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Abstract

Single objective evolutionary constrained optimization has been widely searched and researched by
plethora of researchers in last two decades. On the other hand, multi-objective constraint handling using
evolutionary algorithms has not been actively proposed. However, real-world multi-objective optimiza-
tion problems consist of one or many non-linear and non-convex constraints. In the present work, we
develop an evolutionary algorithm based constraint handling methodology, to deal with constraints in
multi-objective optimization problems. The method is a combination of an evolutionary multi-objective
optimization coupled with classical weighted sum approach based local search method and is an extended
version of our previously developed constraint handling method for single objective optimization [4]. A
constrained bi-objective problem is converted into a tri-objective problem where the additional objective
is formed using summation of constrained violation. The proposed method is applied to four constrained
multi-objective problem. The non-dominated solutions are compared with a standard evolutionary multi-
objective optimization algorithm (NSGA-II) with respect to hypervolume and attainment surface. The
simulation results illustrates the effectiveness of the proposed approach.

1 Introduction

Single objective optimization algorithms with constraints have been efficiently solved using Evolutionary Algo-
rithms (EAs) during last two decades. However, real-world optimization problems consist of several objectives.
Multi-objective optimization considers the objectives as a vector of multiple objectives rather than a single
objective function and the solution is not unique but a set of solutions which are also known as Pareto-
optimal solutions. To be specific, such a set is obtained in cases where the objectives are in conflict with each
other. In most of the situations, conventional optimization techniques cannot handle such complexities well
due to the involvement of non-linear and non-convex constraints and objective functions as a result poorly
performs to produce a satisfactory solution. Evolutionary algorithms (EAs) are flexible, derivative free and
an alternative way to tackle these non-linear and non-convex optimization efficiently. Some state-of-the-art
evolutionary algorithm based multi-objective optimization methods are Pareto Archived Evolution Strategy
(PAES) [7], Non-dominated sorting genetic algorithm-II (NSGA-II) [3], Strength Pareto Evolutionary Algo-
rithm (SPEA-II) [15] and Multi Objective Evolutionary Algorithm based on Decomposition (MOEA/D) [14].
The foundation of these methods are deeply routed in population based methods that are borrowed from
statistics and are combined with nature inspired methods that lend them robustness properties. Not relying
on gradient information and continuity of the describing functions, these methods often provide an attractive
alternative to solve real world problems. With an increase in available computational power and a move
towards parallel and high performance computing we expect increased use of these methods in all sorts of
problems in science and engineering.

The main focus by most researchers in constraint handling was the development of efficient constraint
handling methods for single objectives. We have developed a bi-objective way to handle constraints in single
objective optimization [4]. The method is a combination of bi-objective approach integrated with classical
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penalty function method. The bi-objective method was used to estimate the penalty parameter and to supply
initial seed to the start the penalty function based local search. The classical optimization was used to ensure
convergence. Constrained multi-objective optimization is not as popular as single objective constraint handling
[9, 12, 8]. Wright and Loosemore [11] proposed a multi-objective constraint handling method where constraint
violations is taken as “infeasibility objective”. This method in turn give rise to a new objective which help
in handling the constraints efficiently. This concept is extended in [5, 9, 12] to solve the multi-objective
constrained optimization problems. Young [13] proposed a constrained multiobjective EA by extending the
idea of blended space [1]. Wef and Wang [10] proposed an infeasible elitist based particle swarm optimization
to handle constraints in multi-objective optimization. Constraint handling is carried out in an evolutionary
way in which diversity is ensured by partitioning of search space [6].

Handling constraints in multi-objective optimization is much more challenging than that of single objective
one. In multi-objective optimization, in addition to assure convergence and diversity, all Pareto-optimal
solutions must satisfy all inequality and/or equality constraints in order to call a feasible solution. The
proposed multi-objective constraint handling methodology is an extended version of our single objective one
[4], in higher dimensions. In the present work, we restrict ourselves in solving bi-objective constraint handling
problems. In next section, we briefly explain the details of the proposed approach for handling constraints in
multi-objective optimization. The proposed approach is first applied to a problem constructed by us in this
paper. We also test the efficiency of the methodology in a number of test problems [2]. Results shows that the
proposed multi-objective constraint handling method is efficient compared to state-of the art multi objective
evolutionary algorithm.

2 Multi-Objective Approach

We are interested in solving the following M -objective constrained optimization problem:

Minimize {f1(x), f2(x), . . . , fM (x)},
Subject to gj(x) ≥ 0, j = 1, 2, . . . , J,

hk(x) = 0, k = 1, 2, . . . ,K.

x
(L)
i ≤ xi ≤ x

(U)
i , i = 1, 2, . . . , n.

(1)

We now define a constraint violation function CV (x), as follows:

CV (x) =
J
∑

j=1

〈ḡj(x)〉+
K
∑

k=1

|h̄k(x)|. (2)

Here, ḡj and h̄k are normalized constraint functions.
We shall now consider a conversion of the above problem (Equation 1) into a (M + 1)-dimensional mini-

mization problem, as follows:

Minimize {f1(x), f2(x), . . . , fM (x), CV (x)},

Subject to x
(L)
i ≤ xi ≤ x

(U)
i , i = 1, 2, . . . , n.

(3)

Since evolutionary optimization (EO) algorithms handles variables bounds naturally in its initialization pro-
cedure and also in subsequent genetic operations so that no solution violates the specified variable bounds,
the solution to the above problem using an EO reduces the above problem to a unconstrained multi-objective
optimization problem. An evolutionary multi-objective or many-objective optimization (EMO) procedure can
be applied to solve the above (M + 1)-objective problem.

Let us say that a set of K non-dominated points are obtained using an EMO procedure. We suggest the
following step-by-step procedure to solve the original multi-objective constrained minimization problem given
in Equation 1.

3 Multi-objective Constraint Handling Algorithm:

Step 1: Find a set of (say K) non-dominated points of the (M +1)-objective problems with variable bounds
given in Equation 3 after τ generations of a suitable EMO procedure. Since we are interested in solutions
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close to the Pareto-optimal front of the original M -objective problem, a constraint on CV (x) ≤ ǫ can
be added in the NSGA-II application. we have used ǫ = 0.1J in all our studies (where J is the number
of constraints).

Step 2: A M -dimensional surface is fitted through these points to obtain CV -objective as a function of M
original objectives: CV (f1, f2, . . . , fM ). The fitted surface and the obtained NSGA-II solutions for a
hypothetical two-objective scenario are shown schematically in Figure 1(a).
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Figure 1: (a) Fitted surface and intersection with a line of improvement is shown. (b) The non-dominated
points are identified on a projected f1-f2 plane. (c) For a particular point A, the corresponding penalty surface
is shown.

Step 3: All K points are considered for their original M objective values and non-dominated points are
found with an opposite sense of their optimization types. For example, if all M objectives were to be
minimized, then here non-dominated solutions corresponding to maximization of all objectives should
be found. This process is illustrated in Figure 1(b). These process should identify points that are closer
to the Pareto-optimal front of the original M -objective problem. Let us say that there are H such points
that are non-dominated.

Step 4: For each of the H non-dominated point (say z), Steps 4 and 5 are performed. First, the intersecting
point of a line from the point z towards a specified direction w = (w1, w2, . . . , wM )T with the fitted
surface is obtained. This operation is illustrated in Figure 1(a). Let us say that the intersecting point
is Pz. We suggest using wi = 1/(fmax

i − fmin
i ) here, where fmin

i and fmax
i are minimum and maximum

objective value of i-th objective of all H non-dominated solutions.

Step 5: The gradient vector of the fitted surface is obtained at the point Pz and the corresponding penalty
function is obtained as follows:

P (x) =

M
∑

i=1

(

−
∂CV

∂fi

∣

∣

∣

∣

Pz

)

fi(x) + k × CV (x), (4)

where k is a parameter greater than or equal to one. We choose k = 2 for our study here. Figure 1(c)
shows the above penalty function hyper-plane passing through Pz . Since the hyper-plane is the tangent
to the fitted surface at Pz, at this point the P (x) value will be minimum. Thus, we minimize the above
penalty function starting from solution z using a classical optimization algorithm (say, using fmincon()

routine of Matlab) to obtain a solution y. The solution y is introduced in the EMO population for
further processing.

The parameter k = 1 makes the right combination of weights for the penalty function given in Equation 4
to be ideally used to find the corresponding Pareto-optimal solution. However, to ensure getting close to the
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Pareto-optimal front of the M -objective problem, we suggest using a value larger than one. We have used
τ = 5 and value of k is taken as 2 (to have the scale factor).

This method is similar in principle to the bi-objective constrained handling method described elsewhere
[4], which we discuss next.

3.1 Similarity with Previous Single-objective Method

When M = 1 (that is, solving a single-objective constraint handling problem), Step 1 solves a bi-objective
minimization problem (f and CV ). In Step 2, a fitted curve of CV as a function of f is obtained. In the
earlier constraint handling study, f versus CV was obtained. Step 3 will choose a single solution having the
highest f value for a minimization problem (which will correspond to the smallest CV value). Thus, there
is only one solution of interest (H = 1) for single-objective optimization and Steps 4 and 5 will be executed
only once. Step 4 is trivial in this case, as it means identifying the intersecting point P of the fitted curve
with line CV = 0. In Step 5, the gradient of the fitted curve CV (f) is obtained at the intersecting point P as
gg = dCV

df
|P and using Equation 4, the following penalty function is formed:

P (x) = (−gg)f(x) + k × CV (x).

Optimizing above function is equivalent to optimizing the following function:

P (x) = f(x) + k
1

−gg
× CV (x),

= f(x) + k

(

−
df

dCV

∣

∣

∣

∣

P

)

× CV (x). (5)

In the earlier single-objective constraint handling algorithm, the penalty parameter R = − df
dCV

was computed
at the CV = 0 solution of the fitted curve f(CV ). Thus, we observe that the multi-objective constraint
handling approach proposed above degenerates to the single-objective constraint handling algorithm proposed
in the earlier study [4].

4 Procedure

The idea for two-objective problems are as follows. First, from NSGA-II with clustering approach, non-
dominated solutions are obtained. Then, the following quadratic surface is fitted:

CV (z1, z2) = a0 + a1z1 + a2z2 + z3z
2
1 + a4z

2
2 + a5z1z2.

It is likely that a non-dominated point (say A: (z̄1, z̄2)) is infeasible to the original problem and we would like
to move in a direction d = (w1, w2) in order to reach the Pareto-optimal front of two-objective problem. Any
point from A towards d can be written as follows:

z1 = z̄1 + αw1,

z2 = z̄2 + αw2.

Now, intersecting the line from A towards d with the fitted surface will take us to the non-dominated front
dictated by the fitted surface. The intersection point can be found as follows. In the pseudo-code, z1=z̄1 and
z2=z̄2 and root is α.

A = a3*w1*w1+a4*w2*w2+a5*w1*w2;

B = a1*w1+a2*w2+2.0*a3*z1*w1+2.0*a4*z2*w2

+a5*(z1*w2+z2*w1);

C = a0+a1*z1+a2*z2+a3*z1*z1+a4*z2*z2

+a5*z1*z2;

discr = B*B-4.0*A*C;

if (discr>=0.0)

{

root1 = (-B+sqrt(discr))/(2.0*A);

root2 = (-B-sqrt(discr))/(2.0*A);
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if (root1>0.0 && root2<0.0)

root = root1;

else if (root2>0.0 && root1<0.0)

root = root2;

else if (root1>0.0 && root2>0.0)

root = (root1<root2) ? root1 : root2;

else if (root1<0.0 && root2<0.0)

{printf("No root possible.\n");

exit(-1);}

// compute the intersection point

z1 = z1 + root * w1;

z2 = z2 + root * w2;

}

CV = a0+a1*z1+a2*z2+a3*z1*z1+a4*z2*z2

+a5*z1*z2;

grad1 = (a1+2.0*a3*z1+a5*z2);

grad2 = (a2+2.0*a4*z2+a5*z1);

If there is an intersection point (disrc<0.0), the gradients are computed at the intersection point, else the
original point z1 = z̄1 and z2 = z̄2 are used to compute gradients. In the above pseudo-code, z1 and z2 are
not updated, if discr<0.0.

Now, the penalized function is as follows:

P (x) = (-grad1) ∗ f1(x) + (-grad2) ∗ f2(x) + k ∗ CV (x).

5 An Example

Let us say that after fitting eight points obtained by NSGA-II, we have obtained the fitted surface as:

CV (z1, z2) = 1− 2z1 − 2.5z2 + z21 + 1.5z22.

The surface is shown in Figure 1(a).
Projection of eight points on the f1-f2 plane are shown in Figure 1(b). At this plane, we identify the

non-dominated points by considering maximization of f1 and f2. There are four non-dominated points shown
in filled circles and four dominated points shown in open circles.

Let us consider one of the non-dominated points (say A =(0.3, 0.1, 0.255)). Its projection on the f1-f2 is
shown as the point a (=(z1, z2) = (0.3, 0.1)). Our goal is to now move along a direction (w1, w2) in order to
reach the fitted surface. This is because if the fitted surface correspond to the true PO surface of the three-
objective problem, the intersecting point would have been the corresponding PO point of the two-objective
(f1 and f2) problem.

Here, we use w1 = w2 = 1 (equal weight for both objectives). Using the supplied code, we obtain the
intersecting point P = (0.374709, 0.174709). The gradients of the fitted surface at this point are given below:
∂CV
∂f1

= −1.250581, ∂CV
∂f2

= −1.975872. Thus, the penalty function that we should minimize from the initial

point a (= (0.3, 0.1)) is as follows:

P (x) = 1.250581f1(x) + 1.975872f2(x) + kCV (x).

We can choose k = 1 or 2. The penalty surface with k = 1 is shown in Figure 1(c). The penalty surface (linear
hyper-plane) is tangent at P . This is similar in principle to the single-objective constraint handling strategy
we have used before.

Some important issues are:

1. The above procedure can also be extended for more than two-objective optimization problems.

2. The choice of w-vector can arbitrary. We have used equal weights for the present study.

3. For fitted surfaces where there is no intersecting point P , we use the original point A to compute the
gradient vector and form the respective penalty function.
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5.1 Local Search

To select points for local search we neglect the modified objective (CV (x)) and maximize the other two
objectives (original objective objectives), from the three objective non-dominated solutions. Non-dominated
solutions are identified from the maximization of original two objectives. Figure 2 shows the non-dominated
solutions in maximization sense. Here modified objective function (CV (x)) is neglected. We use each non-
dominated solution from two-objective maximization, as the initial solution to start the local search.

Pareto−optimal
front

Dominated solutions
Non−dom

inated solutionsin F1−F2 m
axim

ization

Initial points
for local search

F1

F
2

Figure 2: Two objective maximization

6 Diversity Improvement

We maintain an external population of local searched points, which are the non-dominated solutions with
respect to original problem given in Equation 1. Figure 3 shows the non-dominated solutions in the external
population. After the execution of local search, there is a chance of loosing diversity in the Pareto-optimal
solutions. To ensure diversity, we divide X-axis in a number of equal divisions from ideal point to nadir point.
Then each division is checked, if there exist any non-dominated solutions. Thus if any division is empty, we
perform local search from the non-dominated points with respect to the modified problem given in Equation 3.

Non−dominated solutions in archive
Points for local search

F2

F1

Figure 3: Diversity Improvement in original objective space.
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7 Simulation Results on Standard Test Problems

We first test our proposed methodology in a test problem constructed by us. Then, we apply of our approach
on some standard multi-objective constrained optimization test problems taken from literature [2].

For every test problem, the algorithm is tested for 11 times with different initial populations. Population
size is taken as 100 (unless stated otherwise) and other parameters are as follows:

SBX probability= 0.9,
SBX index = 10,
polynomial mutation probability = 1/n,
and mutation index = 100.
The algorithm is terminated when the function evaluations exceed 50, 000. Now the proposed strategy is

applied in some of the constrained multi-objective test problems.

7.1 Problem MP1

First we solve a bi-objective problem constructed by us:

minimize f(x) = x1,
minimize f(x) = x2,
subject to g1(x) ≡ x2

1 + x2
2 ≤ 0,

−2 ≤ x1 ≤ 2, −2 ≤ x2 ≤ 2.















(6)

The problem is a two variable multi-objective optimization with a single inequality constraint which is a
active. Figure 4 shows the decision variable space for this problem. The active constraint (g1(x)) divide the
variable space in two parts. Out of these two parts, one is feasible decision space and the other is infeasible
decision space. Figure 4 also indicate that, only the region inside the circle is feasible for this problem. The
problem is solvable analytically. We solve the problem analytically and show the Pareto-optimal solutions in
Figure 5. From the figure we can see the he Pareto-optimal front is convex.

���
���
���
���

���
���
���
��� x1

Infeasible region

Feasible region

(0,0)

2
x2

−2

−1

1−1

1

−2 2

Figure 4: Decision variable space for problem MP1.

We solve the problem using NSGA-II and our proposed method. Comparative study is made with respect
to hypervolume and attainment surface measure. Following parameters are used for NSGA-II and proposed
hybrid method:

Population size = 40, 100 (for NSGA-II).
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Theoretical Pareto−optimal front
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Figure 5: Theoretical Pareto-optimal solutions for problem MP1.

Population size = 40 (for proposed method).

The comparative study is done first with hypervolume, in terms of fixed population of proposed method
with different population size of NSGA-II. Figure 6 shows the theoretical hypervolume, hypervolume using
NSGA-II and proposed method. In first case population size is taken is 40 in case of of NSGA-II and proposed
method. Figure 6 clearly indicate that proposed method outperforms NSGA-II in terms of hypervolume. To
get a better hypervolume in case of NSGA-II, we change the population size from 40 to 100 for NSGA-II and
keep population size of fixed for proposed method as 40.

From Figure 7, it is evident that, in this case also performance of proposed method is better than NSGA-II.
From the hypervolume based comparison of our method and NSGA-II, it can be concluded that out method
is better in compare to NSGA-II, even though we take a higher population in NSGA-II.

After comparing with respect to hypervolume, we also compare both the algorithm in term of attainment
surface measure. Attainment surface signifies a combination of both convergence and diversity of obtained
solutions. Figures 8 and 9 show 0%, 50% and 100% attainment surfaces after 50, 000 function evaluations
along with Pareto-optimal front. It can be observed from Figures 8 and 9 that for the proposed procedure
shows excellent convergence and diversity.

In both hypervolume and attainment surface measures, our proposed method showed its efficacy by gener-
ating a well spread non-dominated solutions which is desirable for ideal multi-objective optimization algorithm.

7.2 Problem BNH

Minimize f(x) = 4x2
1 + 4x2

2,
Minimize f(x) = (x1 − 5)2 + (x2 − 5)2,
subject to g1(x) ≡ (x1 − 5)2 + x2

2 ≤ 25,
g2(x) ≡ (x1 − 8)2 + (x2 + 3)2 ≥ 77,
0 ≤ x1 ≤ 5, 0 ≤ x2 ≤ 3.























This problem is a bi-objective problem with two inequality constraints. We solve the problem using proposed
constraint handling method and original NSGA-II. Figure 10 shows the comparison of both NSGA-II and
proposed method with respect to hypervolume. Figure 10 indicate that for this problem, both NSGA-II and
proposed method are comparable.
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Theoretical Hypervolume
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Figure 6: Comparison of proposed method with NSGA-II based on hypervolume for problem MP1.
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Figure 7: Comparison of proposed method with NSGA-II based on hypervolume for problem MP1

Figures 11 and Figure 12 show 0%, 50% and 100% attainment surfaces after 50, 000 function evaluations
along with Pareto-optimal front. In attainment surface measure also performance of the proposed algorithm
is similar to NSGA-II.
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Figure 9: Attainment Surface using proposed approach for problem MP1.

7.3 Problem SRN and Problem CONSTR1

The description of SRN is as follows:

Minimize f(x) = 2 + (x1 − 2)2 + (x2 − 1)2,
Minimize f(x) = 9x1 − (x2 − 1)2,
subject to g1(x) ≡ x2

1 + x2
2 ≤ 225,

g2(x) ≡ x1 − 3x2 + 10 ≤ 0,
−20 ≤ x1 ≤ 20, −20 ≤ x2 ≤ 20.
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Figure 10: Comparison of proposed method with NSGA-II based on hypervolume for problem BNH.
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Figure 11: Attainment Surface using NSGA-II for problem BNH.

The problem formulation of CONSTR1 is as follows:

Minimize f(x) = x1,

Minimize f(x) =
1 + x2

x1
,

subject to g1(x) ≡ x2 + 9x1 ≥ 6,
g2(x) ≡ −x2 + 9x1 ≥ 1,
0.1 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 5.
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Figure 12: Attainment Surface using proposed approach for problem BNH.
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Figure 13: Comparison of proposed method with NSGA-II based on hypervolume for problem SRN.

Both problems SRN and Problem CONSTR1 has two inequality constraints. Figure 13 and Figure 14
indicate that for this problem both NSGA-II and proposed method are comparable in terms of normalized
hypervolume measure.

Figures 15 and 16 show 0%, 50% and 100% attainment surfaces after 50, 000 function evaluations along
with Pareto front. In attainment surface also performance of proposed constraint handling method is alike
with NSGA-II.

Figures 17 and 18 depicts 0%, 50% and 100% attainment surfaces after 50, 000 function evaluations along
with Pareto front for CONSTR1 problem. In terms of attainment surface measure both proposed method is
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Figure 15: Attainment Surface using NSGA-II for problem SRN.

comparable with NSGA-II.

8 Conclusions

A multi-objective constraint handling approach is proposed in the present study. The proposed approach is
an extended version of the hybrid bi-objective evolutionary and penalty function based classical optimization
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approach. We restrict ourselves in solving bi-objective constraint handling problems in present study. However,
scope of this constraint handling approach is that, it can be extended to any number of objectives.

The proposed approach is tested in four test problems, out of which one is proposed in the present study
(problem MP1). Results are compared with NSGA-II due to its popularity in solving multi-objective op-
timization problems efficiently. In both the cases, 11 independent runs have been performed with different
initial populations and identical parameter setting. The performance of both the algorithms are compared
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Figure 18: Attainment Surface using proposed approach for CONSTR1.

using hypervolume metric and attainment surface measure.
For the first problem (MP1), the proposed constraint method outperforms NSGA-II with very less number

of population members. However, in case of other three test problems performance of both proposed method
and NSGA-II are similar using hypervolume and attainment surface measure. Results from hypervolume
metric and 0%, 50% and 100% attainment surfaces measures show that proposed method is robust and is
comparable with the performance of NSGA-II. The comparative studies also indicate that the proposed multi-
objective constraint handling method is successfully able to generate a well spread non-dominated solutions
along with convergence, which is desirable in multi-objective evolutionary algorithms.
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