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Abstract—In simulation-based Evolutionary Multi-objective
Optimization the number of simulation runs is very limited, since
the complex simulation models require long execution times. With
the help of preference information, the optimization result can be
improved by guiding the optimization towards relevant areas in
the objective space, for example with the R-NSGA-II algorithm
[9], which uses a reference point specified by the decision maker.
When stochastic systems are simulated, the uncertainty of the
objective values might degrade the optimization performance.
By sampling the solutions multiple times this uncertainty can
be reduced. However, resampling methods reduce the overall
number of evaluated solutions which potentially worsens the
optimization result.
In this article, a Dynamic Resampling strategy is proposed
which identifies the solutions closest to the reference point which
guides the population of the Evolutionary Algorithm. We apply
a single-objective Ranking and Selection resampling algorithm in
the selection step of R-NSGA-II, which considers the stochastic
reference point distance and its variance to identify the best
solutions. We propose and evaluate different ways to integrate
the sampling allocation method into the Evolutionary Algorithm.
On the one hand, the Dynamic Resampling algorithm is made
adaptive to support the EA selection step, and it is customized to
be used in the time-constrained optimization scenario. Furthermore, it is controlled by other resampling criteria, in the same
way as other hybrid DR algorithms. On the other hand, R-NSGAII is modified to rely more on the scalar reference point distance
as fitness function. The results are evaluated on a benchmark
problem with variable noise landscape.

I. I NTRODUCTION
The goal of Preference-based Evolutionary Multi-objective
Optimization is to provide the decision maker with a set
of alternative solutions within a limited area of the objective space. If the optimization problem is a simulation of
a practical, real-world optimization problem, the number of
solution evaluations is usually limited [18]. Preference-based
optimization allows to find a better result set of solutions in
the preferred area within the available optimization time. In
this way, a Preference-based EMO algorithm can find a nondominated front which is closer to the true Pareto-front within
the preferred area than the result front that can be attained
by an algorithm which explores the whole Pareto-front. As a
second goal, in order to provide the decision maker with a

solution set which are genuine alternatives, Preference-based
EMO needs to preserve a certain amount of diversity in the
result population. Multi-objective evolutionary algorithms that
can perform guided search with preference information are, for
example, the R-NSGA-II algorithm [9], Visual Steering [30],
and progressively approximated value functions [8].
Besides limited optimization time, Simulation-based Optimization entails the challenge of handling noisy objective
functions [1], [2], [17], [32], [15]. To obtain an as realistic as
possible simulation of the system behavior, stochastic system
characteristics are often built into the simulation models.
When running the stochastic simulation, this expresses itself
in deviating result values. Therefore, if the simulation is run
multiple times for a certain system configuration, the result
value is slightly different for each simulation run.
If an evolutionary optimization algorithm is run without
noise handling on a stochastic simulation optimization problem, the performance will degrade in comparison with the
case if the true mean objective values would be known. The
algorithm will have wrong knowledge about the solutions’
quality. Two cases of misjudgment will occur. The algorithm
will perceive bad solutions as good and select them into
the next generation (Type II error). Good solutions might be
assessed as inferior and might be discarded (Type I error).
The performance can therefore be improved by increasing the
knowledge of the algorithm about the solution quality.
Resampling is a way to reduce the uncertainty about
objective values of solutions. Resampling algorithms evaluate
solutions several times to obtain an approximation of the
expected objective values. This allows EMO algorithms to
make better selection decisions, but it comes with a cost. As
the modeled systems are usually complex, they require long
simulation times, which limits the number of available solution
evaluations. The additional solution evaluations needed to reduce uncertainty of objective values are therefore not available
for exploration of the objective space. This exploration vs.
exploitation trade-off can be optimized, since the required
knowledge about objective values varies between solutions. For
example, in a dense, converged population which often occurs
in Preference-based EMO, it is important to know the objective
values well, whereas an algorithm which is about to explore the

objective space is not harmed much by noisy objective values.
Therefore, a resampling strategy which samples the solutions
carefully according to their resampling need, can help an EMO
algorithm to achieve better results than a static resampling
allocation. Such a strategy is called Dynamic Resampling, DR.
In this article we propose new Dynamic Resampling strategies
for Preference-based EMO. They are evaluated together with
the Preference-based EMO algorithm Reference point-guided
Non-domination Sorting Genetic Algorithm-II optimization
algorithm (R-NSGA-II) [9], which uses reference points specified by the decision maker to guide the population towards
the preferred area in the objective space.
The resampling need varies between solutions and can be
calculated in many different ways [27], [28]. One approach is
to assign more samples to solutions close to the Pareto-front.
Since in real-world problems, the Pareto-front is not known,
this can be achieved approximatively by assigning more samples to solutions as the optimization time progresses. Another
approximation strategy is to assign more samples to solutions
that dominate more other solutions, or are dominated by fewer
other solutions, respectively. This is done by, for example,
Confidence-based Dynamic Resampling and the MOPSA-EA
algorithm [31], or Rank-based Dynamic Resampling [25],
[26], [27], [28]. In our case, when preference information
is available, increased sampling budget can be assigned to
solutions close to a preferred area (i.e. in this article close to a
R-NSGA-II reference point). This valuable information allows
for DR algorithm with better performance to be designed. DR
algorithms which use distance as a resampling criterion, i.e. the
DDR algorithm [25], [26], [27], [28], and Progress-based DR
algorithms [26], [27], [28] perform better than DR algorithm
which do not have the distance information available. The
second important approach is to assign samples in order to
compare the objective values of solutions. EMO algorithms
have a selection operator which determines if solutions will
be part of the next population or be discarded. This approach
is used by the MOPSA-EA algorithm [31] which compares
pairs of solutions using Confidence-based DR (CDR) or the
MOCBA and EA approach [5] (Multi-objective Optimal Computing Budget Allocation), which compares sets of solutions.
Both approaches use a method called Ranking and Selection
[12], and both algorithms show promising results.
In this article, we propose a Dynamic Resampling algorithm which uses a Ranking and Selection method to allocate
samples for a single-objective fitness function. The R-NSGAII algorithm uses the scalar reference point distance as secondary fitness criterion. The single-objective version OCBA
of the MOCBA algorithm was proposed in [4] identifies the
alternative design with the best performance value out of a
set of candidate designs or configurations of a system. In
[3], an algorithm variant was proposed which identifies the
best m alternatives, called OCBA-m. This algorithm can be
used to identify a set of solutions with the best reference
point distances in R-NSGA-II. We show how this algorithm
can be integrated with the R-NSGA-II algorithm to support it
in the best possible way. We also propose a modification of
the R-NSGA-II algorithm, in order to give a higher emphasis
to the reference point distance as a fitness criterion, without
losing control over the population diversity of the Evolutionary
Algorithm. Similar to previously published hybrid Dynamic
Resampling algorithms [25], [26], [27], [28], we show how
the distance-based OCBA-m Dynamic Resampling algorithm

can be controlled by other resampling criteria.
The paper is structured as follows. In Section II, different resampling techniques for EMO and for Preference-based EMO
are reviewed. Section III explains the R-NSGA-II algorithm
and an extension with scalar fitness function is proposed. On
this basis, Section IV presents a new Ranking and Selectionbased resampling algorithm and hybrid algorithm variants.
Section VI shortly explains benchmark problems with variable
noise landscape, which are used for evaluating the proposed
resampling algorithms. In Section VII, numerical experiments
on benchmark functions are performed and evaluated with
performance metrics for preference-based multi-objective optimization. In Section VIII, conclusions are drawn and possible
future work is pointed out.
II. R ESAMPLING A LGORITHMS
In this section, Dynamic Resampling algorithms are reviewed as a reference for the Ranking and Selection Strategy
proposed in this paper.
A. Generally applicable resampling algorithms
In this section resampling algorithms from the literature
are described which do not rely on an external preferenceinformation of the decision maker. However, they can be
applied both on MOO algorithms which explore the Paretofront and algorithms which explore a preferred part of the
Pareto-front.
1) Static Resampling: Static Resampling assigns the same
fixed number of samples to all solutions involved in an optimization run. It is popular among optimization practitioners
since it requires a relatively small implementation effort.
The disadvantage is that accurate knowledge of the objective
vectors is not needed for all solutions: Not all solutions have
objective values with high variability, and in the beginning of
an optimization run the benefit of accurate values usually does
not justify their cost. The degenerated form of Static Resampling with only one sample per solution achieves competitive
results [26], since the optimization has more solutions available
for exploring the search space. But with the exception of this
special case, Static Resampling is inferior to many Dynamic
Resampling algorithms.
2) Time-based Dynamic Resampling: Time-based DR [25]
is a generally applicable dynamic resampling algorithm which
can be used on any optimization algorithm. It assumes that
the need for accurate knowledge of objective values increases
towards the end of the optimization run. Time-based DR
makes only one sampling decision for each solution (oneshot allocation) according to the elapsed time. However, if a
solution survives into the next generation of an evolutionary
algorithm the decision is made again.
3) Rank-based Dynamic Resampling: Rank-based DR [25]
is a dynamic resampling algorithm which can be used on any
multi-objective optimization algorithm. It measures the level
of non-dominance of a solution and assigns more samples
to solutions with lower Pareto-rank. It can have a parameter
allowing only the solutions with a Pareto-rank of n or less to
be allocated additional samples (RankMaxN-based DR) [26].
Rank-based DR can be used in a hybrid version as RankTime-based DR [26]. Rank-based Dynamic Resampling shows
good results on the (R-)NSGA-II algorithm which is expected
since the dominance relation is its dominant fitness measure.
Since after each added sample, the dominance relations in the

population of an MOO algorithm changes Rank-based DR is
performed sequentially.
4) Standard Error Dynamic Resampling: The SEDR resampling algorithm assigns the number of samples to a solution
based on its objective variance, for each solution individually.
It was proposed in [10], as a single-objective DR algorithm.
Here, a multi-objective version is described. SEDR continuously adds samples to a solution until the standard error of the
mean falls below a user-defined threshold sen (s) < seth .
In order to formulate the termination criterion for multiple
objectives we calculate an aggregation of the standard error of
the mean of all objectives [25] and push it below the threshold
seth . We propose to use the maximum standard error of all
objective values.
sen (s) := max seni (s) < seth .
i

(1)

By using the maximum of all seni (s), i = 1 . . . H, we
guarantee that the termination criterion is satisfied for all
objectives.
B. Preference-based resampling algorithms
The DR algorithms in this section use preference information specified by a decision maker to define their sampling
allocation. In this paper, the preference information is specified
as reference points in the objective space for R-NSGA-II.
These resampling algorithms are described here, since we
propose hybrid extensions of SEDR which are based on and
build in the same way as the algorithms below.
1) Progress-based Dynamic Resampling: Progress-based
DR is described in [26]. Its premise is that if the R-NSGA-II
population progress towards a reference point slows down the
population members are concentrated in a small area. In this
situation the algorithm will benefit from accurate knowledge
about the objective vectors. The disadvantage of this strategy
becomes apparent in a situation of premature convergence. If
a population based optimization algorithm gets stuck in a local
optimum, it has been shown that more objective uncertainty,
and not less, can be helpful to escape the local optimum.
2) Distance-based Dynamic Resampling, DDR: DDR was
proposed in [25] and it assigns samples to a solution based
on its distance to a reference point. Since a reference point in
the objective space can be unattainable by the optimization,
the hybrid DDR algorithm combines the distance allocation
with a progress measure. Such unattainable reference points are
common, since the decision maker usually will pick a reference
point out of an optimistic area in the objective space. Therefore, if the optimization convergence slows down, the progress
measure will indicate that the best attainable solutions with the
closest distance to the reference point have been found and the
sampling allocation is increased to bmax for those solutions. In
addition, DDR also considers the elapsed optimization time, in
order to handle situations of premature convergence in a local
Pareto-front where the progress measure causes unwanted high
number of samples [25], or if a satisfying convergence never
is achieved during the optimization runtime.
3) Distance-Rank-based Dynamic Resampling, DR2: DR2
was proposed in [26] and it combines Distance-based DR
and Rank-based DR [25]. Since DDR is involved, DR2 is a
preference-based DR algorithm. Due to the promising results
of Rank-Time-based DR in [26] we combined the rank criterion with the distance resampling criterion and were able to
show its superiority for complex optimization problems.

C. Hybrid SEDR Strategies
Similar to the hybrid DR algorithms proposed in [26], MOSEDR can be combined with other resampling criteria [28].
We proposed hybrid SEDR algorithms which allocate samples
both based on the noise level of a solution s, and on another
criterion p ∈ [0, 1], or on multiple other criteria. Different
Hybrid Multi-objective SEDR variants can be defined, as
described in the following sections.
1) Standard Error Time-based DR: The SEDR threshold
seth (p), or the min./max. number of samples bmax (p) and
bmin (p), or both, are controlled by the elapsed optimization
time.
2) Standard Error Rank-Time-based DR: The SEDR parameters seth (s, p), or bmax (s, p), bmin (s, p) are controlled
both by the Pareto-rank of a solution s and the elapsed
optimization time, according to the sampling allocation of the
RankMaxN-Time-based DR algorithm [26].
3) Standard Error Distance-based DR: In Standard Error
Distance-based Dynamic Resampling, or SE-DDR, seth (s, p),
or bmax (s, p), bmin (s, p) are adapted according to a solution’s
distance to a reference point, as in the Distance-based Dynamic
Resampling (DDR) algorithm [26]. As mentioned above, DDR
also considers population progress and elapsed optimization
time as sampling criteria.
4) Standard Error Distance-Rank-based DR: Standard Error Distance-Rank-based Dynamic Resampling, which we call
SEDR2, uses the allocation of the Distance-Rank-based Dynamic Resampling algorithm (DR2) [26] to control seth (s, p)
or bmax (s, p), bmin (s, p), thereby combining five resampling
criteria: Standard error and Pareto-rank of a solution, distance
and progress towards a R-NSGA-II reference point, and the
elapsed optimization time.

III. T HE R-NSGA-II ALGORITHM
For evaluation of the Dynamic Resampling algorithms
in this paper, the preference-based multi-objective Evolutionary Algorithm R-NSGA-II (Reference point-based Nondomination Sorting Genetic Algorithm II) is used, as well as
an R-NSGA-II algorithm variant.
The R-NSGA-II algorithm was proposed in [9] and is
based on the NSGA-II algorithm [6]. NSGA-II is a populationbased Evolutionary Algorithm for optimization problems with
multiple objectives. In the selection step, NSGA-II sorts the
population and offspring into multiple fronts and selects front
by front into the next population, as long as the fronts can
be selected as a whole. If the next front can only be selected
partially, NSGA-II uses a clustering method called Crowding
Distance to determine which solutions of the front shall be
selected, in a way that increases population diversity. The
parental selection for offspring generation follows this fitness
hierarchy.
R-NSGA-II replaces the secondary fitness criterion Crowding Distance by the distance to user-specified reference point(s)
R, which helps the Evolutionary Algorithm to focus on a
preferred region instead. An example for the R-NSGA-II
selection step in the objective space is depicted in Figure 1. In
order to not lose too much population diversity, a clustering
mechanism with a minimum objective vector distance  is used.
The same fitness hierarchy, i.e., dominance first, then reference
point distance, is used for parental selection.

Objective2 (minimize)

ε

R

Objective1 (minimize)

Fig. 1. R-NSGA-II algorithm – Example for selection step in objective space.
The population size is |P | = 6. Four solutions are selected our of the first
front, and two out of the second front.

Our results on the bi-objective ZDT benchmark function
suite with deterministic objective functions [34] have shown
that R-NSGA-II in the standard configuration of [9] with
population size 50 will first focus on towards the Ideal Point
[24], then the population will explore the Pareto-front, and first
then it will focus towards the reference point of R-NSGA-II.
This leads to a delay in convergence towards the reference
point. Our experience shows that this effect is even stronger
for optimization problems with noisy objective functions.
An algorithm similar to DPF-R-NSGA-II has been proposed in [16]. This algorithm compares two solutions s1 and
s2 by the Pareto-dominance relation, if they are within a certain
region around the reference point R with radius dmin + δ to
R in the current population. dmin is the current best distance
to R, and δ a user defined parameter. If both s1 and s2 are
outside the region, then they are compared by their reference
point distance only. Solutions inside of the region are preferred
to solutions outside. Since dmin is continuously updated as
the population progresses, the are comparisons by dominance
and distance in every generation of the EA. Since we want to
employ a Dynamic Resampling algorithm which works on a

Objective2 (minimize)

A. Extended R-NSGA-II - Scalar fitness
In this paper, an extended variant of the R-NSGA-II algorithm is proposed, which which is designed according to two
objectives. In this paper, we propose a Dynamic Resampling
algorithm which only works on a scalar fitness function. We
therefore propose an R-NSGA-II extension where the scalar
fitness criterion is used exclusively during a large part of the algorithm runtime. This distance-based fitness function supports
a second design objective. It can speed-up the convergence
towards the preferred area in the objective space. We call this
modification Delayed Pareto-fitness, and the algorithm variant
DPF-R-NSGA-II. This method works in a way that, until a
certain point of the elapsed optimization runtime, fitness comparisons are done only based on the distance to the reference
point(s), which otherwise is the secondary fitness criterion of
R-NSGA-II (Figure 2). In this way, the optimization algorithm
does not aim to cover a whole front and can thereby converge
faster towards the preferred area. After a certain point in time
has been reached, the normal operation mode of R-NSGA-II
is resumed. This guarantees a diverse and focused final result
front.

ε

R

Objective1 (minimize)

Fig. 2. R-NSGA-II algorithm with delayed Pareto-fitness (DPF-R-NSGA-II)
– Example for selection step in objective space in the same scenario as in
Figure 1. The distances from the objective vectors to the reference point R
are compared and the best |P | = 6 solutions are selected.

scalar fitness function, we designed DPF-R-NSGA-II in a way
so that the scalar fitness criterion is used exclusively during
a large part of the algorithm runtime. The extension will be
described in the next subsection.
B. Delayed Pareto-fitness
The selection step of the original R-NSGA-II algorithm
in a two-dimensional objective space was shown in Figure 1.
As mentioned, the predominance of the Pareto-fitness in the
algorithm (the non-domination sorting has a higher priority
than the reference point distance) can lead to that the convergence is delayed. The algorithm loses times when converging
towards the Ideal Point or while exploring the whole Paretofront. The distance-based fitness function in DPF-R-NSGA-II
can speed-up the convergence. However, an algorithm which
only uses a scalar fitness criterion cannot maintain diversity
in the population. We therefore include the R-NSGA-II based clustering method in DPF-R-NSGA-II. The solutions
are first sorted based on their reference point distance. The
solution with the lowest reference point distance is selected,
and all other solutions in its -vicinity in the objective space
are added to a cluster of solutions that are not considered
for selection. The same procedure is done repeatedly for the
remaining solutions, until |P | solutions outside of each others
-vicinity have been selected. In the case that less than |P |
solutions have been selected, the process is restarted with the
solutions that have not been considered for selection.
The Pareto-dominance has an even stronger effect on
population diversity than the -clustering method, and therefore
the standard operation mode of R-NSGA-II is started as soon
as a certain time-threshold θt is reached. Also, the standard
mode with Pareto-dominance and reference point distance is
activated as soon as a solution is found that dominates the
reference point, and if the euclidean distance metric is used.
This means that the reference point is attainable, and a fitness
function based on the euclidean distance to the reference point
alone does not work for attainable reference points.
The time threshold control of DPF-R-NSGA-II can be
replaced by a distance-based control. For example, a progress
measurement can be used and the operation mode can be
switched back and forth adaptively if the progress falls below
a threshold, p < θp . Another example would be to use an

adaptive control similar to the distance-progress-time dynamic
resampling allocation function, xDDR
< θd , where sm is
sm
the closest solution to the reference point in the population,
dm = mink {dk }.
An Evolutionary Algorithm using a only a distance-based
fitness function but no diversity preservation mechanism was
done by [30] and is called Visual Steering. They guide the
search towards an arbitrary attractor point in the objective
space. However, their guided search by attractor point is not
using Pareto-dominance which leads to the described effect,
that for attainable reference points the best solutions cannot
be found. Instead, an accumulation of solutions around the
reference point is found as result set.
IV.

DYNAMIC D ISTANCE - BASED S AMPLING A LLOCATION
In the extended R-NSGA-II, during the major part of the
runtime, the fitness value is the distance to a reference point.
Therefore, during this time with this operational mode, DPFR-NSGA-II works as a single-objective optimization algorithm
(except for the -clustering mechanism. Out of the solution set
S = P ∪O of parents and offspring, the best m = |P | solutions
are selected. This means we need to partition S into the set of
the best m solutions, Sm and the rest S \ Sm . This is a classic
Ranking and Selection problem [12], and we try to solve
it with the OCBA-m algorithm (Optimal Computing Budget
Allocation) described in [3], which allocates the samples in a
way to make the best decision which solutions have a fitness
above and below a threshold c. Or in other words, it aims
at increasing the probability for correct selection according to
the scalar distance-based fitness value. We call this algorithm
D-OCBA-m.
A. Distance-based OCBA-m (D-OCBA-m)
Since we want to do an optimal selection sampling to
support a single objective evolutionary algorithm we can make
use of existing sampling strategies. The hypervolume-based
evolutionary algorithm tested in this paper generates a set of
offspring solutions and selects a subset of these solutions into
the next generation. There is a sampling algorithm that has
been developed for this purpose: The OCBA-m algorithm [3].
OCBA-m identifies the top m solutions of a given solution set
based on their scalar fitness value. It chooses a threshold c
based on the current knowledge about the solutions so that the
best m solutions have a higher fitness value than c. These best
m solutions are selected and all solutions with a lower fitness
value than m are discarded. The sampling budget for a solution
is then assigned based on the difference of the sampling mean
of the solution fitness to c, and on the variance of the solution.
It should be noted that OCBA-m assumes all fitness values
to be non-correlated [13], [14]. For our purpose, we use the
distance to R as solution fitness.
Since this paper focuses on optimization with a limited
time-budget, our experience shows that is is beneficial to limit
the maximum number of samples by bmax , as we have done
in this paper. In the original algorithm specification, there
is no upper limit for the maximum number of samples per
solution. This led to sampling allocations up to five times as
high as bmax which we use for other dynamic resampling
algorithms. In our previous publications, we found that the
trade-off between problem exploration and exploitation within
the limited time budget limits the number of samples which
can be spent on one solution in a meaningful way. There is
a diminishing marginal utility in adding more samples to a

solution, since this means that the optimization process has
less samples available to explore the search space, leading to
worse optimization results.
In the following, the OCBA-m algorithm is described in
detail with slight notation variation in comparison to the original formulation. At first, the following notation is introduced
in Table I.
TABLE I.
N OTATION FOR OCBA- M APPLIED TO THE
DISTANCE - BASED SELECTION PROBLEM , CALLED D-OCBA- M .

rsk
d¯k
σk
Nk
σ̄k
n0
Ntotal
Sm

Reference point closest to solution sk .
Mean of the distance of the objective vector of
solution sk to reference point rsk , dk = d(sk , rsk ).
Standard deviation of stochastic variable dk .
Number of samples for solution k.
Standard deviation of the mean d¯k . σ̄k = √σNk .
k
Minimum number of samples for all solutions.
The overall number of samplings that can be
executed.
The subset containing the best m solutions.

As objective function to be maximized, the probability of
correct selection is chosen. This means that all solutions in the
set Sm have a distance value smaller than c, and all solutions
in the complementary set have a fitness value higher than c.
The problem is formulated as follows in Equation 2.
max

N1 ...N|S|

Y


P d¯k ≤ c

sk ∈Sm

Y


P d¯k ≥ c

sk ∈S
/ m

σ̄k
d¯k + σ̄km d¯km+1
where c = m+1 m
σ̄km + σ̄km+1
s.t.

|S|
X

(2)

Nk ≤ Ntotal ,

k=1

Nk ∈ N, n0 ≤ Nk ≤ bmax , k = 1 . . . |S|
In Equation 2, km is the index of the m-th best solution.
This means that in the list of solutions sorted by reference
point distance, there are m − 1 solutions that are closer to r
than for solution m. The index km+1 belongs to the next best
solution in the ordered list. This solution and all other worse
solutions are not selected into the next population.
With Karush-Kuhn-Tucker the allocation is optimal if the
following holds [3] for all solutions i, j (Equation 3).

2
Ni
σi /δ̄i
=
, where δ̄i = d¯i − c.
(3)
Nj
σj /δ̄j
This allocation can be achieved by selecting one solution
arbitrarily (let it be solution s) and putting all other in relation
to it, as in Equation 4.
βi =

Ni
, i = 1 . . . k.
Ns

(4)

The βi can be calculated using Equation 3. The allocation for solution i, with respect to the problem constraint
P|S|
k=1 Nk ≤ Ntotal , can now be calculated approximately
as in Equation 5. This allocation will most probably not be
optimal, since δi and σi can only be estimated and are not
known accurately. This allocation is done based on the n0

initial samples for each solution. After the sampling based on
the allocation in Equation 4 is performed, a repeated allocation
would yield very different new Ni . Ntotal needs to be chosen
as Ntotal > |S|n0 , in order to allow the minimum required
allocation n0 for all solutions.
$
%
βi
Ni = P
Ntotal
(5)
j βj

are expensive to calculate δ should be set higher. The algorithm
runtime will decrease but the sampling allocation will not be
as accurate anymore. The decision for a certain δ is dependent
on the evaluation time of the function to be optimized. If the
algorithm running time is very short in relation to the function
execution time (e.g. for simulation optimization in our case)
a small δ can be chosen. The sequential procedure is written
down in Algorithm 1.

Each Ni is assigned its correct share of Ntotal :
Ni
β
b P iβj Ntotal c = b PNsNj Ntotal c = b PNiNj Ntotal c.
j
j

Algorithm 1 OCBA-m Sequential Sampling Procedure based
on [3], [4], and [12].
1: Generate initial population and sample each solution n0
times.
k
j
β
2: Calculate sampling allocation Nk = P kβ Nmax , k =
j j
1, . . . , |S|, as in Equation 5.
3: Assign
each
solution
the
additional
budget


min δ, max 0, Nkν+1 − Nkν .
4: Perform the sampling. If the sum of all assigned budget
≥ Ntotal , then sample only the solutions with the highest
β, until Ntotal is reached.
5: Increase Nmax by ∆.
6: Stop if the sum of all assigned budget ≥ Ntotal , otherwise
go to step 2.

Ni =

j Ns

B. Iterative D-OCBA-m procedure
On all occasions where the mean d¯k or the standard
deviation σk of a solution is required, we approximate them
by the sample mean µn (dk ) and the sample standard deviation
σn (dk ). The new notation is given in Table II. Since the
information about a solution becomes more accurate with every
sample drawn, the budget allocation should be recalculated
after a few new samplings have been executed. Based on the
better knowledge about the solutions better allocation decisions
can be made. Therefore, D-OCBA-m is executed in an iterative
manner. It is a sequential sampling strategy. Asymptotically,
the allocation will be optimal. For the variance estimation to
be good enough, the authors in [3] suggest n0 ≥ 5.
TABLE II.

µn (dk )
σn (dk )
Nmax
∆
δ
ν

A DDITIONAL NOTATION FOR D ISTANCE - BASED OCBA- M
FOR ITS ITERATIVE APPLICATION .

Sample mean of the distance of the objective
vector of solution sk to reference point rsk .
Sample standard deviation of dk .
The current maximum budget that can be assigned
P|S|
to all solutions, i.e. k=1 Nk ≤ Nmax . Nmax is
increased iteratively.
Nmax is increased iteratively by ∆.
Maximum additional samples per solution and
iteration.
Iteration counter.

As distance function the Achievement Scalarization Function is used. The sample mean of the distance µn (dk )
is calculated as d¯k ≈ µn (dk ) = µn (d(sk , rsk )) =
δASF (µn (F (sk )), rsk ) = maxH
i=1 {µn (Fi (sk )) − rski }. The
sample standard P
deviation σn (dk ) is based on µn (dk ): σk2 ≈
n
j
j
1
2
σn2 (dk ) = n−1
j=1 (dk − µn (dk )) , where dk is the j-th
sample of dk .
In every iteration ν, only a few
 new samples are drawn
based on the following rule: min δ, max Nkν+1 − Nkν , 0 .
A maximum of δ new samples are executed and if the new
budget Nkν+1 is smaller than the old budget Nkν no additional
samples are executed. For this paper, the sampling algorithm
is implemented in the way that if solution k has already been
sampled before more than or exactly Nkν + δ times, no new
samplings are executed. This is a common case since solutions
that are selected into the next population are sampled again in
the next iteration. Therefore, the overall number of executed
samples by the sampling algorithm can change with every
iteration of the evolutionary algorithm.
If the fitness values can be calculated fast δ should be
chosen small (e.g. δ = 1). Many iterations will be executed and
a good budget allocation will be the result. If the fitness values

In this paper, a variant of Algorithm 1 is used. We allow to
exceed Ntotal slightly in the last iteration of the algorithm to
allow sampling according to the sampling allocation (remove
the condition in Step 4).
C. Dynamic-Best Sampling vs. Selection Sampling
We propose an alternative to the Selection Sampling procedure that the original OCBA-m was designed as: Dynamic-Best
Sampling, abbr. DB Sampling. Similar to MOCBA [5], which
identifies the non-dominated solutions, this variant of the
OCBA-m algorithm identifies the best, or the better solutions,
according to the reference point distance. Like for the MOCBA
sampling algorithm, this set of identified best solutions does
not need to be the same as the set of selected solutions by the
EMO algorithm. For the Dynamic-Best Sampling OCBA-m
variant, less solutions than the selected solutions are identified.
The reason for this is that the Selection Sampling OCBAm with m = |P |/2 will spend a lot of sampling budget on
the other half of the solutions which will be discarded by the
evolutionary algorithm during the selection process. Usually,
the most samples are allocated to solutions which are almost
inside or outside of the identified set Sm . By keeping m below
|P |/2, those solutions are selected into the next population, and
the optimization algorithm can still make use of those solutions
and the invested samples. For m = 1, we call this algorithm
variant Best Sampling.
During the optimization runtime, we change the size of the
set of best solutions Sm which shall be identified. In the beginning, we only identify the best solution by resampling. Later
during the runtime, we identify the set of mmax solutions. The
number of best identified solutions mp is set dynamically as in
Equation 6. We set mmax to mmax = |P |/2, and mmin = 1.
mp = b(1 − p)(mmax − mmin ) + mmin )e .

(6)

p ∈ [0, 1] in Equation 6 can be set as the elapsed
optimization time as in Section II-A2, or as the reference point
distance as in Section II-B2.

V. H YBRID OCBA- M
In [10], [23], [25], [26], [27], and [28], it has been
shown that it is beneficial for the algorithm performance if
the dynamic resampling algorithm makes use of additional
resampling criteria. The sampling allocation level of the DOCBA-m procedure can be controlled by these criteria. For
example, this could be the elapsed optimization time, or the
distance to the Pareto-front, approximated by the distance
to a user-specified reference point, as in section II, or the
(objective-wise) distance to the Ideal Point [11].
The additional criterion or combination of criteria is integrated into the OCBA-m procedure in the following way.
Ntotal is made adaptive by specifying two quantities, b̄min and
b̄max , which determine the initial and final number of samples.
The quantities specify a number of samples per solution and
are multiplied by the number of considered solutions |S|, as
in Equation 7. |S|b̄min is the minimum value for Ntotal and
|S|b̄max the maximum.


p
Ntotal
= |S|(p(b̄max − b̄min ) + b̄min ) .
(7)
b̄min should be chosen as b̄min > n0 ≥ bmin , and b̄max as
b̄max ≤ bmax . It shall be noted that the number of samples for
each individual solution is not limited by these quantities. The
individual number of samples is limited by bmax , bmin , and n0 .
The parameter p is set based on another resampling criterion,
like the elapsed optimization time, distance or progress to a
reference point, or combinations thereof, which makes the DOCBA-m procedure a hybrid dynamic resampling algorithm.
Those different hybrid D-OCBA-m algorithms are described
in the following subsections. In addition, a different way to
control the D-OCBA-m allocation based on the Pareto-rank
of solutions is presented, which can be combined with the
adaptive control in Equation 7.
A. Time-based D-OCBA-m
The additional criterion p is set as the elapsed optimization
time.n0 is usually chosen as n0 ≥ 2, in order to be able to
calculate a standard deviation. This leads to that a lot of samples are spent on bad solutions which are discarded anyways.
In order to avoid this waste of samples, bmax and thereby n0
and bmin are reduced to 1, when the time-based allocation
bs = min {bmax , bpt (s)(bmax − bmin + 1)c + bmin } indicates
a sample value of 1. This way of saving sampling budget was
proposed for the hybrid MO-SEDR variants in [28].
B. Rank-Time-based D-OCBA-m
For the Rank-Time-based D-OCBA-m, we propose to make
use of the maximum Pareto-rank parameter of RankMaxNTime-based Resampling Solutions with a rank of n or
worse are assigned one sample only, and are not considered
for Dynamic Resampling by the OCBA-m procedure. The
RankMaxN allocation formula, proposed in [27], is given
in Equation 8. The Rank-based control can be combined
with the time-based control of D-OCBA-m, resulting in the
RankMaxN-Time-based D-OCBA-m algorithm, or RnT-DOCBA-m. It shall be noted that, despite the name, it is not the
RankMaxN-based DR algorithm [27] that is used to control
D-OCBA-m, because the Pareto-rank information is used in a
different way.

a
min{n, Rs } − 1
xRn
=
1
−
.
(8)
s
min{n, Rmax } − 1

C. DDR-D-OCBA-m
The distance to a reference point in the objective space
can be used to control D-OCBA-m. For the distance-based
allocation, the reference point distance of the solution with
index km is used, i.e. the m-th best solution according to the
reference point distance. Since it is desirable to also include
the progress to the reference point and the elapsed optimization
time, we use the allocation function of the DDR algorithm [25]
to control OCBA, p = xDDR
skm .
D. DR2-D-OCBA-m
This algorithm combines the DDR-D-OCBA-m with the
Rank-based control in Formula 8. According to the name
of the Distance-Rank-based Dynamic Resampling algorithm
[27], DR2, we call this dynamic resampling algorithm DR2-DOCBA-m. The distance indicator the reference point distance
of the solution with index km is used, i.e. the m-th best solution
according to the reference point distance. p = xDR2
skm . As
for Rank-Time-based D-OCBA-m in section V-B, it shall be
noted that, despite the name, it is not the DR2 algorithm [26]
that is used to control D-OCBA-m, because the Pareto-rank
information is used in a different way.
VI. O PTIMIZATION P ROBLEMS
Variance-based Dynamic Resampling algorithms have an
advantage over resampling algorithms not considering objective variance if they are used in the optimization of functions
with variable noise. This function property is called Noise
Landscape [10].
In this paper, we evaluate the variance-based DR algorithms
on three different variants of the ZDT4 benchmark function
from the ZDT benchmark problem suite [34], which we
proposed in [28]. In the original version the function output
of these functions is deterministic. In order to create noisy
variants, we add a variable noise landscape on the output
values. We use relative noise, i.e. the general noise level is
given in percent of the objective ranges. We designed the noise
landscapes to change the noise level depending on the quality
of the solutions. In other words, a solution with objective
values closer to the Pareto-front than other solutions will have
a different noise level. The ZDT functions have a component
which controls this distance. It is called g-function, and we use
its normalized value in Equation 9 to control the noise level.
l(s) = (g(s) − 1)/(gmax (s) − 1).

(9)

We perform experiments on two different noise landscapes
which can be used on all ZDT benchmark functions. A noise
landscape with changing noise level for the ZDT functions can
be created as in Equation 10. The hills and valleys are created
by the sine function and we therefore call it trigonometric noise
landscape.
Ltrig (s) = −(1 − Lmin )|sin(N πl(s) − φ)|a + 1.

(10)

A graph of the trigonometric noise level function is shown
in Figure 3. The challenge of this landscape are its many hills
and valleys, similar to the Cosinusoidal noise landscape in
[10]. N ∈ N allows to specify the number of peaks, while
a ≥ 1 influences the width of the peaks. By changing the
phase offset φ, a low or high noise level can be set at the
Pareto-front.
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Fig. 3. This Figure shows the trigonometrical variable noise level Ltrig (s)
based on the g-function in the ZDT benchmark problem suite. The parameters
are set to N = 10, a = 3, φ = π/2, and Lmin = 0.05.

The variable noise landscape for the ZDT functions is then
created by multiplying the original fixed standard deviation of
the objective functions, σ1 , σ2 , with the variable noise level L,
as in Equation 11.

 

N (0, σ1v (s))
N (0, L(s)σ1 )
=
(11)
N (0, σ2v (s))
N (0, L(s)σ2 )
In the following section, EMO algorithm performance is
evaluated on ZDT functions with the variable noise landscape
described here.
VII. N UMERICAL E XPERIMENTS
In this section, the described resampling techniques in
combination with R-NSGA-II are evaluated on benchmark
functions with different noise landscapes. To facilitate comparison, the experiments are grouped in experiments where no
preference information is used for resampling and experiments
where the resampling algorithm uses information about the
distance to a reference point R defined for R-NSGA-II. The
reference point is chosen to be unattainable in all experiments.
The definition of an unattainable reference point is that it is not
on the Pareto-front and no solution can be found that dominates
it [21]. This case of pessimistic or attainable reference points
is not considered in this article. We refer to the feature of RNSGA-II that allows the interactive adaption of a pessimistic
reference point, that has been identified as an attainable one
during the optimization process, and to move it forward to
turn it into an unattainable point. A Distance-based Dynamic
Resampling algorithm for attainable reference points has been
proposed in [25]. Future work will cover a detailed evaluation
of Dynamic Resampling algorithms for attainable reference
points.
A. Problem settings
For the ZDT4 function with invariant noise level, the
relative added noise (20%) is (N (0, 0.2), N (0, 20)), as the relevant objective ranges are [0, 1]×[0, 100]). For the optimization
problems with variable noise landscape, the objective standard
deviations are adjusted by the noise level L(s) as in Equation
11. In the following, this problem is called ZDT4-20%.
The phase offset φ of the trigonometric noise landscape
function is set to φ = π/2, the number of peaks to N = 10,
and the peak-width parameter a to 3, for all functions. The
minimum noise level is set to Lmin = 0.05. The reference
point is chosen as R = (0.05, 0.5).

B. Algorithm parameters
The limited simulation budget is chosen as 10,000 solution
replications. R-NSGA-II is run with population size |P | = 50,
a crossover rate of pc = 0.8, SBX crossover operator with
ηc = 2, Mutation probability pm = 0.07, and Polynomial
Mutation operator with ηm = 5. The Epsilon clustering
parameter is chosen as  = 0.001. The R-NSGA-II variant
with delayed Pareto-fitness, DPF-R-NSGA-II, is run with a
time threshold θt = 0.75. This means that until 7,500 function
evaluations, a purely distance-based optimization algorithm is
used for optimization. After this time limit, the ordinary RNSGA-II is run.
For all resampling algorithms, the minimum budget to be
allocated is bmin = 1 and the maximum budget is bmax = 10.
Static Resampling is run in configurations with bs ∈ [1, 5].
Time-based Resampling uses uses a linear allocation, a = 1.
Rank-Time-based Dynamic Resampling is run as RankMax5based DR and uses linear allocation for both the rank-based
(b = 1) and time-based criteria (a = 1). Rank-Time-based
Resampling uses the minimum of the Pareto-rank-based allocation and the time-based allocation: xRT
= min{xTs , xR
s
s }.
Progress-based Dynamic Resampling is done with the average
progress P of the last n = 3 populations. Distance-ProgressTime-based Dynamic Resampling DDR uses delayed (a = 2)
distance-based allocation. Distance-Rank-based Dynamic Resampling DR2 uses the same parameters as the underlying
resampling algorithms.
The SEDR threshold is set to seth (s) = 20, and bmin = 2.
If it is adapted during the optimization runtime, it can vary
between seth (s, p) ∈ [10, 20].For the Rank-based hybrid MOSEDR algorithms, i.e., SE-RT-DR, SE-DDR, and SEDR2, we
accelerate the allocation by choosing the time-based acceleration parameter a = 0.5, in order to facilitate higher resampling
rates in the beginning of the optimization run.
D-OCBA-m is configured with n0 = 2, b̄min = 2.5,
b̄min = 5, δ = 1, and ∆ = 0.1|P | = 5. For the Dynamic Best
Selection D-OCBA-m algorithm, the mp can vary between
mmin = 1 and mmax = |P |/2 = 25. The adaptation is
controlled by the elapsed optimization time. For Selection
Sampling D-OCBA-m, m is set to |P |.
C. Performance measurement
All experiments performed in this study are replicated 10
times and mean performance metric values are calculated.
Additional bf = 25 samples are added to the final population
to allow confident implementation decisions. The Focused
Hypervolume performance measure which is described in the
following is used to quantify the performance comparison
between different DR algorithms. For the figures where the
performance measurement has been performed over time during the optimization run, an interpolation of the metric values
is done, on intervals of 100 function evaluations.
1) Focused Hypervolume F-HV: To measure and compare
the results of the different resampling algorithms together with
R-NSGA-II the Focused Hypervolume performance metric for
-dominance based EMOs (F-HV) is used [26], [27]. Figure 4
shows the points in the objective space which define the FHV measurement. F-HV applies a cylinder filter along an
axis from R perpendicular to the Pareto-front. All solutions
with objective vectors within this cylinder are passed on to
the regular hypervolume measurement. The cylinder has a
radius based on  and the population size of R-NSGA-II. F-

HV-R

Objective2 (minimize)

D

s

d <= r

Fig. 6. F-HV measurement results as in Figure 5, but with the original
R-NSGA-II algorithm.
R
HV-B

TABLE III.

Objective1 (minimize)

Fig. 4.
The Focused Hypervolume (F-HV) performance measure with
cylinder filter of radius r. Solution s is only passed on to the regular
hypervolume measurement, if it is contained in the cylinder, which means
d ≤ r. Solutions outside of the cylinder subspace are not considered.

Fig. 5. F-HV measurement results on the ZDT4-20% benchmark function
with trigonometric noise landscape for different sampling modes of Timebased D-OCBA-m on DPF-R-NSGA-II. For the last population, bf = 25
final samples per solution have been executed. For all the other measurement/interpolation points (interval 200), 25 post-processing samples are
calculated, which are not included in the simulation budget limit B =10,000.
The error bars show the standard error of the mean of five experiment runs.

HV requires four points to be specified: A reference point
R, a direction point D, and a hypervolume reference point
and base point HV -R and HV -B. For ZDT4-20%, we use
R =(0.05, 0.5), HV -R = (1, 50) and HV -B = (0, 0), and HV D=HV -R. Due to the high noise levels of the used benchmark
function and the limited sampling budget, the cylinder radius r
is increased to r = c |P2 | , c ≥ 1. An increased value of c = 2
is used. Other performance metrics for Preference-based EMO
algorithms were created by [22] and [7].
D. Experiment results
In Figure 5, we show a continuous F-HV measurement on
ZDT4-20% with trigonometric noise landscape on the DPF-RNSGA-II algorithm. We compare the three different sampling
modes for D-OCBA-m. The results show that Dynamic-Best
Sampling performs best. In Figure 6, the same comparison is
done for the original R-NSGA-II. As expected, here the order
of the three modes is different. Since we want to choose one of
the three modes for our experiments, we choose Dynamic-Best
Sampling due to the better result with DPF-R-NSGA-II.
Having identified Dynamic-Best Sampling as best operation mode for D-OCBA-m, we compare this result with
optimization runs of the Dynamic Resampling algorithms from
Section II, shown in Table III. The results show that D-OCBAm is able to deliver better results than the best variance-based
and non-variance-based DR algorithms, on the DPF-R-NSGAII algorithm variant. As expected for the standard R-NSGA-II,
most D-OCBA-m variants cannot achieve significanly better
results.
VIII. C ONCLUSIONS
The results show that the distance-based D-OCBA-m procedure is able to support the R-NSGA-II algorithm for prob-

F-HV MEASUREMENT RESULTS ON THE ZDT4-20%
BENCHMARK FUNCTION FOR DIFFERENT DYNAMIC R ESAMPLING
ALGORITHMS ON R-NSGA-II AND ITS VARIANT WITH DELAYED
PARETO - FITNESS , DPF-R-NSGA-II. T HE MEASUREMENT IS PERFORMED
ON THE LAST POPULATION WHERE bf = 25 FINAL SAMPLES HAVE BEEN
EXECUTED . D-OCBA- M IS RUN AS DYNAMIC -B EST S AMPLING .

F-HV ZDT4-20% DPF

Default

Static1
Static2
Static3
Static4
Static5

0.0762
0.3247
0.1914
0.1623
0.0000

0.1135
0.3192
0.3577
0.1985
0.0000

Time 1-10
R5T 1-10
DDR 1-10
DR2 1-10

0.2696
0.3081
0.2539
0.3570

0.1577
0.3120
0.3402
0.3620

SE-Time-DR 1-10
SE-RT-DR 1-10
SE-DDR 1-10
SEDR2 1-10

0.1623
0.2119
0.3630
0.3241

0.2009
0.2319
0.2540
0.3285

D-OCBA-m
D-OCBA-m
D-OCBA-m
D-OCBA-m

0.4048
0.3771
0.4263
0.3934

0.3647
0.3249
0.4059
0.3437

Time
R5T
DDR
DR2

lems with variable noise when the Dynamic-Best Sampling
variant is used. Together with the R-NSGA-II variant with
delayed Pareto-fitness DPF-R-NSGA-II, the best results could
be achieved. For future work we have the following ideas:
• Evaluate the proposed variance-based resampling algorithms on more benchmark functions with different
complexity from the ZDT benchmark problem suite,
and on a real-world simulation optimization problems
with variable noise landscapes.
• Perform a study on test problems with different noise
strength in order to see how the algorithms behaves
under different noise levels. In particular, the relationship between the objective noise level of the problem
and the total simulation budget and maximum allowed
number of samples per solution shall be investigated.
• Compare the D-OCBA-m algorithm with other
variance-based Dynamic Resampling algorithms, such
as MOCBA [5], CDR and MOPSA-EA [31].
• For extended analysis of the distance-based Dynamic
resampling algorithm variants, future work will cover
the their evaluation in optimization scenarios with
attainable reference points.
• Propose and evaluate different methods to control
the adaptive delay of the DPF-R-NSGA-II, which
consider the distance to a reference point.
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