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Abstract—Bilevel optimization problems have received
a growing attention in the recent past. In this paper, we
suggest methodologies for handling uncertainty in both
lower and upper level decision variables that may occur
from different practicalities. For the first time, we discuss
and demonstrate the effect of uncertainties in each level
on the overall definition of a robust bilevel solution and
present simulation results on a number of test problems.
Finally, the robust solutions of a bilevel circuit design
problem are found using a previously suggested fast bilevel
evolutionary algorithm (BLEAQ). Definition of robust bilevel
solutions, effect of lower and upper level uncertainties in
robust bilevel solutions, development of a robust bilevel
evolutionary algorithm and simulation results on test and
engineering design problems are contributions of this study.

I. INTRODUCTION
Over the past few years, researchers in the area

of evolutionary computation (EC) have been paying
an increasing attention in solving bilevel optimization
problems due to two main reasons: (i) bilevel prob-
lems are common in practice [1], [2], [3], [4], but there
does not exist efficient bilevel optimization algorithms
to handle these problems regularly, and (ii) evolutionary
algorithms, due to their flexibility and population ap-
proach, offer a viable mean to address such problems.
Some of these evolutionary bilevel studies can be found
elsewhere [5], [6], [7].

In this paper, we address an important practicality –
inherent uncertainty in decision variables of the bilevel
optimization problem. When variables are uncertain,
meaning that the suggested values are difficult to adhere
to due to various practical limitations, a deterministic op-
timization process will fail to find a satisfactory ‘robust’
solution that will still be near-optimal for neighboring
solutions. Evolutionary algorithms have been adequately
used to address uncertainties in variables and parameters
for single-level optimization problems [8], [9], [10], [11],
[12], [13], [14].

In bilevel optimization problems, uncertainties in
variables can occur in both lower and upper levels or
in one of the levels. Since each level has an unequal
importance to the overall outcome of a bilevel opti-
mization task, the effect of uncertainties in upper and

lower level variables on the final robust solutions of the
problem is also expected to be different. Thus, searching
for robust bilevel solutions is likely to be more compli-
cated than the uncertainty-based studies for single-level
optimization problems [12], [15]. In this pilot systematic
study, we make an attempt to understand these effects
and demonstrate their importance through a number
of simple numerical test problems and then apply the
developed method to an electrical circuit design problem.

In the remainder of this paper, we provide a brief
introduction to the nature of bilevel optimization prob-
lems in Section II. In Section III, we briefly discuss two
specific definitions of a robust solution in the context
of a single-level optimization problem. We then extend
these definitions for bilevel problems in Section IV. The
effect of uncertainties in lower and upper level variables
and their influence in arriving at the final robust solution
of the complete bilevel problem are demonstrated using
easy-to-understand numerical test problems. Thereafter,
in Section V, we highlight the modifications made on
an existing bilevel evolutionary algorithm (BLEAQ) [16]
to solve such problems. In Section VI, we present sim-
ulation results and also solve a bilevel circuit design
problem using our proposed methodology. Finally, con-
clusions of this pilot study are made in Section VII.

II. BILEVEL OPTIMIZATION PROBLEM
A bilevel optimization problem has two levels of

optimization tasks that involve two sets of variables
x ∈ Rn (upper level) and y ∈ Rm (lower level), described
below:

Minimize F (x,y),
subject to y = argmin {f(x,y)|gj(x,y) ≤ 0, j = 1, 2, . . . , JL} ,

Gj(x,y) ≤ 0, j = 1, 2, . . . , JU .
(1)

The pair (x,y) represents a particular bilevel solution.
The solution (x,y) is feasible (i) if y is an optimal
solution of the lower level optimization problem of min-
imizing f(x,y) subject to satisfaction of JL constraints
gj(x,y) ≤ 0, and (ii) if it also satisfies JU upper level
constraints Gj(x,y) ≤ 0. The optimality of upper level
solution (x,y) is associated with an upper level ob-
jective function F (x,y). Due to the need for solving
the lower level optimization problem for every upper



level solution, the above bilevel optimization problem is
also known as a nested optimization problem and is, in
general, a computationally intensive task.

III. UNCERTAINTIES IN SINGLE-LEVEL OPTIMIZATION
Previous studies [12], [17], [18] have used two for-

mulations for obtaining a robust solution for single-level
optimization problems.

Definition: Robust Solution of Type I: A solution xr1

is called a robust solution of Type I, if it is the optimal
solution to the following minimization problem defined
with respect to a δ-neighborhood (Bδ) around xrI:

Minimize feff (x),
subject to gj(z) ≤ 0, j = 1, 2, . . . , J,

(2)

where z signifies each and every solution within Bδ-
neighborhood of x. The effective objective function
f eff(x) can be defined suitably, but an average function
can be used as follows:

feff (x) =
1

|Bδ|
∫
z∈x+Bδ

f(z)dz, (3)

Thus, according to Type-I definition, a solution xr1 is
robust if

1) it is feasible within the entire Bδ-neighborhood
of xr1, and

2) it has minimum effective function value f eff(xr1)
in the entire search space.

The information about Bδ comes directly from the allow-
able tolerance or uncertainty distribution known about
the variable or parameter. To use it in practice, a finite
set containing H solutions can be randomly (or in some
structured manner) chosen around a Bδ-neighborhood
(z ∈ x + Bδ, where Bδ = {ζ|ζi ∈ [−δi, δi]}) of a solution
x in the variable space and the mean effective objective
function (f eff) is optimized by an optimization algorithm.
This way, instead of an individual’s own function value
(f ), the mean objective value in the δ-neighborhood is
used as the objective for optimization. Besides the use of
an average function value in the Bδ-neighborhood, the
worst or 50th percentile function value (among H chosen
solutions) are also used.

Another approach would be to restrict a normalized
change in perturbed objective function from its original
objective vector by a user-specified limit η [12]:

Definition: Robust Solution of Type II: For a minimiza-
tion problem, a solution xr2 is called a robust solution
of Type II, if it is the optimal solution to the following
problem:

Minimize f(x),

subject to |feff (x)−f(x)|
|f(x)| ≤ η,

gj(z) ≤ 0, j = 1, 2, . . . , J.


 (4)

The effective objective vector f eff can be chosen as the
mean effective function value as described above. The
Type II definition requires a parameter η to declare
whether a solution is robust or not. Although this re-
quires the η parameter to be pre-fixed, this allows a prag-
matic way of defining a robust solution. It is important to
realize that for a given problem the robust solutions for
Type I and Type II may be different from each other. It

is also important to understand that there may not exist
a robust solution of Type II, particularly if a very small
η value is chosen.

IV. SUGGESTED DEFINITIONS OF ROBUST BILEVEL
SOLUTIONS

We extend the above two definitions to define robust
solutions for bilevel optimization problems.

Definition: Robust Bilevel Solution of Type I: A so-
lution (x,y)r1 is called a robust bilevel solution of
Type I, if it is the optimal solution to the following
bilevel minimization problem defined with respect to a
δ-neighborhood ((Bδx,Bδy) around solution (x,y)r1:

Minimize F eff(x,y),
subject to y = argmin

{
feff (x,y)

∣∣gj(x+∆x,y +∆y) ≤ 0,
∀ ∆x ∈ Bδx,∆y ∈ Bδy, j = 1, 2, . . . , JL,

}
,

Gj(x+∆x,y +∆y) ≤ 0, ∀ ∆x ∈ Bδx,∆y ∈ Bδy.
j = 1, 2, . . . , JU .

(5)
The effective objective functions f eff(x,y) and F eff(x,y)
are calculated as follows:

feff (x,y) =
1

|(Bδx,Bδy)|
∫
z∈(x,y)+(Bδx,Bδy)

f(z)dz, (6)

F eff (x,y) =
1

|(Bδx,Bδy)|
∫
z∈(x,y)+(Bδx,Bδy)

F (z)dz. (7)

For a practical implementation, a finite sample of points
(∆x,∆y) ∈ (Bδx,Bδy) can be chosen and an average
function values can be computed. Thus a robust solution
(x,y) of Type I would correspond to following condi-
tions:

1) The solution is feasible with respect to both up-
per and lower level constraints for all solutions
in its neighborhood,

2) The lower level variable vector y is robust of
Type I for the lower level problem in its neigh-
borhood for the fixed upper level variable vector
x, and

3) The solution makes the effective upper level
objective value minimum in the entire search
space.

We illustrate the above definition of robust solution
of Type I through a two-variable test-problem:

Minimize F (x, y) = 2.0− exp

(
−

(
0.2y−x+0.6

0.055

)0.4
)
−

0.8 exp

(
−

(
0.15y−0.4+x

0.3

)2
)
,

subject to y = argmin

{
f(x, y) = 2.0− exp

(
−

(
1.5y−x
0.055

)0.4
)

−0.8 exp

(
−

(
2y−3+x

0.5

)2
)}

,

0 ≤ x ≤ 1, 0 ≤ y ≤ 2.
(8)

The variable x is the upper level variable and y is the
lower level variable. The lower level function f(x, y) for
a fixed x has a global optimum at y = x/1.5 and a
robust optimum at y = 1.5 − 0.5x. A contour plot of
lower level and upper level functions f(x, y) and F (x, y)
are shown as a contour plot in Figure 1 (left and right,
respectively). The lower level function f(x, y) for a fixed
value of x has a global optimal solution on the line
y = x/1.5 (denoted by line AA in the figure) and a
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Fig. 1. Contour plots of f(x, y) and F (x, y) functions are shown for
the test-problem. lower level robust solutions are on line BB and overall
robust solution is the point O.

robust solution on the line y = 1.5 − 0.5x (shown with
a line BB). If an average of the lower level function
f eff(x, y) = f̄(x, y) over the ranges Bδx = [−δx, δx] and
Bδy = [−δy, δy] is used, the robust line BB will be found.
Thereafter, at the upper level problem, the search using
F eff(x, y) will be restricted to the line BB. The upper level
function F (x, y) has global optimal solutions along line
CC and robust optimal solutions along DD. Among the
robust solutions (on line BB) obtained from the lower
level problem, the solution (point O) at the intersection
of line BB and DD will result as the final robust solution
of the above bilevel problem. To illustrate, we run a grid
search method on the above problem (Figure 2 using 100
points along x and y directions. 50 random neighboring
points at Bδx = [−0.1, 0.1] and Bδy = [−0.2, 0.2] are used
at each grid point (x, y) to compute the f eff and F eff

functions. We observe that the function f eff(x, y) for a
fixed x makes the line BB optimal (Figure 2). Thereafter,
when the upper level problem restricts its search along
line BB (Figure 3), the solution O (point (1.4, 0.2)T ) is
obtained as the final robust solution.
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Fig. 2. Optimal solutions of
lower level function feff (x, y) =
f̄(x, y) for fixed x values are
shown for the test-problem.
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Fig. 3. Optimal solution of up-
per level function F eff (x, y) =
F̄ (x, y) are shown for the test-
problem.

Definition: Bilevel Robust Solution of Type II: A solu-
tion (x,y)r2 is called a robust bilevel solution of Type II,
if it is the optimal solution to the following problem:

Min. F (x,y),

s.t. y = argmin




f(x,y)
∣∣∣ |feff (x,y)−f(x,y)|

|f(x,y)| ≤ ηL;

gj(x+∆x,y+∆y) ≤ 0,
∀ ∆x ∈ Bδx,∆y ∈ Bδy, j = 1, 2, . . . , JL


 ,

|F eff (x,y)−F (x,y)|
|F (x,y)| ≤ ηU ,

Gj(x+∆x,y+∆y) ≤ 0, ∀ ∆x ∈ Bδx,∆y ∈ Bδy ,
j = 1, 2, . . . , JU .

(9)

The functions f eff and F eff are defined in Equations 6
and 7, respectively. The parameters ηL and ηU need to

be supplied by the user.
We consider the same test-problem for illustrating the

robust bilevel solution concept of Type II. We choose
ηL = ηU = 0.05 for illustration. Figure 4 shows the
line AA and its neighboring region (the global yet sen-
sitive optimal solutions of f(x, y)) are now infeasible
with respect to ηL constraint at the lower level. Other
solutions have average lower level function value in
such a manner so that solutions on the robust line BB
becomes optimal solutions of the lower level problem.
At the upper level problem, solutions on the line CC
and its neighborhood are infeasible with respect to ηU
constraint. Eventually, the upper level problem finds the
point (1.4, 0.2)T (point O indicated on line BB) as the
optimal solution to the upper level problem.
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Fig. 4. Optimal solutions of
lower level optimization problem
for fixed x values are shown for
the test-problem.
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To illustrate, we consider the following bilevel opti-
mization problem:

Minimize F (x, y) = 2.0− exp

(
−

(
2y−3+x
0.055

)0.4
)
−

0.8 exp

(
−

(
1.5y−x

0.5

)2
)
},

subject to y = argmin

{
f(x, y) = 2.0− exp

(
−

(
1.5y−x
0.055

)0.4
)

−0.8 exp

(
−

(
2y−3+x

0.5

)2
)}

,

0 ≤ x ≤ 1, 0 ≤ y ≤ 2.
(10)

In the above problem, robust and global optimal
manifolds are interchanged between lower and upper
level problems. This way, the lower level robust solu-
tions (y∗(x) = 1.5 − 0.5x) become sensitive at the upper
level, and vice versa. With Type I definition, the bilevel
optimization approach will end up finding the sensitive
(and non-robust) solution (1, 0.98)T . This is because no
lower level optimal solution is robust at the upper level.
Figure 6 shows the average of upper level function and
the lower level optimal solutions. This is an extreme situ-
ation, but nevertheless can happen in practical problems.

When Type II definition is used with the bilevel
problem formulation stated in Equation 9 (with ηL =
ηU = 0.5), no feasible upper level solution will result. This
is because all lower level optimal solutions will be found
to be infeasible using ηU = 0.05 at the upper level. In this
case, the bilevel approach does not result in any solution
(Figure 7).

Having demonstrated two scenarios of uncertainties
in both lower and upper level problems – a generic
and common case in which a bilevel robust solution is
robust in both levels and an extreme case in which no
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Fig. 6. Surface and contour plots of F̄ (x, y) are shown for the
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lutions using Type II robustness
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Fig. 8. Lower level robust solu-
tions using modified Type II ro-
bustness definition. The approach
results in an appropriate bilevel
robust solution.

robust solution exists due to a conflict in robust and
sensitive solutions in both levels, we now discuss two
other instantiations of uncertainty levels.

A. Uncertainties in Lower Level Problem Alone
In a bilevel problem, both upper and lower level

problems need not possess uncertainties, as shown in
the previous illustrative examples. We now construct a
bilevel problem which has an insensitive upper level
objective function, but a sensitive lower level function:

Minimize F (x, y) = (x− 0.5)2 + (y − 1)2,

subject to y = argmin

{
f(x, y) = 2.0− exp

(
−

(
1.5y−x
0.055

)0.4
)

−0.8 exp

(
−
(

2y−3+x
0.5

)2
)}

,

0 ≤ x ≤ 1, 0 ≤ y ≤ 2.
(11)

The lower level problem is identical to that in Equation 8,
but the upper level function has only one optimum
at (0.5, 1)T . Since for every upper level variable, x, a
lower level robust solution of Type I or II is on the
line BB (as shown in Figure 2), the resulting upper level
function values are shown in Figure 9. The upper level
optimization (robust or non-robust consideration) will
then identify the point O. A similar outcome will happen
if Type II robustness is considered on this problem as
well.

B. Uncertainties in Upper Level Problem Alone
Next, we consider a bilevel problem for which the

lower level problem has no uncertain variable, but the
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Fig. 9. Upper level function and resulting solution of the Case 1 Bilevel
problem is shown.

upper level variable is uncertain:

Minimize F (x, y) = 2.0− exp

(
−

(
0.2y−x+0.6

0.055

)0.4
)

−0.8 exp

(
−

(
0.15y−0.4+x

0.3

)2
)
,

subject to y = argmin
{
f(x, y) = (x− 0.5)2 + (y − 1)2

}
,

0 ≤ x ≤ 1, 0 ≤ y ≤ 2.

(12)

For every upper level variable value x, the lower level
function has a single unique minimum solution y∗ = 1.
Figure 10 shows lower level solutions obtained for each
upper level variable value x. The resulting function at the
upper level is then a cut of the F (x, y) at y = 1. Figure 11
shows the average F (x, y) and the minimum lies at
(0.26, 1)T with a function value of 1.126, which happens
to be a robust solution. Note that the minimum of the
average F (x, y) in the entire domain of the search space
is a different solution (0, 4, 0.2)T with a F̄ (x, y) = 1.049.
A similar outcome will happen for Type II robustness
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resulting solution of the Case B
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Bilevel soluion
 0.1

 1.6
 1.8

 2

F(x,y)

 0.9
x

 0.4
 0.6
 0.8

y

 0.2
 0.6

 1
 1.4

 1.8

 1.2
 1

 0
 0.2

 0.8  0.7  0.6  0.5  0.4  0.3  0.2

 1.4

Fig. 11. upper level function and
resulting solution of the Case B
Bilevel problem is shown.

consideration on this problem.
Bilevel problems are different from single-level opti-

mization in the sense that it does not correspond to the
optimal solution of the upper level function in the entire
search space, rather it corresponds to the minimum of
upper level function for a specific manifold of the search
space for which every upper level variable is associated
with a lower level variable vector that minimizes a lower
level function. Above examples make this distinction
amply clear.

V. BILEVEL EVOLUTIONARY ALGORITHM USING
QUADRATIC APPROXIMATION (BLEAQ)

Bilevel evolutionary algorithm using quadratic ap-
proximation (BLEAQ) is an efficient evolutionary algo-
rithm recently proposed for solving bilevel optimization
problems. It is based on quadratic approximation of the
lower level optimal variables as a function of upper level
variables. Classical approaches often fail in handling



complex practical problems which are bilevel in nature
due to real world difficulties like non-linearity, discrete-
ness, non-differentiability, non-convexity, etc. In contrast,
a straightforward application of evolutionary approaches
may be computationally demanding for solving bilevel
problems. Recently, Sinha, Malo and Deb [16] proposed
a hybrid approach (BLEAQ) that utilizes meta-modeling
principles within an evolutionary algorithm to quickly
approach a bilevel optimum.

VI. RESULTS
The results obtained on bilevel single and multi-

objective test problems as well as a circuit design prob-
lem using BLEAQ are provided in the following sub-
sections. Brute force strategies, such as grid search is
utilized to provide comparisons in case of single-variable
test problems. As the number of variables at both levels
increases, the grid search approach becomes exhaustive
and computationally expensive to perform. We design
the high-dimensional problems in a way so that all
bilevel optimal variables take the same single-variable
value. This way, we avoid executing the grid search
method and simply compare the BLEAQ-obtained results
with grid search solutions. This study uses two different
definitions (Type I and Type II) of robustness in both
levels and obtains the robust frontier in each case.

Uncertainties, that may occur in lower level variables
alone, upper level variables alone or both, are consid-
ered to have a normal distribution in a δ-neighborhood
around a solution. BLEAQ with Type I definition assigns
the average function value f eff(x,y), which is obtained
by evaluating a user-specified number of points in the δ-
neighborhood around the solution (x,y), instead of the
actual function value at (x,y). BLEAQ with Type II defi-
nition introduces an additional user-specified parameter
η to enhance users’ ability to choose desired robustness.
This method utilizes η as an inequality constraint to
restrict the normalized difference between f eff(x,y) and
f(x,y) to the user-specified η value. Hence, sensitive
solutions, which are not within the tolerance of η are
declared infeasible. The first subsection below contains
results obtained on two-variable bilevel test problems,
followed by the results obtained on 10-variable bilevel
test problems in the second subsection. Results are also
obtained for six-variable test problems, but are not in-
cluded here for brevity. Finally, results obtained for a
circuit design problem are presented in the third subsec-
tion.

A. Two-variable Test problems
The bilevel test problems studied in this subsection

have one variable in each level. Results are presented
for three different scenarios as defined in Section IV,
namely Cases 1, 2 and 3. In each case, twenty runs are
performed using BLEAQ with Type I (BL-I) and Type
II (BL-II) definitions. The upper level function value
(ULEFV), lower level function value (LLEFV), and the
corresponding upper level variable solutions (ULVS),
lower level variable solutions (LLVS) are presented.
• Case 1: Lower level uncertain, upper level deter-

ministic. Test problems with uncertainties in lower
level alone are studied in this case. The upper and

lower level objective functions are provided in Equa-
tion 11. Both upper and lower level problems use a
population size of 50 and both are restricted to a max-
imum generation of 300. The lower level averaging
neighborhood parameter δ is 0.1 and the number of
individuals selected within δ-neighborhood in lower
level is 50. The Type II inequality constraint parameter
η is 0.05. The propagation step size for grid search
is 0.02. Results obtained by using BLEAQ with Type
I and Type II definitions, and the grid search are
provided in Table I. It is clear from the table that

TABLE I. 2-VARIABLE ROBUST BILEVEL SOLUTIONS FOR CASE 1.

2-Variable ULEFV LLEFV ULVS LLVS

Ty
pe

I Grid 0.0474 1.2169 0.60 1.18
Best 0.0473 1.1906 0.5992 1.1819
Median 0.0459 1.1848 0.5923 1.1908
Worst 0.0439 1.1826 0.5442 1.2116

Ty
pe

II Grid 0.0474 1.2169 0.60 1.18
Best 0.0478 1.1682 0.5999 1.189
Median 0.0491 1.1676 0.5984 1.1973
Worst 0.0492 1.1666 0.6151 1.2021

bilevel solutions are similar to those obtained by the
grid search procedure. The chosen η parameter seems
to produce identical solution for Type II definition as
that obtained using Type I definition.

• Case 2: Lower level deterministic, upper level un-
certain. Test problems with uncertainties in upper
level alone are studied in this case. The upper and
lower level objective functions are provided in Equa-
tion 12. Both upper and lower level problems use
a population size of 100 and both are restricted to
a maximum generation of 300. All other parameters
are the same as in Case 1. Results are presented
in Table II. As discussed before, with upper level

TABLE II. 2-VARIABLE ROBUST BILEVEL SOLUTIONS FOR CASE 2.

2-Variable ULEFV LLEFV ULVS LLVS

Ty
pe

I Grid 1.1281 0.0576 0.26 1.00
Best 1.1274 0.0570 0.2613 1.0000
Median 1.1257 0.0549 0.2657 1.1908
Worst 0.0439 1.1826 0.5442 1.0000

Ty
pe

II Grid 1.1281 0.0576 0.26 1.00
Best 1.1183 0.0580 0.2592 1.0000
Median 1.1183 0.0581 0.2588 1.0000
Worst 1.1183 0.0585 0.2581 1.0000

uncertainty, the solutions are different from those in
Case 1. However, except a few solutions including the
worst case run, BLEAQ solutions are similar to that
of the grid search method. Interestingly, the bilevel
solution is found to be dependent on the source of
uncertainty and BLEAQ algorithm is able to find the
respective solution.

• Case 3: Both lower and upper levels are uncertain.
The upper and lower level objective functions are
provided in Equation 8. All evolutionary algorithm
parameters are the same as in Case 2. Results are
presented in Table III. The bilevel solutions are differ-
ent from the previous two cases. Again, our BLEAQ
method is able to match the solutions obtained by the
grid search procedure.



TABLE III. 2-VARIABLE ROBUST BILEVEL SOLUTIONS FOR CASE 3.

2-Variable ULEFV LLEFV ULVS LLVS
Ty

pe
I Grid 1.1384 1.1843 0.19 1.40

Best 1.1384 1.2021 0.1979 1.3947
Median 1.1384 1.1997 0.1957 1.3947
Worst 1.1371 1.2036 0.1984 1.3974

Ty
pe

II Grid 1.1384 1.1843 0.19 1.40
Best 1.1358 1.8939 0.1956 1.4001
Median 1.1358 1.8939 0.1970 1.4006
Worst 1.1358 1.8939 0.1979 1.4013

It is important to reiterate that bilevel solutions of upper
and lower levels depend the source of uncertainty. The
above results demonstrate that BLEAQ is capable of
identifying the respective robust solutions in each case
of lower level, upper level, or both level uncertainties.

B. Multi-variable Test Problems
This subsection studies bilevel test problems with

multiple variables in both levels, in particular, results
are obtained on problems with six and 10 variables.
However, due to space restrictions, results are presented
only for 10-variable problems and similar results are
obtained for the six-variable problem. Cases 1, 2 and 3
for different uncertainty models are considered.

• Case 1: Lower level uncertain, upper level determin-
istic. Test problems with uncertainties in lower level
alone are studied here. The upper and lower level
objective functions are given below:

Min.
∑m

i=1(xi − 0.5)2 + (yi − 1)2,

s.t. y = argmin

{∑n
i=1 2.0− exp

(
−

(
1.5yi−xi

0.055

)0.4
)

−0.8 exp

(
−

(
2yi−3+xi

0.5

)2
)}

,

0 ≤ xi ≤ 1, 0 ≤ yi ≤ 2.
(13)

Optimization tasks are performed with m = n = 5
using both Type I and Type II definitions of robust
bilevel solution. A population of size of 100 is used
for both lower and upper level. A maximum of 3,000
generations are allowed. The neighborhood param-
eter δ = 0.1 and 100 random solutions in the five-
dimensional search space for averaging are used. The
inequality constraint parameter η = 0.05 is used.
Results are presented in Table IV.
Recall that the single-variable results for Case 1
was ULVS={0.60} and LLVS={1.18}. Since the higher-
variable functions are created by adding the respec-
tive identical single-objective functions for each vari-
able, it is expected that the optimal value for each
variable will be identical to the single-variable case.
BLEAQ solutions indicate similar variable values as
the single-objective case. Importantly, the ability of
BLEAQ method to solve a 10-variable problem is
demonstrated here.

• Case 2: Lower level deterministic, upper level uncer-
tain. Test problems with uncertainties in upper level
alone are studied here. The upper and lower level

Fig. 12. A simple RLC Circuit Design Problem Schematic

objective functions presented below:

Min.
∑m

i=1 2.0− exp

(
−
(

0.2yi−xi+0.6
0.055

)0.4
)

−0.8 exp

(
−

(
0.15yi−0.4+xi

0.3

)2
)
,

s.t. y = argmin
{∑n

i=1(xi − 0.5)2 + (yi − 1)2
}
,

0 ≤ xi ≤ 1, 0 ≤ yi ≤ 2.

(14)

Here, m = n = 5 are used for both Type I and Type II
definitions of a robust bilevel solution. All parameters
are identical to those in Case 1. Results are presented
in Table V. The table indicates that BLEAQ is able to
find five variables in each level that are identical to
the single-variable case (Table II).

• Case 3: Both lower and upper levels are uncertain.
Test problems with uncertainties in both upper and
lower levels are studied here. The upper and lower
level objective functions are given below:

Min.
∑m

i=1 2.0− exp

(
−

(
0.2yi−xi+0.6

0.055

)0.4
)

−0.8 exp

(
−

(
0.15yi−0.4+xi

0.3

)2
)
,

s.t. y = argmin

{∑n
i=1 2.0− exp

(
−
(

1.5yi−xi
0.055

)0.4
)

−0.8 exp

(
−

(
2yi−3+xi

0.5

)2
)}

,

0 ≤ xi ≤ 1, 0 ≤ yi ≤ 2.
(15)

Optimization tasks are performed with m = n = 5
using both Type I and Type II definitions of robust
bilevel solution. Identical parameter values to those
used in Cases 1 and 2 are used here. Results are
presented in Table VI. A comparison with results
presented in Table III indicate the ability of BLEAQ
in solving the 10-variable bilevel robust problems.

C. A Circuit Design Problem
Next, we consider a RLC circuit design problem,

shown in Figure 12. The ultimate goal is to obtain the
maximum gain at the output terminal (Vout). However,
the design specifications simultaneously require the gain
at the output terminal to maintain a pole at either one
of the desired locations in complex frequency domain,
namely P1 (s = −500 + j1041) with preference or P2
(s = −538+j714). Clearly this is a single-objective bilevel
circuit design problem in nature, in which the upper level
task is to optimize the output terminal gain that should
also optimize the lower level task (maintaining a pole at
one of the desired locations).

As shown in Figure 12, this RLC circuit has five
design elements including two resistors (R1 and R2), two
inductors (L1 and L2), and one capacitor (C1). The output
gain is measured across positive and negative terminals
of resistor R2 with a sinusoidal input voltage source
(Vin). The upper level variable set x ∈ Rm consists of



TABLE IV. 10-VARIABLE ROBUST BILEVEL SOLUTIONS FOR CASE 1.

10-Variable ULEFV LLEFV ULVS LLVS

Type I

Best 0.2370 5.9270 0.5162 0.5279 0.5731 0.6278 0.5737 1.2124 1.2169 1.2059 1.1743 1.2097
Median 0.2315 5.9427 0.5957 0.5628 0.6254 0.5306 0.5614 1.1805 1.2067 1.1844 1.2263 1.1935
Worst 0.2102 5.9516 0.5578 0.6519 0.6118 0.5633 0.5867 1.1819 1.1618 1.1686 1.1823 1.1972

Type II

Best 0.2377 5.8487 0.6037 0.6030 0.5624 0.5927 0.5686 1.1776 1.1965 1.2155 1.1977 1.2085
Median 0.2408 5.8515 0.6358 0.5506 0.5379 0.5764 0.5992 1.1738 1.2080 1.2116 1.2118 1.1989
Worst 0.2149 5.9092 0.5448 0.5754 0.5711 0.5820 0.5938 1.2134 1.1549 1.2099 1.1661 1.2131

TABLE V. 10-VARIABLE ROBUST BILEVEL SOLUTIONS FOR CASE 2.

10-Variable ULEFV LLEFV ULVS LLVS

Type I

Best 5.6376 0.2827 0.2429 0.2739 0.2620 0.2721 0.2614 1.00 1.00 1.00 1.00 1.00
Median 5.6397 0.3112 0.2426 0.2361 0.2642 0.2514 0.2595 1.00 1.00 1.00 1.00 1.00
Worst 5.6524 0.3387 0.2168 0.2455 0.2256 0.2635 0.2499 1.00 1.00 1.00 1.00 1.00

Type II

Best 5.5914 0.2913 0.2563 0.2584 0.2576 0.2597 0.2612 1.00 1.00 1.00 1.00 1.00
Median 5.5913 0.2914 0.2587 0.2586 0.2586 0.2587 0.2584 1.00 1.00 1.00 1.00 1.00
Worst 5.6117 0.2853 0.2681 0.3017 0.2521 0.2439 0.2448 1.00 1.00 1.00 1.00 1.00

TABLE VI. 10-VARIABLE ROBUST BILEVEL SOLUTIONS FOR CASE 3.

10-Variable ULEFV LLEFV ULVS LLVS

Type I

Best 5.6921 6.0125 0.2010 0.1909 0.1856 0.1901 0.2063 1.3968 1.3962 1.3892 1.4141 1.4000
Median 5.6902 6.0102 0.1994 0.1974 0.1961 0.2022 0.1972 1.3844 1.3995 1.4091 1.3966 1.3873
Worst 5.7279 6.0203 0.1883 0.2233 0.1647 0.2341 0.2171 1.4023 1.3960 1.3940 1.4170 1.4001

Type II

Best 5.6792 5.9254 0.1983 0.2001 0.1966 0.2046 0.1988 1.3815 1.4058 1.3914 1.3981 1.4029
Median 5.6816 5.9217 0.1958 0.1879 0.2004 0.2102 0.1905 1.3961 1.4135 1.3942 1.3960 1.4115
Worst 5.6911 5.9520 0.1787 0.1901 0.1758 0.2248 0.2006 1.3894 1.4068 1.3679 1.3721 1.4047

R1, L1, and C1 (x = {R1, L1, C1}).The remaining two
elements R2 and L2 form the lower level variable set
y ∈ Rn (y = {R2, L2}). With zero initial energy stored in
the circuit, this bilevel circuit design problem could be
formulated in complex frequency domain (s) along with
all the design specifications as follows:

Max. Gain(x, y) = y1/ ((y1 + y2s) + (x1 + x2s)(1 + x3s(y1 + y2s))) ,
s.t. y = argmin Error(x, y) =


min |roots(x,y)−P1|

ζ1
+ 1

imag(P1)
, if Scenario1

min |roots(x,y)−P2|
ζ2

+ 6000
imag(P1)

, if Scenario2


 ,

(16)
500 ≤ x1 ≤ 1000, 0.5 ≤ x2 ≤ 1, 3.8µ ≤ x3 ≤ 4.2µ,
100 ≤ y1 ≤ 1500, 0.1 ≤ y2 ≤ 1.5, s = j 850.

The objective function of the upper level optimization
task Gain(x,y) quantifies the gain at the output terminal.
The objective function of the lower level optimization
task Error(x,y) measures the minimum distance between
any pole and either one of the desired pole locations. The
roots operator in Equation 16 allocates all the possible
poles s from the output gain function. Mathematically,
roots operator defines a set of points s ∈ C2 in terms of
x and y that satisfies the following equation:

(x2x3y2) s
3 + (x2x3y1 + x1x3y2) s

2 + (x2 + y2 + x1x3y1) s

+ (x1 + y1) = 0.
(17)

The imag operator in Equation 16 extracts the imaginary
parts of the desired pole locations. Based on the distance
evaluated between every pole from the output gain
function and two desired pole locations, there are two
possible scenarios as following:
• Scenario 1: The minimum distance from any pole to
P1 is less than or equal to the minimum distance from
any pole to P2, or mathematically:

min |roots(x, y)− P1| ≤ min |roots(x, y) − P2|. (18)

• Scenario 2: The minimum distance from any pole to
P1 is greater than the minimum distance from any

pole to P2, or mathematically:

min |roots(x, y)− P1| > min |roots(x, y)− P2|. (19)

This bilevel circuit design problem consists of a sensi-
tive lower level function and a deterministic upper level
function (belongs to Case 1). Two figures of mesh plots
over contour plots are provided in Figures 13 and 14.

Fig. 13. Upper level Gain(x, y) function mesh plot over lower level
Error(x, y) function contour plot at x∗ = {R∗

1 , L
∗
1, C

∗
1}. Both plots are sampled at the optimal upper level

variable x∗(R∗
1, L

∗
1, C

∗
1 ) with the lower level variable

y (R2, L2) varying. The lower level objective function
Error(x,y) for a fixed vector x has a global optimal
solution vector around the neighborhood of point A′
and a robust solution vector around the neighborhood
of point B′ (shown in Figure 13). If an average of the
lower level function Erroreff(x,y) = ¯Error(x,y) over the
ranges Bδx = [−δx, δx] and Bδy = [−δy, δy] is used for
every member in vector x and y, the robust solution



Fig. 14. Lower level Error(x, y) function mesh plot over upper level
Gain(x, y) function contour plot at x∗ = {R∗

1 , L
∗
1, C

∗
1}

vector in the neighborhood of point B′ will be found.
Thereafter, at the upper level problem, the search using
Gaineff (x,y) will be restricted to the neighborhood of
point B′. The optimal solution vector {x∗robust, y∗

robust}
(denoted as point B in Figure 13) will yield among the
feasible (robust) candidates supplied from the lower level
problem. On the other hand, if an average of the lower
level function Erroreff(x,y) is not used, the global optimal
solution will be found in the neighborhood of point A′
for a fixed vector x. Then solution A will be found as
the final result for this bilevel search. In this particular
instance, it’s observed that the global optimal solution
in the upper level problem is associated with the robust
solution in the lower level problem. Hence, without the
consideration of robustness in the lower level task, the
global optimal solution in the upper level task will not
be found in this bilevel circuit design problem. Figure 14
provides another perspective of the problem by showing
the lower level objective function in mesh plot over the
contour plot of the upper level objective function.

Twenty runs of optimizations are performed using
BLEAQ with Type I and Type II definitions of bilevel
robust solution (BL-I and BL-II, respectively). Both upper
and lower level problems use a population size of 50
and both are restricted to a maximum generation of 500.
The length of the lower level averaging neighborhood
parameter δ is 250 for y1 and 0.25 for y2. The number
of individuals selected within δ-neighborhood in lower
level is 50. The inequality constraint parameter η is 0.05.
The results are provided in Table VII.

TABLE VII. CIRCUIT DESIGN PROBLEM RESULTS WITHOUT AND
WITH AVERAGING ON LOWER LEVEL.

ULEFV LLEFV ULVS LLVS

N
o

A
vg

. 0.3831 0.0043 0.50 500.00 3.8 0.3261 326.12
0.3831 0.0241 0.50 500.00 3.8 0.3261 326.14
0.3831 0.1450 0.50 500.00 3.8 0.3262 326.23

A
vg

.
B

L
-I

0.5010 103.6147 0.52 500.00 3.8 0.7813 1147.70
0.5029 104.6880 0.51 500.00 3.8 0.7598 1153.80
0.5044 107.0422 0.53 500.02 3.8 0.8132 1184.60

A
vg

.
B

L
-I

I 0.5069 98.8824 0.5136 500.07 3.8 0.8090 1194.40
0.5073 99.4409 0.5135 500.00 3.8 0.7770 1169.30
0.5077 100.5151 0.5187 500.02 3.8 0.7618 1170.50

VII. CONCLUSIONS
In this pilot study, we have introduced the concept

of robustness in bilevel optimization problems arising
from uncertainties in both lower and upper level decision
variables. The effect of each type of uncertainty on the
final robust bilevel solution has been clearly demon-
strated using simple, easy-to-understand test problems,
followed by construction and solution of a bilevel circuit
design problem.

The topic of uncertainty handling in bilevel problems
is highly practical and timely with the overall growth in
research in bilevel evolutionary algorithms. This paper
remains as the first systematic study in this direction and
should spur interests for further research and application
in the coming years.
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