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Abstract

Bilevel decision making and optimization problems are commonly framed as leader-follower
problems, where the leader desires to optimize her own decision taking the decisions of the
follower into account. These problems are known as Stackelberg problems in the domain of
game theory, and as bilevel problems in the domain of mathematical programming. In a number
of practical scenarios, both the leaders and the followers might be faced with multiple criteria
bringing bilevel multi-criteria decision making aspects into the problem. In such cases, the
Pareto-optimal frontier of the leader is influenced by the decision structure of the follower
facing multiple objectives. In this paper, we analyze this effect by modeling the lower level
decision maker using value functions. We study the problem using test cases and propose a
technique that can be used to solve such problems.
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1 Introduction

Bilevel optimization problems have been widely studied by both researchers as well as practi-
tioners. The work has been driven by a number of applications that are bilevel in nature; for in-
stance in transportation (network design, optimal pricing) (1; 2), economics (Stackelberg games,
principal-agent problem, policy decisions) (3; 4; 5; 6), management (network facility location,
coordination of multi-divisional firms) (7; 8), engineering (optimal design, optimal chemical
equilibria) (9; 10). The recent methodological and practical developments on bilevel optimiza-
tion have been mostly directed towards problems with single objective at both levels. Apart
from a few studies in classical optimization (11; 12) and evolutionary optimization (13; 14; 15),
little work has been done in the domain of multi-objective bilevel optimization. Most of these
studies have not considered decision making intricacies that can arise from hierarchical decision
interactions in the presence of multiple objectives.



While solving a bilevel optimization problem with multiple objectives at both levels, many
a times the assumption is that the follower has little decision making power. This means the
follower allows the leader to utilize any solution from her (follower’s) frontier. This is an opti-
mistic assumption and is often not realistic. A leader may anticipate the decisions of a follower
and optimize her decisions accordingly, but it is unrealistic to assume that the leader can choose
the solutions best suited to her from the follower’s frontier. In this paper, we study cases where
the lower level decision maker has sufficient power to make a deterministic decision from her
own frontier. We analyze what kind of an impact deterministic lower level decisions have on the
upper level frontier. We also highlight issues that need further attention.

To begin with, we provide a review of some of the recent work on multi-objective bilevel
optimization. This is followed by the description of multi-objective bilevel optimization with
and without decision making at the lower level. The lower level decision making aspects and its
impact on the upper level Pareto-frontier are analyzed using two test problems. Thereafter, we
propose an evolutionary algorithm to solve such multi-objective bilevel optimization problems
where the lower level decisions are determined by a value function. The performance of the
evolutionary algorithm is evaluated on test problems and comparisons have been drawn with an
earlier approach (15).

2 Past Studies on Multi-objective Bilevel Optimization

There exists a significant amount of work on single objective bilevel problems, but little has
been done on multi-objective bilevel problems primarily because of the computational and deci-
sion making complexities that such problems offer. In this section, we highlight the few studies
available on multi-objective bilevel optimization. Studies by (11; 12) utilize classical techniques
to handle simple multi-objective bilevel problems. The lower level problems are handled using
a numerical optimization technique, and the upper level problem is handled using an adaptive
exhaustive search method. This makes the solution procedure computationally demanding and
non-scalable to large-scale problems. The method is close to a nested strategy, where each of
the lower level optimization problems are solved to Pareto-optimality. In the study by (14),
the authors use ε-constraint method at both levels of multi-objective bilevel problem to convert
the problem into an ε-constraint bilevel problem. The ε-parameter is elicited from the decision
maker, and the problem is solved by replacing the lower level constrained optimization problem
with its KKT conditions. The problem is solved for different ε-parameters, until a satisfactory
solution is found.

One of the first studies, utilizing an evolutionary approach for bilevel multi-objective al-
gorithms was by (16). The study involved multiple objectives at the upper lever, and a single
objective at the lower level. The study suggested a nested genetic algorithm, and applied it
on a transportation planning and management problem. Later (13) used a particle swarm opti-
mization based nested strategy to solve a multi-component chemical system. The lower level
problem in their application problem was linear for which they used a specialized linear multi-
objective PSO approach. Recently, a hybrid bilevel evolutionary multi-objective optimization
algorithm approach coupled with local search was proposed in (15) (For earlier versions, refer
(17; 18; 19; 20)). In the paper, the authors handled non-linear as well as discrete bilevel prob-
lems with relatively larger number of variables. The study also provided a suite of test problems
for bilevel multi-objective optimization. Other recent work related to bilevel multi-objective op-
timization can be found in (21; 22; 23; 24; 25). There has been some work done on decision
making aspects primarily at the upper level. For example, in (26) the authors propose interaction
with the upper level decision maker during optimization to find the most preferred point instead
of the entire Pareto-frontier. Since multi-objective bilevel optimization is computationally ex-



pensive, such an approach was justified as it led to enormous savings in computational expense.
However, decision making at the lower level was ignored in this study.

3 Bilevel Multi-objective Optimization and Decision Making

In this section, we provide different formulations for a bilevel multi-objective optimization prob-
lem that contains two levels of optimization. The upper level optimization problem is the leader’s
problem (upper level decision maker) and the lower level optimization problem is the follower’s
problem (lower level decision maker). First, we consider a formulation, where there is no de-
cision making involved at the lower level and all lower level Pareto-optimal solutions are con-
sidered at the upper level. Second, we consider a formulation, where the decision maker acts
at the lower level and chooses a solution to her liking. This becomes the only possible feasible
solution at the upper level.

3.1 Bilevel Multi-objective Optimization

Bilevel multi-objective optimization problem contains two levels of multi-objective optimization
tasks. There are two types of variables in these problems; namely, the upper level variables
xu ∈ XU ⊂ Rn, and the lower level variables xl ∈ XL ⊂ Rm. The lower level multi-objective
problem is solved with respect to the lower level variables, while the upper level variables act as
parameters to the optimization problem. The optimistic formulation of such problems requires
that the Pareto-optimal solutions of the lower level optimization problem may be considered
as possible feasible solutions for the upper level optimization problem. Below, we provide two
equivalent definitions of a bilevel multi-objective optimization problem.

Definition 1. For the upper-level objective function F : Rn × Rm → Rp and lower-level
objective function f : Rn × Rm → Rq

minimize
xu∈XU ,xl∈XL

F (xu, xl) = (F1(xu, xl), . . . , Fp(xu, xl))

subject to xl ∈ argminxl
{f(xu, xl) = (f1(xu, xl), . . . , fq(xu, xl)) :

gj(xu, xl) ≤ 0, j = 1, . . . , J}
Gk(xu, xl) ≤ 0, k = 1, . . . ,K

The above definition can be stated in terms of set-valued mappings as follows:

Definition 2. Let Ψ : Rn ⇒ Rm be a set-valued mapping,

Ψ(xu) = argminxl
{f(xu, xl) = (f1(xu, xl), . . . , f2(xu, xl)) : gj(xu, xl) ≤ 0, j = 1, . . . , J},

which represents the constraint defined by the lower-level optimization problem, i.e. Ψ(xu) ⊂
XL for every xu ∈ XU . Then the bilevel multi-objective optimization problem can be expressed
as a constrained multi-objective optimization problem as follows:

minimize
xu∈XU ,xl∈XL

F (xu, xl) = (F1(xu, xl), . . . ,Fp(xu, xl))

subject to xl ∈ Ψ(xu)
Gk(xu, xl) ≤ 0, k = 1, . . . ,K

where Ψ can be interpreted as a parameterized range-constraint for the lower-level decision
vector xl.



3.2 Decision Making at Lower Level
According to the formulation of a multi-objective bilevel problem in the previous sub-section,
the follower provides all Pareto-optimal points to the leader, who chooses the most suitable
point in accordance with the upper level objectives. However, this is rarely the case, as in reality
it might often happen that the follower is interested in optimizing her own objectives and making
her own decision for a given upper level vector. If the leader wants to solve such a problem where
the follower has sufficient decision making power, then she needs to have a complete knowledge
of the follower’s decision structure. The decision structure of the follower may be represented
in the form of a value function. If the value function of the lower level decision maker is known,
then such an optimization problem can be formulated as follows:

Definition 3. For the upper-level objective function F : Rn × Rm → Rp and lower-level
objective function f : Rn × Rm → Rq

minimize
xu∈XU ,xl∈XL

F (xu, xl) = (F1(xu, xl), . . . , Fp(xu, xl))

subject to xl ∈ argminxl
{V (f1(xu, xl), . . . , fq(xu, xl);ω) : gj(xu, xl) ≤ 0, j = 1, . . . , J}

Gk(xu, xl) ≤ 0, k = 1, . . . ,K,

where V denotes the follower’s value function, and ω is the parameter vector of the assumed
value function form. For instance, if V is linear, such that V (f1(xu, xl), . . . , fq(xu, xl);ω) =∑q
i=1 ωifi(xu, xl), then ωi ∀ i ∈ {1, . . . , q} represent the value function parameters.

If it is assumed that the lower level decision maker always returns a single point for a given
xu, then the definition gets modified as follows:

Definition 4. For the upper-level objective function F : Rn × Rm → Rp and lower-level
objective function f : Rn × Rm → Rq

minimize
xu∈XU ,xl∈XL

F (xu, xl) = (F1(xu, xl), . . . , Fp(xu, xl))

subject to xl = argminxl
{V (f1(xu, xl), . . . , fq(xu, xl)) : gj(xu, xl) ≤ 0, j = 1, . . . , J}

Gk(xu, xl) ≤ 0, k = 1, . . . ,K

In this paper, we aim to solve the problem formulated above. We assume that the leader has a
complete knowledge of the follower’s value function. Based on this information, we solve the
bilevel problem to identify the upper level Pareto-frontier. Once the upper level Pareto-frontier
is available to the leader, it becomes a multi-criteria decision making problem for the leader that
we do not consider in this paper.

4 A Graphical Representation for Bilevel Multi-objective Optimization with
Lower Level Decisions

Bilevel optimization problems are known to be computationally demanding. However, in case
of multiple objectives at both levels of a bilevel optimization problem, an additional difficulty
enters because the decision making aspects need to be considered. Even though the upper level
decision maker is aware of the objectives of the lower level decision maker, she has little idea
about the decisions the lower level decision maker might make from a multitude of lower level
Pareto-optimal solutions. In order to handle the problem, the upper level decision maker needs
to identify the preference structure of the lower level decision maker through studies or surveys.

Figure 1 shows the scenario, where the shaded region (Ψ(xu)) represents the follower’s
Pareto-optimal solution for any given leader’s decision (xu). These are the rational actions,



which the follower may make for a given leader’s action. If the leader is aware of the fol-
lower’s objectives, she will be able to identify the shaded region completely by solving the
multi-objective optimization problem for the follower for all xu. However, information about
the follower’s preferences on the lower level Pareto-optimal solutions is required by the leader
to make an appropriate decision. If the preferences of the follower are perfectly known, then
the lower level decision for any xu is given by σ(xu), shown in the figure. In such a case, it is
possible for the leader to solve the hierarchical optimization task completely, only when σ(xu)
is available.
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Fig. 1. Lower level Pareto-optimal solutions (ψ(xu)) and corresponding decisions σ(xu).

Next, we look at the multi-objective bilevel problem in the objective spaces of the leader
and the follower. In the case when the leader solves the bilevel problem taking into account
the actions of the follower, each point on the leader’s Pareto-frontier corresponds to one of the
points on the follower’s Pareto-frontier. This has been shown in Figure 2, where points Au, Bu
and Cu are realized when the follower’s choices are Al, Bl and Cl. Points Al, Bl and Cl lie
on the lower level Pareto-optimal front corresponding to x(1)u , x(2)u and x(3)u respectively. If the
follower decides to use a different preference structure, the Pareto-frontier for the leader may
change. It may happen that the Pareto-frontier at the upper level improves, deteriorates or does
not change. It may also happen that with change in the follower’s preferences, upper level points
x
(1)
u , x(2)u and x(3)u are no longer a part of the upper level frontier. Therefore, the Pareto-optimal

solutions at the upper level are entirely dependent on the decision structure of the follower. In
the next section, using examples we compare the leader’s frontier corresponding to a follower
with sufficient decision power and a follower with no decision power.

5 Examples

In this section, we consider two examples from the literature (11; 15) and solve the problem
analytically to show how the frontier at the upper level changes when the lower level decision
maker exercises her decisions. A comparison has been made against the scenario when no lower
level decision making is performed.
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Fig. 2. The small figures show the follower’s problem for different xu. When the follower’s preference
structure is known, the leader optimizes the bilevel problem such that the follower’s decisions corresponds
to the leader’s Pareto-frontier. Al, Bl and Cl represent the follower’s decisions for x(1)u , x(2)u and x(3)u

respectively. Au, Bu and Cu are the corresponding points for the leader in the leader’s objective space.

Example 1
Consider the following bilevel multi-objective optimization problem (11) with two objectives at
each level. It contains three variables with y1, y2 belonging to xl and x belonging to xu.

minimize F (x, y1, y2) =

{
y1 − x
y2

}
,

subject to (y1, y2) ∈ argmin(y1,y2)

{
f(x, y1, y2) =

(
y1
y2

) ∣∣∣∣g1(x, y1, y2) = x2 − y21 − y22 ≥ 0

}
,

G1(y1, y2) = 1 + y1 + y2 ≥ 0,
−1 ≤ y1, y2 ≤ 1, 0 ≤ x ≤ 1.

(1)
For any fixed value of x, the feasible region of the lower-level problem is the area inside a
circle with center at origin (y1 = y2 = 0) and radius equal to x. The Pareto-optimal set for the
lower-level optimization task for a fixed x is the south-west quarter of the circle:

{(y1, y2) ∈ R2 | y21 + y22 = x2, y1 ≤ 0, y2 ≤ 0}.

.
Let us first consider the upper level frontier with no lower level decision making. This rep-

resents the best possible frontier at the upper level as all the lower level Pareto-optimal members
are available to the upper level decision maker. It is an ideal scenario for the upper level decision
maker, where she freely chooses a suitable point from the lower level frontier. For the above
example, such an upper level frontier is shown in Figure 3. The upper level Pareto-optimal set
for this scenario can be generated as follows:

(x, y1, y2)
∗ =

{
(y1, y2, x) ∈ R3

∣∣ x ∈
[

1√
2
, 1

]
, y1 = −1− y2, y2 = −1

2
± 1

4

√
8x2 − 4

}
.

(2)



From the Figure 3 it is clear that at most two members from the lower level frontiers correspond-
ing to x ∈ [

√
0.5, 1] participate in the upper level front. Note that for x = 0.9 points B and C are

Pareto-optimal at the upper level and point A is infeasible because of the upper level constraint.
Next, let us consider the problem in the context of this paper, where the lower level decision

maker has sufficient power to choose a point from her Pareto-optimal front. If one assumes a
particular value function, say V (f1, f2) = 5x2f1 + f2, then the upper level frontier is given as
shown in Figure 4. It is noteworthy that the assumed value function also contains x. This kind
of dependency may not always exist, but has been considered here to show that the lower level
value function may take any possible form. The theoretical upper level Pareto-optimal frontier
corresponding to the deterministic lower level value function is theoretically given as:

V (f1, f2) = 5x2f1 + f2, then y1 = −

√
25x6

(1 + 25x4)
, y2 = −

√
x2 − y21 , x ∈ [0.447, 0.797]

The leader’s Pareto-optimal frontier corresponding to deterministic decisions of the fol-
lower is much worse as compared to the Pareto-optimal frontier corresponding to no decisions
by the follower. From Figure 4 the leader can easily evaluate how worse she gets from the best
possible frontier when she chooses a point on the Pareto-optimal frontier with deterministic
lower level decisions.
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Fig. 4. Example 1: Upper level (UL) Pareto-
optimal front when lower level (LL) decisions are
given by V (f1, f2) = 5x2f1 + f2.

Example 2
Let us consider another simple multi-objective bilevel optimization problem that is discussed in
(19; 15). The problem is scalable in terms of lower level variables, and contains a single upper
level variable. For K variables at the lower level, xl = (y1, . . . , yK) and xu = (x); the problem



is defined as follows:

Minimize F (xu, xl) =

(
(y1 − 1)2 +

∑K
i=2 y

2
i + x2

(y1 − 1)2 +
∑K

i=2 y
2
i + (x− 1)2

)
,

subject to

(y1, y2, . . . , yK) ∈ argmin(y1,y2,...,yK)

{
f(xu, xl) =

(
y21 +

∑K
i=2 y

2
i

(y1 − x)2 +
∑K

i=2 y
2
i

)}
,

−1 ≤ (x, y1, y2, . . . , yK) ≤ 2.

(3)

For any x, the Pareto-optimal solutions of the lower level optimization problem are given as
follows: {xl ∈ RK

∣∣y1 ∈ [0, x], yi = 0, for i = 2, . . . ,K}. In this paper, we choose K = 14,
such that the problem contains 15 variables. The best possible frontier at the upper level may
be obtained when there is no decision maker at the lower level, and all the lower level Pareto-
optimal members are available at the upper level. In this example, such a frontier corresponds to
the following conditions: {(xu, xl) ∈ RK+1

∣∣y1 = x, yi = 0, for i = 2, . . . ,K, x ∈ [0.5, 1.0]}.
Now let us consider that there exists a decision maker at the lower level, whose value

function is V (f1, f2) = 2f1 + f2. The upper level frontier for this case is shown in Figure
6. The theoretical upper level Pareto-optimal frontier for the deterministic lower level value
function is given as:

V (f1, f2) = 2f1 + f2, then y1 =
x

3
, yi = 0 ∀ i = 2, . . . ,K, x ∈ [0.300, 1.201]

We once again observe that the realized Pareto-optimal frontier for the leader is much worse
when the follower freely exercises her decisions.
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6 Algorithm Description

In this section, we introduce an evolutionary algorithm for solving bilevel problems where the
upper level has multiple objectives and the lower level decisions are modeled using a value func-
tion. This means that the algorithm solves a problem with multiple objectives at upper level and



single objective at the lower level. The approach is an extension of a recently proposed algorithm
for single objective bilevel optimization (27; 28), and is referred as multi-objective bilevel evo-
lutionary algorithm based on quadratic approximations (m-BLEAQ). The proposed approach is
based on estimation of unknown lower level decisions using quadratic approximations, when
lower level decisions corresponding to a few upper level vectors are known. The approxima-
tion helps in reducing the number of lower level optimization calls that leads to computational
savings. The working of the algorithm has been shown through a flowchart in Figure 7.

Randomly initialize UL population of size N (Refer 6.1) 

Produce UL offspring using UL population members (Refer 6.4) 

Get LL members for UL offspring using quadratic approximation (Refer 6.5) 

If number of tag 1  
members in population 

is less than N/2 
Perform LL optimization for each UL offspring. 

Tag UL offspring as 1 

Tag UL offspring as 0 

Termination 
(Refer 6.7) 

No 

Yes 

Stop Perform LL optimization for each UL member (Refer 6.2) 

Tag UL member as 1 if LL optimization is successful, else 0; assign fitness (Refer 6.3) 

If mean squared error (emse)  
for quadratic approximation  

is less than e0  

Tag UL offspring as 1 if LL optimization is successful, else 0; assign Fitness 

Update UL population (Refer 6.6) 

Start 

No 

Yes 

No 

Yes 

LL: Lower Level 
UL: Upper Level 

Fig. 7. Flowchart for m-BLEAQ.

6.1 Population Structure

The population structure at the upper level is shown in Figure 8. The first column represents the
upper level population members and the second column represents the corresponding lower level
population members that have been computed through lower level optimization or quadratic
approximation. Based on the quality of the lower level members the upper level members are
tagged as 0 or 1. For tag 1 upper level members the corresponding lower level members are
expected to be close to lower level optimum.

6.2 Lower Level Optimization

A steady state evolutionary algorithm1 for global optimization is used at the lower level to find
the optimum. The fitness assignment at the lower level is performed based on lower level func-
tion value and constraints. The upper level vector for which lower level optimization is being
performed is kept fixed during the optimization run.

1 A classical optimization strategy can be used to replace the lower level evolutionary algorithm, if the lower level
optimization problem adheres to the requirements of the classical approach.
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Fig. 8. Population structure at upper level of m-BLEAQ.

Step 1 Randomly initialize a lower level population of size N . Assign fitness to the members
based on lower level objective functions and constraints.

Step 2 Randomly choose 6 members from the population, and perform a tournament selection.
This gives 3 parents for crossover.

Step. 3 Create 2 offsprings from the parents using genetic operators on the lower level variables
only.

Step. 4 Randomly choose 2 members from the population, and pool them with 2 offsprings.
The 2 best members from the pool replace the chosen members from the population.

Step. 5 Perform a termination check. Proceed to next generation (Step 2), if the termination
criteria is not satisfied, otherwise proceed to the next step.

Step. 6 The best obtained lower level member is paired with the corresponding upper level
member in the upper level population.

6.3 Fitness Evaluation
Fitness assignment for feasible upper level member is performed based on their non-domination
rank and crowding distance (29). For a given upper level member x, if the non-domination rank
is given as NR(x) and crowding distance within its frontier is given as CD(x), then the fitness
for the member is calculated as follows:

Fu(x) =
1

NR(x) + e−CD(x)
, (4)

Fitness for an infeasible upper level member is computed by subtracting the sum of upper level
constraint violations from the fitness value of the worst feasible member.

The fitness during lower level optimization is given by lower level function values for the
feasible members. For the infeasible lower level members, we subtract the sum of lower level
constraint violations from the fitness value of the worst feasible member at that level.

6.4 Genetic Operations
A parent centric crossover and a polynomial mutation is performed to generate new parents. The
crossover operator is similar to the PCX operator proposed in (30) with slight modifications. The
operator requires 3 parents to create an offspring that are selected using tournament selection.
The crossover operation is performed as show below:

c = x(p) + ωξd+ ωη
p(2) − p(1)

2
(5)



The terms used in the above equation are defined as follows:

– x(p) is the index parent
– d = x(p) − g, where g is the mean of µ parents
– p(1) and p(2) are the other two parents
– ωξ = 0.1 and ωη = dim(x(p))

||x(p)−g||1
are the two parameters.

Upper level crossovers and mutations are performed on upper level variables, while lower level
crossovers and mutations are performed on lower level variables.

6.5 Quadratic Approximations
At any generation of the m-BLEAQ algorithm, we attempt to maintain at least N2 tag 1 members.
These are the upper level members for which the lower level optimal solutions are accurately
known. We utilize these members to compute the lower level optimal solutions of the new up-
per level members. Based on the quality of the quadratic approximation, the estimated lower
level optimum might be accurate or inaccurate. Figure 9 shows a scenario where there are three
members for which lower level decisions are known. We utilize these members to construct a
quadratic approximation that provides an estimate for the unknown lower level decision.
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Fig. 9. Approximating decisions for an unknown upper level vector when decisions corresponding to few
upper level vectors are known.

Figure 9 explains the approximation in the presence of a single lower and upper level vari-
able. When multiple lower and upper level variables are present, we utilize all the upper level
variables to construct the quadratic approximation for each lower level variable. Therefore, the
number of quadratic approximations are as many as the number of lower level variables, and
each lower level variable is a function of all the upper level variables. We choose the closest up-
per level members for quadratic approximation around the point for which we intend to estimate



the lower level decision. Such an approximation is expected to provide a reliable local estimate.
We propose to utilize at least 1

2 [(dim(xu) + 1)(dim(xu) + 2)] + dim(xu) upper level points
for constructing the approximation.

6.6 Update at Upper Level
The upper level population is updated by choosing 2 random members from the population.
The members are pooled with 2 offsprings generated through genetic operations, and the best
members from the pool are chosen to replace the selected population members.

6.7 Termination
At the upper level we terminate the algorithm based on maximum upper level function eval-
uations (Tmax). We use an improvement based termination at the lower level such that if the
improvement in the lower level function value is less than 1e − 5 for 100 consecutive genera-
tions then we terminate the optimization.

6.8 Archiving
We store all the tag 1 upper level members produced by the algorithm in an archive. The final
upper level Pareto-optimal solutions are presented to the user by providing the best frontier in
the archive set.

6.9 Parameters
For all the computations in this paper we fix the algorithm parameters as N = 50. Crossover
probability is fixed at 0.9 and the mutation probability is fixed at 0.1.

7 Results

We evaluate the m-BLEAQ algorithm on the examples that we discussed in an earlier section.
Since we know the Pareto-optimal frontier for both problems, it is easy test the performance
using Inverted Generalization Distance (IGD) (31) metric. We compare our results against the
H-BLEMO approach proposed in (15).

In order to compute the IGD value, we generate 500 evenly distributed points on the up-
per level Pareto-optimal front of the two problems. An average distance in some sense (31) is
computed between these evenly distributed points and the points on the frontier achieved by
the algorithm. The smaller the IGD value the better is the performance of the approach. The
IGD metric is able to provide a measure for both convergence and diversity. While presenting
the results for m-BLEAQ and H-BLEMO we fix the maximum number of upper level function
evaluations (Tmax) and then determine the IGD value achieved by both methods. H-BLEMO
has been slightly modified at the lower level to incorporate a similar lower level termination
criteria as in m-BLEAQ. The results are presented in Tables 1, 2, 3 and 4. Figures 10 and 11
show the Pareto-optimal fronts achieved by m-BLEAQ from one of the sample runs for the two
test problems.

Table 1. Minimum, median and maximum IGD values obtained from 21 runs of m-BLEAQ and H-BLEMO
when Tmax = 5000.

Prob. No of Vars. IGD (m-BLEAQ) IGD (H-BLEMO)
Min Med Max Min Med Max

Ex1 3 0.0021 0.0026 0.0033 0.0425 0.0409 0.0980
Ex2 15 0.0017 0.0027 0.0036 0.0398 0.0683 0.0532



Table 2. Minimum, median and maximum lower level function evaluations (LLFE) from 21 runs of m-
BLEAQ and H-BLEMO when Tmax = 5000.

Prob. LLFE (m-BLEAQ) Savings: H-BLEMO (Med)
m-BLEAQ (Med)

Min Med Max LLFE
Ex1 56043 73689 81201 5.12
Ex2 33054 47679 66533 5.38

Table 3. Minimum, median and maximum IGD values obtained from 21 runs of m-BLEAQ and H-BLEMO
when Tmax = 10000.

Prob. No of Vars. IGD (m-BLEAQ) IGD (H-BLEMO)
Min Med Max Min Med Max

Ex1 3 0.0008 0.0011 0.0013 0.0206 0.0361 0.0500
Ex2 15 0.0009 0.0012 0.0013 0.0178 0.0243 0.0305

Table 4. Minimum, median and maximum lower level function evaluations (LLFE) from 21 runs of m-
BLEAQ and H-BLEMO when Tmax = 10000.

Prob. LLFE (m-BLEAQ) Savings: H-BLEMO (Med)
m-BLEAQ (Med)

Min Med Max LLFE
Ex1 77735 94104 99187 8.57
Ex2 45377 65674 91898 7.63
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Fig. 10. Example 1: Pareto-optimal front obtained
using m-BLEAQ from one of the runs when
Tmax = 5000.

x=
1.

5

x=
0.

25

Front achieved
by m−BLEAQ

 0
 0  0.5  1  1.5  2

F1

 1.5

 1F
2

 0.5

 2

Fig. 11. Example 2: Pareto-optimal front obtained
using m-BLEAQ from one of the runs when
Tmax = 5000.

It is noteworthy that the H-BLEMO is capable of handling multiple objectives at both lev-
els, but in the current formulation the lower level is represented by a value function, which means
that H-BLEMO is handling a single objective problem at the lower level and a multi-objective
problem at the upper level. On the other hand m-BLEAQ cannot directly handle multiple ob-
jectives at both levels. However, with multiple objectives at upper level and single objective at
lower level m-BLEAQ is able to achieve much lower IGD values as compared to H-BLEMO



for the same number of upper level function evaluations and much fewer lower level function
evaluations.

8 Conclusions and Future Work

In this paper, we have analyzed bilevel optimization problems with multiple objectives at upper
and lower level. However, in order to account for deterministic decisions of the follower, multi-
ple objectives at the lower level have been replaced by a value function. We have considered a
realistic scenario in this paper where the follower has some decision power based on which she
chooses a solution from her Pareto-optimal frontier. Through examples we have shown that deci-
sions of the follower may have significant impact on the leader’s frontier when compared against
the case of not accounting the follower’s decisions. Recent studies on bilevel multi-objective
problems have ignored such decision interactions in multi-objective bilevel optimization.

We have extended a recently proposed algorithm for single objective bilevel optimization
(BLEAQ) to handle multi-objective bilevel problems with deterministic lower level decision.
The extended algorithm (m-BLEAQ) is found to be computationally efficient when compared
against an earlier proposed strategy (H-BLEMO). As a future research, we intend to study how
the frontier at the upper level changes when the decision structure (value function) of the fol-
lower varies. It is not always possible to deterministically ascertain the value function of a deci-
sion maker. Therefore, future efforts will be directed towards handling problems with lower level
decision uncertainty. It will also be interesting to consider cooperation between leader and fol-
lower, where the follower agrees to return a part of her frontier as possible lower level decisions
to the leader. Such kind of cooperation by the follower may lead to an improved Pareto-optimal
frontier at the upper level. Such a study will also allow to evaluate the extent of compromises
and gains that can be made by the leader and the follower through mutual cooperation.
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