optimal
points in the decision variable space is called the
Pareto Set (PS). A Pareto Front (PF) in the objective
space is defined as PF = {F (x) ∈ Rm|x ∈ PS}) [38].
The unattainable vector z∗ = (z∗1 , . . . , z

∗
m) is called

the ideal point, formed with z∗i describing the mini-
mal value of fi(x) over the feasible decision space Ω,
and another point znad = (znad1 , . . . , znadm ) is called the
nadir point, formed with znadi representing the maxi-
mal value of fi(x) over the PS.

2.2 MOEA/D Framework

MOEA/D decomposes an MOP or an MaOP into
a number of single-objective optimization subprob-
lems through aggregation functions with the aid of
a set of predefined weights. Three aggregation meth-
ods, namely, weighted-sum, Tchebycheff and Penalty
Boundary Intersection (PBI), are most commonly
used with the MOEA/D framework. In our study
here, we use the PBI method for aggregation, and thus
we only briefly describe MOEA/D with PBI aggrega-
tion method.

For a set of given decomposition vector (v1, v2, . . . ,
vN ), MOEA/D-PBI decomposes MOP or MaOP to N
single-objective subproblems, as follows:

minimize gpbij (x|v) = dj,1(F (x)) + θdj,2(F (x)),

subject to x ∈ D,
(2)

where j = 1, . . . , N , θ ≥ 0 is a pre-defined penalty
parameter, and vj = (vj,1, . . . , vj,m) is the decompo-
sition vector for j-th subproblem. The first dis-
tance metric dj,1(F (x)) = (F (x) − z∗)Tvj/||vj ||
is the projected distance of F (x) to the decompo-
sition vector vj , and dj,2(F (x)) = ||(F (x) − z∗) −
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dj,1(F (x))vj ||vj ||)|| is the perpendicular distance of
(F (x)− z∗) vector to the decomposition vector vj . In
MOEA/D, recombination is conducted between one
parent solution from a decomposition vector vj and
another parent within a pre-defined neighborhood of
vj , defined by a niching parameter T , with a proba-
bility of pr = 0.9, or with another member from the
entire population with a probability of 0.1. Once an
offspring solution is created, a steady-state selection
scheme is used to update the current population at
most nr times. With a probability of pu = 0.9, the cre-
ated offspring is checked with the first parent’s neigh-
borhood for an update and with a probability of 0.1
the offspring is checked with all subproblems. The up-
dates are made based on their respective PBI metric
and in the event of a success, the offspring replaces an
existing population member from the respective sub-
problem. It is important to note that MOEA/D-PBI
method involves a few user-defined parameters: θ, nr,
pr, and pu, in addition to other standard EA param-
eters. The original study suggested θ = 5, nr = 2,
pr = 0.9, and pu = 0.9. No specific constraint han-
dling procedure was suggested.

2.3 MOEA/D-M2M Framework

MOEA/D-M2M is a population decomposition frame-
work, where the M2M decomposition can decompose a
multi-objective or many-objective optimization prob-
lem into a number of multi- and many-objective opti-
mization subproblems. In this section, we will briefly
introduce the basic decomposition principle.

For simplicity, it is assumed that all the translated
objective functions (f̃j(x) = fj(x) − z∗j ) are non-
negative. MOEA/D-M2M [37] population decompo-
sition utilizes K unit vectors v1, . . . ,vK in Rm

+ for
decomposition, and Rm

+ is divided into K subregions
in the objective space Ω1, . . . ,ΩK , where Ωk (k =
1, . . . ,K) is defined as follows:

Ωk = {u ∈ Rm
+ |∠ (u,vk) ≤ ∠ (u,vj) for any j = 1, . . . ,K}, (3)

where ∠ (u,vj) is the acute angle between individual
objective vector u and the decomposition vector vj . In
other words, u belongs to Ωk if and only if vk has the
smallest angle to u among all the K decomposition
vectors. In this way, an MOP/MaOP can be trans-
formed into K constrained multi- and many-objective
optimization subproblems. Subproblem k is:

minimize F̃ (x) = (f̃1(x), . . . , f̃m(x)), (4)

subject to F̃ (x) ∈ Ωk.

During the evolutionary process, recombination and
the generational selection are conducted for each sub-
problem independently. If an offspring is created out-
side the subregion describing the subproblem, then it

is migrated to the respective subproblem. After all
N/K offsprings are created for a subproblem, they
are used to update the parent subpopulation using
the PBI metric. The additional parameters involved
in this algorithm are K and θ. No specific constraint
handling procedure was suggested.

2.4 NSGA-III Framework

At every generation, NSGA-III uses a normalization
procedure based on the objective values of the cur-
rent population to transform all normalized objective
values to take non-negative values. A detailed descrip-
tion is provided in Section 5.2. Thereafter, NSGA-III
sorts all population members (parents and offspring)
according to increasing level (or front) of domination.
Each front members are then accepted in bulk, start-
ing from the non-dominated front, until the popula-
tion cannot accept any more. A reduced set of final
front members are selected based on a niching proce-
dure to maintain the population size at every gener-
ation. The niching procedure is described here. Like
in MOEA/D, NSGA-III uses a set of reference direc-
tions, created initially by joining origin to a uniformly
distributed set of points on a m-dimensional unit sim-
plex. Normalized objective vectors are then associated
with a single reference direction based on the d2 metric
described in Section 2.2. Then, for each reference di-
rection, all associated objective vectors are identified
and a systematic niching procedure is used to establish
an uniform selection of associated members from each
reference direction. It is important to note that both
recombination and niching operations are performed
on the entire population, making this method less re-
strictive and probably most parallel among the three
methods of this study. Also, NSGA-III does not re-
quire any additional parameters. Constraint handling
is included in its domination principle.

3 Implicit and Explicit Paral-
lelism

In an EA, the implicit parallelism comes from the ef-
fect of a selecto-recombination search operator applied
to an evolving population. Depending on the “de-
signed” extent of parallelism allowed to the operators,
a highly fit population member can be recombined
with another such population member from a com-
pletely different part of the search space and produce
a child having mixed characteristics of both parents.
In problems where such a child is evaluated as fitter
than at least one of its parents, such implicitly paral-
lel evolutionary algorithms will flourish and perform
well. The designed aspect of introducing parallelism
to an algorithm externally is termed here as explicit
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parallelism here. In other studies, this act is termed
as ‘parameter control’ [14, 31], but we view here this
act as an explicit way of introducing a parallelism in
the search process. The developer of an algorithm can
restrict the extent of implicit parallelism to be estab-
lished in indirectly in a population by directly control-
ling externally who should mate with whom and who
can be compared against each other in the its selection
process.

Here, we explain the two modes of parallelism re-
lated to decomposition-based EMO algorithms. An
efficient optimization algorithm needs to make a good
balance of these two parallelism modes in which one
can be explicitly controlled by the developer and the
other gets established according to the ensuing algo-
rithm.

• Implicit parallelism: The parallelism comes
from operator interactions in population based
search and the algorithm itself. When two so-
lutions are recombined, certain schemata are pre-
served between parents and offsprings. Selection,
niching, recombination, mating restriction, and
any other genetic operators employ such a par-
allelism within an evolutionary algorithm. The
degree of implicit parallelism gets established by
the ability and flexibility of population members
to be used in creating new solutions and in com-
peting with each other. The ability of one pop-
ulation member to influence another population
member in finding new and better child solutions
is referred as the implicit parallelism of the search
algorithm.

• Explicit parallelism: Parallelism is introduced
explicitly by directly controlling how two or more
individuals can participate in an evolving popula-
tion in creating new solutions. Such an external
control can reduce the generic search effect in-
troduced by the implicit parallelism to make an
overall effective search. In problems where an im-
plicit parallelism effect between two disparate so-
lutions can result in not-so-good solutions, an ex-
plicit control of parallelism can be beneficial. In
a sense, an explicit parallelism controls the effect
of implicit parallelism in order to constitute an
overall better search algorithm.

In the context of multi- and many-objective opti-
mization, implicit parallelism is actually an inner fea-
ture of EMO algorithms, and the nature of population-
based search makes it possible to approximate a set
of optimal solutions simultaneously. Explicit paral-
lelism can be introduced by restrictions or relaxations
on recombination, selection and migration procedures
of EMO algorithms. Figure 1 presents a sketch ex-
plaining the levels of explicit parallelism introduced

in a few existing multi- and many-objective optimiza-
tion algorithms. Classical generating methods [38], in

Methods

MaxNo

NSGA−II

SPEA2, ...MOEA/D−M2M MOEA/D NSGA−III

Level of Explicit Parallelism

Decomposition−based  Methods

Generating
Classical

Figure 1: Levels of explicit parallelism in different
decomposition-based multi- and many-objective opti-
mization algorithms.

which each Pareto-optimal solution is attempted to
be found separately by scalarizing the problem into a
single objective, are least parallel in terms of finding
a set of well-distributed Pareto-optimal solutions. In
decomposition-based EMO algorithms, the population
is divided into different subpopulations and they can
either evolve independently or collaboratively within
an algorithm. The interactions can be controlled by
an explicit parallelism mechanism. For example, in
MOEA/D-M2M, the population is decomposed into
a number of subpopulations describing each subprob-
lem. If the explicit parallelism is made too restric-
tive, each subpopulation is expected to evolve inde-
pendently with implicit parallelism effect restricted
only to each subproblem. We can easily relax this
explicit parallelism mechanism of MOEA/D-M2M by
allowing subpopulations to interact more with each
other. MOEA/D-M2M framework allows us to con-
trol the effect of explicit parallelism by relaxing the
original restrictions of its operators. In this sense, the
MOEA/D-M2M method introduces a higher level of
explicit parallelism than the classical generating meth-
ods. In MOEA/D, the selection procedure is confined
within a neighborhood of a reference vector, but re-
combination is not restricted within the same neigh-
borhood, thereby making the process more explicitly
parallel. NSGA-III, on the other hand, is not restric-
tive in its recombination operator, but restricts its
niching operation within associated members of every
reference line. Although, it introduces a higher level
explicit parallelism than MOEA/D or M2M due to its
global dominance check, evolutionary multi-objective
optimization algorithms, such as, NSGA-II, SPEA2
and others, possess the largest level of explicit paral-
lelism without any restriction on selection or recombi-
nation operations. As mentioned before, such a flexi-
ble explicit parallelism could not be extended to solve
many-objective optimization problems, at least as yet.
Table 1 shows the restriction of different operators
within MOEA/D-M2M, NSGA-III, and MOEA/D.

It is important to note that a higher level of ex-
plicit parallelism does not mean that the algorithm is
more efficient. Every problem requires a good balance
between explicit and implicit parallelism for an algo-
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Table 1: Illustration of the coupling in NSGA-III,
MOEA/D-M2M, and MOEA/D.

Operation NSGA-III MOEA/D-M2M MOEA/D

Selection Yes Subregion Neighbor

Recombination Yes Subregion Neighbor

Migration Yes Yes No

rithm to work its best. For some problems, NSGA-
III’s explicit parallelism may be too flexible for it to
establish the necessary focused search needed for them
to be solved efficiently and MOEA/D-M2M’s explicit
parallelism may be just adequate for the problem. On
the other hand, some complex problems may make
MOEA/D-M2M’s explicit parallelism to be too re-
strictive, and need NSGA-III’s much flexible level of
explicit parallelism. Explicit parallelism is controlled
by the user, and depending on its set level, the al-
gorithm’s operators facilitate a certain level of im-
plicit parallelism within an evolving population. If
the search power generated by such a derived im-
plicit parallelism mechanism is adequate for a prob-
lem class to be solved efficiently, the algorithm with
its set explicit parallelism will be successful to solve
the specific problem class. It is then important for
an algorithm designer to know how easy or flexible it
is to set an algorithm’s level of explicit parallelism,
so that some procedures can be developed to set the
right level of explicit parallelism either initially or tem-
porarily. While we do not address the issue of so-
phisticated ways of setting the right level of explicit
parallelism for a problem class, we demonstrate here
how to achieve the right level of explicit parallelism
initially and manually into three popular EMO algo-
rithms – MOEA/D, MOEA/D-M2M, and MSGA-III –
in solving two commonly-used series of problem classes
– DTLZ and WFG.

4 Variants of MOEA/D-M2M
and Results

First, we discuss MOEA/D-M2M variants and the re-
sults obtained with them. Because of the popula-
tion decomposition strategy in MOEA/D-M2M, we
can easily control the degree of explicit parallelism
by varying the interactions among different subpop-
ulations. Here, we vary the probabilities of selection
and recombination within each subpopulation of the
original MOEA/D-M2M to have different levels of ex-
plicit parallelism, and then compare the performance
of MOEA/D-M2M variants with the original NSGA-
III and MOEA/D methods. We create a total of 14
MOEA/D-M2M variants including the original one
(Table 2). For simplicity, we create (v1,. . .,v14) with
corresponding probabilities (p1, p2) to represent each

of the variants of MOEA/D-M2M, where p1 and p2
are the probabilities of selection within the subpopu-
lation and the probability of recombination within the
subpopulation, respectively. For example, MOEA/D-
M2M-v1 represents the original MOEA/D-M2M with
p1 = 1 and p2 = 1, respectively. In this M2M-
variant, both selection and recombination operators
are restricted to take place within each subpopulation,
thereby representing the original MOEA/D-M2M. In
the parlance of this paper, this corresponds to no ex-
plicit parallelism among subpopulations. On the other
hand, MOEA/D-M2M-v4 uses p1 = 1 and p2 = 0 and
allows recombination to take place among the entire
population, while selection is still restricted among
members of each subpopulation. MOEA/D-M2M-v5
(with p1 = 0.67 and p2 = 0.67) restricts selection and
recombination within each subpopulation 67% of the
time and applies the operators among the entire pop-
ulation the rest 33% of the time. MOEA/D-M2M-v11
(with p1 = 0 and p2 = 0) is the most explicitly parallel
M2M variant, in which any two population members
can be compared in the selection operator and any two
population members are allowed to participate in the
recombination operator.

In the remainder of this section, we present results
from an extensive experimental study to demonstrate
the effect of different levels of explicit parallelism on
the performance of M2M method. Mutation operator
is applied as usual. In our experimental study, two sets
of widely used benchmark problems from DTLZ [12]
and WFG [23] families with three to 15 objectives are
tested. These two types of benchmark problems are
popular among the EMO community, because they
cover a number of problem characteristics that bring
challenges for evolutionary algorithms to obtain a set
of well representative solutions along the Pareto Front.
Each of the M2M variants, the original MOEA/D and
the original NSGA-III methods are run 15 times inde-
pendently on each test problem. The IGD-metric [51]
is used to measure the quality of obtained solutions for
each test problem. Statistical evaluation of the multi-
ple runs is accounted by means of Wilcoxon rank-sum
test in each case.

4.1 Parameter Settings

In the experimental studies, the population size N ,
number of sub-regions (K), and number of divisions
H for generating initial decomposition vectors for all
algorithms are kept the same, and are shown in Ta-
ble 3. Problems DTLZ1 to DTLZ4 and WFG5 to
WFG8 with the number of objectives m = 3, 5, 8,
10 and 15 are tested here. The number of decision
variables is set as n = m + 4 for DTLZ1, n = m + 9
for DTLZ2 to DTLZ4, and n = m + 19 for WFG5 to
WFG8. The number of generations for each problem
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Table 2: Variants of MOEA/D-M2M and their respective parameter (p1, p2) values.

Variant v1 v2 v3 v4 v5 v6 v7
(P1,P2) (1,1) (1,0.67) (1,0.33) (1,0) (0.67,0.67) (0.67,0.33) (0.67,0)
Variant v8 v9 v10 v11 v12 v13 v14
(P1,P2) (0.33,0.67) (0.33,0.33) (0.33,0) (0,0) (0,0.33) (0,0.67) (0,1)

are also presented in Table 2. The SBX [7] operator
with pc = 1 and ηc = 30, and polynomial mutation [6]
with pm = 1/n and ηm = 20 are used for each algo-
rithm. We use other MOEA/D and M2M parameters

Table 3: Population size, number of divisions in each
objective axis for generating decomposition vectors,
and number of subregions used in this study. Note
that ]Div. values for 8 10, and 15 objectives are shown
for two layers of reference directions [9].

]Obj. ]Div. K PopSize
3 12 10 91
5 6 14 210
8 3,2 12 156
10 3,2 17 275
15 2,1 12 135

Table 4: Number of generations for DTLZ and WFG
problems.

]Obj. DTLZ1 DTLZ2 DTLZ3 DTLZ4 WFG5-8

3 400 250 1000 600 400
5 600 350 1000 1000 750
8 750 500 1000 1250 1500
10 1000 750 1500 2000 2000
15 1500 1000 2000 3000 3000

as they were suggested in the respective original stud-
ies.

4.2 IGD Metric

The IGD-metric [51] is used to measure the perfor-
mance of all 16 algorithms, and another 20 variants of
NSGA-III and MOEA/D in the next section. To cal-
culate the IGD-metric, first, we need to obtain P∗ – a
set of reference points which are uniformly distributed
along the PF in the objective space. The IGD-metric
between the P∗ and P can then be defined as follows:

IGD(P∗,P) =

∑
v∈P∗

d(v,P)

|P∗|
,

where d(v,P) is the minimum Euclidean distance from
the point v to P. Intuitively, the smaller the value of
IGD-metric, the better is the algorithm.

4.3 Simulation Results on DTLZ Prob-
lems

Median IGD values on DTLZ problems are presented
in Table 5 for the top three M2M variants (v2, v3 and
v4) and three other original algorithms – NSGA-III,
MOEA/D and M2M itself. The MOEA/D and M2M
variants are applied without any objective normaliza-
tion procedure, as they were originally proposed. The
best performance is highlighted in bold with a gray
background. We also perform the Wilcoxon rank-
signed test for all 15 runs starting with different ini-
tial populations and the performance without a sig-
nificant difference with 95% confidence with the best-
performing algorithm is italicized with a gray back-
ground as well. It is interesting to note that while
MOEA/D performs well on all low-dimensional DTLZ
problems, certain M2M variants perform exceedingly
well on low and high-dimensional DTLZ problems.
Importantly, the three M2M variants perform much
better than the original M2M algorithm. M2M-v2
with p1 = 1 and p2 = 0.67 allows recombination to
take place among all population members irrespective
of the subpopulations they belong. Such an explicit
parallelism allows M2M-v2 to perform much better
than the more restrictive original M2M algorithm.

Wilcoxon signed-rank test results are presented in
Table 6. Each algorithm is compared with the best-
performing algorithm (shown with a bold zero in the
table) in terms of their median performance. If an
algorithm’s performance is not significantly different
with p-value less than 0.05, a value of zero is as-
signed, otherwise a value of one is assigned. Since
the performance of the algorithms vary significantly
with an increase in number of objectives, we con-
sider m = 3 and 5-objective problems as relatively
low-dimensional problems and m = 8, 10, and 15-
objective problems as high-dimensional. A sum of the
above values on eight low-dimensional problems in-
stances reveal that MOEA/D performs the best, fol-
lowed by M2M-v2, v3 and v4. Importantly, the orig-
inal M2M (v1) and NSGA-III fail to perform well on
these problems. On 12 high-dimensional DTLZ prob-
lems, MOEA/D performs well, but the best perfor-
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Table 5: Median IGD values of NSGA-III, MOEA/D, original M2M, and the top three MOEA/D-M2M
variants on DTLZ problems.

Method DTLZ1-3 DTLZ1-5 DTLZ2-3 DTLZ2-5 DTLZ3-3 DTLZ3-5 DTLZ4-3 DTLZ4-5

NSGA-III 0.002447 0.003372 0.001878 0.006894 0.004459 0.009924 0.000836 0.001176
MOEA/D 0.001525 0.000486 0.000540 0.000919 0.004297 0.001819 0.000133 0.000082
M2M 0.007047 0.001015 0.001078 0.001863 0.030759 0.017584 0.000131 0.000348
M2M-v2 0.001133 0.000392 0.000640 0.001549 0.003053 0.002317 0.000111 0.000254
M2M-v3 0.001089 0.000392 0.000612 0.001755 0.003778 0.001367 0.000119 0.000251
M2M-v12 0.001620 0.000678 0.000682 0.001529 0.004059 0.002477 0.000118 0.000206

Method DTLZ1-8 DTLZ1-10 DTLZ1-15 DTLZ2-8 DTLZ2-10 DTLZ2-15

NSGA-III 0.006439 0.004012 0.005126 0.002169 0.017623 0.019434
MOEA/D 0.003949 0.005122 0.015709 0.002035 0.002879 0.005962
M2M 0.011439 0.011507 0.048595 0.007692 0.006900 0.010018
M2M-v2 0.003673 0.003591 0.013176 0.005761 0.005235 0.006207
M2M-v3 0.002521 0.002672 0.011815 0.005691 0.005164 0.006151
M2M-v12 0.002349 0.001988 0.003665 0.005186 0.004720 0.005590
Method DTLZ3-8 DTLZ3-10 DTLZ3-15 DTLZ4-8 DTLZ4-10 DTLZ4-15

NSGA-III 0.034200 0.019540 0.029303 0.004183 0.004802 0.006760
MOEA/D 0.008675 0.003935 0.018911 0.001148 0.001175 0.108072
M2M 0.031047 0.013649 0.037458 0.004516 0.004388 0.013238
M2M-v2 0.008868 0.005157 0.005950 0.002532 0.002246 0.003711
M2M-v3 0.010207 0.005458 0.008016 0.002366 0.002144 0.002765
M2M-v12 0.013780 0.007031 0.006414 0.002190 0.001932 0.003281

mance comes from M2M-v12 variant with p1 = 0 and
p2 = 0.33. M2M-v2 performs as well as MOEA/D and
the original M2M (v1) performs the worst.

Overall, we may conclude from the above results
that while MOEA/D performs the best in well-scaled
DTLZ problems from three to 15 objectives, certain
M2M variants compare well with MOEA/D, but im-
portantly these M2M variants are much better than
the original M2M algorithm. For example, MOEA/D-
M2M-v2 employs a restricted selection within each
subpopulation, whereas the recombination is explicitly
allowed to take place between different subpopulations
with a probability of 33%. Allowing recombination
to take place among different subpopulations, implicit
parallelism works better in creating useful offspring so-
lutions and 33% probability event makes a good bal-
ance between exploiting parallelism and negotiating
generality needed to solve DTLZ problems. It is also
interesting to note that the M2M variant 12 (with no
restriction on selection and recombination probability
of 33%, meaning 33% recombination among different
subpopulations) also performs well on low and high-
dimensional DTLZ problems.

4.4 Simulation Results on WFG Prob-
lems

WFG problems produce a non-uniform scaling of ob-
jective values, thereby requiring an appropriate nor-
malization of objectives for an EMO algorithm to
work well. Table 7 shows the median IGD values of
top three M2M variants and other original methods

– NSGA-III, MOEA/D and M2M – on WFG prob-
lems. As before, MOEA/D and M2M algorithms are
applied without any objective normalization, as they
were originally proposed. M2M variants are also ap-
plied without any normalization here. We observe a
completely different outcome compared to those ob-
served in DTLZ problems. Now, NSGA-III works the
best and it works so well compared to other algorithms
that all other methods are significantly worse (with
p < 0.05) in the Wilcoxon rank-sum test.

To show the relative performance of non-NSGA-III
methods, we exclude NSGA-III from the comparison
and perform a Wilcoxon rank-sum test with the rest
of the methods. Table 8 shows the rank values (zero
or one with bold zero indicating the best-performing
non-NSGA-III method). It is interesting to note that
M2M-v2 to v3 perform better than MOEA/D in these
problems for both low and high-dimensional versions
of WFG problems. Specifically for high-dimensional
WFG problems, these three M2M versions perform
exceedingly well.

Overall, for solving scaled WFG problems, NSGA-
III outperforms MOEA/D, M2M and M2M-variants
on both low and high-dimensional problems. How-
ever, M2M-v2, v3 and v4 are much better than original
M2M and other M2M-variants and also better than
the MOEA/D algorithm. While NSGA-III’s super-
performance is due to its internal normalization pro-
cedure which handles WFG problems better, certain
M2M-variants with a controlled explicit parallelism
built in perform better than MOEA/D and original
M2M despite the absence of any normalization proce-
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Table 6: Wilcoxon rank-sum test values for the variants of MOEA/D-M2M, NSGA-III, and MOEA/D on
DTLZ test problems.

Instance v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14 NSGA-III MOEA/D

DTLZ1-3 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0
DTLZ1-5 1 0 0 0 1 1 1 1 1 1 1 1 0 1 1 0
DTLZ2-3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0
DTLZ2-5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0
DTLZ3-3 1 0 0 0 1 0 0 0 1 1 1 0 1 1 1 0
DTLZ3-5 1 0 0 0 1 1 1 1 1 1 1 1 1 1 1 0
DTLZ4-3 1 0 0 1 0 1 1 1 1 1 1 0 0 1 1 1
DTLZ4-5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0

Sum 8 3 3 4 6 6 6 6 7 7 7 5 5 8 8 1

DTLZ1-8 1 1 0 0 1 1 1 1 1 1 0 0 1 1 1 1
DTLZ1-10 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1
DTLZ1-15 1 1 1 1 1 1 1 1 1 1 0 0 0 1 1 1
DTLZ2-8 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0
DTLZ2-10 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0
DTLZ2-15 1 0 0 1 1 1 1 1 1 1 0 0 0 1 1 0
DTLZ3-8 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 0
DTLZ3-10 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0
DTLZ3-15 1 0 1 1 1 1 1 1 1 1 1 0 0 1 1 1
DTLZ4-8 1 0 1 1 1 1 1 1 1 1 0 0 0 1 1 0
DTLZ4-10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
DTLZ4-15 1 0 0 0 1 0 1 0 1 1 0 0 1 1 0 1

Sum 11 5 7 9 11 10 11 10 11 11 6 4 7 11 10 5

dure. This indicates that MOEA/D and M2M vari-
ants must be associated with a suitable normalization
procedure to solve scaled problems, which are usually
the case in real-world applications – a matter which
we consider next.

5 Extended M2M and
MOEA/D Algorithms with
Normalization

Here, we modify M2M variants and MOEA/D algo-
rithm with two normalization procedures – (i) a simple
and naive normalization and (ii) NSGA-III’s normal-
ization.

5.1 Simple Normalization Procedure

First, we introduce the simple normalization proce-
dure to MOEA/D-M2M and MOEA/D to negoti-
ate the scalability issue. The objectives fi(x) (i =
1, 2, ...,m) of a solution x is normalized as follows:

f̃i(x) =
fi(x)− zmin

i

zmax
i − zmin

i

, (5)

where zmin
i and zmax

i are the minimum and maximum
value of fi found in the evolving population since the

start of a run. These values are updated in every gen-
eration. We refer to the modified MOEA/D with sim-
ple normalization as MOEA/D-S and M2M variants
as M2M-S variants.

5.1.1 Results on DTLZ Problems

We apply all 14 M2M-S variants on low and high-
dimensional DTLZ problems and observe that M2M-
S-v11, v12 and v13 (Table 2) are the best-performing
methods. These variants allow selection operator to
choose parents from the entire evolving population
and recombination operator with 100%, 67% and 33%
probabilities of choosing a partner for mating from
the entire population, respectively. These variants are
more explicitly parallel than the original M2M. A mat-
ing restriction scheme was applied on NSGA-II to ob-
tain a better performance in another study [17,26].

Table 9 presents the median IGD-metric values of
15 independent runs. Not surprisingly, the simple
normalization procedure does not help M2M variants
much in solving the unscaled DTLZ problems, ex-
cept in the 15-objective DTLZ4 problem. The per-
formance of MOEA/D-S is also not better, in general,
from the original MOEA/D, except in large-objective
DTLZ4 problems. The table also presents results from
an NSGA-III variant which we shall discuss in Sec-
tion 6.1.
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Table 7: Median IGD values of NSGA-III, MOEA/D, original M2M and the top three MOEA/D-M2M variants
on WFG problems. NSGA-III outperforms all other algorithms on all chosen WFG problems.

Method WFG5-3 WFG5-5 WFG6-3 WFG6-5 WFG7-3 WFG7-5 WFG8-3 WFG8-5

NSGA-III 0.030312 0.032270 0.032546 0.034340 0.007695 0.009096 0.055666 0.088318
MOEA/D 0.068102 0.206356 0.160424 0.368342 0.076203 0.279480 0.079065 0.242569
M2M 0.068986 0.178531 0.077098 0.180466 0.081060 0.179978 0.086545 0.194794
M2M-v2 0.068391 0.178995 0.073241 0.180259 0.070699 0.178796 0.081202 0.194540
M2M-v3 0.068190 0.178774 0.072668 0.180095 0.068557 0.178712 0.080951 0.194575
M2M-v4 0.068196 0.178923 0.070584 0.180031 0.068001 0.178740 0.080918 0.194206

Method WFG5-8 WFG5-10 WFG5-15 WFG6-8 WFG6-10 WFG6-15

NSGA-III 0.031780 0.033264 0.032821 0.030175 0.033839 0.040254
MOEA/D 0.557644 0.681880 0.910326 0.842535 0.940924 1.096261
M2M 0.391055 0.546182 0.686288 0.462567 0.652632 0.836909
M2M-v2 0.385829 0.541831 0.679672 0.467113 0.661605 0.820415
M2M-v3 0.382307 0.534454 0.678947 0.469270 0.672973 0.831685
M2M-v4 0.381844 0.538845 0.671721 0.457262 0.649093 0.884749
NSGA-III 0.008356 0.011790 0.011752 0.178498 0.234745 0.284391
MOEA/D 0.809235 0.931088 1.092941 0.794623 0.955314 1.133327
M2M 0.449549 0.641922 0.770839 0.407763 0.666609 0.800532
M2M-v2 0.459846 0.643176 0.804302 0.437204 0.666723 0.827281
M2M-v3 0.450851 0.638046 0.808478 0.455618 0.649783 0.824768
M2M-v4 0.444614 0.643029 0.789138 0.435786 0.664692 0.819770

5.1.2 Results on WFG Problems

As expected, the performance of M2M-S variants on
all scaled WFG problems is better compared to their
non-normalized versions, as can be seen from Table 10.
For WFG problems, M2M-S variants v2, v3 and v13
worked the best. Similar outcome can be observed
for MOEA/D-S algorithm as well. While the original
MOEA/D did not perform well on these problems at
all (Table 7), on three and five-objective WFG8 prob-
lems, MOEA/D performs the best, even compared to
NSGA-III. On eight and 10-objective WFG8, M2M-
S-V13 performs the best.

5.2 NSGA-III Normalization Proce-
dure on M2M and MOEA/D

NSGA-III uses a more sophisticated normalization
procedure, which was found to work well on many
scaled problems in the original study [9, 29]. Follow-
ing normalization procedure was adopted in NSGA-III
and is used to update M2M variants and MOEA/D
algorithms. At each generation, first, the objective
values are translated to origin by using the mini-
mum objective-wise values of the current population.
Then, m extreme points are picked from the current
non-dominated front, where m is the number of ob-
jectives. These m points are used to form a linear
hyperplane and the intercept of the hyperplane with
each objective axis is found, as described in the orig-
inal study [9]. To ensure that the linear hyperplane
poses a non-dominated relationship of points lying on
it, several tests are done. In the event of duplicate

extreme points, the hyperplane formation fails and we
then consider the nadir point (computed from the cur-
rent non-dominated front) as intercept values. In the
event of negative intercept value resulting from the
hyperplane formation, we replace the intercept with
the corresponding nadir point value. Finally, if the
intercept is found to be smaller than a small value
(1e-6 is used here), we replace the intercept with the
maximum value across all population members for the
particular objective axis. The extreme points, found
above, are updated with the new extreme points at ev-
ery generation. The extreme point and origin are then
used to normalize each objective function. We apply
the NSGA-III’s normalization procedure to MOEA/D
(call it MOEA/D-N) and M2M variants (call them
M2M-N).

5.2.1 Results on DTLZ Problems

M2M-N variants v11, v12 and v13 performed the best
with NSGA-III’s normalization on DTLZ problems.
It is clear from Table 11 that these three methods
worked better on many problems compared to their
non-normalized M2M variants. Compared to the re-
sults presented in Table 11 using the simple normal-
ization, NSGA-III’s normalization procedure resulted
in better performance, in general. However, origi-
nal MOEA/D (without any normalization) performed
better than NSGA-III’s normalization on DTLZ prob-
lems, due to a uniform scaling naturally present in
DTLZ problems.
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Table 8: Wilcoxon rank-sum test for the variants of MOEA/D-M2M and MOEA/D on WFG test problems.
NSGA-III is excluded in computing the ranking in this table to get better idea of relative ranking of other
algorithms.

Instance v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14 MOEA/D

WFG5-3 1 0 0 0 1 0 0 1 0 1 0 0 0 1 0
WFG5-5 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1
WFG6-3 1 1 1 0 1 0 0 1 1 0 0 0 1 1 0
WFG6-5 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG7-3 1 1 0 0 1 0 0 1 0 0 0 0 1 1 1
WFG7-5 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG8-3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0
WFG8-5 1 0 0 0 1 1 1 1 1 1 1 1 1 1 1

Sum 5 4 3 2 8 5 5 8 6 6 5 5 7 8 5

WFG5-8 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG5-10 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG5-15 1 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG6-8 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG6-10 0 0 0 0 0 1 0 1 1 0 1 1 1 1 1
WFG6-15 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG7-8 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG7-10 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG7-15 0 0 0 0 0 1 0 1 1 1 1 1 1 1 1
WFG8-8 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG8-10 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
WFG4-15 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1

Sum 1 0 0 0 9 12 10 12 12 11 12 12 12 12 12

5.2.2 Results on WFG Problems

Table 12 presents the median IGD metric values of
each 15 independent run for each algorithm on WFG
problems. Like in Table 10, NSGA-III’s normal-
ization helped M2M variables (v2, v3, and v13) to
perform better than their non-normalization coun-
terparts. Similar performance is also observed with
MOEA/D-N. Many of these methods now exhibit
comparable performance to the original NSGA-III,
which was not possible without any normalization,
as presented in Table 7 before. Results of NSGA-III
and MOEA/D variants – NSGA-III-0.7, MOEA/D-
0.1, and MOEA-D/N-0.1, presented in Table 12 – are
discussed next.

6 NSGA-III and MOEA/D
Variants and Results

Motivated by the effect of explicit parallelism on M2M
variants with and without normalization, we attempt
to modify the original NSGA-III and MOEA/D pro-
cedure so that a similar explicit parallelism can be es-
tablished in both of them. First, we present NSGA-III
variants.

6.1 NSGA-III Variants

To introduce different degrees of explicit parallelism
to NSGA-III, we modify the original NSGA-III by
restricting two parents for recombination within the

same associated reference line (or, establishing a mat-
ing restriction) with a certain probability, α. The
original NSGA-III algorithm randomly selected two
parents from the entire population for recombination,
thereby allowing a complete parallelism to be played.
If such a procedure causes an overly flexible search,
this can be controlled explicitly by restricting the re-
combination to take place between two close-by so-
lutions. This situation is opposite to the restriction
faced in the original M2M algorithm. Our original
NSGA-III is declared to have a zero probability of
mating exclusively with same niched solutions and is
open to mate with any other population member. In
NSGA-III-α variant, a parent mates with any other
population member with a probability (1 − α) and
mates with a member from its own subproblem (a sim-
ilar subproblem concept in M2M introduced in NSGA-
III) with the remaining probability α. We test the
performance of 11 NSGA-III variants including the
original one (α = 0) on DTLZ and WFG problems.

Table 13 and Table 14 show the Wilcoxon rank-
signed test results of 15 sets of the obtained solutions
for each NSGA-III variant on DTLZ and WFG prob-
lems, respectively. The first row of Table 13 and Ta-
ble 14 indicates the probability, α. For DTLZ prob-
lems, we observe from Table 13 that NSGA-III variant
with the probability of α = 0.7 of recombining with a
similar solution produces the best performance. Inter-
estingly, similar phenomenon can is also be observed
in Table 14 for all WFG problems.

Tables 4 to 6 present the median IGD metric val-
ues for NSGA-III-0.7 for DTLZ and WFG problems.
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Table 9: Median IGD values of NSGA-III, MOEA/D, MOEA/D-S, original M2M and the top three M2M
variants with simple normalization on DTLZ problems.

Method DTLZ1-3 DTLZ1-5 DTLZ2-3 DTLZ2-5 DTLZ3-3 DTLZ3-5 DTLZ4-3 DTLZ4-5

NSGA-III 0.002447 0.003372 0.001878 0.006894 0.004459 0.009924 0.000836 0.001176
NSGA-III-0.7 0.009922 0.001783 0.001593 0.004666 0.005160 0.008945 0.001000 0.001030
MOEA/D 0.001525 0.000486 0.000540 0.000919 0.002934 0.001819 0.000133 0.000082
MOEA/D-S 0.003064 0.492988 0.000766 0.001029 1.323132 1.124727 0.000052 0.000085
M2M-O 0.007047 0.001015 0.001078 0.001863 0.030759 0.017584 0.000131 0.000348
M2M-S-v11 0.030108 0.464759 0.006718 0.006218 0.430047 1.090534 0.006565 0.004929
M2M-S-v12 0.026674 0.469530 0.006463 0.005820 0.205835 1.102464 0.007041 0.005075
M2M-S-v13 0.030235 0.465849 0.006795 0.005189 0.010619 1.099218 0.007140 0.004773

Method DTLZ1-8 DTLZ1-10 DTLZ1-15 DTLZ2-8 DTLZ2-10 DTLZ2-15

NSGA-III 0.006439 0.004012 0.005126 0.017261 0.017623 0.019434
NSGA-III-0.7 0.002841 0.002185 0.005364 0.007811 0.007811 0.014239
MOEA/D 0.003949 0.005122 0.015709 0.002035 0.002879 0.005962
MOEA/D-S 0.529817 0.539642 0.582147 1.228621 1.264533 1.323132
M2M-O 0.011439 0.011507 0.048595 0.007692 0.006900 0.010018
M2M-S-v11 0.526998 0.534093 0.582132 0.007810 0.008652 0.430047
M2M-S-v12 0.527336 0.533610 0.582128 0.007713 0.008035 0.205835
M2M-S-v13 0.521615 0.531582 0.582124 0.007597 0.007261 0.010619
Method DTLZ3-8 DTLZ3-10 DTLZ3-15 DTLZ4-8 DTLZ4-10 DTLZ4-15

NSGA-III 0.034200 0.019540 0.029303 0.004183 0.004802 0.006760
NSGA-III-0.7 0.018117 0.008192 0.026173 0.002360 0.002111 0.007780
MOEA/D 0.008868 0.005157 0.962856 0.001148 0.002246 0.306230
MOEA/D-S 1.230680 1.264697 1.324349 0.001097 0.002109 0.306230
M2M-O 0.031047 0.013649 0.037458 0.004516 0.004388 0.013238
M2M-S-v11 1.226945 1.260186 1.323221 0.004594 0.005107 0.004776
M2M-S-v12 1.228679 1.262320 1.320097 0.004569 0.004665 0.004291
M2M-S-v13 1.228593 1.263071 1.323239 0.004984 0.004808 0.007054

While the original NSGA-III could not match well
with MOEA/D and certain M2M variants on unscaled
DTLZ problems, with 70% restriction of parent selec-
tion within the same subproblem (or niche) allows it
to have the best performance in 8 and 10-objective
DTLZ1 problems and better performance than orig-
inal NSGA-III in many other problems. For WFG
problems, NSGA-III-0.7’s performance is best on most
problems and is better or equivalent than the original
NSGA-III on all problems. The developers of NSGA-
III did not consider the possibility of a more restrictive
parent selection (or mating restriction) procedure and
is found to be a useful property in this study.

The above results indicate that the original NSGA-
III introduced too much flexibility for any two parents
to be recombined to produce effective offspring solu-
tions. For many-objective optimization problems hav-
ing a large dimensional objective space, it turns out to
be too generic and may have consumed unnecessarily
more solution evaluations to get close to the Pareto-
optimal front. Motivated by the idea of explicit paral-
lelism introduced by making the recombination more
flexible and more parallel in M2M algorithms, we are
able to develop an opposite and a more restrictive ver-
sion of NSGA-III’s recombination operation to reduce
its overly flexible search power. Of all the parameters

tried, a 70% restriction of recombination within the
same niche and the rest 30% recombination to the en-
tire population turns out to be a good compromise to
other exploitation-exploration providing operators of
NSGA-III.

6.2 MOEA/D Variants

So far, we are able to improve performance of origi-
nal M2M and NSGA-III algorithms by explicitly con-
trolling the parallelism introduced by their selection
and recombination operators. Now, it is the turn
of MOEA/D algorithm. The original MOEA/D uses
its neighborhood update and recombination operation
among solutions coming from a few neighboring refer-
ence lines 90% of the time and used the entire popu-
lation the remaining 10% of the time. Here, we make
this parameter to vary from 0% to 100% and create
11 MOEA/D-variants. Tables 15 and 16 show the
Wilcoxon rank-sum outcomes for DTLZ and WFG
problems, respectively. MOEA/D is applied without
any normalization here. The best performing algo-
rithm is marked with a zero and in bold. All other
variants which makes an insignificant performance dif-
ference with p < 0.05 are marked with a zero, but all
significantly worse performing algorithms are marked
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Table 10: Median IGD values of NSGA-III, MOEA/D, MOEA/D-S, original M2M and the top three M2M
variants with simple normalization on WFG problems.

Method WFG5-3 WFG5-5 WFG6-3 WFG6-5 WFG7-3 WFG7-5 WFG8-3 WFG8-5

NSGA-III 0.030312 0.032270 0.032821 0.034340 0.007695 0.009096 0.055666 0.088318
NSGA-III-0.7 0.030362 0.031869 0.032591 0.032464 0.007145 0.007812 0.054998 0.082672
MOEA/D 0.068115 0.209306 0.072426 0.281740 0.076652 0.279958 0.078439 0.240437
MOEA/D-S 0.035975 0.032449 0.045477 0.036901 0.036095 0.009524 0.054071 0.060853
M2M-O 0.068861 0.178420 0.075951 0.180331 0.079863 0.179443 0.087754 0.194563
M2M-S-v2 0.036710 0.034293 0.050889 0.041038 0.031133 0.011467 0.074262 0.081592
M2M-S-v3 0.037076 0.034076 0.048549 0.038063 0.025557 0.010985 0.077658 0.085262
M2M-S-v13 0.036100 0.032752 0.048157 0.036146 0.028044 0.009439 0.072120 0.073859

Method WFG5-8 WFG5-10 WFG5-15 WFG6-8 WFG6-10 WFG6-15

NSGA-III 0.031780 0.033264 0.034340 0.030175 0.033839 0.040254
NSGA-III-0.7 0.031206 0.031330 0.032820 0.032464 0.028814 0.032825
MOEA/D 0.560162 0.690478 0.907988 0.835942 0.935138 1.230484
MOEA/D-S 0.033340 0.033064 1.313734 1.220516 1.257855 1.319654
M2M-O 0.384840 0.543788 0.692934 0.479359 0.656128 0.825372
M2M-S-v2 0.048775 0.050177 0.052043 0.059423 0.060223 0.073087
M2M-S-v3 0.049857 0.047923 0.043620 0.059372 0.062252 0.050323
M2M-S-v13 0.037610 0.035842 0.033084 0.041063 0.038993 0.840959
Method WFG7-8 WFG7-10 WFG7-15 WFG8-8 WFG8-10 WFG8-15

NSGA-III 0.008356 0.011790 0.011752 0.178498 0.234745 0.284391
NSGA-III-0.7 0.008391 0.006762 0.010363 0.171897 0.224020 0.268413
MOEA/D 0.808708 0.931775 1.104779 0.827976 0.982200 1.098366
MOEA/D-S 1.228617 1.264532 1.323131 1.228614 1.264531 1.323130
M2M-O 0.455113 0.647000 0.785423 0.440436 0.661559 0.811220
M2M-S-v2 0.026548 0.027855 0.031651 0.128932 0.156859 0.531418
M2M-S-v3 0.024652 0.028116 0.030074 0.130773 0.156787 0.526650
M2M-S-v13 0.014537 0.011528 1.144563 0.108742 0.128405 1.313875

with a one. For DTLZ problems, MOEA/D variant
with 80% probability performed the best. This is simi-
lar to 90% probability used in the original MOEA/D in
restricting neighborhood selection and recombination
operators. However, Table 16 indicates that for scaled
WFG problems MOEA/D-0.1 (without any normal-
ization) with only 10% restriction of neighborhood se-
lection and recombination within the same niche per-
forms the best. For scaled problems, more parallelism
needs to be introduced within the evolving population
for the rest of the algorithm to work well. In fact, no
restriction (MOEA/D-0) is also good, but the original
MOEA/D-0.9 performs poorly.

The median IGD metric for MOEA/D-0.1 with and
without NSGA-III’s normalization for WFG prob-
lems are also presented in Table 12. Interestingly,
MOEA/D-N-0.1 works significantly better for low-
objective problems and is the fourth-best algorithm
out of 36 different EMO algorithms considered in this
extensive study.

7 Discussion on Explicit Paral-
lelism on EMO Algorithms

In Figure 1, we started with a sketch of our initial idea
of the levels of explicit parallelism present in popular

evolutionary many-objective optimization algorithms.
We argued that NSGA-III may constitute an exces-
sive parallelism, while M2M provide a restrictive par-
allelism. Our extensive simulation studies on 36 algo-
rithms of two sets of widely-used test problems – un-
scaled DTLZ and scaled WFG problems – and having
three to 15 objectives have not only revealed that our
intuition about the extent of parallelism in these al-
gorithms was right, but the statistical Wilcoxon rank-
sum tests have allowed us a way to rank these algo-
rithms. Tables 9 to 12 are used to count the number of
times an algorithm performs similar (with p < 0.0001)
compared to the best performing algorithm for each
problem. Figures 2 and 3 show the relative ranking of
different algorithms on DTLZ and WFG problems, re-
spectively. It is interesting to observe that the original
MOEA/D performs much better on DTLZ problems
due to uniform scaling of the objective values and any
normalization (a simple or a more sophisticated) pro-
cedure deteriorates its performance. These normal-
ization procedures depend on the population diversity
at each generation, which, in principle, can vary from
start to the end of a run. Since DTLZ problems do not
require any additional normalization of objectives to
make meaningful computation of Euclidean distances
(d1 and d2) needed for PBI or other objective distance
computations, any artificial normalization based on
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Table 11: Median IGD values of NSGA-III, MOEA/D, MOEA/D-N, original M2M and the top three M2M
variants with NSGA-III’s normalization on DTLZ problems.

Method DTLZ1-3 DTLZ1-5 DTLZ2-3 DTLZ2-5 DTLZ3-3 DTLZ3-5 DTLZ4-3 DTLZ4-5

NSGA-III 0.002447 0.003372 0.001878 0.006894 0.004459 0.009924 0.000836 0.001176
NSGA-III-0.7 0.009922 0.001783 0.001593 0.004666 0.005160 0.008945 0.001000 0.001030
MOEA/D 0.001525 0.000486 0.000540 0.000919 0.004297 0.001819 0.000133 0.000082
MOEA/D-N 0.003388 0.492988 0.002495 0.003462 0.010592 1.122972 0.000810 0.000440
M2M-O 0.007047 0.001015 0.001078 0.001863 0.030759 0.017584 0.000131 0.000348
M2M-N-v11 0.002105 0.000806 0.003754 0.005161 0.006161 0.004673 0.000819 0.000747
M2M-N-v12 0.002174 0.000759 0.002668 0.006258 0.007917 0.009633 0.000597 0.000776
M2M-N-v13 0.002959 0.002271 0.002610 0.005559 0.011175 0.007543 0.000773 0.001511

Method DTLZ1-8 DTLZ1-10 DTLZ1-15 DTLZ2-8 DTLZ2-10 DTLZ2-15

NSGA-III 0.006439 0.004012 0.005126 0.017261 0.017623 0.019434
NSGA-III-0.7 0.002841 0.002185 0.005364 0.007811 0.007811 0.014239
MOEA/D 0.003949 0.005122 0.015709 0.002035 0.002879 0.005962
MOEA/D-N 0.529796 0.539650 0.582138 1.228621 1.264533 1.323132
M2M-O 0.011439 0.011507 0.048595 0.007692 0.006900 0.010018
M2M-N-v11 0.005339 0.005137 0.486882 0.014358 0.014386 0.033220
M2M-N-v12 0.004577 0.004883 0.528055 0.012854 0.014087 0.019192
M2M-N-v13 0.003754 0.003516 0.481213 0.012436 0.015678 0.014386
Method DTLZ3-8 DTLZ3-10 DTLZ3-15 DTLZ4-8 DTLZ4-10 DTLZ4-15

NSGA-III 0.034200 0.019540 0.029303 0.004183 0.004802 0.006760
NSGA-III-0.7 0.018117 0.008192 0.026173 0.002360 0.002111 0.007780
MOEA/D 0.008868 0.005157 0.962856 0.001148 0.001267 0.306230
MOEA/D-N 1.228803 1.264568 1.323254 0.001738 0.002141 0.003716
M2M-O 0.031047 0.013649 0.037458 0.004516 0.004388 0.013238
M2M-N-v11 0.019850 0.009748 1.300411 0.003526 0.003229 0.005813
M2M-N-v12 0.016086 0.012543 1.211846 0.003940 0.002908 0.003264
M2M-N-v13 0.018066 0.012430 1.261727 0.005615 0.003293 0.003653
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Figure 2: Proportion of successful performance over
20, three to 15-objective DTLZ problems.

statistics of changing populations makes a noisy eval-
uation of these distance measures. However, for M2M
with simple normalization procedure and NSGA-III
with its usual normalization procedure, their variants
perform much better.

For real-world problems, a non-uniform scaling of
objectives is likely. In this respect, WFG problems
represent real-world scenarios better than DTLZ prob-
lems. Figure 3, showing performances on 20 scaled
WFG problems, indicates that one of the NSGA-III
variants works much better than the original NSGA-
III and all other algorithms. For M2M and MOEA/D
algorithms, their variants make a better balance of
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Figure 3: Proportion of successful performance over
20, three to 15-objective WFG problems.

explicit and implicit parallelism aspects. While other
algorithms are not able to match the performance of
NSGA-III or its variant, MOEA/D with its NSGA-III-
based normalized version and its relaxed variant per-
form much better than the original MOEA/D. Sim-
ilarly, one of the M2M variants with its NSGA-III-
based normalization procedure performed much better
than original M2M. Interestingly, the explicit control
of parallelism (relaxation in M2M and MOEA/D, and
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Table 12: Median IGD values of NSGA-III, MOEA/D, MOEA/D-N, original M2M and the top three M2M
variants NSGA-III’s normalization on WFG problems.

Method WFG5-3 WFG5-5 WFG6-3 WFG6-5 WFG7-3 WFG7-5 WFG8-3 WFG8-5

NSGA-III 0.030312 0.032270 0.032546 0.034340 0.007695 0.009096 0.055666 0.088318
NSGA-III-0.7 0.030362 0.031869 0.032591 0.032464 0.007145 0.007812 0.054998 0.082672
MOEA/D 0.068115 0.209306 0.072426 0.281740 0.076652 0.279958 0.078439 0.240437
MOEA/D-N 0.041079 0.032088 0.048323 0.033825 0.030538 0.008214 0.061934 0.082357
MOEA/D-0.1 0.067690 0.186369 0.163470 0.349031 0.071192 0.231133 0.080456 0.220772
MOEA/D-N-0.1 0.035041 0.032288 0.041970 0.032015 0.029158 0.009062 0.064772 0.087351
M2M-O 0.068986 0.178531 0.077098 0.180466 0.081060 0.179978 0.086545 0.194794
M2M-N-v2 0.036036 0.036460 0.045960 0.032636 0.025624 0.009160 0.079412 0.083883
M2M-N-v3 0.035217 0.035359 0.041647 0.034928 0.026428 0.008296 0.079294 0.085786
M2M-N-v13 0.034054 0.035623 0.047766 0.033848 0.028705 0.008140 0.083459 0.084037

Method WFG5-8 WFG5-10 WFG5-15 WFG6-8 WFG6-10 WFG6-15

NSGA-III 0.031780 0.033264 0.032821 0.030175 0.033839 0.040254
NSGA-III-0.7 0.031206 0.031330 0.032820 0.032464 0.028814 0.032825
MOEA/D 0.560162 0.690478 0.907988 0.835942 0.935138 1.230484
MOEA/D-N 0.032499 0.033141 1.313735 1.220100 1.257918 1.319730
MOEA/D-0.1 0.541315 0.660125 0.896406 0.821414 0.886578 1.073753
MOEA/D-N-0.1 0.031811 0.032144 1.313735 0.039094 1.258331 1.319627
M2M-O 0.391055 0.546182 0.686288 0.462567 0.652632 0.836909
M2M-N-v2 0.036460 0.037930 0.047584 0.040046 0.186754 0.946065
M2M-N-v3 0.035738 0.033427 0.129783 0.037419 0.060202 1.313267
M2M-N-v13 0.035623 0.033270 0.128241 0.038369 0.035558 1.313238

Method WFG7-8 WFG7-10 WFG7-15 WFG8-8 WFG8-10 WFG8-15

NSGA-III 0.008356 0.011790 0.011752 0.178498 0.234745 0.284391
NSGA-III-0.7 0.008391 0.006762 0.010363 0.171897 0.224020 0.268413
MOEA/D 0.808708 0.931775 1.104779 0.827976 0.982200 1.098366
MOEA/D-N 1.228616 1.264532 1.323131 1.228614 1.264531 1.323130
MOEA/D-0.1 0.687692 0.754708 1.078039 0.727818 0.826891 1.122822
MOEA/D-N-0.1 0.015561 1.264533 1.323131 1.228614 1.264531 1.323130
M2M-O 0.449549 0.641922 0.770839 0.407763 0.666609 0.800532
M2M-N-v2 0.019850 0.009748 1.072646 0.154454 0.983667 1.284147
M2M-N-v3 1.228620 1.259566 1.214997 0.155159 0.715033 1.221974
M2M-N-v13 1.228644 1.263786 1.263649 0.154924 0.672806 0.882245

restriction in NSGA-III) enabled much better perfor-
mances to be achieved on WFG problems.

8 Conclusions

In this paper, we have argued that a proper balance
between the extent of explicit parallelism introduced
by the developer and the inherent implicit parallelism
introduced by evolutionary operators is the key to the
success of an EMO algorithm. Although it is difficult
to exactly quantify these extents in terms of their as-
sociated parameters (such as probabilities used in this
paper) for a particular EMO algorithm, finding the
proper balance between the two parallelisms can be
made through careful experimentations illustrated in
this paper. The operators used in evolutionary many-
objective optimization algorithms may have made the
implicit parallelism effect too flexible for them to work
well on high-dimensional problems. In this case, a
more restrictive parallelism controlled externally may
control the generality of implicit parallelism. On the

other hand, when the evolutionary operators are de-
signed to have a more focused approach with little
implicit parallelism effect on the population, a more
relaxed explicit parallelism mechanism should make a
better balance. In this study, we have been able to
enhance the performance of three popular EMO algo-
rithms – MOEA/D, M2M and NSGA-III – by using
a more relaxed explicit parallelism effect to the first
two algorithms and by using a restricted explicit par-
allelism effect compared to their original versions.

Specifically, 14 variants of MOEA/D-M2M, 11 vari-
ants of NSGA-III, and 11 variants of MOEA/D with
different degrees of parallelism in their selection and
recombination operators have been proposed and eval-
uated with their original methods on two classes of test
problems – three to 15-objective, unscaled DTLZ and
scaled WFG problems. Following conclusions can be
drawn from this extensive simulation study.

• Most variants of M2M with relaxed selection and
recombination operators have performed better
than the original M2M. This means that for
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Table 13: Wilcoxon rank-sum test values for the vari-
ants of NSGA-III on DTLZ test problems.

Instance 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

DTLZ1-3 0 0 0 0 0 0 0 1 1 1 1

DTLZ1-5 1 1 0 0 0 1 0 0 0 0 0

DTLZ1-8 1 1 1 1 1 1 0 0 0 1 1

DTLZ1-10 1 1 1 1 0 0 0 0 0 0 0

DTLZ1-15 0 1 1 0 0 0 1 0 0 0 0

DTLZ2-3 0 0 0 0 0 0 0 0 0 0 0

DTLZ2-5 1 0 0 0 0 0 1 0 0 0 0

DTLZ2-8 1 1 1 1 1 1 1 0 0 0 0

DTLZ2-10 1 1 1 1 1 1 1 0 0 0 0

DTLZ2-15 1 1 1 1 0 0 0 0 0 0 0

DTLZ3-3 0 0 0 0 0 0 0 0 0 0 0

DTLZ3-5 0 0 0 0 0 0 0 0 0 0 1

DTLZ3-8 1 1 1 1 1 0 0 0 1 1 0

DTLZ3-10 0 0 0 0 0 0 0 0 0 0 0

DTLZ3-15 0 0 0 0 0 0 0 0 0 0 0

DTLZ4-3 0 0 0 0 0 0 0 0 1 1 1

DTLZ4-5 0 0 0 0 0 0 0 0 0 0 0

DTLZ4-8 1 1 1 1 0 0 0 0 0 0 0

DTLZ4-10 1 1 1 1 1 1 1 1 0 0 0

DTLZ4-15 0 0 0 0 0 0 0 0 0 1 1

Sum 10 10 9 8 5 5 5 2 3 5 5

Table 14: Wilcoxon rank-sum test values for the vari-
ants of NSGA-III on WFG test problems.

Instance 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

WFG5-3 0 0 0 1 0 0 0 0 0 0 0

WFG5-5 1 1 1 1 1 0 0 0 0 0 1

WFG5-8 1 1 1 1 1 1 0 0 0 0 1

WFG5-10 1 1 1 1 1 1 1 0 1 1 1

WFG5-15 0 1 0 0 0 0 0 1 0 1 1

WFG6-3 0 0 0 1 0 1 0 0 0 0 1

WFG6-5 1 1 1 0 1 0 0 0 1 0 1

WFG6-8 1 1 0 0 0 1 0 0 0 0 1

WFG6-10 1 1 0 0 0 0 0 0 0 0 1

WFG6-15 0 1 0 0 0 0 0 0 0 0 0

WFG7-3 0 0 0 0 0 0 0 0 0 1 0

WFG7-5 1 1 1 1 1 0 0 0 0 0 1

WFG7-8 0 0 1 0 0 0 0 0 0 0 0

WFG7-10 1 1 1 1 1 0 0 0 0 0 1

WFG7-15 0 1 0 0 0 0 0 0 0 1 0

WFG8-3 1 1 1 1 1 1 0 0 0 1 1

WFG8-5 1 1 1 1 1 1 1 0 0 0 1

WFG8-8 1 1 1 0 0 0 0 0 0 0 1

WFG8-10 1 1 1 1 0 1 0 0 0 0 1

WFG8-15 1 0 1 1 0 0 0 0 0 0 1

Sum 13 15 12 11 8 7 2 1 2 5 15

Table 15: Wilcoxon rank-sum test values for the vari-
ants of MOEA/D on DTLZ test problems.

Instance 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

DTLZ1-3 0 0 0 0 0 0 0 0 0 0 1

DTLZ1-5 1 1 1 1 0 0 1 0 0 0 1

DTLZ1-8 1 1 1 1 0 1 1 1 1 1 1

DTLZ1-10 1 1 1 1 0 0 1 1 1 1 1

DTLZ1-15 1 0 0 0 1 0 1 1 1 1 1

DTLZ2-3 1 1 0 0 1 0 0 0 1 0 0

DTLZ2-5 1 1 1 1 0 1 1 1 0 0 0

DTLZ2-8 1 1 1 1 1 1 1 1 0 0 0

DTLZ2-10 1 1 1 1 1 1 0 0 0 0 1

DTLZ2-15 1 0 0 0 0 0 0 0 0 0 1

DTLZ3-3 1 1 0 1 0 0 0 0 0 0 0

DTLZ3-5 1 1 1 1 0 1 0 1 0 1 1

DTLZ3-8 1 1 1 1 0 1 1 0 0 1 1

DTLZ3-10 1 1 1 1 0 1 0 1 0 1 1

DTLZ3-15 1 1 1 0 0 1 0 1 0 1 1

DTLZ4-3 0 0 0 0 1 0 0 0 0 0 0

DTLZ4-5 1 1 1 1 1 1 1 1 0 0 0

DTLZ4-8 0 0 0 1 0 1 0 0 0 0 1

DTLZ4-10 0 0 0 0 0 1 0 0 0 0 1

DTLZ4-15 0 0 0 0 0 0 1 0 0 0 0

Sum 15 13 11 12 6 11 9 9 4 7 13

Table 16: Wilcoxon rank-sum test values for the vari-
ants of MOEA/D on WFG test problems.

Instance 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

WFG5-3 1 0 0 0 0 0 0 0 1 1 1

WFG5-5 0 0 0 0 1 1 1 1 1 1 1

WFG5-8 1 0 1 1 1 1 1 1 1 1 1

WFG5-10 0 0 0 0 1 0 0 1 1 1 1

WFG5-15 0 0 1 0 1 0 1 1 1 1 1

WFG6-3 0 0 0 0 0 0 0 0 0 0 0

WFG6-5 0 0 0 0 1 1 1 1 1 1 1

WFG6-8 0 0 1 1 1 1 1 1 1 1 1

WFG6-10 0 0 0 1 1 1 1 1 1 1 1

WFG6-15 0 0 0 0 1 0 0 0 1 1 1

WFG7-3 0 0 0 0 0 0 0 1 1 1 1

WFG7-5 0 0 0 1 1 1 1 1 1 1 1

WFG7-8 0 0 0 1 1 1 1 1 1 1 1

WFG7-10 0 0 1 1 1 1 1 1 1 1 1

WFG7-15 0 0 0 1 0 0 0 0 1 0 0

WFG8-3 1 1 1 0 1 0 0 0 0 0 0

WFG8-5 0 0 0 0 0 1 1 1 1 1 1

WFG8-8 0 0 0 0 0 0 1 0 1 1 1

WFG8-10 0 0 0 0 0 1 1 1 1 1 1

WFG8-15 0 0 1 0 0 0 0 0 0 0 0

Sum 3 1 6 7 12 10 12 13 17 16 16
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M2M, a more relaxed explicit parallelism makes
a better balance with the implicit parallelism in-
troduced by M2M’s other operators.

• For M2M, relaxing recombination to take place
among the any two population members (rather
than from the same subpopulation) for 33% to
67% of the time has been found to be most ben-
eficial. For WFG problems, relaxing the update
procedure for a child to replace a parent from the
entire population, rather than a parent from the
same subproblem, has also been found as a better
strategy.

• MOEA/D’s original suggestion of neighborhood
update and recombination operators to be re-
stricted within a solution’s own neighborhood
around 90% of the time has turned out to produce
an optimal balance between explicit and implicit
parallelisms on DTLZ problems, where MOEA/D
performs well.

• NSGA-III’s recombination operator has produced
the best outcome when a parent is restricted to
mate 70% of the time with another individual
from its own neighboring reference line, rather
than picking its partner from the entire popula-
tion. The original NSGA-III did not implement
this restricted parallel variant and our study here
has shown consistently better results than the
original and more flexible NSGA-III.

• For scaled WFG problems, our systematic para-
metric study is able to improve the performance
of all three original methods. While in the cases of
MOEA/D and M2M, the operators were needed
to be made more flexible for a better performance,
in the case of NSGA-III, it was the opposite – its
recombination operator was needed to be more
restrictive for it to work better.

There is another investigation which has revealed
interesting conclusions. DTLZ class of problems in-
volve objectives which have similar range of values:
each objective lies in [0,1] for Pareto-optimal solutions.
These problems do not require any additional normal-
ization of objectives during the optimization process.
In fact, if any normalization based on statistics of
evolving populations is performed at every generation,
they will change the relative location of objective vec-
tors with respect to specified reference directions from
one generation to another. Since the PBI metric (used
in both MOEA/D and M2M) needs two distance met-
ric values (d1 and d2) and that their weighted combi-
nation determines the entire population update pro-
cedure, the stability of the normalization process be-
comes a very important matter for these two algo-
rithms. We have observed here that while MOEA/D

method performs the best over all other 35 algorithms
used in this study on DTLZ class of problems, it has
performed the worst among all 36 algorithms on WFG
problems. Also MOEA/D with either a simple or a
more sophisticated normalization procedure has per-
formed worse than MOEA/D without any normaliza-
tion on DTLZ problems. Thus, the clear advantage
of MOEA/D in DTLZ problems comes from the nat-
ural unscaled nature of DTLZ problems. Since real-
world problems are likely to have scaled objectives, the
results on WFG problems are more relevant. It has
been observed that the original MOEA/D and M2M
methods and their variants have enhanced their per-
formances with NSGA-III’s normalization procedure
on WFG problems.

Despite making a controlled study on explicit par-
allelism using probabilities of selection and recombi-
nation, results on WFG problems have revealed that
NSGA-III and its variant perform much better than
MOEA/D and M2M variants even with a sophisti-
cated normalization procedure. In our future stud-
ies, we plan to make further studies involving other
MOEA/D parameters, such as θ and rs. A similar
study on constrained problems will be another use-
ful future study. Nevertheless, this extensive study
clearly brings out the need for making a balance in
introducing explicit and implicit parallelisms in an al-
gorithm in restricting or relaxing the search through
a decomposition approach, which is a current trend in
EMO research. The approach of this paper has helped
create better algorithms than the original methods.
The proposed approach is generic and can be applied
to other EMO algorithms. More such studies will pro-
vide a deeper understanding of the trade-off between
supplied and inherent parallelisms, which is crucially
important in developing computationally efficient evo-
lutionary many-objective optimization algorithms.
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