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{florian.siegmund,amos.ng}@his.se
2
Department of Electrical and Computer Engineering,
Michigan State University, East Lansing, USA
kdeb@egr.msu.edu
COIN Report Number 2014017

Abstract. In Guided Evolutionary Multi-objective Optimization the
goal is to find a diverse, but locally focused non-dominated front in a
decision maker’s area of interest, as close as possible to the true Paretofront. The optimization can focus its efforts towards the preferred area
and achieve a better result [9, 17, 7, 13]. The modeled and simulated systems are often stochastic and a common method to handle the objective
noise is Resampling. The given preference information allows to define
better resampling strategies which further improve the optimization result. In this paper, resampling strategies are proposed that base the
sampling allocation on multiple factors, and thereby combine multiple
resampling strategies proposed by the authors in [15]. These factors are,
for example, the Pareto-rank of a solution and its distance to the decision maker’s area of interest. The proposed hybrid Dynamic Resampling
Strategy DR2 is evaluated on the Reference point-guided NSGA-II optimization algorithm (R-NSGA-II) [9].
Keywords: evolutionary multi-objective optimization, guided search,
reference point, dynamic resampling, budget allocation
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Introduction

In Guided Evolutionary Multi-objective Optimization the decision maker is looking for a diverse, but locally focused non-dominated front in a preferred area of
the objective space, as close as possible to the true Pareto-front. As solutions
found outside of the area of interest are considered less important or even irrelevant, the optimization can focus its efforts towards the preferred area and
find the solutions that the decision maker was looking for in a faster way, i.e.
with less simulation runs. This is particularly important if the available time
for optimization is limited, as for many real-world applications. Focusing the
search effort sets time resources free which, if not needed elsewhere, can be used
to achieve a better result. Multi-objective evolutionary algorithms that can perform guided search with preference information are, for example, the R-NSGA-II

algorithm [9], Visual Steering [17], and interactive EMO based on progressively
approximated value functions [7].
In Simulation-based Optimization the modeled and simulated systems are
often stochastic. To obtain an as exact as possible simulation of the system
behavior the stochastic characteristics are often built into the simulation models.
When running the stochastic simulation this expresses itself in deviating result
values. That means that if the simulation is run multiple times for a selected
parameter setting the result value is slightly different for each simulation run. In
the literature this phenomenon of stochastic evaluation functions is sometimes
called Noise, respectively Noisy Optimization [1, 3].
If an evolutionary optimization algorithm is run without countermeasure on
an optimization problem with a noisy evaluation function the performance will
degrade in comparison with the case if the true mean objective values would be
known. The algorithm will have wrong knowledge about the solutions’ quality.
Two cases of misjudgment will occur. The algorithm will see bad solutions as
good and select them into the next generation. Good solutions might be assessed
as inferior and might be discarded. The performance can therefore be improved
by increasing the knowledge of the algorithm about the solution quality.
Resampling is a way to reduce the uncertainty of the knowledge the algorithm has about the solutions. Resampling algorithms evaluate solutions several
times to obtain an approximation of the expected objective values. This allows
EMO algorithms to make better selection decisions, but it comes with a cost.
As the modeled systems are usually complex they require long simulation times,
which limits the number of available solution evaluations. The additional solution evaluations needed to increase objective value knowledge are therefore not
available for exploration of the objective space. This exploration vs. exploitation
trade-off can be optimized, since the required knowledge about objective values
varies between solutions. For example, in a dense, converged population it is important to know the objective values well, whereas an algorithm which is about
to explore the objective space is not harmed much by noisy objective values.
Therefore, a resampling strategy which samples the solution carefully according
to their resampling need, can help an EMO algorithm to achieve better results
than a static resampling allocation. Such a strategy is called Dynamic Resampling. This has been done previously for single-objective optimization problems
by [11] and [4]. In this paper we study dynamic resampling algorithms that can
handle multi-objective evaluation functions, based on a previous study [15].
The paper is structured as follows. In Section 2 background information to
Dynamic Resampling and an introduction to the R-NSGA-II algorithm is given.
In Section 3 different resampling techniques for EMO and for guided EMO are
explained. A new resampling algorithm is proposed combining several resampling techniques in Section 4. In Section 5 numerical experiments on benchmark
functions are performed. The test environment is explained and the experiment
results are analyzed. In Section 6 conclusions are drawn and possible future work
is pointed out.

2

Background

In this section, background information is given regarding Resampling as a
noise handling method in Evolutionary Multi-objective Optimization and the
preference-based multi-objective optimization algorithm R-NSGA-II [9], which
are the basis for the proposed algorithms in this paper.

2.1

Noise Compensation via Sequential Dynamic Resampling

To be able to assess the quality of a solution according to a stochastic evaluation function statistical measures like sample mean and sample standard
deviation can be used. By executing the simulation model multiple times a
more accurate value of the solution quality can be obtained. This process is
called Resampling. We denote the sample P
mean value of objective function Fi
n
for solution s as follows: µn (Fi (s)) = n1 j=1 Fij (s), where Fij (s) is the jth sample
variance of objective function i: σn2 (Fi (s)) =
Pn of js, and the sample
1
2
j=1 (Fi (s) − µn (Fi (s))) .
n−1
The general goal of resampling a stochastic objective function is to reduce the
standard deviation of the mean of an objective value σ(µ(Fi (s))) which increases
the knowledge about the objective value. With only a limited number of samples
available the standard deviation of the mean can be estimated by the sample
standard deviation of the mean which usually is called standard error of the
mean. It is calculated as follows:
sen (µn (Fi (s))) =

σn (Fi (s))
√
n

By increasing the number of samples n of Fi (s) the standard deviation of the
mean and its estimate sen (µn (Fi (s))) is reduced.
Dynamic resampling allocates a different sampling budget to each solution
based on the evaluation characteristics of the solution. A basic dynamic resampling procedure would be to reduce the standard error until it gets below a
certain threshold sen (µn (F (s))) < sethr . The required sampling budget for the

2
(s))
reduction can be calculated as n > σnse(Fthr
. However, since the sample mean
changes as new samples are added this one-shot sampling allocation might not
be optimal. The number of fitness samples drawn might be too small for reaching
the error threshold, in case the sample mean has shown to be larger than the
initial estimate. On the other hand, a one-shot strategy might add too many
samples if the initial estimate of the sample mean was too big. Therefore dynamic resampling is often done sequentially. Through this sequential approach
the number of required samples can be determined more accurately. For Sequential Dynamic Resampling often the shorter term Sequential Sampling is used.
Dynamic resampling techniques can therefore be classified in one-shot sampling
strategies and sequential sampling strategies.

2.2

Reference point-guided NSGA-II

The resampling techniques described in this paper will be tested how well they
can support the Reference point-Guided NSGA-II algorithm (R-NSGA-II) [9]
as an example for a guided Evolutionary Multi-objective Optimization (EMO)
Algorithm. It is particularly suitable for evaluation in this paper since it uses
fitness functions which are used as resampling criteria in resampling algorithms.
Therefore, the resampling algorithms can support R-NSGA-II particularly well.
R-NSGA-II is based on the Non-dominated Sorting Genetic Algorithm II
[6] which is a widely-used and representative multi-objective evolutionary algorithm. NSGA-II sorts the solutions in population and offspring into different
non-dominated fronts. Selected are all solutions in all fronts that fit into the next
population. From the front that only fits partially those solutions are selected
into the next population that have big distances to their neighbors and thereby
guarantee that the result population will be diverse. As diversity measure the
crowding distance is used. After selection is completed offspring solutions are
generated by tournament selection, crossover, and mutation. The offspring are
evaluated and the selection step is performed again. The R-NSGA-II algorithm
replaces the crowding distance operator by the distance to reference points. Solutions that are closer to a reference point get a higher selection priority. The
reference points are defined by the user in areas that are interesting and where
solutions shall be found. As a diversity preservation mechanism R-NSGA-II uses
clustering. The reference points can be created, adapted or deleted interactively
during the optimization run. Since R-NSGA-II uses non-domination sorting it
has a tendency to prioritize population diversity before convergence to the reference points. Therefore, extensions have been proposed which limit the influence
of the Pareto-dominance and allow the algorithm to focus faster towards the
reference points [14].

3

Resampling Algorithms

In this chapter several resampling algorithms are described which are used in
this study to support the R-NSGA-II algorithm at stochastic simulation optimization problems. We denote: Sampling budget for solution s: bs , minimum
and maximum number of samples for an individual solution: bmin and bmax ,
acceleration parameter for the increase of the sampling budget: a > 0. Increasing a decreases the acceleration of the sampling budget, decreasing a increases
the acceleration. The calculated normalized sampling need xs is discretised in
the following way which guarantees that bmax is assigned already for xs < 1:
bs = min {bmax , bxs (bmax − bmin + 1)c + bmin }
3.1

Generally applicable resampling techniques

This section contains resampling strategies that can be used in all multi-objective
optimization problems regardless of preference information is given by a decision
maker or not. They can support the goal of finding the whole Pareto-front as
well as the goal of exploring a limited, preferred area in the objective space.

Static Resampling samples each solution the same amount of times. The
sampling budget is constant, bs = bmin = bmax . If the objective noise is high
enough this technique can lead to an improvement of the optimization result for
bs > 1. However, since many samples are wasted on less important solutions,
this technique is inferior to more advanced resampling techniques. The reason
for its popularity is the low implementation effort it requires.
Time-based Dynamic Resampling allocates a small sampling budget in the
beginning of the optimization and a high sampling budget towards the end of
the optimization [15]. The strategy of this resampling technique is to support the
algorithm when the solutions in the population are close to the Pareto-front and
to save sampling budget in the beginning of the optimization when the solutions
are still far away from the Pareto-front.
Time-based Resampling is a dynamic resampling technique that is not considering variance and a one-shot allocation. We denote: B = maximum overall
number of simulation runs, Bt = current overall number of simulation runs. The
normalized time-based resampling need xTs is calculated as in Equation 1.
 a
Bt
(1)
xTs =
B
Rank-based Dynamic Resampling assigns more samples to solutions in the
first few fronts and less samples to solutions in the last fronts, to save evaluations
[15]. In a well-converged population most solutions will have Pareto-rank 1 and
get the maximum number of samples. This technique is not effective in manyobjective optimization, since there most solutions are non-dominated. Rankbased Resampling performs sequential sampling and is a comparative resampling
technique. We denote: S = solution set of current population and offspring, Rs =
Pareto-rank of solution s in S, Rmax = maxs∈S Rs . The normalized rank-based
resampling need xR
s is calculated as in Equation 2.

a
Rs − 1
xR
=
1
−
(2)
s
Rmax − 1
We propose a modification of Rank-based Resampling that allocates additional samples only to the first n fronts. This allows to concentrate the additional
samples on the first fronts where they can be more beneficial.
The allocation

a
min
{n,Rs }−1
Rn
function of MaxN-Rank-based Resampling is xs = 1 − min{n,R }−1 .
max
We propose a Hybrid Dynamic Resampling algorithm: Rank-based Resampling can be combined with Time-based Resampling to avoid allocating samples
in the beginning of the optimization where the optimization algorithm has only
little gain of knowing the accurate objective values. Similar to a logical conT
junction xR
s and xs can be combined to form the Rank-Time-based Resampling
RT
allocation xs for solution s as in Equation 3.
xRT
= min{xTs , xR
s
s}

(3)

3.2

Preference-based resampling techniques

In this section two resampling algorithms are described that use the preference
information given by a decision maker in form of a reference point r in the
objective space for the R-NSGA-II algorithm [9].
Progress-based Dynamic Resampling allocates samples to solutions depending on the progress of the population towards a reference point r. If the population is more converged better knowledge of the objective values is required.
The progress is defined as the average distance from the population members
to r. Since the progress in Evolutionary Multi-objective optimization can be
fluctuating the average progress P from the last n populations is used. Progressbased Resampling is a sequential sampling algorithm. We denote: Pmax = the
maximum progress threshold. If P > Pmax then bmin is allocated. If a progress
measurement is negative the absolute value of the progress will be used, multiplied by a penalty factor. This method also works for the case of a feasible
reference point, where a population moving away from r is a wanted behavior.
At convergence the absolute progress value becomes smaller and smaller, leading
to higher sampling allocations. The normalized progress-based resampling need
xP
s is calculated as in Equation 4.

a
min{P , Pmax }
P
xs = 1 −
(4)
Pmax
The disadvantage of Progress-based resampling is that all solutions in the
population are assigned the same budget. This means that solutions, population
or offspring, which are dominated by many solutions or distant to r and thereby
less relevant, will be assigned an unnecessary high number of samples. They
might be discarded in the next selection step of the evolutionary algorithm which
reduces the benefit of the assigned samples even more. Progress-based resampling
without using the distance information to the reference point is often of little
use. As soon as the optimization gets stuck in a local optimum far from r, too
many samples are wasted, in a situation where less samples and more uncertainty
would actually help to escape the local optimum. Progress-based Resampling has
been evaluated in [16].
Distance-based Dynamic Resampling (DDR) The Hybrid Dynamic Resampling strategy Distance-based Dynamic Resampling DDR was proposed in
[15]. A summary is given in the following. This paper focuses on the more important case of infeasible reference points, and only the description for this case
is given. Infeasible reference points are outside the feasible objective space and
cannot be attained by the optimization. Distance-based Resampling requires the
use of the factors of progress and time. In the case of an infeasible reference point
r the solution at the minimum possible distance to r should be assigned bmax ,
otherwise the decision maker would not be guaranteed full control over the sampling allocation. The time factor is required because in case the optimization

gets stuck at an early point in time in a local optimum with a low progress, then
no samples should be wasted during this stage. DDR is a sequential sampling
algorithm.

Fig. 1. Sampling allocation of the Distance-based Dynamic Resampling (DDR) algorithm [15]. Acceleration parameter a = 2.

If ds is the distance of solution s to r then the sampling budget is assigned
= (1−ds )a . Distance-based Dynamic Resampling guarantees
according to xDDR
s
bmax samples for a certain percentage of the solutions in the current population,
depending on the average progress P in the population. If 10% > P ≥ 5% then
only the best (hypothetical) solution that is closest to r is allocated bmax . If
5% > P ≥ 2.5% then the 10% best solutions are allocated bmax . 2.5% > P ≥ 1%
corresponds to 20% of the solutions and P < 1% to 40%. For this purpose the
maximum distance δ to r of 40% of the population is calculated and the allocation
function is increased by the factor 1/(1 − δ) (cf. Equation 5). If P > 10% then
the closest (hypothetical) solutions are allocated less than bmax to be prepared
in case r is feasible and bmax should only be allocated to solutions dominating
r. As mentioned above, the time criterion is used to slow down the allocation.
In several steps during the optimization runtime the slowing effect is reduced.
This is shown in Figure 1.
xDDR
s

a 
 
1 − ds
= min 1,
1−δ

(5)

4

Distance-Rank Dynamic Resampling (DR2)

As an attempt to use several different resampling criteria in a resampling algorithm and to create a hybrid resampling strategy for guided EMO, we propose
to combine the Rank-based Dynamic Resampling and the Distance-based Dynamic Resampling (DDR) strategies described previously in Section 3. We call
it Distance-Rank Dynamic Resampling (DR2). It uses four different factors to
determine the resampling allocation for individual solutions: Pareto-rank, time,
reference point distance, and progress. Whereas the elapsed optimization time
can be combined with any other resampling criterion with little effort, as seen at
Rank-Time-based Dynamic Resampling mentioned above, the Pareto-rank and
the reference point distance are two truly different resampling criteria. Therefore
we emphasize the term Hybrid for the DR2 algorithm in this paper.
Equation 6 describes the sampling allocation of DR2. Similarly to RankTime-based Resampling, the minimum of both the normalized sampling need
of Distance-based Resampling and Rank-based Resampling is used to create a
combined sampling allocation. However, the Distance-based sampling need is not
calculated individually for each solution. Instead, DR2 identifies the solution sm
is used in the formula
closest to r and the normalized sampling need for xDDR
m
as fixed value for all solutions in the current generation. This way of combining
rank and distance information has shown the best optimization results.

xDR2
= min xDDR
, xR
s
m
s
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(6)

Numerical Experiments

In this section the described resampling techniques in combination with RNSGA-II are evaluated on two benchmark functions.Stepwise, more and more
advanced techniques using multiple resampling criteria are compared in different
configurations, showing superior results. To facilitate comparison, the experiments are grouped in experiments where no preference information is used for
resampling and experiments where the resampling algorithm uses information
about the distance to a reference point r defined for R-NSGA-II. For reasons
of simplicity only experiments with one reference point are run, even though
R-NSGA-II is capable of guiding multiple sub-populations to different reference
points in the objective space. Also, the reference point is chosen to be infeasible
in order to keep R-NSGA-II and the preference-based resampling algorithms as
simple as possible. The combinations of R-NSGA-II with different resampling
strategies are tested on two bi-objective benchmark functions ZDT1 and ZDT4
[18]. The ZDT1 function is used for evaluation due to its popularity in the literature. ZDT4 is more difficult to solve and features many local Pareto-fronts.
This allows a more detailed analysis of the algorithm behavior. The ZDT benchmark functions are deterministic in their original version. In order to create noisy
problems, a zero-mean normal distribution is added on both objective functions.

5.1

Problem settings

The used benchmark functions are deterministic in their original version. Therefore zero-mean normal noise has been added to create noisy optimization problems. The ZDT1 objective q
functions are for example defined as f1 (x) = x1 +
P30
N (0, σ1 ) and f2 (x) = 1 − x1 /(1 + 9 i=2 xi /29) + N (0, σ2 ). For the ZDT1
and ZDT4 functions the two objectives have different scales. Therefore the question arises if the added noise should be normalized according to the objective
scales. We consider the case of noise strength relative to the objective scale
as realistic which can occur in real-world problems, and therefore this type
of noise is evaluated in this paper. For the ZDT1 function the relative added
noise (5%) is (N (0, 0.05), N (0, 0.5)) (considering the relevant objective ranges of
[0, 1]×[0, 10]), and for ZDT4 it is (N (0, 0.05), N (0, 5)) (relevant objective ranges
[0, 1] × [0, 100]). In the following these problems are called ZDT1-(0.05,0.5) and
ZDT4-(0.05, 5).
5.2

Algorithm parameters

The limited simulation budget is chosen as 2000 solution replications for ZDT1
and 5000 replications for ZDT4. This corresponds to a 1 day optimization runtime on a cluster with 50 computers and a 15 minutes function evaluation time,
which could be a realistic real-world optimization scenario. R-NSGA-II is run
with a crossover rate pc = 0.8, SBX crossover operator with ηc = 2, Mutation
probability pm = 0.07 and Polynomial Mutation operator with ηm = 5. The
Epsilon clustering parameter is chosen as  = 0.001. This corresponds to a 1 day
optimization runtime on a cluster with 50 computers and a 15 minutes function evaluation time, which could be a realistic real-world optimization scenario.
R-NSGA-II is run with a crossover rate pc = 0.8, SBX crossover operator with
ηc = 2, Mutation probability pm = 0.07 and Polynomial Mutation operator with
ηm = 5. The Epsilon clustering parameter is chosen as  = 0.001. For ZDT1 and
ZDT4 the reference point r = (0.05, 0.5) is used which is close to the Ideal point
(0, 0).
Since there is no perfect parameter configuration for Dynamic Resampling
algorithms that works well on all optimization problems, we chose one configuration and did not do any parameter optimization. We chose the parameter
values that seemed most intuitive to us and used them for all experiments. For
all resampling algorithms the minimum budget to be allocated is bmin = 1 and
the maximum budget is bmax = 5. Static Resampling is run in two configurations
with bs = 1 and 2. Time-based Resampling uses uses a linear allocation, a = 1.
Rank-based Resampling and Rank-Time-based Resampling are run as Max5
Rank-based Resampling and use linear allocation (a = 1) for both the rank-based
and time-based criteria. Progress-based Dynamic Resampling is not evaluated
due to the described disadvantages. Distance-Progress-Time-based Dynamic Resampling DDR uses delayed (a = 2) distance-based allocation. Distance-Rankbased Dynamic Resampling DR2 uses the same parameters as the constituting
resampling techniques.

5.3

Evaluation, replication, and interpolation

In order to obtain a reliable performance measurement the accurate objective
values for each evaluated solution are used. For the benchmark problems, either the added noise landscape can be removed and the solution is evaluated
deterministically, or the solution can be sampled a high number of times to obtain accurate objective values, which was done in this study. 2500 samples on a
benchmark problem solution reduce the uncertainty of the objective values by a
factor of 50.
All experiments performed in this study are replicated 10 times and mean
performance metric values are calculated. To be able to see the performance development over time a performance metric is evaluated after every generation of
the optimization algorithm. This is shown in Figure 2. However, due to the resampling, each generation uses a different number of solution evaluations. Since
it is assumed that solution evaluations are equally long and that the runtime
of the optimization algorithm and resampling algorithms is negligible compared
to the evaluation time, the number of solution evaluations corresponds to the
optimization runtime. Therefore, an interpolation is required which calculates
the performance metric values at equidistant evaluation number intervals where
the mean performance measure values for all experiment replications can be
calculated. Not only differ the number of solution evaluations per generation
(measurement points) between experiment replications, but also between different experiments with different resampling algorithms of the same optimization
problem, which shall be compared.

Fig. 2. Focused Hypervolume chart showing the R-NSGA-II progress development over
time on ZDT1-(0.05,0.5) for resampling methods that do not rely on preference information. Reference point (0.05, 0.5).

5.4

Focused Hypervolume

To measure and compare the results of the different resampling algorithms together with R-NSGA-II the Focused Hypervolume performance metric for dominance based EMOs (F-HV) is used [16]. The F-HV allows to measure the
convergence and diversity of a population limited to a preferred area in the objective space. The limits are defined based on the intended diversity and the

population size of the optimization algorithm. This allows to measure to which
degree the optimization algorithm can achieve the intended diversity. For the
R-NSGA-II algorithm the intended diversity is controlled by the user parameter epsilon. F-HV is based on the Hypervolume metric (HV) [19]. In F-HV the
population is filtered before it is judged by the HV. The filter is a cylindrical
subspace of the objective space retaining only solutions close to the reference
point r dominating the HV-reference point. The cylinder axis is defined by r
and a second point determining the direction, approximately orthogonal to the
potentially not completely known true Pareto-front. For R-NSGA-II and a biobjective problem, solutions within the distance d =  N2 from the cylinder axis,
with N being the population size, are passed on to the standard HV, the rest
is discarded. In this way, within the cylinder there is enough space for N nondominated solutions, each with the distance  to its neighbors. The cylinder
filter must be applied before the non-domination sorting is performed. Otherwise, dominated solutions are filtered out during non-domination sorting which
would be non-dominated after the application of the cylinder filter. The F-HV
is similar to the R-Metric (R-HV) [8], which is a metric to assess the quality
of converged, focused populations on the Pareto-front. It filters the solutions
with a box around a representative solution of the population and then projects
the remaining solutions on an axis defined by r and HV reference point. Due
to the limited optimization time in our experiments, the population will never
fully converge towards the Pareto-front, or r. Therefore, the R-HV representative point filter and the shifting operation cannot be applied. Instead, the F-HV
is used which filters the solutions close to r, regardless of the population position
in the objective space. This can lead to zero metric values in the beginning of
the optimization.
For ZDT1 with the reference point r = (0.05, 0.5) the HV reference point
is chosen as (0.1, 1.1) and a base point for normalization as (0, 0.68). For the
ZDT4 function with r = (0.05, 0.5) the HV reference point is chosen as (0.1, 30)
and a base point for normalization as (0, 0).
In all cases, the population size 50 together with R-NSGA-II epsilon 0.001
leads to a cylinder diameter of 0.05. The cylinder axis is defined by r and the
direction point. For ZDT1 and this direction point is defined as (0.06, 1.1) and
for ZDT4 as (0.06, 30).
5.5

Resampling without preference information

In this section the resampling algorithms from Section 3.1 are evaluated and
compared: Static Resampling, Time-based Dynamic Resampling, Rank-based
and Rank-Time-based Dynamic Resampling.
In Figure 2 the results of the different resampling techniques together with
R-NSGA-II are evaluated on the ZDT1-(0.05,0.5) problem with reference point
(0.05, 0.5) and 2000 function evaluations. The results show that Static Resampling with 1 sample is both better than Time-based and Rank-based Dynamic
Resampling. Static2-Resampling is worse than Static1-Resampling, which shows
that Dynamic Resampling is required to achieve a performance gain over the

Fig. 3. Focused Hypervolume chart showing the R-NSGA-II progress development over
time on ZDT4-(0.05,5) for resampling methods that do not rely on preference information. Reference point (0.05, 0.5).

Static1 strategy. This is achieved by the hybrid strategy Rank-Time-based Resampling which outperforms all others.
In Figure 3 the results of the different resampling techniques together with
R-NSGA-II are evaluated on the ZDT4-(0.05,5) problem with reference point
(0.05, 0.5) and 5000 function evaluations. The results confirm the results shown
in Figure 2, however, the differences between the different resampling algorithms
become more clear, since the ZDT4-(0.05,5) problem is more difficult (many local
Pareto-fronts) and needs more time to converge to the reference point.
5.6

Resampling with reference points

In this section the resampling algorithms from Section 3.2 are evaluated and compared: Distance-Progress-Time-based Dynamic Resampling DDR, and DistanceRank(-Progress-Time)-based Dynamic Resampling DR2. The results for RankTime-based Resampling are included for comparison purposes.

Fig. 4. Focused Hypervolume chart showing the R-NSGA-II progress development over
time on ZDT1-(0.05,0.5) for resampling methods that use preference information. Reference point (0.05, 0.5). For comparison with the non-preference methods, the curve
for Rank-Time-based resampling from Figure 2 is included.

In Figure 4 the results of the different resampling techniques together with
R-NSGA-II are evaluated on the ZDT1-(0.05,0.5) problem with reference point

(0.05, 0.5) and 2000 function evaluations. The results show that DDR is slightly
better than Rank-Time-based Resampling. However, DR2 performs slightly worse
than Rank-Time-based Resampling. As a reason we can see that the ZDT1(0.05,0.5) problem is not sufficiently complex (short convergence time) and does
not allow DR2 to develop its full potential.
In Figure 5 the results of the different resampling techniques together with
R-NSGA-II are evaluated on the ZDT4-(0.05,5) problem with reference point
(0.05, 0.5) and 5000 function evaluations. Since the the ZDT4-(0.05,5) problem
is more difficult it allows for a more clear evaluation. Here, it can be seen very
clearly that DR2 outperforms Rank-Time-based Resampling, and thereby all
other resampling algorithms evaluated in Figure 3. DDR however, shows not to
be very powerful on this problem. Yet, combined with the Pareto-rank criterion
as DR2, it is superior to all others.

Fig. 5. Focused Hypervolume chart showing the R-NSGA-II progress development over
time on ZDT4-(0.05,5) for resampling methods that use preference information. Reference point (0.05, 0.5). For comparison purposes, the curve for Rank-Time-based
resampling from Figure 3 is included.

6

Conclusions and future work

We have proposed and evaluated Hybrid Dynamic Resampling strategies that
use multiple resampling criteria on the guided EMO algorithm R-NSGA-II. Examples are Rank-Time-based Dynamic Resampling which uses the Pareto-rank
and elapsed optimization runtime for sampling allocation, or Distance-ProgressTime-based Dynamic Resampling (DDR) [15]. They are compared with resampling techniques that base their sampling allocation on a single criterion, like
Time-based Dynamic Resampling or Rank-based Dynamic Resampling. The results on benchmark functions and a reference point close to the Ideal point show
that Hybrid Dynamic Resampling techniques are superior to single-criterion
techniques and Static Resampling, given that the optimization problem is sufficiently complex. Furthermore, we proposed and evaluated a resampling algorithm that uses both the Pareto-rank and Reference point distance as a basis for
sampling allocation. Both these criteria are used by the R-NSGA-II algorithm as

fitness functions. Thus, we expected that the Distance-Rank Dynamic Resampling algorithm (DR2) is able to support the R-NSGA-II algorithm better than
previous resampling algorithms that only consider one of the criteria, which we
could prove in numerical benchmark experiments.
Future work will cover the following studies:
– A future task will be to study the combination of a resampling algorithm
that uses the objective variance and Distance-based Dynamic Resampling.
Such a resampling strategy based on variance is Multi-objective Standard
Error Dynamic Resampling [15].
– The resampling algorithms in this paper that are based on the Pareto-rank
base their sampling allocation on a comparison of solutions. They have
thereby an advantage over resampling algorithms that treat each solution
individually. Slightly modified, the comparison approach could support the
evolutionary optimization algorithm in comparing solutions for selection decisions, also called Selection Sampling. A study investigating the effect of
Selection Sampling on guided EMO of stochastic systems will be performed.
– A parametric study will be performed that identifies guidelines for parameter
configuration for different problems characteristics.
– A worthwhile future task will be to extend and evaluate the resampling and
optimization algorithms for scenarios with feasible reference points.
– Extensions for existing EMO algorithms for guided search need to be proposed that allow for faster convergence to the preferred objective space area.
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