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Abstract— An artificial lateral line consists of a set of flow 

sensors arranged around a fish-like body which aims at localizing 

the surrounding moving objects, a common example of which is a 

vibrating sphere, called a dipole. The presence of diverse sources 

of uncertainty in the flow environment and flow sensors leads to 

an error in localization and thus challenges practicability of the 

underlying idea, especially considering that localization accuracy 

significantly declines when uncertainties intensify. Accuracy of 

localization depends on selection of the parameters of the artificial 

lateral line including the number and the location of the sensors as 

well as the shape and the size of the lateral line. In this study, 

different sources of uncertainties are identified and modeled in the 

problem formulation. A parametric fitness function is defined that 

addresses computational and practical goals and encompasses the 

effect of different sources of uncertainties. A bi-level optimization 

tool is formed to find the optimum artificial lateral. Comparison 

of the optimized designs in different cases reveals that, the 

optimized design highly depends on the amount of uncertainties in 

the problem as well as the number of available sensors.    

Keywords—Uncertainty formulation; Dipole source 

localization; Bi-level optimization; Covariance matrix adaptation; 

Random fitness function 

I. INTRODUCTION  

The lateral line system is an important flow-sensing organ, 
which is involved in various behaviors of fish [1], such as 
schooling [2] and object detection [3]. A lateral line system 
consists of arrays of flow sensors called neuromasts [4]. It is of 
great interest to develop an engineering equivalent of a 
biological lateral line for underwater applications. Such an 
artificial lateral line system will introduce a novel and noiseless 
sensing modality for the navigation and control of underwater 
robots and vehicles, and provide complementary information to 
traditional underwater vision sensors and sonar [5]. 

In the last decade, several studies were conducted on flow 
modeling and information processing to extract information in 
artificial lateral lines [6, 7]. Most of these studies focus on 
localization of a vibrating source, called dipole. The dipole 

source emulates the rhythmic movement of the fish body and 
fins, and has been commonly used as a biological stimulus such 
as counter-specific, predator, or prey [8, 9]. Dipole source 
localization has also played an important role in development of 
artificial lateral lines, detection and estimation of nearby fish-
like robots, and coordination and control of underwater robots 
[10, 11]. 

Although many studies have been conducted on localization 
of a dipole source using the lateral line system [10, 12, 11, 13, 
14], very few has discussed the optimal artificial lateral line, the 
one that provides maximum localization accuracy for an 
arbitrary dipole [15]. In a study [16], observability-based 
optimization of placement of flow sensors was discussed for the 
control purpose. The performed estimation and optimization 
were conducted in a uniform flow field, which was different 
from the localization of a dipole source. Furthermore, the 
employed flow model was commonly assumed to be accurate 
while like most other theoretically driven models, it depends on 
assumptions that may not be satisfied in practical situations.  

Unlike most previous studies on artificial lateral line, this 
article aims at finding the optimum design such that accuracy of 
localization, when averaged over all possible dipoles, turns 
maximal. Different sources of uncertainties that challenge 
reliability of localization are enumerated and modeled in the 
problem. A robust parametric fitness function is proposed which 
measures accuracy of the artificial lateral line in localization of 
an arbitrary dipole. Using the proposed fitness function, the 
artificial lateral line is optimized for different cases with 
different amount of uncertainty, as well as different number of 
available sensors.  

II. PROBLEM OUTLINE  

The artificial lateral line is configured by its shape and size 
and location of several sensors that measure local flow velocity 
around its body (Fig. 1a). Employing a flow model, flow 
velocity at any point can be computed if parameters of the dipole 
including amplitude of vibration (A), angle of vibration (β) and 
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location of the dipole relative to sensor (xs−xk, ys−yk), are known 
(Fig. 1b). 

We consider a potential flow generated by a dipole source, 
as assumed widely in the literature [17, 4]. By assuming that the 
lateral line sensors, the dipole source and the axis of dipole 
oscillation are located in the same plane (xy plane), and the 
sensor presence has negligible effect on the flow distribution 
(see more discussion in [17]), we get: 

𝑣(𝑥𝑘 , 𝑦𝑘) =
𝑎3𝑣𝑑

2‖𝒓𝑘‖5
((2(𝑥𝑘 − 𝑥𝑠)2 − (𝑦𝑘 − 𝑦𝑠)2)cos𝛽

+ 3(𝑥𝑘 − 𝑥𝑠)(𝑦𝑘 − 𝑦𝑠)sin𝛽)          (1) 

Sphere vibration is described with angular frequency ω and 
amplitude A, and thus vd=Asin(ωt). Sensors can measure 
velocity component along a specific direction only, which is 
assumed to be the x-direction in here. Upon adaptation of a 
proper rotation matrix, the derived equations can be generalized 
to arbitrary rotated sensors. We extract the signal amplitude for 
sensor k at frequency ω as the measurement Mk through Fast 
Fourier Transform (FFT) process, which can be written as: 

𝑀𝑘 = |
(2(𝑥𝑘 − 𝑥𝑠)2 − (𝑦𝑘 − 𝑦𝑠)2)𝛼1 + 3(𝑥𝑘 − 𝑥𝑠)(𝑦𝑘 − 𝑦𝑠)𝛼2

2‖𝒓𝑘‖5/𝑎3
| 

𝑀𝑘 = 𝑓(𝜽), 𝜽 = [
𝑥𝑘 − 𝑥𝑠

1 cm
,
𝑦𝑘 − 𝑦𝑠

1 cm
,

𝛼1

1 cm/s
,

𝛼2

1 cm/s
]          (2) 

where α1=Acos(β), α2=Asin(β) and Mk is the local velocity 
projected on the measuring direction of the sensor.  

III. DIPOLE LOCALIZATION (INVERSE PROBLEM) 

Equation (2) demonstrates that local flow speed can be 
determined if 4 parameters of the dipole are known. The 
artificial line solves an inverse problem to localize the dipole, in 
which a dipole (θ) is sought such that the difference between the 
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Fig. 1. a) Prototype of an artificial lateral line with sensors. b) Parameters of a 
dipole that affect the flow velocity at the sensor. 

 
sensor measurement and the generate flow field by the actual 
dipole (θ) is minimal. This means the inverse problem can be 
converted to an optimization problem: 

Minimize 𝐽(𝜽) =
‖𝑴 − |𝒇(𝜽)|‖

‖𝑴‖
, 

𝑴 = [𝑀1, 𝑀2, … , 𝑀𝑁sensor
],  

 𝒇(𝜽) = [𝑓1(𝜽), 𝑓2(𝜽), … , 𝑓𝑁sensor
(𝜽)]  (3) 

where Mk is the measurement of the k-th sensor (known) and 
fk(θ) is the theoretically computed signal at the sensor using (2). 
Under absence of uncertainties, the global minimum of the 
inverse problem is the true dipole parameters, at which the error 
function (J) is zero, i.e. (θ*=θ) and J(θ*)=0.  However, due to 
presence of uncertainties in the measurements and the flow 
model, in general, the localization error,  e=||θ*−θ||, is greater 
than zero and besides, 0≤J(θ*)≤J(θ). For dipole localization, two 
sources of uncertainty can be identified: Flow model uncertainty 
and sensor uncertainty.  Most previous studies considered only 
sensor uncertainty, and assumed the flow model is perfectly 
accurate [3, 5, 29]. We also propose a procedure to simulate flow 
model uncertainty and as it will be demonstrated, accuracy of 
localization significantly depends on this factor. 

A. Flow model Uncertainty 

Analytical methods quite often depend on some ideal situations 
or even some simplifications. Consequently, the actual velocity 
at a sensor might be different from the one computed using the 
flow model. Uncertainty caused by possible presence of the 
other objects around as well as interaction among the sensors, 
fish body and the flow also intensifies this factor, which results 
in some disparity between the actual flow and the one computed 
according to the exploited flow model. The amount of 
uncertainty is assumed to be proportional to the actual flow: 

𝑀𝑘(𝜽) = |𝑓𝑘(𝜽)| × exp(𝜀model𝑁(0,1)) , 𝑘 = 1, … , 𝑁sensor    (9) 

where Mk(θ) and fk(θ) are the actual flow velocity and the 
computed flow velocity according to the exploited flow model 
at the k-th sensor respectively. 0<εmodel is the standard deviation 
of uncertainty of the flow model and N(0,1) is a random number 
sampled from the standard normal distribution.  

B. Sensor Uncertainty 

Limited precision of the sensors introduces another type of 
uncertainty. Since the measuring range of the sensor is fixed, the 
amount of uncertainty is assumed to be independent of the flow 
magnitude:   

𝑀𝑘(𝜽) = |𝑀𝑘(𝜽) + 𝜀sensor𝑁(0,1)|, 𝑘 = 1,2, … , 𝑁sensor   (5) 

where Mk is the indicated flow velocity by the k-th sensor while 

the true flow velocity is Mk. 0<εsensor is the standard deviation of 

the sensor uncertainty.  

Equations (4) and (5) enable simulation of uncertainty in 

the localization process. Sensors indicates flow velocity of  M, 

which differs from the true one (M). On the other hand, an 

inaccurate flow model is utilized to interpret these inaccurate 

data. The localization error depends on many parameters 

including the values of εsensor and εmodel, Nsensor and sensor 

locations and orientations.  

This research was funded by BEACON, the center of evolution in action.  



C. Recommended inverse solver 

As it will explained in the next section, the inverse problem 
should be solved hundreds of times for evaluation of a single 
design and thus, a fast optimization method is required. 
Considering that in the inverse problem derivatives of the flow 
model are available,  the Newton-Raphson (N-R) method seems 
is a reasonable tool to solve the inverse problem which has also 
demonstrated promising results in previous studies as well [28]. 
The employed N-R based method in this study starts the search 
from a semi-random initial solution (θini). Line search is 
performed along dbest=-H-1(J)×∇J using the golden section 
search, where H and ∇ denote the hessian and gradient 
respectively. After 30 times evaluation of J or when the step size 
is smaller than 10-8, dbest is updated. Finding dbest requires 
computation of the gradient and the Hessian matrix, which is 
more costly than finding J. Based on a preliminary simulation, 
finding dbest appeared to be almost 7 times more costly than 
finding J, and thus whenever dbest is computed, the remained 
evaluation budget of J is subtracted by 7. The overall evaluation 
budget for the inverse problem is 1000.  

In practice, an artificial fish is supposed to track a moving 
object dynamically, where previous location of the object can be 
utilized as a starting point to identify the new location. This 
means that for a given instance, a good estimation of the initial 
solution is available, which is used as a start point for the inverse 
solver: 

𝜽ini = 𝜽 + 0.5(𝑼𝜃 − 𝑫𝜃) ⊗ 𝒃                     (6) 

where b is vector of four uniformly distributed random numbers 
in [-0.5, 0.5], UӨ and DӨ are the upper and lower bounds for the 
dipole location and sign ⊗  refers to element-wise 
multiplication. It is remarkable that N-R is a local search 
algorithm, and thus the localization error depends on the initial 
solution as well. 

IV. QUANTIFICATION OF UNCERTAINTIES 

In this section, an experiment and a CFD simulation is 

performed to find an estimate for εsensor and εmodel. 

A. Estimation of sensor uncertainty 

Experimental calibration of the sensor is used to determine 

the sensor uncertainty as well as the calibration factor, which 

relates the sensor signal, measured using FFT, and the 

theoretically computed flow velocity using the employed flow 

model.  Fig. 2a shows the experimental setup, where an ionic 

polymer metal composite (IPMC) sensor (1 cm long) 

encapsulated with parylene [18] is placed deep enough under 

the water surface. An aluminum ball with diameter of 1.9 cm is 

fixed to a metal stick which is excited by a mini-shaker (Type 

4810, Brüel & Kjær) with a frequency of 5 Hz and varying 

amplitudes. The flow velocity field generated by this vibrating 

sphere is estimated by the aforementioned potential flow model, 

and the output signal (short-circuit current) of the IPMC sensor 

subjected to the flow is conditioned through an amplifying 

circuit and collected by a dSPACE data acquisition system (RTI 

1104, dSPACE). One laser displacement sensors (OADM 

20I6441/S14F, Baumer Electric) is mounted against the metal 

stick, measuring vibration amplitude of the dipole. 

Experiments was conducted under different vibration 

amplitudes and at different times while the sensor position 

remained unchanged. For any configuration, sensor signals 

were recorded five times with intervals of 12 hours. 

Accordingly, for a fixed configuration, the difference between 

sensor measurements is solely because of the sensor noise.  Fig. 

2b plots the theoretical flow velocity versus the sensor output 

signal (I). The mean sensor measurement should be zero when 

there is no vibration and the relation between the current and 

the flow velocity is nonlinear. Based on the plot, a power curve 

passing through the origin is suggested, which is then utilized 

to calibrate the sensor as well. According to the obtained data 

and the fitted line, εsensor=0.0015 cm/s, which is used for the 

sensor uncertainty through the rest of this study. 

B. Estimation of the flow model uncertainty 

A Computational Fluid Dynamics (CFD) simulation is 

performed and the results are compared with the theoretical 

flow model. The CFD simulation is done by using COMSOL 

Multiphysics (version 4.4) and FSI license (Fluid structural 

interaction). In the simulation setup, the Tank (40×40 cm) is 

full of still water and an aluminum sphere (radius=1 cm) is 

placed in the middle of the tank, simulating the dipole. The 

sphere vibrates with frequency of 3 Hz and amplitude of 0.7 cm 

to simulate the mini-shaker in the experimental setup. 

After running the simulation for 2 seconds, velocity 

components at different locations of the tank are computed 

using FFT function. The computed velocity from the CFD 

model (vcfd) was compared to the velocity from the potential 

flow model (vpot), and relative error (|vcfd – vpot|/ |vpot|) was 

calculated. Fig. 3 illustrates contours of the relative error in the 

tank. The average error is 18%. 

V. DESIGN OPTIMIZATION 

In this section, the design optimization problem is 

formulated and design parameters and the fitness function 

(g(X))  are explained. To demonstrate flexibility and robustness 

of the proposed optimization method, and to analyze the effect 

of the amount of uncertainty on the optimized design, three 

distinct cases are considered for the rest of this study: Ideal case 

with εmodel=εsensor=0 (case I), Low uncertainty with εmodel=0.01 

and εsensor=0.0015 cm/s (case II) and High uncertainty with 

εmodel=0.20 and εsensor=0.0015 cm/s (case III). 

A. Design Parameters 

The conformal mapping technique is used to describe a 

streamlined body and the sensor location on it. Consider the 

complex plan ℂ and a point 𝜉in it. The transformation of the 

coordinate maps shapes with respect to the transformation 

variable 𝑏 ∈ 𝑅 [19]: 

𝑧 = 𝜉 +
𝑏2

𝜉
∈ ℂ                                         (7) 

In particular, ξ = 𝑅exp(𝑖𝛽) − 𝜆 , where 𝛽 ∈ [−𝜋, 𝜋) , 

defines a disk with radius R offset along the real axis by 𝜆 ∈ 𝑅. 



By choosing b, we can map the disk to a symmetric, streamlined 

body. Therefore, R and λ specifies the size and the shape of the 

fish and βk denotes location of the k-th sensor on the fish body. 

Symmetry about y=0 is exploited to reduce the number of 

design variables, and thus the design variables, X=[X1, X2, 

…,XD] consists of: 

 Size variable: 0.5cm≤X1=R≤4cm 

 Shape variable: 0≤X2=λ/R≤1. 

 Angular position of the first sensor on the fish body: 

0≤X3=β1≤8π/Nsensor. 

 Angular position of the i-th sensor relative to the (k-1)-

th sensor: 0≤Xi=βi-2-βi-1≤8π/Nsensor, i=4, 5, …,0.5Nsensor 

where Nsensor specifies the overall number of the sensors. 

Because of symmetry, only locations of sensors on the top are 

independent parameters, and thus there are 2+0.5Nsensor design 

parameter. The optimization problem is formulated as follows: 

 

(a) 

 

(b) 

Fig. 2. a) Experimental setup for determination of sensor uncertainty. b) 

Computed flow velocity using the potential flow model (Vpot) versus the 

output current of the sensor (I) and the fitted curve.  

 

Fig. 3. Contours of the relative error from the CFD simulation. The 
dipole lies at the center of the box. 

Maximize  g(X)  

subject to            Dx ≤ X ≤ Ux 

X3+ X4+ X5+ … + XD≤ π  

where Dx and Ux are the lower and upper bounds for the design 

parameters. The constraint ensures that all the independent 

sensors are placed on the top of the lateral line. For ease of 

fabrication of the design, sensors are installed perpendicular to 

the fish body, at the pace of the sensors. The sensing direction 

of a sensor is thus tangent to the fish body at the place of the 

sensor.  

B. Fitness Function 

A dipole may lie anywhere in the predefined range and 

vibrates along any direction. Since considering all possible 

cases is not possible, the inverse problem is solved for a finite 

number (Ndipole) of dipoles. For the problem at hand, The bounds 

for dipole parameters (Uθ and Dθ) are defined such that a dipole 

may lie anywhere outside the fish body, in a square of 20×20 

cm, and may vibrate in any directions, while the maximum 

velocity of the dipole is between 3 and 10 cm/s (Fig. 4a).  

An algorithm based on the heuristic employed in [20] is 

employed to generate a set of uniformly distributed dipoles of 

size Ndipole in the range defined by Uθ and Dθ. so that the finite 

set of dipoles provides a better approximation of all possible 

dipoles. The algorithm is based on generating dipoles one after 

another and rejecting those that lie closer than a threshold 

distance to other dipoles. The threshold distance is reduced if 

multiple successive dipoles are rejected.  

Since employing this algorithm is somewhat time-

consuming, 50 sets of dipoles of the desired size are generated 

and stored in a file. Each time a design is to be evaluated, a set 

of is randomly chosen and used for fitness evaluation. Dipoles 

that lie inside or too close to the fish body (closer than 1 cm) 

are ignored due to the length of the IPMC sensor itself. Not all 

sensors can receive a signal from the dipole. In fact, the fish 

body blocks wave propagation towards some sensors. Although 

these blocked sensors may still provide some measurements, 
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we exclude theirs from the inverse solving process. For each 

dipole, the inverse problem is solved and the localization error 

is computed (Fig. 4),. Distribution of all localization errors 

(e=[e1, e2,…., eNdipole]) is utilized to define the fitness function, 

g(X). Algorithm 1 explains how localization errors are 

calculated while uncertainties are modeled in the localization 

process. 

A simple and reasonable fitness function can be defined by 

averaging all localization errors, however, distribution of ei 

includes some outliers which significantly disturb the 

calculated average (Fig. 4b)). Considering different sources of 

uncertainties, a robust performance measure based on statistical 

distribution of ei is strongly desired. The proposed fitness 

function relies on statistical distribution of localization errors, 

by giving more credits to more accurate localizations. The 

overall fitness is the mean of all the obtained credits:  

Algorithm 1. Evaluation of a design 

For i=1:Ndipole 

 For a sensor that can receive a signal from the dipole, simulate sensor 

measurement for the i-th dipole (θi) as follows: 𝑀𝑘(𝜽𝑖) =

|𝑓𝑘(𝜽𝑖) × exp(𝜀1𝑁(0,1)), +𝜀2𝑁(0,1)|, 𝑘 = 1,2, … , 𝑁sensor 

Solve the inverse problem to localize this dipole (θi
*). 

Find the localization error: ei=||θi
*-θi|| 

End 

Compute fitness of the design, g(X) based on vector of localization errors, 

e. 

 

 

(a) 

 

(b 

Fig. 4. a) An artificial lateral line and a set of dipoles b) Histogram of the 

localization errors. 

𝑔(𝑿) =
1

𝑁dipole

∑ exp (−𝜉𝑒𝑖
2)

𝑁dipole

𝑖=1

                    (8) 

According to (8), the amount of credit for each localization 

exponentially decrease with square of the localization error. 

Parameter ξ determines how fast the obtained score reduces 

when the localization error increases.  For fixed distribution of 

the localization errors, the calculated fitness increases if ξ is 

reduced.  The appropriate value of ξ depends on the acceptable 

localization error. In this study, ξ=1 is used. 

It is notable that because of sensor and flow model 

uncertainties, random selection of finite number of dipoles and 

random initial solution for the inverse problem, there is 

uncertainty in evaluation of the design fitness, a common case 

in robust optimization [21]. g(X) is a random function, which 

means independent evaluation of design X leads to different 

values for g(X), for which mean and standard deviation (ḡ, sg) 

can be computed. This uncertainty in fitness evaluation results 

in selection noise, in which a bad solution might be preferred 

over a better one. Selection noise adversely affect reliability of 

the selection operator in the optimization process and hence, the 

quality of the final design.  

For fixed values of εsensor and εmodel, selection noise can be 

reduced by increasing Ndipole, however, the computation time 

grows proportionally. Parameter ξ also affects the selection 

noise, however, this parameter should be set according to the 

acceptable localization error, and thus cannot tuned to minimize 

the selection noise.  A good set of these parameters should 

maximize variance among the true fitness of designs while it 

minimizes the variance of the estimated fitness. This minimizes 

selection noise caused by uncertainty in evaluation of a design. 

Accordingly, Selection Reliability Index (SRI) can be defined 

as follows: 

SRI =
StDev(g̅)

mean(s𝑔)
                                  (9) 

To monitor the effect of Ndipole and εmodel on SRI, an 

experiment is rendered in which 100 randomly generated 

designs are evaluated 20 times.  For each design, mean and 

standard deviation of the fitness function (μg and sg) are 

computed. SRI is then computed for different values of Ndipole 

and εmodel according to (9), which is plotted in Fig. 5. According 

to Fig. 5, larger values of εmodel reduce not only the mean fitness 

but also SRI. SRI can be improved by increasing Ndipole, 

however, it increases the computation time for a fitness 

evaluation as well.  

Since N-R is a local search method, starting with different 

initial solutions may lead to different results. For a given M in 

(3), localization accuracy can be boosted if the inverse problem 

is solved Ninverse times with different initial solutions (θini), 

which leads to Ninverse solutions. Among them, the one with 

minimum J is selected as the localized dipole. To analyze this 

effect, the generated 100 designs are evaluated with different 
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values of Ninverse, for Ndipole≈10000. Fig. 6 illustrates variation 

of g(X) with respect to Ninverse for cases II and III. Designs are 

sorted based on their fitness for Ninverse=1. 

 

Fig. 5. SRI as a function of εmodel for different values of  Ndipole (ξ=1, 

εsensor=0.015 cm/s ) 

 

(a)   (c) 
Fig. 6. Effect of Ninverse on fitness of different designs for a) Case II and 

b) Case III. 

 

According to Fig. 6, increasing Ninverse considerably increase 

the fitness of the design. More important, the effect of this 

increase is generally monotonic for all designs. This means that 

if g(X1) > g(X2) for Ninverse=1, the probability that g(X1) < g(X2) 

for other values of Ninverse is small. This demonstrates the 

optimum solution is almost independent of Ninverse, and thus the 

optimization can be performed with Ninverse=1 to minimize the 

computation cost. The obtained optimum design is then used 

with Ninverse>1 in practice to increase the localization accuracy.  

C. Optimization algorithm 

Considering its promising results on BBOB2009 

optimization workshop on noisy test problems [22], a modified 

version of covariance matrix adaptation evolution strategy 

(CMA-ES) [23] is employed in which population size decreases 

dynamically while Ndipole is increased.  In early iterations, a 

large population size is used to enhance exploration of the 

algorithm, however, a small value for Ndipole (Ndipole=256) is 

used to keep the computation time in a reasonable range. In this 

case, the population size is spread over a large region of the 

search space with high-fitness, however, due to the high noise 

in selection, it cannot converge to exact location of the basin. 

To alleviate this problem, the reliability of selection is boosted 

by increasing Ndipole dynamically and reducing population size 

to make convergence more efficient. The evaluation budget is 

specified in terms of the number of times the inverse problem 

is solved (MaxInvSolve).Accordingly, when one-third of the 

evaluation budget is consumed, population size is halved while 

Ndipole is doubled. This is performed again when two-third of the 

evaluation budget is consumed. Based on a preliminary 

parameter study, we set initial population size=180 and 

MaxInvSolve=2×106. This parameter setting is used in the rest 

of this study.  

VI.  OPTIMIZATION RESULTS 

A. Descriptive experiments 

Three descriptive experiment are performed to analyze 

effectivity of the optimization in some specific cases, where the 

final solution is checked with intuition. For this purpose, the 

optimization algorithm is run for cases I, II and III, while the 

dipoles are located only on the left (mode a), right (mode b), or 

top and bottom (mode c) of the lateral line. For these 

experiments, Nsensor=16. Fig. 7 illustrates average of the final 

designs in 5 independent runs for each case.   

 For cases IIa and IIIa, most sensors have moved to the 

right side of the fish to maximize the average number 

of sensors that can receive a signal from the dipoles. In 

contrast, for cases IIb and IIIb, most sensors have 

moved to the left side for the same reason. Note that the 

upper bound for the first sensor is π/2, and thus the first 

sensor cannot come to the left side. The shape of the 

lateral line is close to circular for both cases.  

 The final solutions for cases IIc and IIIc are totally 

different. The sensors are quite uniformly distributed on 

the lateral line and besides, the lateral line is highly 

stretched, probably in order to maximize spread of 

sensors while most of them can still receive a signal 

from the dipoles on the same side. 

 The optimized design of case I has comparatively a 

smaller size and does not show any variation with 

respect to the location of the dipoles. This can be due to 

the face that since there are 4 unknown parameters in 

the inverse problem, only measurements from 4 sensors 

are required to solve the inverse problem. If the 

measurements are completely accurate, neither extra 

sensor measurements nor diversity in location of the 

sensors may provide more information on parameters 

of the dipole.   

These experiments demonstrate that in either case there is 

good agreement between the optimum design found by the 

optimization method and the one predicted by the engineering 

intuition.  The optimum designs strongly depends on location 

of the dipoles. More important, the optimization method can 

reliably find the optimum design parameters with respect to the 

defined objective function for each case, although it turns 

harder when uncertainty, and thus the selection noise, 

exacerbates. 

B.     Bi-objective optimization 

In this section, it is assumed dipoles may lie anywhere in 

the 20×20 cm box, the ultimate case within the scope of this 

study.  

0

10

20

30

40

0 0.2 0.4 0.6 0.8

SRI

ε_model

256

512

1024

0

0.2

0.4

0.6

0 50 100

g(X)

Design No

Case II

0

0.02

0.04

0.06

0 50 100

g(X)

Design No

Case III

N_inverse=1
N_inverse=2
N_inverse=4
N_inverse=8



Predictably, increasing Nsensor can increase fitness of the 

final design since it provides more data on the dipole, however, 

more sensors cost more and may need a bigger fish to mount. 

The trade-off between Nsensor and g(X) can be analyzed by 

performing a bi-objective optimization in which the second 

objective is minimization of Nsensor. Practically, only a few 

options for the number of sensors are worth considering, e.g. 

Nsensor≤30 and Nsensor is an even number. This motivates running 

the single objective optimization problem with different values 

of Nsensor instead of a running a bi-objective optimization. For 

each Nsensor, the optimization problem is solved 5 times 

independently and the final solutions from the optimization 

runs are reevaluated again with Ndipole≈10000 for different 

values of Ninverse.  Fig. 8 plots the efficient set for different 

values of  Ninverse. Fig. 9 and Fig. 10 depict the optimized design 

for some selected values of Nsensor for cases II and III. Based on 

the obtained results, it is concluded that: 

 Increasing Nsensor always improves the fitness, except for 

the case I after Nsensor=8, and thus a knee in the efficient 

set is observed. This knee emerges at Nsensor=16  for case 

II. For case III, in contrast, no knee can be detected and 

the slope of the curve remain quite high everywhere.  

 In case I when Nsensor≥8, the fitness of the optimized 

design is close to 1 when Ninverse=16. This means that the 

localization error in all cases is almost zero. 

 The optimum shape for case II gradually changes from a 

circle to a line as Nsensor increases, which means 0≤X2≤1 

varies from a high value to a low one. The similarity of 

the final designs for independent runs for a fixed Nsensor 

and εmodel confirms reliability of the optimization results. 

Case II with Nsensor=20 is an exception, in which 5 

independent runs converged to two distinct solutions. It 

seems that for this case there are two (near-) global 

minima with almost the same fitness.  For case III, the 

shape for the illustrated Nsensor is always close to a line. 

 For all the illustrated cases, the size variable, R, has 

reached the upper bounds, probably in order to maximize 

diversity of the signals received by sensors.   

 

 

(a)    (b)     (c) 

Fig. 7. Final designs from 5 independent runs for cases I, II and III when dipole are a) on the right b) on the left c) on the top and bottom of the lateral line. 

 

(a)    (b)     (c) 
Fig. 8. Trade-off between fitness (g(X)) and Nsensor. a) case I, b) case II and c) case III. 
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(a)    (b)     (c) 

Fig. 10. Final solutions of 5 independent runs for case II. a) Nsensor=12,  b) Nsensor=20   and  c) Nsensor=28 

 

(a)    (b)     (c) 

Fig. 10. Final solutions of 5 independent runs for case III. a) Nsensor=12,  b) Nsensor=20   and  c) Nsensor=28 

VII. SUMMARY AND CONCLUSIONS 

Optimal design of the lateral line is a challenging task which 

demands specialized algorithms to handle different sources of 

uncertainty in evaluation of a design. In this research, two 

different sources of uncertainty were simulated in the 

localization process. The magnitude of these uncertainties was 

subsequently estimated using experimental or numerical 

methods.  

A robust parametric fitness function was proposed so that 

uncertainty in fitness evaluation turns minimal.  A bi-level 

optimization method was then employed to optimize 

parameters of the artificial lateral line including shape, size of 

the lateral line and placement of the sensors over the body.  

To show the flexibility of the method and effect of 

uncertainty magnitude on the optimized design, three cases 

with different magnitude of uncertainties were considered. The 

optimization method was first validated by some preliminary 

descriptive experiments, in which dipoles may lie in particular 

regions of the search space.   

The lateral line was subsequently optimized for different 

number of sensors to monitor trade-off between the number of 

sensors and accuracy of localization. Comparison among 

results of different cases demonstrated that the amount of 

uncertainties not only significantly deteriorate localization 

accuracy but also varies the optimum artificial lateral line. The 

optimum design for each case turned out to be dependent on the 

number of the sensors as well.   

  Increasing the number of sensors monotonically and 

predictably boosts the localization accuracy, however, the gain 

after a certain point, called the knee, turns insignificant. The 

recommended value of the number of sensors, based on the 

trade-off between the fitness and the number of sensors, 

increases as the amount of uncertainty increases, and for the 

case with the largest amount of uncertainty, no knee-like point 

could be detected.  

Future research in the domain of this study includes 

extension of the proposed optimization method for the case in 

which the artificial lateral line should localize a dipole in 3D 

space, or when the dipole is moving, instead of vibrating.  The 

research team plans to prototype the obtained optimal design 

and conduct experiments to validate the numerical results. 
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