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Abstract
Multi-point distance minimization problems (M-DMP) pose a number of theoretical challenges
and simultaneously represent a number of practical applications, particularly in navigational and
layout design problems. When the Euclidean distance measure is minimized for each target point,
the resulting problem has a trivial solution, however such a consideration limits its application in
practice. Since two-dimensional landscapes, ﬂoor spaces, or printed circuit boards are laid out in
gridded structures for convenience, M-DMP problems are to be solved with Manhattan distance
metric for their practical signiﬁcance. Identiﬁcation of Pareto-optimal solutions leading to trade-oﬀ
minimal paths from multiple target points become a challenging task. In this paper, we suggest
a systematic procedure for identifying Pareto-optimal solutions and provide a theoretical proof for
validating our construction process. Thus, instead of devising generic multi-objective optimization
algorithms for solving M-DMP problem under Manhattan space, which has been demonstrated to be
a challenging task, this paper advocates the use of a computationally fast construction procedure.
Further practicalities of the M-DMP problem are outlined and it is argued that future applications
must involve a basic theoretical construction step similar to the procedure suggested here along with
eﬃcient algorithmic methods for handling those practicalities.

1

Introduction

Multi-objective optimization problems give rise to a set of non-dominated trade-oﬀ solutions called a
Pareto-optimal set, instead of a single optimal solution [2, 4, 12]. As a result, these problems are better
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solved using a population-based optimization algorithm, such as an evolutionary algorithm, than a
classical point-by-point optimization methods.
Multi-point distance minimization problems (M-DMP) [9] in which simultaneous minimization of
distances of a point from a pre-speciﬁed set of ﬁxed target points have a number of advanced applications
in navigational and layout optimization problems, such as factory layout or VLSI layout design problems.
In such problems, identiﬁcation of all trade-oﬀ Pareto-optimal points becomes an important task. There
are two main reasons for ﬁnding them. First, these Pareto-optimal solutions give rise to minimal distance
of any point and thus constitute the set of ﬁnal solutions from a set of target points. Second, a knowledge
of these solutions should provide a plethora of insights to the users about diﬀerent possibilities of solving
the problem.
When Euclidean distances are used in the M-DMP, the Pareto-optimal set is the convex hull of
all speciﬁed points and the task becomes trivial [10]. However, Euclidean distance from one point to
another is not practically viable from a navigational point of view, as there may not exist a direct path
connecting any two points. In street layouts and other gridded areas, travel is restricted to only speciﬁc
orthogonal directions. Thus, from a practical viewpoint, the Manhattan distance between two points
is more useful than Euclidean distance. However, the resulting Pareto-optimal set for a multi-point
distance minimization problem under Manhattan distance measure becomes not so trivial to identify.
In this paper, we develop a procedure for identifying the complete Pareto-optimal set and provide a
proof for their optimality. A recent study using evolutionary multi-objective optimization (EMO) [18]
has treated the problem in a generic multi-objective optimization problem and has shown diﬃculties of
EMO methods in ﬁnding the entire Pareto-optimal set. However, the construction procedure outlined
in this paper provides a systematic method of identifying the Pareto-optimal set, instead of using an
iterative optimization algorithm.
The following then documents the ﬂow of the paper. Section 2 provides a description of the multipoint distance minimization problem with a few simple illustrative examples. Section 3 highlights the
challenges in solving M-DMP. Section 4 describes our proposed construction procedure for identifying
Pareto-optimal set for a generic M-DMP. This procedure is followed by a detailed proof for the Paretooptimality of our proposed set in Section 5. Section 6 presents the application potential of the M-DMP,
followed by our conclusions in Section 7.

2

Multi-Point Distance Minimization Problem (M-DMP)

For our study in this paper, we have considered two-dimensional decision space. In a generic M-DMP,
every point in the decision space has a unique distance to a set of K predeﬁned target points (Ti ∈ R2 ,
i = 1, 2, . . . , K). Any point Pi = (xi , yi ) ∈ R2 has K distance values (d1 , d2 , . . . , dK ), which we call here
as an objective vector. Thus, the goal in an M-DMP is to minimize all K distances simultaneously, or,
minimize {d1 , d2 , ..., dK }. It is clear that, in general, there may not exist a single point P on the decision
space that will minimize all K distances, no matter what distance metric is used to deﬁne the M-DMP.
Thus, the M-DMP problem is an unconstrained multi-objective optimization problem having at most
K conﬂicting objectives. As dictated by the multi-objective optimization literature [2, 12], solutions to
such problems give rise to a set of Pareto-optimal solutions, instead of a single solution.
For a generic K-objective optimization problem, a Pareto-optimal solution is deﬁned as follows:
Definition 1. A solution X is said to be Pareto-optimal, if there does not exist a solution Y (= X) in
the feasible search space satisfying dj (Y ) ≤ dj (X) for all objectives j = 1, 2, . . . , K.
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A collection of all Pareto-optimal solutions is called the Pareto-optimal set. For a generic M-DMP
problem, the Pareto-optimal set is bounded and has inﬁnite points. The Pareto-optimal set depends
on the chosen distance metric used to compute individual distances di . Figures 1a and 1b show a twotarget and a three-target M-DMP problem. For the M-DMP problem with Euclidean distance metric,
the distance of a point X = (x, y) with a target point a = (xa , ya ) is calculated, as follows:

(1)
d(X, a) = (x − xa )2 + (y − ya )2 .
For this problem, the Pareto-optimal set is the convex hull constructed by the target points, as marked
in the ﬁgure. This has been proven elsewhere [10].
O1

O2

O3

O1

O2
(a) Two target points.

(b) Three target points.

Figure 1: Pareto-optimal sets for M-DMP with Euclidean distance for two illustrative examples.
However, this paper considers M-DMP problem with the Manhattan distance, given as follows:
d(X, a) = |(x − xa )| + |(y − ya )|.

2.1

(2)

Illustrative Examples of M-DMP with Manhattan Distance

We take the same two examples as above, and mark the Pareto-optimal set in Figures 2a and 2b. [18]
shows that the Pareto-optimal set for the two and three-objective cases (with two and three target
points) can be easily mathematically calculated. For the left example having two target points (O1 and
O2), all points within the rectangular box formed with two target points as diagonally opposite points
are Pareto-optimal, as shown in Figure 2a.
For three objectives, the Pareto-optimal set is the combination of the pairwise intersections of the
Pareto-optimal sets formed by all two-objective Pareto-optimal sets. For each pair of two objectives,
we get rectangular Pareto-optimal sets S12 , S13 , S23 . A little thought will reveal that intersection sets
are: A = {S12 ∩ S13 }, B = {S12 ∩ S23 }, C = {S13 ∩ S23 }. The Pareto-optimal set for the overall problem
is then P = A ∩ B ∩ C, as shown in Figure 2b.
Thus, it is clear that Pareto-optimal set for a M-DMP with Manhattan distance is not straightforward and is more complex to identify than a M-DMP with Euclidean distance measure. We outline the
challenges in the next section.
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(a) Two target points.

(b) Three target points.

Figure 2: Pareto-optimal sets for M-DMP with Manhattan distance for two illustrative examples.

3

Challenges in Solving M-DMP

While the Pareto-optimal set is always convex for Euclidean distance metric, as shown in Figure 2b, the
Pareto-optimal set can be non-convex for the Manhattan distance metric. Additionally, the Paretooptimal set can be point-connected, meaning that two convex Pareto-optimal subsets can share a
common point. The non-convexity and degeneracy to a single dimension are the challenges that an
optimization algorithm must have to overcome before identifying the complete Pareto-optimal set for a
M-DMP problem with Manhattan distance.
A recent study [18] demonstrated the diﬃculties that a numerical optimization algorithm faces with
to identify the M-DMP with Manhattan distance measure, even for two and three objectives. Even
after multiple generations, there were still many spurious and dominated solutions is hard to eliminate
due to domination of points possible only along speciﬁc directions.
Thus, a diﬀerent approach must be taken to identify the Pareto-optimal set. Here, we borrow results
from an existing study on a related problem and suggest a construction procedure that will directly
result in identifying the complete Pareto-optimal set. In Section 5, we also provide a detail proof of our
construction procedure.

4

Preliminaries for Construction of a Solution Set

The general two variable solution set for Euclidean M-DMPs is the convex hull enclosing the target
points in the decision space [10]. The convex hull of a set of points is deﬁned to be the smallest convex
set enclosing a set of points and can be easily found in O(n log(n)) time. By showing that every solution
outside of this set is dominated and that any two solutions within the set do not dominate each other,
the bound is proved.
A similar deﬁnition for the Manhattan space based convex hull exists and is called the orthogonal
convex hull. The deﬁne it completely, several other preparatory concepts are needed which are as
follows. Studies [1, 13, 15] have outlined a procedure for the development of orthogonal convex hulls
and a construction of a set of staircases which are used to deﬁne the boundaries of the non-dominated
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front [1, 15]. The staircases are constructed as follows and can also be found in O(n log(n)) time.
Let set O be the collection of target points in the decision space. Then, we deﬁne the following
corner sets:
• C1 = {qi = (xi , yi ); i = 1, . . . , r} such that there exists no (xj , yj ) ∈ O satisfying xj > xi and
yj > yi .
• C2 = {qi = (xi , yi ); i = 1, . . . , r} such that there exists no (xj , yj ) ∈ O satisfying xj < xi and
yj > yi .
• C3 = {qi = (xi , yi ); i = 1, . . . , r} such that there exists no (xj , yj ) ∈ O satisfying xj < xi and
yj < yi .
• C4 = {qi = (xi , yi ); i = 1, . . . , r} such that there exists no (xj , yj ) ∈ O satisfying xj > xi and
yj < yi .

s2
s1

y

s3

s4

x
Figure 3: Staircases s1 , s2 , s3 , s4 formed with a given set of target points.
One way to interpret the above sets is through the domination principle used in multi-objective
optimization. Points in corner set C1 are obtained by applying the domination principle to all given
target points by maximizing their x and y-coordinate values. Points in C1 are then sorted by the xcoordinate. A staircase is then formed by connecting elbows. The point qi is joined to qi+1 by an elbow
passing through (xi , yi+1 ) for i = 1, . . . , (r − 1). Note that this staircase is similar in concept to the
attainment surface concept of multi-objective optimization [7]. Figure 3 depicts how the staircase s1 is
drawn by using the points of C1 .
The above procedure can be repeated for other corner sets deﬁned above and the respective staircases
can be constructed by using the elbow or attainment surface construction procedures using diﬀerent
combinations of minimization and maximization of x and y-coordinates. Figure 3 shows all four staircases: s1 to s4 .
5

It is then suggested that the region bounded by these four staircases construct the Pareto-optimal
set or the orthogonal convex hull. We provide a proof of this construction methodology for ﬁnding the
Pareto-optimal set in the next section.

5

Proof for Pareto-optimality of Suggested Constructed Set

We restate the theorem for constructing the Pareto-optimal front for a M-DMP with Manhattan distance
metric:
Theorem 1. The bounded set constructed using four staircases s1 to s4 constitute the entire Paretooptimal set.
To prove the above theorem, it suﬃces to show that every point within the proposed solution set is
non-dominated to each other and that for every point outside the set, there exists at least one dominating
point.
This paper outlines the proof by ﬁrst narrowing the search process by establishing the fact that
non-dominated solutions can only exist within an extremal rectangle bounded by extreme target points.
Thereafter, it is shown that regions bounded by all four staircases and on any of the staircases are
Pareto-optimal. The Pareto-optimal regions can also exist when it is inside two opposite staircases, but
outside the other two staircases, as a special case. Thereafter, it is shown that there cannot exist a
Pareto-optimal point outside a staircase, but inside the extremal rectangle. We achieve the above proof
by dividing the task into a number of Lemmas, which we outline and prove.
Lemma 5.1. All points outside the extremal rectangle constrained as xmin ≤ x ≤ xmax and ymin ≤ y ≤
ymax , where xmin , xmax , ymin , ymax are the respective minimum and maximum x and y-coordinates of
supplied target points, cannot be Pareto-optimal.
Since sets s1 to s4 are known already after the construction process, the extremal rectangle can also
be constructed using the extreme points of these sets as well. Figure 4 shows the extremal rectangle for
a given set of target points.
Proof. Every point outside of the extremal rectangle is either out of the range in x-coordinate or in
y-coordinates or in both from the supplied target points. Thus, every such point can be classiﬁed
according to its out of range in x or y-coordinates. Let us consider a point P1 = (x1 , y1 ) which is
outside the extremal rectangle in terms of its x-coordinate. Thus, for the point P1 , we can identify
the critical x-coordinate-wise closest target point Tk having smallest x-coordinate diﬀerence of point P1
from Tk . We argue that for the point P1 , there exists at least one point P2 on the extremal rectangle
space with its x-coordinate equal to that of the target point Tk and having an identical y-coordinate
as P1 . Since the Manhattan distance is the sum of absolute diﬀerence in x and y-coordinates, the
y-coordinates being the same, the Manhattan distance of the point P2 from the critical target point Tk
is smaller than that of P1 . Also, since Tk has the smallest x-coordinate diﬀerence with P2 , and all other
target points are on the other side of target point Tk according to x-coordinate, point P2 has a smaller
Manhattan distance from all target points than P1 . Hence, by deﬁnition, P2 dominates P1 .
A similar argument can be made for points outside of the extremal rectangle outside −x, −y, and
y-coordinates as well. Thus, every point outside the extremal rectangle is dominated.
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Figure 4: Extremal rectangle for a given set of target points.
The above Lemma allows us to reduce the search for Pareto-optimal points drastically. We now
proceed with the rest of the proof.
By deﬁnition, the end points of each staircase (s1 to s4 ) lie on the extremal rectangle. Thus, each
staircase divides the rectangle into two regions. For s1 , we call the region for which all other target
points ∈ s1 lie as the ‘inside’ of s1 . Every such inside point has the property that at least one target
point of C1 lies in the ﬁrst quadrant (higher x and higher y) of the point. Points in the other half of
the extremal rectangle are thus labeled to be the ‘outside’ of s1 and have the property that no target
points in C1 lie in the ﬁrst quadrant of those points. The inside and outside regions of s1 are illustrated
in Figure 5. Similar properties hold for s2 , s3 , and s4 with respect to the second, third, and fourth
quadrants.
The properties of points inside the non-adjacent staircases (s1 , s3 ) and (s2 ,s4 ) are important for our
purpose and we discuss them next. Consider Figure 6, in which a generic point A lies inside of two
non-adjacent staircases s1 and s3 .
By deﬁnition of being inside of s1 and s3 , there exists at least one target point O1 (∈ C1 ) in the ﬁrst
quadrant of A and at least one point O2 (∈ C3 ) in the third quadrant of A. Due to the way Manhattan
distances are computed, the points having an identical Manhattan distance (MD) as that of A from O1
will lie on the square centered at O1 as shown in the ﬁgure. Similarly, iso-MD points of O2 lies on the
small square centered at O2 .
We now reveal an interesting property of a point which is inside of two non-adjacent staircases, by
ﬁrst considering staircases s1 and s3 :
Lemma 5.2. For any point A inside of two non-adjacent staircases s1 and s3 , only points along a line
with a slope of −1 and passing through A can dominate point A.
Proof. It is clear that all points on the intersecting line segment of the two squares have identical d1
and d3 values. Thus, it now depends on the location of other target points which will dictate whether
7

Outside
s1

Inside

Figure 5: Inside and outside region of s1 .
any other point on the line will dominate point A or not. Without the knowledge of other target points,
we can simply say that points on line segment can in principle dominate point A.
All other points on the speciﬁc line (having slope −1 and passing through A) but outside the line
segment cannot dominate point A, as one of the MDs for those points become larger that that for A.
Let us now consider if points not on the line segment can dominate point A or not. Any point X
not on this line segment but strictly inside the union of two squares is closer to one of the target points
O1 or O2 , as the case may be. All other points on the squares or outside the squares will have a larger
MD from one or both target points than MDs of point A and hence they cannot dominate A. Since a
non-domination of two solutions in any two objectives is enough for them to be non-dominated with
each other, no matter where the other target points are, points A and X are always non-dominated to
each other.
We can similarly prove the following Lemma:
Lemma 5.3. For any point A inside of two non-adjacent staircases s2 and s4 , only points along a line
with a slope of +1 and passing through A can dominate point A.
The proof will be similar to that presented above. We are now ready to present another important
Lemma.
Lemma 5.4. Every point inside all four staircases is non-dominated.
Proof. For a point in such a region, such as point A in Figure 7, there exists at least one target point in
each quadrant of the point. By ﬁrst analyzing target points in quadrants I and III, Lemma 5.2 proves
that any point outside the intersecting line segment with slope −1 between two squares cannot dominate
point A. Similarly, since point A is inside two other non-adjacent staircases s2 and s4 , we can also argue
that no point outside the intersecting line segment with slope +1 between two squares cannot dominate
point A. Therefore, the only possible dominating point must lie on both of these lines, and since they
only intersect at one point, which is the original point A, there cannot exist a dominating point. Thus,
points inside all four staircases are non-dominated.
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O1
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Figure 6: The red line depicts the intersection of circles from target points within quadrants I and III.
With Manhattan distance metric, there can be more non-dominated points than those inside the
four staircases. We illustrate one such example in Figure 8. For the six target points, the respective
staircases s1 to s4 are shown. Shaded regions containing point B are inside all four staircases, but the
open region containing point A is inside s1 and s3 , but outside s2 and s4 . A little thought will reveal
that this open region is also a part of the overall Pareto-optimal set. However, our proof above does not
include these points yet. We include non-domination of any such points in the following paragraphs.
As can be seen from Figure 3, adjacent staircases ((s4 , s1 ), (s1 , s2 ), (s2 , s3 ), and (s3 , s4 )) share one
target point at one end but form elbows in opposite directions. Due to this construction, the ‘outside’
of adjacent staircases can never have any intersecting region. However, it is possible for a point to be
on the outsides of non-adjacent staircases ((s1 , s3 ) or (s2 , s4 )), in which case it must be on the inside
of the other two staircases. The proposed solution set was deﬁned to be all regions on or between
staircases. Using this knowledge, regions between staircases can only be either the intersections of the
inside regions of all staircases or the intersection of the outside regions of non-adjacent staircases and
the inside regions of the other two staircases.
Lemma 5.5. Every point inside two non-adjacent staircases but outside the other two staircases is
non-dominated.
Proof. Point A in Figure 8 represents a point in this type of region. If a point is inside of a staircase,
it means that there exists at least one target point in the corresponding quadrant with respect to the
point in the region. Point A in Figure 8 is inside s1 and s3 , but outside of s2 and s4 , meaning that there
are target points in quadrants I and III of A, but none in II and IV. Therefore, all target points exist
in quadrants I and III. With multiple points in either quadrants, we can make the above arguments
9
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Figure 7: A point A which is inside all for staircases has at least one target point all four quadrants.
for each pair of target points – one from quadrant I and one from quadrant III. Since the only points
that can dominate point A are those that lie on the intersecting common line segment, there has to be
at least one target point in either quadrant II or IV so that the respective MD of a point on the line
segment is smaller than that of point A. Since there does not exist any point in quadrants II and IV,
this is not possible and hence point A remains to be non-dominated.
A similar argument can be made with the line segment with slope +1 for a point inside two nonadjacent staircases s2 and s4 and outside staircases s1 and s3 .
When a point is inside a staircase, it is argued that there exists at least one target point in the
respective quadrant. We now discuss the domination status of points on a staircase.
Lemma 5.6. Any point lying on a staircase is non-dominated.
Proof. If a point lies on a staircase, it must be part of an elbow. Without loss of generality, let us
consider Figure 9, on which one target point lies on the axis between quadrants I and II. It must be
one end of an elbow connecting two target points. This elbow could be part of either s1 or s2 . Suppose
it is part of s1 , then the point at the other end of the elbow is either in quadrant IV or on the axis
between quadrants I and IV. In either case, when the respective iso-MD squares are drawn from these
target points, the only intersection is a line segment of slope +1 completely in quadrant I, represented
in red in Figure 9. There is no point within both distance circles, meaning that the existence of a
dominating point can only occur on this line segment. Because this elbow is on the outside boundary
of s1 , that means that there exists no target point in quadrant I. However, a dominating point can
only exist if there is a target point with greater x and y-coordinate values than that of the original
point. This is because target points existing in other quadrants either have greater or equal MD from a
point in the line segment than the original point. Thus, the original point under these circumstances is
non-dominated. Likewise, a point on an elbow of s2 can be proven to be non-dominated. Thus, points
lying on the staircases are non-dominated.
10

Figure 8: The gray region containing point B is inside all four staircases, but the white region containing
point A, which is also a Pareto-optimal subset, is inside s1 and s3 , but outside s2 and s4 .
The above lemmas prove the non-dominated property of diﬀerent regions inside or on the staircases.
The points outside the extremal rectangle were also shown to be dominated. Now, it suﬃces to show
that every point outside the above-considered regions but inside the extremal rectangle is dominated.
Lemma 5.7. Every point outside the region bounded by staircases (described by Lemmas 5.2 to 5.6)
but inside the extremal rectangle is dominated.
Proof. Points under consideration for this Lemma all have a common property: No target point exists
on one of the quadrants. Without loss of generality, let us consider Figure 10 in which no target point
lies on quadrant IV.
This scenario happens for a point X outside s4 but inside the extremal rectangle. This means that
the point X is inside other three staircases, and there must exist at least one target point in each of the
quadrants. Since s1 and s3 are non-adjacent, Lemma 5.2 proved that only points along a line segment
with a slope −1 and passing through X can dominate X. Additionally, target points can also exist
on the axis between quadrants I and II or quadrants II and III, but they cannot exist on the other
two axes. Because of the way the squares drawn from target points on the axes are constructed, the
intersection of all squares drawn from these target points will result in a red line segment completely
within quadrant II.
Let us say that for a Cartesian coordinate system with its origin at X, the coordinates of closest
(with MD metric) target point in quadrants I and III are (x1 , y1 ) (with x1 ≥ 0 and y1 ≥ 0 but not
both zero, due to target points being strictly inside) and (−x3 , −y3 ) (with x3 ≥ 0 and y3 ≥ 0 but both
11
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Figure 9: The red line depicts the intersection of circles.
cannot be zero). The MD of X from these two target points is d1 = x1 + y1 and d3 = x3 + y3 . Let us
choose a point Y along the −45o -line passing through origin (X) and in quadrant II with a coordinate
(−f, f ). We choose Y as the intersection point of the −45o -line and s4 . Thus, the coordinate of this
point is either (−x3 , x3 ), (−y1 , y1 ) or (−x3 , y1 ), depending on whether x3 > y1 (case A), x3 < y1 (case
B) or x3 = y1 (case C). The MD metric values of Y from the same two target points in quadrants I
and III are also d1 = x1 + y1 and d2 = x3 + y3 , respectively. Since there exists at least one other target
point (say, Ot = (−xt , yt ) with either xt ≥ x3 and yt > 0 (case 1), or yt ≥ y1 and xt > 0 (case 2), or
both (case 3)) in quadrant II, we show that MD measure of X from Ot is larger than that of Y .
Clearly, MD measure of X is dt (X) = xt + yt . The MD-measure of Y for case A-1 is dt (Y ) =
(xt − y1 ) + (y1 − yt ) = xt − yt . Thus, it is obvious that dt (Y ) − dt (X) = −2yt < 0. For the other
conditions, it can be shown that the diﬀerence are either −2xt with xt > 0 or −2y1 with y1 > 0 or −2x3
with x3 > 0. Importantly, all are strictly negative, thereby indicating that dt (Y ) < dt (X). Thus, point
Y dominates point X.
A similar proof can be obtained when the point X lies in either s1 or in s2 or in s3 .
Thus, it has been shown that all points within or on the proposed solution set are non-dominated
and all points outside of it are dominated. It is then shown that the proposed solution set is the complete
Pareto-optimal set of the general M-DMP using the Manhattan distance measure.
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Figure 10: Target points lie inside three quadrants (s1 , s2 and s3 ). MD-measure computed for the
target point O2 makes one of the points from the common line segment between iso-MD squares of O1
and O2 to dominate point X.

5.1

Pareto-optimality Check

Based on the above proofs, here we outline a systematic procedure for checking whether a point is
Pareto-optimal. It is assumed that for a give set of target points, four staircases s1 to s4 are already
identiﬁed.
Definition 2. A point (x, y) is Pareto-optimal to the M-DMP with Manhattan distance, if any of the
following conditions are true:
1. The point lies on any of the staircases,
2. The point is inside all four staircases,
3. The point is inside two non-adjacent staircases, but outside the other two staircases.

6

Possible Applications of M-DMP

The solution set of a M-DMP using the Manhattan distance measure is useful in solving two-dimensional
layout and navigational problems. For example, in a navigational task of locating points that would lead
to minimal Manhattan paths for arriving at a number of target locations, the Pareto-optimality check
of the point is an important step. In VLSI layout problem with speciﬁed location of critical components
or locating a ventilator fan to cool a number of components simultaneously or the task of laying out the
wiring for connecting the components with each other becomes a typical M-DMP. A similar problem
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Pump house
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Figure 11: A possible application of M-DMP problem in determining an optimal location of a pump
house.
arises in other layout design problems, such as factory layout, building layout, warehouse layout, etc. In
this problem, the location of a critical element, such as a power supply to supply power to all machines
with minimum wiring, or water pump to supply water to all buildings with a minimum piping, etc., is
an important task. Consider a building complex, shown in Figure 11, for which a pump house needs to
be built at a location that minimizes the pipe length from all buildings to the proposed pump house.
Assuming the locations marked near each building as the inlet point of pipes to the buildings, the
shaded blue region represents the set of all Pareto-optimal solutions. The proposed pump house can
be, in principle, located at any point (such as point A) this region. There does not exist any other
point for the pump house that will require smaller pipe lengths to all buildings. However, if the pump
house is located at point B, it is clearly not a good choice, as there exists at least one other point
(such as C) which requires smaller or equivalent pipe lengths to reach all buildings than B. Therefore,
the knowledge of the Pareto-optimal set for the M-DMP problem with Manhattan distance will enable
builders to locate possible regions of building a pump house having a non-inferior pipe lengths.
In all such problems, the ﬁnal choice of solution must come from the Pareto-optimal set, as these
are the solutions that minimize the gridded distance from target locations. The speciﬁc solution to be
chosen depends on the preference of one target location over the other and is a decision-making task
which becomes easier when all Pareto-optimal options are available. Multi-criterion decision making
(MCDM) literature [2,12] addresses this generic issue, but this study suggests a systematic procedure of
ﬁnding all Pareto-optimal solutions and also allow checking Pareto-optimality of a particular solution.
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The identiﬁcation of Pareto-optimal set is important to the users from another point of view. Since
all these solutions are ‘optimal’ with respect to a trade-oﬀ among the distances from target locations,
they are, in principle, capable of providing useful knowledge to the users about ‘how to eﬃciently solve
the problem?’. Such knowledge goes a long way in providing leadership and deep understanding of the
problem [5].

7

Conclusions and Future Work

In this paper, we have found a strict O(n log(n)) time algorithm for ﬁnding the exact Pareto-optimal
points for a multi-point distance minimization (M-DMP) problem in Manhattan space. The construction
procedure has been proven theoretically and a simple test for Pareto-optimality is suggested.
The current study can be extended in a number of ways. The DMP in Manhattan space can be
altered by introducing further complications that may not be entirely solvable through pure mathematical means. These complications include altering the deﬁnition of domination, such as the use of
-dominance concept [2], cone-domination concept [12], etc., each of which will change the solution set of
resulting M-DMP problem. Problems with these properties could represent situations where a minimal
trade-oﬀ among distances from the targets must be enforced to deﬁne optimality.
Other challenges in ﬁnding the exact Pareto-optimal set will come from a constraint version of the
M-DMP problem. In such a problem, not every point in the decision space is allowed or traversable.
This may happen in real-world problems due to existence of a lake or inaccessible land on which no grid
point can exist. Such a consideration will alter the deﬁnition of Pareto-optimality, but a multi-objective
formulation under constraints would be a viable way to ﬁnd Pareto-optimal solutions, rather than a
pure mathematical construction procedure. These pragmatic scenarios will bring back the requirement
of a numerical optimization procedure – a matter which we plan to pursue next. However, even in these
problems, the systematic procedure of identifying and checking Pareto-optimal set for the base M-DMP
problem outlined in this study can be useful in creating an initial starting pool of solutions.
Due to the simplicity of the construction process of M-DMP problems and their easy scalability
to construct high-dimensional many-objective test problems, these problems can be utilized as test
problems for evaluating many-objective optimization algorithms.
Because of the fact that current generic optimization algorithms, such as genetic algorithms [18], have
demonstrated diﬃculties in converging to the Pareto-optimal set of the base M-DMP, other such studies
may emerge to ﬁnd the Pareto-optimal set. However, this study has clearly outlined the challenges a
generic multi-objective optimization algorithm may possess in ﬁnding the Pareto-optimal set and has
also outlined a systematic construction procedure for arriving at the Pareto-optimal set. However, if
more pragmatic versions of the base M-DMP problem are to be solved, numerical optimization methods
with clues for optimal solutions of the base M-DMP problem outlined in this study must be integrated
together to develop eﬃcient methods. We leave this as an immediate future study.
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