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Abstract
Bilevel optimization problems have received a growing attention in the recent past due
to their relevance in practice. A number of studies on bilevel applications and solution
methodologies are available for deterministic setup, but studies on uncertainties in
bilevel optimization are rare. In this paper, we suggest methodologies for handling
uncertainty in both lower and upper level decision variables that may occur from diff-
erent practicalities. For the first time, we discuss and demonstrate the effect of un-
certainties in each level along with the definition of a robustness and reliability in the
context of bilevel optimization. To begin with, the definitions of robustness and relia-
bility in the presence of uncertain upper and lower level variables are introduced. The
issues and complexities introduced due to such uncertainties are then studied through
a number of test cases. Finally, two real world bilevel test problems involving uncer-
tainties in decision variables are solved. The first problem is an electrical circuit design
problem where the objective is to maximize the gain at upper level with a stability
requirement at the lower level. The second problem is a constrained navy ship de-
sign problem involving physical design parameters at the upper level and operating
parameters at the lower level.
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1 Introduction

Over the past few years, researchers in the area of evolutionary computation (EC) have
been paying an increasing attention in solving bilevel optimization problems (Yin, 2000;
Li et al., 2006; Hejazi et al., 2002; Jiang et al., 2013; Sinha et al., 2014c, 2013a) due to t-
wo main reasons: (i) Bilevel problems are common in practice (Brotcorne et al., 2001;
Labbé et al., 1998; Sinha et al., 2013b; Bostian et al., 2015; Clark and Westerberg, 1990;
Raghunathan and Biegler, 2003; Herskovits et al., 2000a; Brown et al., 2005; Wein, 2009;
Lowe, 2006; Suryan et al., 2016; Bennett et al., 2008; Sinha et al., 2014d); however, due
to the difficulties involved, hierarchical optimization problems are commonly posed as



single level programs; (ii) Evolutionary algorithms, due to their flexible framework and
population approach, offer viable means to address the complexities that are otherwise
difficult to handle using classical optimization techniques. The difficulties involved in
solving bilevel problems can be acknowledged by the fact that the task of merely eval-
uating a solution for bilevel optimality is NP-hard (Vicente et al., 1994). While classical
optimization methods are able to handle certain classes of bilevel problems (Bianco
et al., 2009; Herskovits et al., 2000b; Bard and Falk, 1982; Aiyoshi and Shimizu, 1981)
that adhere to assumptions like smoothness, linearity or convexity at one or both levels,
these problems are rendered unsolvable as soon as one or more of these assumptions
are not met.

Practical optimization problems often do not adhere to mathematical simplifying
assumptions, rather pose additional challenges such as uncertainties in decision vari-
ables. Many a times, such uncertainties arising from noise, measurement errors or
approximations are ignored and the problems are solved as deterministic optimization
problems. However, there can be requirements where the the solution should not only
be a high quality optimum, but also be intolerant towards minor variations in deci-
sion variables, necessitating an uncertainty-based optimization to be executed. A large
body of literature exists on uncertainty-based optimization approaches (Ben-Tal et al.,
2009; Saltelli et al., 2000; Deb and Gupta, 2006), for instance, stochasic optimization, ro-
bust optimization, reliability-based optimization and sensitivity analysis address very
similar issues. Practical applications requiring a solution to be tolerant to uncertainties
are many in the context of single level optimization, for instance, studies in the area of
control systems include Marrison and Stengel (1997), studies in the area of scheduling
include Reeves (1885); Jorge Leon et al. (1994); Jensen (2003), and studies in the area of
design and manufacturing include Yamaguchi and Arima (2002); Ray and Tsai (2004);
Anthony and Keane (2003); Thompson (1996).

To our best knowledge, uncertainties in decision variables have not been formally
studied in the context of bilevel optimization. Surprisingly, clear mathematical def-
initions and formulations of a robust bilevel optimization problem also do not exist.
Given that some of the recent studies on evolutionary bilevel optimization have shown
promising results towards handling deterministic bilevel problems (Sinha et al., 2013a,
2014a, 2016), we believe that the next issues to be addressed would be bilevel problem-
s involving uncertainties in variables. Interestingly, in bilevel optimization problems,
uncertainties in variables can occur in both lower and upper levels or in one of the lev-
els only. Since each level has an unequal importance to the overall outcome of a bilevel
optimization task, the effect of uncertainties in upper and lower level variables on the
final robust solutions of the problem is also expected to be different. Thus, searching for
robust or reliable bilevel solutions is likely to be more complicated than the uncertainty-
based studies for single-level optimization problems (Deb and Gupta, 2006; Deb et al.,
2009). In this pilot systematic study, we make an attempt to understand these effects,
demonstrate their importance through a number of simple numerical test problems,
and then apply the developed methods to two engineering design problems.

Practical applications involving bilevel optimization span all areas of sciences and
engineering, for instance, such problems arise in transportation and network design
(Brotcorne et al., 2001; Migdalas, 1995; Constantin and Florian, 1995; Labbé et al., 1998;
Yamada et al., 2009; Chen et al., 2010; Fan and Machemehl, 2011), environmental eco-
nomics (Amouzegar and Moshirvaziri, 1999; Sinha et al., 2013b; Bostian et al., 2015),
chemical engineering (Smith and Missen, 1982; Clark and Westerberg, 1990; Raghu-
nathan and Biegler, 2003), optimal design (Herskovits et al., 2000a; Christiansen et al.,
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2001; Bendsoe, 1995), defense applications (Israeli and Wood, 2002; Brown et al., 2006;
Scaparra and Church, 2008; Brown et al., 2005; Wein, 2009; Lowe, 2006), facility location
(Küçükaydin et al., 2011; Sun et al., 2008; Jin and Feng, 2007; Uno et al., 2008), machine
learning (Bennett et al., 2008; Sinha et al., 2014d; Liang and Miikkulainen, 2015) etc.
Though robustness or reliability issues have not been studied in any of the above men-
tioned studies, it is not unforeseen. For example, if one considers homeland security
applications involving a defender and an attacker, the actions of the attacker involves
a lot of uncertainties and may not even be rational. Similarly, toll-setting problem in
transportation literature has network users at the lower level, whose behavior might
again involve uncertainties because of irrationalities or exogenous factors. Many of
these problems can better be modeled and solved as robust bilevel problems.

Therefore, in this paper we address this important practicality related to uncer-
tainty that may arise in bilevel problems. The paper is organized as follows. To begin
with, we provide a brief introduction on bilevel optimization and then extend the def-
inition to robust and reliable bilevel optimization problems in Section 2. Thereafter, in
Section 3 the effect of uncertainties in upper and lower level variables and their influ-
ence in arriving at the final robust/reliable solution of the complete bilevel problem
are demonstrated using easy-to-understand numerical test problems. In Section 4, we
highlight the modifications made to a specific existing evolutionary bilevel algorith-
m to solve robust bilevel problems. And we present simulation results and solve two
practical engineering problems. Finally, conclusions for this extensive study on bilevel
problems under uncertainties are provided in Section 5.

2 Bilevel Optimization Problems

A bilevel optimization problem has two levels of optimization tasks that involve two
sets of variables x ∈ Rn (upper level) and y ∈ Rm (lower level), described below:

Minimize(x,y) F (x,y),
subject to y ∈ argmin(y) {f(x,y)|gj(x,y) ≤ 0, j = 1, . . . , JL} ,

Gj(x,y) ≤ 0, j = 1, . . . , JU .
(1)

The pair (x,y) represents a particular bilevel solution. The solution (x,y) is feasible
(i) if y is an optimal solution of the lower level optimization problem of minimizing
f(x,y) subject to satisfaction of JL constraints gj(x,y) ≤ 0, and (ii) if it also satisfies
JU upper level constraints Gj(x,y) ≤ 0. The optimality of upper level solution (x,y) is
associated with an upper level objective function F (x,y). Due to the need for solving
the lower level optimization problem for every upper level solution, the above bilevel
optimization problem is also known as a nested optimization problem and is, in general,
a computationally intensive task.

In this study, we consider uncertainties arising from both upper and lower level
variables. In unconstrained problems or constrained problems with little or no effect of
uncertainties in constraints, the task is to find robust solutions that are less sensitive to
uncertainties affecting the objective function alone. However, when constraint function
becomes sensitive to uncertainties in variables, the task is to find reliable solutions. We
study each of these two cases systematically for bilevel problems one at a time.

2.1 Robustness-based Design Variable Uncertainty Handling

When no constraints are present or constraint functions are insensitive to design vari-
able uncertainty, previous studies from Deb and Gupta (2006); Tsutsui and Ghosh
(1997); Bonham and Parmee (2000) have used two formulations for obtaining a robust
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solution for single-level optimization problems. Although the formulations are provid-
ed with constraints, in general, it is assumed that all constraints are satisfied in the
vicinity of a solution. Thus, the robust solution methodology described in this section
are applicable to unconstrained optimal and robust solutions. In this study, we will
introduce and use the first formulation as illustrated below:
Definition: Robust Single-level Formulation: A solution xr1 is called a robust solu-
tion, if it is the optimal solution to the following minimization problem defined with
respect to a δ-neighborhood (Bδ) around xr1:

Minimize(x) feff(x),
subject to gj(x+∆x) ≤ 0, j = 1, 2, . . . , J,

(2)

where z signifies each and every solution within Bδ-neighborhood of x. The effective
objective function f eff(x) can be defined suitably, but an average function can be used
as follows:

feff(x) =
1

|Bδ|

∫
z∈x+Bδ

f(z)dz, (3)

Thus, according to the definition, a solution xr1 is robust if

1. it is feasible within the entire Bδ-neighborhood of xr1, and

2. it has minimum effective function value f eff(xr1) in the entire search space.

The information about Bδ comes directly from the allowable tolerance or uncertain-
ty distribution known about the variables. To use it in practice, a finite set contain-
ing H solutions can be randomly (or in some structured manner) chosen in a Bδ-
neighborhood (z ∈ x+ Bδ , where Bδ = {ζ|ζi ∈ [−δi, δi]}) of a solution x in the variable
space and the mean objective function (f eff ) is optimized by an optimization algorithm.
This way, instead of an individual’s own function value (f ), the mean objective value
in the δ-neighborhood is used as the objective for optimization. Besides the use of an
average function value in the Bδ-neighborhood, the worst or 50th percentile function
value (among H chosen solutions) can also be used.

We now extend the single level robustness definition to define robust solutions for
bilevel optimization problems having unconstrained optimal and robust solutions.

Definition: Robust Bilevel Formulation: A solution (x,y)r1 is called a robust bilevel
solution, if it is the optimal solution to the following bilevel minimization problem
defined with respect to a δ-neighborhood (Bδx,Bδy) around solution (x,y)r1:

Min.(x,y) F eff(x,y),

s.t. y ∈ argmin(y)

{
feff(x,y)

∣∣gj(x+∆x,y +∆y) ≤ 0,

∀ ∆x ∈ Bδx,∆y ∈ Bδy, j = 1, . . . , JL
}
,

Gj(x+∆x,y +∆y) ≤ 0, ∀∆x ∈ Bδx,∆y ∈ Bδy,
j = 1, . . . , JU .

(4)

The effective objective functions f eff(x,y) and F eff(x,y) are calculated as follows:

feff(x,y) =
1

|(Bδx,Bδy)|

∫
z∈(x,y)+(Bδx,Bδy)

f(z)dz, (5)

F eff(x,y) =
1

|(Bδx,Bδy)|

∫
z∈(x,y)+(Bδx,Bδy)

F (z)dz. (6)

The above definition brings out an interesting issue about uncertainty based
bilevel optimization problems. Since the upper level variable x is considered as a
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set of parameters, not variables, for the lower level problem, despite lower level vari-
ables (y) are deterministic or uncertain, the lower level optimization problem ideally
becomes an uncertainty based optimization problem due to uncertainty in the upper
level variables x. Thus, in solving the lower level problem, the uncertainties in upper
level variables must be considered. The above formulation captures this phenomenon.
However, computation of integral functions are not easy for an arbitrary probabili-
ty distribution of uncertainties in variables and arbitrary objective functions. For our
practical implementation, we create a finite sample of perturbations (∆x, ∆y) using
the known probability distributions around a solution (x, y) during optimization and
compute the above quantities. Then, the following problem is solved:

Min.(x) F eff(x, ȳ(x)),
s.t. Gj(x+∆x, ȳ(x)+∆y)≤0, ∀∆x ∈ Bδx,∆y ∈ Bδy, j=1, ...,JU ,

where ȳ(x) ∈ argmin(y)

{
feff(x,y)

∣∣gj(x+∆x,y +∆y) ≤ 0,

∀ ∆x ∈ Bδx, ∆y ∈ Bδy, j = 1, 2, . . . , JL
}
.

(7)

The respective objective functions f eff(x,y) and F eff(x,y) are given as follows:

feff(x,y)=
1

|(Bδx,Bδy)|
∑

(∆x,∆y)∈(Bδx,Bδy)

f(x+∆x,y+∆y), (8)

F eff(x, ȳ(x))=
1

|(Bδx,Bδy)|
∑

(∆x,∆y)∈(Bδx,Bδy)

F (x+∆x, ȳ(x)+∆y). (9)

Figure 1 shows a sketch of our approach. The upper and lower level variables are
assumed to have normally distributed uncertainties. For an x, the lower level robust
optimization problem is solved with perturbations in x and in y to obtain the robust
lower level solution ȳ. The upper level problem then considers perturbations around x
and around ȳ to find the overall robust bilevel solution. Thus a robust bilevel solution

1

y2

x

y

F(x,y)
x f(x,y)

Lower Level Problem
Upper Level Problem

Robust, y

y

y

Figure 1: The proposed robust bilevel approach is illustrated. In this figure, x and y
indicate uncertain variables and parameters at the upper and lower level, respectively.
The function f(y|x) indicates lower level function f(x,y) for given x.

(xr,yr) would correspond to following conditions:

1. It is feasible with respect to both upper and lower level constraints for all solutions
in its neighborhood,

2. The lower level variable vector yr is robust for the lower level problem in its neigh-
borhood and in the neighborhood of upper level variable xr, and

3. The upper variable vector xr is robust in its neighborhood and in the neighborhood
of its corresponding lower level variable vector yr.
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2.2 Reliability-based Design Variable Uncertainty Handling

In almost every practical engineering design problem, constraints exist and play a crit-
ical role in deciding the optimal solution. Due to the uncertainties that may occur in
design variables from stochasticities involved in real world implementations, the opti-
mum solution, which usually lies on a constraint surface or at the intersection of more
than one constraint surfaces, from the deterministic optimization process will fail to
remain feasible in many occasions. There are numerous studies proposed by many
researchers that aim to handle uncertainties in design variables under constrained s-
cenario in single level optimization problems, where one of the main challenge is to
quantify the probability of found solutions being feasible, or in other words, the relia-
bility.

From the perspective of optimization-based reliability measures, the underlying
idea is to locate the most probable point (MPP) on the constraint boundary with a mini-
mum distance from the current solution, as studied by Hasofer and Lind (1974). There
are many ways by which the MPP point can be calculated or approximated. In this
study, we use one of the common approaches called the Performance measure approach
(PMA). To illustrate the method graphically, let us consider a two-variable hypothet-
ical problem shown in Figure 2. The figure shows a probabilistic constraint gj in a
standard normal coordinate system U-space. The constraint boundary gnj (µ1, µ2) = 0
and the corresponding feasible region are shown. The circle represents a solution that
corresponds to a reliability index of βR

j . Thus, the above optimization process in the
PMA approach finds a point U∗ on the circle for which the function gnj (U) takes the
minimum value. Then, if the corresponding constraint function value is non-negative
(i.e. gnj (U

∗) ≥ 0), the probabilistic constraint P (gj(x) ≤ 0) ≥ Rj is considered to have
been satisfied. A similar approach can also be used to handle upper level constraints
as well. The complete details of PMA is described in Cruse (1997). In this study, we im-

Figure 2: PMA approach is illustrated.

plement a faster version of PMA to approximate the MPP. More information regarding
the FastPMA approach can be found in Deb et al. (2009).

We then inherit the concept of reliable solutions from single-level optimization to
define our proposed bilevel reliable solutions, as illustrated below:
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Definition: Reliable Bilevel Formulation: A solution (x,y)r1 is called a reliable bilevel
solution, if it is the optimal solution to the following bilevel minimization problem
defined with respect to a pair of desired reliability measures R and r for upper and
lower levels, respectively:

Minimize(x,y) F (x,y),

subject to y ∈ argmin(y)

{
f(x,y)|(P (

∧JL
j=1 gj(x,y) ≤ 0)) ≥ r

}
,

(P (
∧JU

j=1 Gj(x,y) ≤ 0)) ≥ R.

(10)

The term P () signify the joint probability of the solution (x,y) being feasible for all
constraints (both lower level constraint g and upper level constraint G) functions under
the uncertainty assumption. The quantities r and R are the desired reliability values
(within [0, 1]) for lower level and upper level constraints, respectively. Instead of the
original constraint gj(x,y), a probabilistic constraint is introduced due to the uncer-
tainties in respective variables and parameters. Hence for a desired pair of reliability
measure (r and R), we want to find a feasible bilevel solution that will ensure that the
joint probabilities of satisfying all lower and upper level constraints are at least r and
R, respectively.

To determine a bilevel solution’s reliability, ideally the reliability of the solution
must be evaluated by examining whether the solution is adequately safe against all
constraints. The simultaneous consideration of all constraints to obtain the joint prob-
ability for each level is mathematically and computationally challenging Oza and Gea
(2004). In this study, we simplify the above joint probability estimation by forcing each
constraint to be probabilistically satisfied with respective reliability for upper and low-
er levels, respectively, as follows:

P (Gj(x,y) ≤ 0) ≥ Rj , j = 1, 2, ..., JU , (11)
P (gk(x,y) ≤ 0) ≥ rk, k = 1, 2, ..., JL, (12)

where Rj and rk are the desired probabilities of constraint satisfaction of the jth and
k-th constraint in upper and lower level problems, respectively. The feasibility check
in our implementation requires every constraint to be over the desired reliability mea-
sures. Readers should refer to Deb et al. (2009) for a more elaborate discussion on the
joint probability estimation methods.

3 Illustration of Robust/Reliable Formulations through Test Problems

In case of more than one level of optimization is involved, like bilevel optimization,
the design variable uncertainty need not affect all the levels simultaneously. In this
section, we will illustrate our proposed formulations through the effects of uncertainty
in, lower level alone, upper level alone and both levels, with and without the presence
of constraints one at a time. We will first demonstrate applying robust bilevel solu-
tion definition to test-problems with sensitive objective functions at lower level, upper
level, and both levels with no constraints at both levels. Then our proposed reliable
bilevel solution definition will be evaluated on test-problems with constraint functions
at lower level, upper level, and both levels. For problems that have both sensitive ob-
jective functions and active constraints at either one or both levels are not studied in
this paper, but could be handled by applying both techniques together. Detailed results
of illustrated examples are reported in Section 4.
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3.1 Unconstrained and sensitive objective functions at both levels (UnCaseA)
Let’s first consider the case where we have unconstrained, but sensitive objective func-
tions at both levels. We illustrate our proposed bilevel robust solution definition
through a two-variable test-problem, in which there is a global(sensitive) optimum and
a local(robust) optimum at both levels:

Minimize(x,y) F (x, y) = 2.0− exp

(
−

(
0.2y−x+0.6

0.055

)0.4
)
−

0.8 exp

(
−

(
0.15y−0.4+x

0.3

)2
)
,

subject to y ∈ argmin(y)

{
f(x, y) = 2.0− exp

(
−

(
1.5y−x
0.055

)0.4
)

−0.8 exp

(
−

(
2y−3+x

0.5

)2
)}

,

0 ≤ x ≤ 1, 0 ≤ y ≤ 2.

(13)

The variable x is the upper level variable and y is the lower level variable. The low-
er level function f(x, y) for a fixed x has a global optimum at y = x/1.5 and a robust
optimum at y = 1.5 − 0.5x. A contour plot of lower level and upper level functions
f(x, y) and F (x, y) are shown as a contour plot in Figure 3 (left and right, respectively).
The lower level function f(x, y) for different values of x has a global optimal solution

2

3
4

1

Figure 3: Contour plots of f(x, y) and F (x, y) functions are shown for the test-problem.
lower level robust solutions are on line BB and overall robust solution is the point O.
(1 → RR, 2 → OR, 3 → OO, 4 → RO).

on the line y = x/1.5 (denoted by line AA in the figure) and a robust solution on the
line y = 1.5 − 0.5x (shown with a line BB). If an average of the lower level function
f eff(x, y) = f̄(x, y) over the range Bδx = N(0, σx) and Bδy = N(0, σy) is used (with s-
tandard deviation equal to 10% of their search range), the robust line BB will be found.
Given that only robust solutions from the lower level are possibly feasible solutions at
the upper level problem, the search using F eff(x, y) will be restricted around the line
BB with a normal distribution. The upper level function F (x, y) has global optimal
solutions along line CC and robust optimal solutions along DD. Among the robust so-
lutions (on line BB) obtained from the lower level problem, the solution (point O) at
the intersection of line BB and DD will result as the final robust solution of the above
bilevel problem. To illustrate, we run a grid search method on the above problem (Fig-
ure 4) using 100 points along x and y directions. 50 normally distributed neighboring
points are used at each grid point (x, y) to compute the f eff and F eff functions. We
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observe that the function f eff(x, y) for a fixed x makes the line BB optimal (Figure 4).
Thereafter, when the upper level problem restricts its search along line BB (Figure 5),
the solution O (point (1.4, 0.2)T ) is obtained as the final robust solution.

B

A

A

B 0.5  1  1.5  2  0
 0.2

x 0.4
 0.6
 0.8
 1

y
 0

f(x,y)

Figure 4: Optimal solutions of
lower level function f eff(x, y) =
f̄(x, y) for fixed x values are
shown for the test-problem.

O

B

B
D

D

 1.5
 0

 0.2
 0.4

 0.6
 0.8
 1 0

 0.2
 0.4

y

x

 0.6
 0.8

 1
 1.2
 1.4
 1.6

F(x,y)

 1.8
 2

 0  0.5  1
 2

Figure 5: Optimal solution of up-
per level function F eff(x, y) =
F̄ (x, y) are shown for the test-
problem.

In most occasions, practical bilevel problems are more likely to fall in this category.
It is also worth noting that bilevel problems are different from single-level optimiza-
tion in the sense that it does not correspond to the optimal solution of the upper level
function in the entire search space, rather it corresponds to the minimum of upper level
function for a specific manifold of the search space for which every upper level variable
is associated with a lower level variable vector that minimizes a lower level function.
Above examples make this distinction amply clear.

3.2 Unconstrained and sensitive objective function at lower level alone (UnCaseB)

A bilevel problem, with uncertainty in both levels’ variables, need not possess sen-
sitive objective functions at both levels, as shown in previous illustrative example in
Section 3.1. In this section, let’s consider a bilevel problem which has an unimodal up-
per level objective function, but a multimodal (sensitive) lower level objective function,
as shown below:

Minimize(x,y) F (x, y) = (x− 0.5)2 + (y − 1)2,

subject to y ∈ argmin(y)

{
f(x, y) = 2.0− exp

(
−

(
1.5y−x
0.055

)0.4
)

−0.8 exp

(
−

(
2y−3+x

0.5

)2
)}

,

0 ≤ x ≤ 1, 0 ≤ y ≤ 2.

(14)

The lower level problem is identical to that in Equation 13, but the upper level function
has only one optimum at (0.5, 1)T . Since for every upper level variable, x, a lower
level robust solution is on the line BB (as shown in Figure 4), the resulting upper level
function values are shown in Figure 6. The upper level optimization (robust or non-
robust consideration) will then identify the point O.
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 0.6

 0.4

 0.8

 1.2

 0  0.5  1  1.5  2

 0.8

 0
y

x

Lower−level
solutions

 0.2

O

B

B
 0.4

 0

Bilevel

solution

F
(x

,y
)

Figure 6: Upper level function and resulting solution of the UnCaseB Bilevel problem
is shown.

3.3 Unconstrained and sensitive objective function at upper level alone (UnCaseC)
Next, we consider a bilevel problem for which the lower level problem objective func-
tion is unimodal, but a multimodal objective function at the upper level:

Minimize(x,y) F (x, y) = 2.0− exp

(
−

(
0.2y−x+0.6

0.055

)0.4
)

−0.8 exp

(
−

(
0.15y−0.4+x

0.3

)2
)
,

subject to y ∈ argmin(y)
{
f(x, y) = (x− 0.5)2 + (y − 1)2

}
,

0 ≤ x ≤ 1, 0 ≤ y ≤ 2.

(15)

For every upper level variable value x, the lower level function has a single unique
minimum solution y∗ = 1. Figure 7 shows lower level solutions obtained for each
upper level variable value x. The resulting function at the upper level is then a cut
of the F (x, y) at y = 1. Figure 8 shows the average F (x, y) and the minimum lies at
(0.26, 1)T with a function value of 1.126, which happens to be a robust solution. Note
that the minimum of the average F (x, y) in the entire domain of the search space is a
different solution (0, 4, 0.2)T with a F̄ (x, y) = 1.049.

f(x,y)

 0.4  0.6  0.8  1  1.2  1.4  1.6  1.8
 0.1

 0.3
 0.5

 0.7
 0.9

y

x

 0.2

Figure 7: Lower level function and
resulting solution of the UnCaseC
Bilevel problem is shown.

Bilevel soluion
 0.1

 1.6
 1.8

 2

F(x,y)

 0.9
x

 0.4
 0.6
 0.8

y

 0.2
 0.6

 1
 1.4

 1.8

 1.2
 1

 0
 0.2

 0.8  0.7  0.6  0.5  0.4  0.3  0.2

 1.4

Figure 8: Upper level function and
resulting solution of the UnCaseC
Bilevel problem is shown.

3.4 Constraint functions at both levels (CnCaseA)

In case active constraints are present, the deterministic optimal bilevel solution will be
lying at the intersection of some constraints or on one of the constraint boundary. For
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the purpose of illustrating our proposed reliability-based design variable uncertainty
handling methodology, we first a four-variable test-problem in which the constraint
functions are present at both levels, as shown below:

Maximize(x,y) F (x,y) = x2,

subject to y ∈ argmax(y)

{
f(x,y) = y2,
gj(x,y) ≥ 0, j = 1, 2, 3

}
,

Gj(x,y) ≥ 0, j = 1, 2, 3,
−4 ≤ x1 ≤ 10,−100 ≤ x2 ≤ 200,
−4 ≤ y1 ≤ 10,−100 ≤ y2 ≤ 200.

(16)

The upper and lower level constraint functions are given below:

G1(x,y) = ( y1
14

+ 16
7
)(x1 − 2)2 − x2,

G2(x,y) = x2 − 12.5( y1
14

+ 16
7
)(x1 − 5),

G3(x,y) = 5(x1 + 4− ( y1
14

+ 16
7
))(x1 + 8− ( y1

14
+ 16

7
))− x2,

g1(x,y) = (x1
14

+ 16
7
)(y1 − 2)2 − y2,

g2(x,y) = y2 − 12.5(x1
14

+ 16
7
)(y1 − 5),

g3(x,y) = 5(y1 + 4− (x1
14

+ 16
7
))(y1 + 8− (x1

14
+ 16

7
))− y2.

(17)

Note that lower level problem involves only one of the upper level variable (x1) and
upper level problem involves only one lower level variable y1 for simplicity. Figure 9
shows the relationship of two lower level variables with x1. For a given value of x1,
the respective reliable lower level solutions (for a large reliability value r) are shown
to lie on line BB. When these solutions are considered at the upper level problem, their
location in the variable space x1-y is shown in Figure 10. The reliable variable value x2

is then found by solving the reliable upper level optimization problem with reliability
R.
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Figure 9: Optimal and reliable solution-
s of lower level problem of CnCaseA are
shown.

Figure 10: Upper level function of Cn-
CaseA with mapped lower level opti-
mal and reliable solutions.

A point (marked with a ‘x’) on BB and close to the shallow part of the upper level
feasible space will correspond to the overall reliable solution of the bilevel problem.

It is also worth noting that out of those reliable optimal lower level solutions, none
might be feasible at the upper level because of the desired reliability index and the
upper level problem landscape. In such a situation, the desired reliability index might
have to be relaxed.

3.5 Constraint functions at lower level alone (CnCaseB)

In this section, we consider a three-variable test-problem that has active constraints at
the lower level alone, as shown below:
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Minimize(x,y) F (x,y) =
(

y2−50
30

)2
+

(
x−2.5
0.2

)2
,

subject to y ∈ argmax(y)

{
f(x,y) = y2,
gj(x,y) ≥ 0, j = 1, 2, 3

}
,

2 ≤ x ≤ 3,−4 ≤ y1 ≤ 10,−100 ≤ y2 ≤ 200.

(18)

The respective lower level constraints are given below:

g1(x,y) = x(y1 − 2)2 − y2,
g2(x,y) = y2 − 12.5x(y1 − 5),
g3(x,y) = 5(y1 + 4− x)(y1 + 8− x)− y2.

(19)

Figure 11 shows three constraint boundaries for the lower level optimization problem.
For any given upper level variable value (x), a point on line AA is the optimal solution
to the respective lower level optimization problem, as this corresponds to the maximum
value of y2 for all feasible solutions. Since this optimal solution lies on the constraint
boundary of g1 and g2, it is sensitive to uncertainties in both y1 and y2 variables. The
narrow band of the feasible space close to this deterministic optimal solution makes it
risky for constraint violation. However, the local optimal solution for the same x lies on
the intersection of constraints g1 and g3 (near line BB). Since the feasible search region
near this optimum is more wide, this local optimum is less sensitive to uncertainties
in y1 and y2 variables. Hence, this local optimal solution is a reliable optimal solution.
Thus, the line BB marks the MPP points for all x. Figure 12 shows the lower level
feasible space with the reliable solution marked for a particular value of upper level
variable x = 2.5. For different values of x, a similar situation occurs and if reliable,
instead of global optimum, is desired, the lower level problem should find the reliable
solution (line BB) for every x.

Figure 11: Optimal and reliable so-
lutions of lower level function of C-
nCaseB are shown.

Figure 12: Lower level feasible re-
gion with optimal and reliable so-
lutions marked for a fixed upper
level variable x = 2.5 for CnCaseB.

Figure 13 shows the upper level objective function F (x, y2) and marks both global
optimum (AA) and reliable (BB) solutions (beyond a certain minimum reliability value
r) of the lower level problem. Figure 14 shows the contour plot of upper level objective
function on the x-y2 plane and the relationship between these two variables for global
optimal and reliable solutions. It is clear from the figures that although AA solution
would make upper level function minimum, if reliable solutions at the lower level is
desired, the solutions on line BB would correspond to the overall reliable solution of
the bilevel problem. The upper level optimization problem considers only solutions

12



on line BB feasible and then should find the optimal solution from the set BB. Since,
solutions on set BB makes the lower level problem reliable, the final reliable solution is
the point on BB that makes F (x, y2) minimum. The bilevel solution is marked on the
figure with a ‘x’.
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Figure 13: Upper level function of Cn-
CaseB with mapped lower level opti-
mal and reliable solutions.

Figure 14: Upper level function
contour of Case A with opti-
mal (AA) and reliable (BB) so-
lutions from lower level.

3.6 Constraint functions at upper level alone (CnCaseC)
Finally, we consider a problem having active constraints at upper level alone. The
structure of both level problems from above subsection are interchanged here. There
are two upper level variables and one lower level variable.

Max.(x,y) F (x,y) = x2,

subject to y ∈ argminy

{
f(x,y) =

(
x1−50

28

)2
+

(
y−2.5
0.2

)2
}
,

Gj(x,y) ≥ 0, j = 1, 2, 3,
2 ≤ y ≤ 4, −80 ≤ x1 ≤ 200, −100 ≤ x2 ≤ 200.

(20)

The upper level constraints are given below:

G1(x,y) = y(x1
20

− 2)2 − x2,
G2(x,y) = x2 − 12.5y(x1

20
− 5),

G3(x,y) = 5(x1
20

+ 4− y)(x1
20

+ 8− y)− x2.
(21)

Figure 15 shows the lower level objective function for an upper level variable x1. Note
that the above problem is simplified so that that lower level function is dependent only
on one of the upper level variables. The y-x1 search space and a few representative
lower level optimal solutions are shown in Figure 16.

When these lower level optimal solutions are considered at the upper level, they
fall on upper level constraint boundaries, as depicted in Figure 17. Since variables x1

and x2 are uncertain, the x1 values close to zero (right of the figure) are more reliable
solutions to the overall bilevel optimization problem. Figure 18 shows upper level
variable space for an optimal lower level variable y value. The figure shows reliable
bilevel solutions for four different reliability values (R). It is interesting to note that
for reliability values of 0.383 and 0.516, the corresponding bilevel solution stays close
to the deterministic bilevel solution, but when a large enough reliability value (such
as 0.955) is chosen, the reliable bilevel solution jumps to a different part of the search
space.
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Figure 18: Upper level feasible re-
gion with respect to optimal lower
level solution for CnCaseC – four
solutions with different reliability
values are shown.

4 Results

Uncertainties that may occur in design variables are modeled to be normally distribut-
ed with zero mean and some standard deviation σ, and we consider every variable
from both levels to be independent from each other. Then every design variable xi(yj)
in a bilevel problem could be represented as a normal random variable with mean at
its deterministic value and a standard deviation of σi(σj).

For the purpose of evaluating our proposed robust and reliable bilevel solution
definitions, six different test-problems are constructed in representation of the six s-
cenarios illustrated in previous Sections 3.1-3.6. In addition, these test-problems are
constructed in such a way that they could be extended to any dimensionality with op-
timal solutions fixed at the same designed values for both levels. The full test-problem
formulations are provided in Appendix. Also, we reformulate a circuit design problem
and a navy ship design problem, which are both multi-objective and single-level, to
bilevel problem structure and apply our proposed methodology to obtain robust and
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reliable solutions respectively. For each test-problem considered, twenty runs of op-
timizations are performed and the best, the median and the worst runs are reported.
Every solution is measured by the Upper Level Function Value (ULFV), the Low Lev-
el Function Value (LLFV), the Upper Level Variables Solution (ULVS), and the Lower
Level Variables Solution (LLVS).

The proposed test-problems and application problems can be solved using any
bilevel algorithm with our proposed robust and reliable bilevel definitions. However,
given the extra sampling required for effective function calculation plus the complex-
ity of bilevel structure, computational efficiency is a critical concern. Therefore, brute
force methods such as nested algorithms are generally not appealing for large dimen-
sional problems and we only applied grid search (nested algorithm) for comparison in
low-dimension illustrative test-problems examples. For the purpose of this study, we
use BLEAQ (BiLevel Evolutionary Algorithm based on Quadratic approximations) al-
gorithm, which is recently proposed by Sinha et al. (2014b). The core idea of this algo-
rithm is simple: instead of solving the lower level problem repeatedly from scratch, the
algorithm learns the relation between the lower level optimal solutions and upper level
variables and approximates this relation using a piece-wise quadratic model. As the al-
gorithm progresses, this approximation can be an effective technique to avoid frequent
optimization of the lower level problem. Even in case of poor approximations, it pro-
vides an educated guess that can still help the convergence of the algorithm. In many
standard bilevel test problems, BLEAQ has been shown to lead to significant savings
in computational expense. A summary of parameters used in this study is provided in
Table1.

Parameters Description Value

σ Uncertainty standard deviation 0.1
H Number of neighboring solutions sampled 50
δ Grid search step size 0.02
R Upper level desired reliability index 2
r Lower level desired reliability index 2
N Population size 50 (100)
e0 Approximation error threshold 0.001
pc Crossover probability 0.9
pm Mutation probability 0.1
αstop
u Upper level termination threshold 1.00E-04

αstop
l Lower level termination threshold 1.00E-05

Table 1: Summary of parameters used in experiments, number in parenthesis is for
high-dimensional test-problems, algorithm is terminated when termination threshold
is met or 500 generations is reached at both levels.

In the remainder of this section, we present simulation results on low-dimensional
illustrative test-problems, as described in previous Sections, followed by extended di-
mension test-problems. We also include a circuit design problem and a navy ship de-
sign problem with detailed problem formulation and simulation results to conclude
this section.
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4.1 Unconstrained test-problems results

Our proposed robustness-based design variable uncertainty handling methodology
with BLEAQ has successfully converged to robust solutions in all unconstrained test-
problems with sensitive objective functions at the upper level, the lower level or both
levels. As shown in Table 2, simulation results on two-variable test-problems match
our graphical illustration of the test-problem landscapes shown in previous sections,
as well as the nested algorithm grid search. Furthermore, simulations results in Table 3
has also shown our proposed idea is capable of handling high variable dimensionality.

Table 2: Two-variable unconstrained test-problems results

(a) Robust bilevel solutions for UnCaseA.
2-Variable ULFV LLFV ULVS LLVS
Grid 1.1384 1.1843 0.19 1.40

BL
EA

Q Best 1.1384 1.2021 0.1979 1.3947
Median 1.1384 1.1997 0.1957 1.3947
Worst 1.1371 1.2036 0.1984 1.3974

(b) Robust bilevel solutions for UnCaseB.
2-Variable ULFV LLFV ULVS LLVS
Grid 0.0474 1.2169 0.60 1.18

BL
EA

Q Best 0.0473 1.1906 0.5992 1.1819
Median 0.0459 1.1848 0.5923 1.1908
Worst 0.0439 1.1826 0.5442 1.2116

(c) Robust bilevel solutions for UnCaseC.
2-Variable ULFV LLFV ULVS LLVS
Grid 1.1281 0.0576 0.26 1.00

BL
EA

Q Best 1.1274 0.0570 0.2613 1.0000
Median 1.1257 0.0549 0.2657 1.1908
Worst 0.0439 1.1826 0.5442 1.0000

Table 3: Multi-variable unconstrained test-problems results

(a) Robust bilevel solutions for UnCaseA.
10-Variable ULFV LLFV ULVS LLVS

Best 5.6921 6.0125 0.2010 0.1909 0.1856 0.1901 0.2063 1.40 1.40 1.39 1.41 1.40
Median 5.6902 6.0102 0.1994 0.1974 0.1961 0.2022 0.1972 1.38 1.40 1.41 1.40 1.39
Worst 5.7279 6.0203 0.1883 0.2233 0.1647 0.2341 0.2171 1.40 1.40 1.39 1.42 1.40

(b) Robust bilevel solutions for UnCaseB.
10-Variable ULFV LLFV ULVS LLVS

Best 0.2370 5.9270 0.5162 0.5279 0.5731 0.6278 0.5737 1.21 1.22 1.21 1.17 1.21
Median 0.2315 5.9427 0.5957 0.5628 0.6254 0.5306 0.5614 1.18 1.21 1.18 1.23 1.19
Worst 0.2102 5.9516 0.5578 0.6519 0.6118 0.5633 0.5867 1.18 1.16 1.17 1.18 1.20

(c) Robust bilevel solutions for UnCaseC.
10-Variable ULFV LLFV ULVS LLVS

Best 5.6376 0.2827 0.2429 0.2739 0.2620 0.2721 0.2614 1.00 1.00 1.00 1.00 1.00
Median 5.6397 0.3112 0.2426 0.2361 0.2642 0.2514 0.2595 1.00 1.00 1.00 1.00 1.00
Worst 5.6524 0.3387 0.2168 0.2455 0.2256 0.2635 0.2499 1.00 1.00 1.00 1.00 1.00

4.2 Constrained test-problems results

Our proposed reliability-based design variable uncertainty handling methodology
with BLEAQ has successfully solved and provided corresponding solutions (depends
on if reliability is desired) to test-problems with constraint functions at the lower level,
the upper level and both levels. Simulation results of low variable dimension cases in
Table 4 match graphical illustrations in previous sections, as well as the nested algorith-
m grid search. And the idea is proven to be extendable to larger variable dimensionality
as shown in Table 5.
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Table 4: Low variable dimension constrained test-problems results

(a) Reliable bilevel solutions for CnCaseA.
4-Variable ULFV LLFV ULVS LLVS

D
et

er
m

. Grid 70.00 70.00 7.00 70.00 7.00 70.00

BL
EA

Q Best 69.64 64.64 7.00 69.64 7.00 64.64
Median 69.61 69.68 6.9988 69.61 7.0011 69.68
Worst 69.50 69.63 6.9952 69.50 7.0001 69.63

R
el

ia
bl

e Grid 0.32 0.32 −0.80 0.30 −0.80 0.30

BL
EA

Q Best 0.3022 0.3022 −0.7917 0.3022 −0.7917 0.3022
Median 0.2745 0.2862 −0.7859 0.2745 −0.7903 0.2862
Worst 0.2354 0.3009 −0.7859 0.2354 −0.7914 0.3009

(b) Reliable bilevel solutions for CnCaseB.
3-Variable ULFV LLFV ULVS LLVS

D
et

er
m

.

Grid 0.1736 62.500 2.5 7.00 62.50

BL
EA

Q Best 0.1691 62.1051 2.4842 7.00 62.1051
Median 0.1689 62.1622 2.4865 7.00 62.1622
Worst 0.1121 61.95 2.4986 6.8999 61.95

R
el

ia
bl

e Grid 2.8335 −0.70 2.5 −0.50 −0.70

BL
EA

Q Best 2.8573 −0.6914 2.4907 −0.5710 −0.6914
Median 2.8589 −0.7116 2.4922 −0.5697 −0.7116
Worst 2.8597 −0.6821 2.4850 −0.5753 −0.6821

(c) Reliable bilevel solutions for CnCaseC.
3-Variable ULFV LLFV ULVS LLVS

D
et

er
m

.

Grid 62.50 10.3316 140.00 62.50 2.50

BL
EA

Q Best 62.50 10.3316 140.00 62.50 2.50
Median 62.50 10.3316 140.00 62.50 2.50
Worst 62.50 10.3316 140.00 62.50 2.50

R
el

ia
bl

e Grid −0.7288 4.7878 −11.2660 −0.7288 2.50

BL
EA

Q Best −0.7288 4.7878 −11.2660 −0.7288 2.50
Median −0.7288 4.7878 −11.2660 −0.7288 2.50
Worst −0.7288 4.7878 −11.2660 −0.7288 2.50

4.3 A Circuit Design Problem

Next, we consider a simple RLC circuit with the schematic provided in Figure 19. The
design problem demands achieving a maximum gain at the output terminal (Vout) with-
out changing the connections of each elements; in the same time, maintaining the be-
havior of the circuit to the design specifications. It is clear that there’s are two objectives
in this circuit design problem, i) maximize the output terminal gain, and ii) having the
desired circuit behavior. These two objectives are hierarchically not symmetric, because
of any gain achievement will not be considered valid without having the desired be-
havior captured in the second objective; even though, the first objective is ”really” the
one that needs to be optimized. Hence, we choose to use the bilevel formulation to
capture this structure.

For the consideration of satisfying the desired circuit behavior, we will utilize the
transfer function derived from the circuit in frequency domain (s). the location of poles
and zeros are properties of the transfer function that characterizes circuits’ input-output
relationship. For example, the output of a system that has poles with positive real val-
ues will grow exponentially unbounded with external inputs. Because the transfer
function completely represents a system’s (circuits or control system) differential equa-
tion, its poles and zeros effectively define the system response. Hence, for the consid-
eration of simplicity, if the transfer function of the designed RLC circuit has conjugate
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Table 5: Multi-variable constrained test-problems results

(a) Reliable bilevel solutions for CnCaseA.
8-Variable ULFV LLFV ULVS LLVS

Determ.

Best 139.24 139.28 6.9994 69.6270 6.9990 69.6146 7.00 69.64 7.00 69.74
Median 139.17 139.28 6.9980 69.5844 6.9982 69.5875 7.00 69.64 7.00 69.64
Worst 139.04 139.27 6.9961 69.5356 6.9951 69.5063 7.00 69.64 7.00 69.63

Reliable

Best 0.60 0.60 −0.7917 0.3022 −0.7917 0.3022 −0.79 0.30 −0.79 0.30
Median 0.60 0.60 −0.7917 0.3022 −0.7915 0.3032 −0.79 0.30 −0.79 0.30
Worst 0.60 0.60 −0.7915 0.2999 −0.7918 0.2990 −0.79 0.30 −0.79 0.30

(b) Reliable bilevel solutions for CnCaseB.
9-Variable ULFV LLFV ULVS LLVS

Determ.

Best 0.53 187.50 2.4994 2.5003 2.5005 7.00 62.48 7.00 62.50 7.00 62.51
Median 0.53 187.64 2.5021 2.5114 2.4999 7.00 62.55 6.99 62.59 7.00 62.50
Worst 0.51 187.18 2.5122 2.4984 2.5015 6.98 62.18 7.00 62.46 7.00 62.54

Reliable

Best 8.50 −2.07 2.4963 2.4986 2.4930 −0.57 −0.70 −0.57 −0.71 −0.57 −0.70
Median 8.58 −2.13 2.4933 2.4924 2.4922 −0.57 −0.71 −0.57 −0.70 −0.57 −0.71
Worst 8.58 −2.05 2.4859 2.4896 2.4850 −0.58 −0.68 −0.57 −0.70 −0.58 −0.68

(c) Reliable bilevel solutions for CnCaseC.
9-Variable ULFV LLFV ULVS LLVS

Determ.

Best 187.50 30.99 7.00 62.50 7.00 62.50 7.00 62.50 2.50 2.50 2.50
Median 187.50 31.00 7.00 62.4997 7.00 62.4994 7.00 62.4994 2.50 2.50 2.50
Worst 187.40 30.98 6.99 62.4462 7.00 62.4999 6.9983 62.4580 2.50 2.50 2.50

Reliable

Best −2.19 14.36 −0.56 −0.7288 −0.56 −0.7288 −0.56 −0.7288 2.50 2.50 2.50
Median −2.18 14.36 −0.56 −0.7288 −0.56 −0.7288 −0.56 −0.7288 2.50 2.50 2.50
Worst −2.20 14.37 −0.57 −0.7427 −0.56 −0.7299 −0.56 −0.7313 2.50 2.50 2.50

Figure 19: A RLC circuit design problem.

pole pairs at P1 (s = −500+ j1041) with preference or P2 (s = −538+ j714), the desired
behavior specifications are considered satisfied.

As shown in Figure 19, this RLC circuit has five design elements including two
resistors (R1 and R2), two inductors (L1 and L2), and one capacitor (C1). The output
gain is measured across positive and negative terminals of resistor R2 with a sinusoidal
input voltage source (Vin). For the purpose of bilevel optimization formatting, five de-
sign variables are deliberately splited into two sets, upper and lower level variables, at
the authors’ choice. The upper level variable set is x = {R1, L1, C1}. The remaining
two elements R2 and L2 form the lower level variable set: y = {R2, L2}. With zero ini-
tial energy stored in the circuit, this bilevel circuit design problem could be formulated
in complex frequency domain (s) along with all the design specifications as follows:

Max.(x,y) Gain(x,y) = y1/ ((y1 + y2s)
+(x1 + x2s)(1 + x3s(y1 + y2s))) ,

subject to y ∈ argmin(y) Error(x,y) ={min |roots(x,y)−P1|
ζ1

+ 1
Im(P1)

, if Scenario1
min |roots(x,y)−P2|

ζ2
+ 6000

Im(P1)
, if Scenario2

}
,

(22)
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500 ≤ x1 ≤ 1000, 0.5 ≤ x2 ≤ 1, 3.8µ ≤ x3 ≤ 4.2µ,
100 ≤ y1 ≤ 1500, 0.1 ≤ y2 ≤ 1.5, s = j 850.

The objective function of the upper level optimization task Gain(x,y) quantifies
the gain at the output terminal. The objective function of the lower level optimization
task Error(x,y) measures the minimum distance between any pole and either one of
the desired pole locations. The roots operator in Equation 22 computes all the possible
poles s from the output gain function. Mathematically, roots operator defines a set of
points s ∈ C2 in terms of x and y that satisfies the following equation:

(x2x3y2) s
3 + (x2x3y1 + x1x3y2) s

2 + (x2 + y2 + x1x3y1) s

+ (x1 + y1) = 0.
(23)

The Im operator in Equation 22 extracts the imaginary parts of the desired pole location-
s. Based on the distance evaluated between every pole from the output gain function
and two desired pole locations, there are two possible scenarios as following:

• Scenario 1: The minimum distance from any pole to P1 is less than or equal to the
minimum distance from any pole to P2, or mathematically:

min |roots(x,y)− P1| ≤ min |roots(x,y)− P2|. (24)

• Scenario 2: The minimum distance from any pole to P1 is greater than the minimum
distance from any pole to P2, or mathematically:

min |roots(x,y)− P1| > min |roots(x,y)− P2|. (25)

This bilevel circuit design problem consists of a sensitive lower level function and
a deterministic upper level function, thereby belonging to Case 1. Two figures of mesh
plots over contour plots are provided in Figures 20 and 21.

Figure 20: Upper level Gain(x,y) function mesh plot over lower level Error(x,y) func-
tion contour plot at x∗ = (R∗

1, L
∗
1, C

∗
1 ).

19



Figure 21: Lower level Error(x,y) function mesh plot over upper level Gain(x,y) func-
tion contour plot at x∗ = (R∗

1, L
∗
1, C

∗
1 ).

Both plots are sampled at the optimal upper level variable x∗(R∗
1, L

∗
1, C

∗
1 ) with the

lower level variable y (R2, L2) varying. The lower level objective function Error(x,y)
for a fixed vector x has a global optimal solution vector around the neighborhood of
point A′ and a robust solution vector around the neighborhood of point B′ (shown in
Figure 20). If an average of the lower level function Erroreff(x,y) = Error(x,y) over the
ranges Bδx = N(0, σx) and Bδy = N(0, σy) is used for every member in vector x and
y (with standard deviation equal to 10% of search range), the robust solution vector in
the neighborhood of point B′ will be found. Thereafter, at the upper level problem, the
search using Gaineff (x,y) will be restricted to the neighborhood of point B′. The optimal
solution vector {x∗

robust,y
∗
robust} (denoted as point B in Figure 20) will yield among the

feasible (robust) candidates supplied from the lower level problem. On the other hand,
if an average of the lower level function Erroreff(x,y) is not used, the global optimal
solution will be found in the neighborhood of point A′ for a fixed vector x. Then solu-
tion A will be found as the final result for this bilevel search. In this particular instance,
it’s observed that the global optimal solution in the upper level problem is associated
with the robust solution in the lower level problem. Hence, without the consideration
of robustness in the lower level task, the global optimal solution in the upper level task
will not be found in this bilevel circuit design problem. Figure 21 provides another
perspective of the problem by showing the lower level objective function in mesh plot
over the contour plot of the upper level objective function.

Twenty runs of optimizations are performed using BLEAQ with our proposed def-
initions of bilevel robust solution. Both upper and lower level problems use a popu-
lation size of 50 and both are restricted to a maximum generation of 500. The length
of the lower level averaging neighborhood parameter δ is 250 for y1 and 0.25 for y2.
The number of individuals selected within δ-neighborhood in the lower level is 50. The
results are provided in Table 6.
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Table 6: Circuit design problem results without and with averaging on lower level.

ULFV LLFV ULVS LLVS

N
o

A
vg

. 0.3831 0.0043 0.50 500.00 3.8 0.3261 326.12
0.3831 0.0241 0.50 500.00 3.8 0.3261 326.14
0.3831 0.1450 0.50 500.00 3.8 0.3262 326.23

A
vg

.
BL

EA
Q 0.5010 103.6147 0.52 500.00 3.8 0.7813 1147.70

0.5029 104.6880 0.51 500.00 3.8 0.7598 1153.80
0.5044 107.0422 0.53 500.02 3.8 0.8132 1184.60

4.4 Results on a Navy Ship Design Problem

For the purpose of applying our proposed reliability-based uncertainty handling tech-
nique in a practical bilevel problems, we consider the well-known Sen-Bulker ship de-
sign model Sen and Yang (1988). The original Sen-Bulker ship model is a tri-objective
optimization problem consists of six design variables and nine constraints. The three
objectives are minimization of light ship mass (LS), minimization of transportation cost
(TC), and maximization of annual cargo capacity (AC). The full problem formulation is
provided in the appendix. Although a trade-off between transportation cost and ship
mass is intuitive, it is expected that the cargo capacity and transportation cost will be
correlated. Hence, we first eliminate the third objective of maximizing AC and impose
an apparent hierarchy between the remaining two objectives to redefine the original
problem as a bilevel problem.

Minimization of transportation cost (TC in GBP/tonne) involves operating condi-
tions such as velocity and transport load on the ship and cannot be optimized indepen-
dent of the overall ship mass which itself involves ship dimensions such as length and
width of the ship. Thus, a proper way to design the ship would be to use ship dimen-
sions as variables and ship mass as an objective at the upper level optimization task and
consider the operating conditions and transportation cost as an objective at the lower
level optimization task. Thus, every upper level design must be evaluated by finding
its optimal performance from the operating conditions. The original study considered
six design variables in total. Here, we separate them into two clusters: upper level
variable vector x = {ShipLength(L), BeamWidth(B)} specifies the physical dimension
of a ship in meters; and the lower variable vector y = {Draft(T ) (m), Depth(D) (m),
Coefficient(CB), Velocity(V ) (knots)} specifies the main operating parameters. All nine
constraints are assigned to the lower level optimization task. The new problem defini-
tion is given as follows:

Min.(x,y) F (x,y) = LightShipMass(x,y),

subject to y ∈ argmin(y)

{
f(x,y) = TransportationCost(x,y),
gj(x,y) ≥ 0, j = 1, 2, . . . , 9.

}
(26)

Constraint functions (g1 to g9) are given in the appendix. This new formulation of the
Sen-Bulker ship design model with a hierarchy of objectives functionally transforms
the original problem into a bilevel optimization task, but still inherits the original goals
of the design task. Since any operating performance depends on the given design,

To better understand the Sen-Bulker navy ship model with hierarchy introduced,
the upper level search is obtained by forming a two-dimensional mesh grid with up-
per level variables and for each combination of upper level variables, its corresponding
lower level solution (consisting of other four variables) are optimized, as provided in
Figure 22. It is noticeable that not every combination of upper level variables could re-
sult in a feasible lower level solution. For the purpose of completeness, the lower level
solutions with least constraint violations are preserved in case of no feasible solutions
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are found.
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Figure 22: Upper level search space and corresponding upper level objective value
are shown for the respective lower level optimal solutions. In the event of no feasible
solution for an upper level variable vector, the lower level solution having the least
constraint violation is used to calculate the upper level objective value.

The BLEAQ algorithm is applied to solve the above bilevel Sen-Bulker navy ship
design problem (26) described above. Due to the computational complexity involved
in obtaining optimization-based MPP (FastPMA) for each of the nine constraints, a
Monte-Carlo sampling-based MPP acquisition is used instead. Depending on the de-
sired reliability, a number of samples (100 used here) are evaluated for each candidate
solution. 48 population members are used for upper and lower levels. The maximum
allowed number of generations for each level are set equally at 1,200. The obtained
results are shown in Table 7. It is clear that as the desired reliability is increased, the

Table 7: Navy Ship Design Bilevel Results.

Desired xu xl LLFV ULFV
Reliability L (m) B (m) T (m) D (m) (knots) (GBP/tonne) (k-tonne)

Deterministic 195.1830 24.1525 10.2728 13.6754 0.6300 14.0000 12.8130 0.7163
40% Reliable 217.8611 32.5514 12.4108 19.1160 0.6830 14.0000 11.8492 1.2371
60% Reliable 250.8152 37.6069 14.3296 23.1711 0.7300 14.0001 11.7147 1.8891
70% Reliable 291.5354 42.8805 16.7511 25.9714 0.7500 14.0406 11.3482 2.7437

optimal ship dimensions (upper level variables) get larger to increase the probability of
constraint satisfaction against uncertainties, thereby making the upper level objective
value (ship mass, ULFV) worse. Interestingly, the lower level variable values also get
larger. Furthermore, it is extremely interesting to note that with an increase in reliabili-
ty, the lower level objective value (Transportation cost, LLFV) is smaller. This indicates
a conflicting relationship between the upper level and lower level optimal objective
values in this problem.

To further explore the problem, the ship design problem is solved for two objec-
tives of minimizing LightShipMass and TransportationCost and all six variables are
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considered as variables. Figure 23 shows the non-dominated solutions obtained us-
ing NSGA-II procedure Deb et al. (2002). It is clear from the figure that the deter-
ministic non-dominated front (without any uncertainty consideration) spreads a wide
range of objective values. Thereafter, NSGA-II is run again using the Monte-Carlo sam-
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Figure 23: Bilevel solutions are found to lie on one extreme of bi-objective fronts for the
Sen-Bulker Navy Ship design problem.

pling method of handling three different levels of reliabilities and the resulting non-
dominated fronts are shown in the same figure. It is clear that that deterministic front
dominates the reliable fronts and as the reliability requirement increases, the fronts get
more and more dominated, as expected. Designs with a higher reliability is more con-
servative in terms of both objectives. To contrast a common misunderstanding about
bi-objective and bilevel optimization problems, we show the optimized solution (with
a ‘x’) obtained using the bilevel approach. For every reliability level, we have a single
solution. Interestingly, each bilevel solution is almost identical to the minimum Light-
ShipMass solution obtained using the bi-objective approach. In bilevel optimization
problems, if there is a perfect conflict between upper level objective function (F ) and
lower level objective function (f ) for feasible solutions, it can be argued that the ex-
treme best-F solution is identical to the bilevel optimal solution. The Sen-Bulker ship
design problem falls in this category for the deterministic and uncertain version of the
problem. To show that there does not exist any better-f solution for the fixed upper
level variable vector of the reported bilevel solutions, we create 10,000 random lower
level variable vectors and evaluate their F and f values for each reliability case. Best
few respective feasible solutions are shown in the figure with filled circles. It can be
seen that in each case, the reported bilevel solution has a better lower level function
value.

5 Conclusions

In this pilot study, we have introduced the concept of robustness in bilevel optimization
problems arising from uncertainties in both lower and upper level decision variables
and parameters. The effect of two types of uncertainties on the final robust bilevel so-
lution has been clearly demonstrated using simple, easy-to-understand test problems,
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followed by construction and solution of a bilevel circuit design problem.
In the presence of constraints, uncertainties in decision variables are likely to cause

optimal or near-optimal solutions to violate constraints. By restricting an upper bound
on allowable failures in lower as well as upper level problems, reliable bilevel solu-
tions can be achieved. The reliability based bilevel optimization methods have been
proposed using the standard single-level stochastic optimization methods and results
on test and a ship design problem have been presented.

The topic of uncertainty handling in bilevel problems is highly practical and time-
ly with the overall growth in research in bilevel evolutionary algorithms and in uncer-
tainty handling methods. Bilevel problems represent real-world problems more closely
than usual single-level optimization methods, but due to lack of efficient solution tech-
niques and their usual nested nature, they have been mostly avoided. A proper under-
standing of them will enable researchers to consider multi-level problems in a generic
manner. This paper remains as the first systematic study in understanding and han-
dling uncertainties in bilevel problems and should spur interests for further research
and application in this area in the coming years.
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6 Appendix

6.1 Unconstrained Test-Problem Formulation
• UnCaseA: Multimodal objective functions at both levels

Min.(x,y)

∑m
i=1 2.0− exp

(
−

(
0.2yi−xi+0.6

0.055

)0.4
)

−0.8 exp

(
−
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0.15yi−0.4+xi

0.3

)2
)
,

s.t. y ∈ argmin(y)

{∑n
i=1 2.0− exp

(
−

(
1.5yi−xi
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)0.4
)

−0.8 exp

(
−

(
2yi−3+xi

0.5

)2
)}

,

0 ≤ xi ≤ 1, 0 ≤ yi ≤ 2.

(27)

• UnCaseB: Multimodal objective function at the lower level alone

Min.(x,y)

∑m
i=1(xi − 0.5)2 + (yi − 1)2,

s.t. y ∈ argmin(y)

{∑n
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)}

,

0 ≤ xi ≤ 1, 0 ≤ yi ≤ 2.

(28)
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• UnCaseC: Multimodal objective function at the upper level alone

Min.(x,y)

∑m
i=1 2.0− exp

(
−

(
0.2yi−xi+0.6
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)0.4
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−0.8 exp
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0.3

)2
)
,

s.t. y ∈ argmin(y)

{∑n
i=1(xi − 0.5)2 + (yi − 1)2

}
,

0 ≤ xi ≤ 1, 0 ≤ yi ≤ 2.

(29)

6.2 Constrained Test-Problem Formulation
• CnCaseA: Constraint functions at both levels

Max.(x,y) F (x,y) =
∑

i∈EU
xi,

s.t. y = argmax(y)

{
f(x,y) =

∑
i∈EL

y2,

gj(x,y) ≥ 0, j = 1, . . . , JL

}
,

Gj(x,y) ≥ 0, j = 1, 2, . . . , JU ,
−4 ≤ xi∈OU
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• CnCaseB: Constraint functions at lower level only

Min.(x,y) F (x,y) =
∑
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(33)

• CnCaseC: Constraint functions at upper level only
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6.3 Evaluation of a design using original Sen-Bulker Model
The function forms of a(CB) and b(CB) are given elsewhere Sen and Yang (1988).A solution
having positive value for all constraints is considered feasible. The allowable variable values are:
190 ≤ L ≤ 500 m, 10 ≤ T ≤ 27 m, 12 ≤ D ≤ 51 m, 0.63 ≤ CB ≤ 0.75, 22 ≤ B ≤ 75 m, and 14 ≤ V ≤
18 Knots.
[f, Constr] = Sen-Bulker Ship Model(x)
{
(L, T,D,CB , B, V ) = x;

Displ = 1.025 ∗ L ∗B ∗ T ∗ CB ;

P = Displ2/3 ∗ V 3/(b(CB) ∗ V/(9.8065 ∗ L)0.5 + a(CB));

SteelMass = 0.0034 ∗ L1.7 ∗B0.7 ∗D0.4 ∗ C0.5
B ;

OutfitMass = L0.8 ∗B0.6 ∗D0.3 ∗ C0.1
B ;

MachineMass = 0.17 ∗ P 0.9;

DeadWeight = Displ − ShipMass;

DailyConsmp = 0.2 + 0.19 ∗ P ∗ 0.024;

SeaDays = 5000/(24 ∗ V );

FuelCarried = DailyConsmp ∗ (SeaDays+ 5);

Crew = 2 ∗DeadWeight0.5;

CargoDw = DeadWeight− FuelCarried− Crew;

PortDays = 2 ∗ (CargoDw/8000 + 0.5);

ShipCost = 1.3 ∗ (2000 ∗ SteelMass0.85 + 3500 ∗OutfitMass+ 2400 ∗ P 0.8);

RunningCost = 40000 ∗DeadWeight0.3;

FuelCost = 1.05 ∗DailyConsmp ∗ SeaDays ∗ 100;

PortCost = 6.3 ∗DeadWeight0.8;

V oyageCost = FuelCost+ PortCost;

RTPA = 350/(SeaDays+ PortDays);

AnnualCost = 0.2 ∗ ShipCost+RunningCost+ V oyageCost ∗RTPA;

AnnualCargo = CargoDw ∗RTPA;

LightShipMass = SteelMass+OutfitMass+MachineMass;

TranspCost = AnnualCost/AnnualCargo;

f = [TranspCost, LightChipCass/104,−AnnualCargo/106];

/ ∗ ConstraintEvaluation ∗ /

GM = 0.53 ∗ T + (0.085 ∗ CB − 0.002) ∗B2/(T ∗ CB) + 0.52 ∗D + 1;

Constr(1) = L/B − 6;

Constr(2) = 15− L/D;

Constr(3) = 19− L/T ;

Constr(4) = 0.45 ∗DeadWeight0.31 − T ;

Constr(5) = 0.7 ∗D + 0.7− T ;

Constr(6) = DeadWeight− 3000;

Constr(7) = 500000−DeadWeight;

Constr(8) = 0.32− V/(9.8065 ∗ L)0.5;

Constr(9) = GM − 0.07 ∗B;

}
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