
Robust Design Optimization of Artificial Lateral Line 
System 

 

Ali Ahrari, Hong Lei, Kalyanmoy Deb and Xiaobo Tan 
Michigan State University, East Lansing, MI 48824, USA 

aliahrari1983@gmail.com, leihongbuaa@gmail.com, kdeb@egr.msu.edu, xbtan@egr.msu.edu 
 

COIN Report Number 2014012

ABSTRACT 
Despite much research on dipole source localization, there are few 
studies on optimal design of artificial lateral line system in order 
to maximize reliability of the localization result. Presence of 
diverse sources of uncertainty challenges reliability of the 
localization and practicability of the underlying idea. In this study, 
different sources of uncertainties are identified and modeled in the 
problem formulation. A bi-level robust optimization method is 
proposed to handle inherent uncertainties in the problem. The best 
design obtained by the proposed optimization method is compared 
with the initially proposed design, which demonstrates significant 
advantages of robust optimization over sole engineering intuition. 
The proposed method clearly illustrates the use of evolutionary 
algorithms in handling uncertainties and is extendable to similar 
other problems.   
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1. INTRODUCTION 
As an important flow-sensing organ, the lateral line system is 
involved in various behaviors of fish [6], such as schooling [20], 
station holding [9] and object detection [27, 28]. Theoretical work 
is also conducted on flow modeling to help explain hydrodynamic 
imaging by fish and extract information in artificial lateral lines 
[8, 17, 22, 25, 26]. Much of the aforementioned research on 
information processing for biological and artificial lateral lines 
has been focused on the localization of a dipole source. The dipole 
source emulates the rhythmic movement of fish body and fins, 
and has been commonly used as a biological stimulus such as 
conspecific, predator or prey [10-12]. Dipole source localization 
has also played an important role in the development of artificial 
lateral lines, detection and estimation of nearby fish-like robots, 
and coordination and control of underwater robot.  

Although many studies have been conducted on the localization of 
a dipole source by the lateral line system [4, 14, 16, 21, 29], very 
few has been discussed on the optimal configuration of the lateral 
line sensors. Under different scenarios, it has been reported on 
how to enhance the performance of a sensor array by developing 
the optimal placement strategies for each individual sensor [5, 15, 
23, 24], however, those optimal configurations depend on 
different estimation algorithms, and may not be applicable to 
dipole source localization. In this paper, we present a bi-level 
optimization algorithm for evaluating artificial lateral line 
configuration for dipole source localization. We create a 
streamlined body using conformal mapping on which lateral line 

sensors are distributed. By considering the potential flow 
generated by a dipole source, we first formulate a lower level 
optimization problem to solve the inverse estimation. A detailed 
model to include different sources of uncertainties and simulate 
the measured flow velocity is proposed and utilized in evaluation 
of a design. The upper-level problem considers the shape of the 
fish and distribution of the sensors over its body such that 
reliability of dipole localization is maximal.  The lower-level 
problem addresses the inverse problem of locating the dipole from 
sensor information. Finally, the optimal result is compared with 
the initially proposed design by the research team. 

 

2. POTENTIAL FLOW MODEL 
We consider a potential flow generated by a dipole source, which 
will be a vibrating sphere in real, as assumed widely in the 
literature [5, 17]. The velocity potential φ at a spatial point can be 
given by [5]: 

   𝜑 𝒓 = (𝑎!(𝑽! ∙ 𝒓))/(𝟐 𝒓 !)     (1) 

where r is the spatial point location relative to the dipole, a is the 
sphere diameter, Vd is the instantaneous velocity of the vibrating 
sphere, and ||.|| denotes the Euclidean norm. The flow velocity is 
then given by 

  𝑽 𝒓 = −∇𝜑 𝒓 = (𝑎!(3(𝑽! ∙ 𝒓)𝒓−
𝒓 !𝑽!))/(2 𝒓 !).    (2) 

By assuming that the lateral line sensors, the dipole source and the 
axis of dipole oscillation are located in the same plane (xy plane), 
and the sensor presence has negligible effect on the flow 
distribution (see more discussion in [5]), we get 

𝑣 𝑥! ,𝑦! = !!!!

! 𝒓! ! 2 𝑥! − 𝑥! ! − 𝑦! −

𝑦! ! cos𝛷 + 3 𝑥! − 𝑥! 𝑦! − 𝑦! sin𝛷 ,  (3) 

where ri=(xi-xs, yi-ys)T, with “T” denoting the transpose, (xs, ys) is 
the location of the dipole source, Φ is the angle between the 
dipole vibration axis and the x axis, as depicted in Figure 1.  



 

Figure 1. Illustration of the sensor and the dipole [22] 

 

Sphere vibration is described with angular frequency ω and 
amplitude A: vd=Asin(ωt). We further assume that each sensor can 
only provide a measurement of local flow velocity v along its 
bending direction [3, 5], which is assumed to be the x-direction in 
here. Upon adaptation of a proper rotation matrix, conclusions can 
be generalized to arbitrary rotated sensors. We extract the signal 
amplitude for sensor i at frequency ω as the measurement Mi, 
which can be written as: 

𝑀! =
!! ! !!!!! !! !!!!! ! !!!! !!!!! !!!!! !!

! 𝒓! ! + 𝑑!     

(4) 

Where α1=Acos(𝛷),   α2=Asin(𝛷)   and di is the amplitude of the 
measurement noise for the sensor. 

 

3. OPTIMIZATION ALGORITHM 
A bi-level optimization method is exploited where the lower-level 
locates dipole for given sensor signals while the upper-level 
optimizes the shape of the fish body and distribution of sensors 
such that it provide a reliable estimate for an arbitrary dipole. 
 

3.1 Lower level 
 The lower lever problem estimates the location of a vibrating 
dipole for a given set of measured signals by the sensors.  This 
inverse problem is solved by converting it to an optimization 
problem as follows: 

  Minimize   𝐽 𝜽 = 𝑴 − 𝒇 𝜽 / 𝑴   (5) 

where 𝜽 is the estimated location of the dipole, M is the measured 
signals by sensors and 𝒇(𝜽) is the vector of computed flow 
velocity at the sensors. Upon absence of all sources of 
uncertainties, J*=0 is the global minimum value. Since the inverse 
problem should be ideally solved many times to estimate fitness 
of a design, the lower-level solver should employ a fast 
optimization method. Considering that in the inverse problem, M 
is constant and derivatives of the flow model are available, 
Newton-Raphson (NR) method is employed to solve the inverse 
problem here. In practice, an artificial fish is supposed to track a 
moving object dynamically where previous location of the object 
can be utilized as a starting point to identify the new location. 

This means that for a given instance, a good estimation of the 
initial solution is available.  

Based on preliminary results, the following termination criteria 
for the lower-level optimization are adopted: 

- Maximum evaluation budget is 1,000. 

- Calculating a new search direction costs 5 different 
evaluations of the inverse problem.  

- Golden section search is used for line search along 
each search direction. 

- Each line search terminates if the step size turns 
smaller than 10-8 or 30 function evaluations 
(whichever happens first) is used.  

Since success of NR method depends on the initial solution, for a 
given dipole, the inverse solver might be run multiple times with 
different randomly generated initial solutions. The estimate with 
minimum J* is selected as the outcome of the lower-level 
problem. First Page Copyright Notice 
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3.2 Upper level 
The ultimate goal of the design optimization is to find a design 
(X) which can reliably locate an arbitrary vibrating dipole. In 
comparison with a recent study [5], a more sophisticated model 
for the artificial fish is provided here which presumably can result 
in more realistic and fitter designs. Due to economical 
consideration of the design, all sensors measure the flow along the 
line tangent to the fish body.  

The vibrating dipole can be characterized by four parameters: x 
and y-coordinates of the dipole and vibration amplitude along x 
and y-direction [5]:  

Ө=[x, y, α1, α2],       

 [-10,-10,-10,0]≤Ө≤[10,10,10,10],  with 𝛼!! + 𝛼!! ≥ 9. 

A dipole may lie anywhere in the predefined range and vibrate 
along any direction with a minimum limiting amplitude so that a 
significant signal reaches the sensors. Since considering all 
possible cases is not possible, a finite set of dipole locations, Ө, is 
considered which provide an estimation of the actual fitness of the 
design.  For a given design X, and a vibrating dipole, an inverse 
problem should be solved to characterize the dipole based on the 
flow data received by the sensors. The estimation error, 𝑒! ,  is 
difference between the true dipole and the localized dipole using 
the inverse solver, calculated for all considered dipoles:  

𝑒! = 𝜽! − 𝜽! ,        𝑖 = 1,2,… ,𝑁!"#$,    (6) 

where Ninst is the number of vibrating dipole locations for which 
the inverse solver is executed. The fitness of design X can be 
calculated considering all estimation errors. A simple and 
reasonable measure can be defined by averaging all localization 
errors, however, our preliminary experimentation revealed that 
distribution of ei includes some outliers which significantly 
disturb the calculated average. Considering different sources of 
uncertainties, a robust performance measure based on statistical 
distribution of ei is proposed here. Figure 2 illustrates cumulative 
distribution of ei for a typical design. The quicker the curve 
reaches one, the fitter is the design. Thus, the area under the 



cumulative curve from 𝑒!=0 to 𝑒!=1 may measure the fitness of 
the design. 𝑒!>1 is considered totally useless, and hence it does 
not make any contribution to the estimated fitness: 

𝑔 𝑿 = 𝑃(𝑒!)
!""

!!!

, 𝑒! =
𝑗 − 1
100

 

 

 
Figure 2. Cumulative success rate of a typical design and 

its standard deviation. 

 

4. UNCERTAINTY FORMULATION 
Although design variables are considered deterministic, the fitness 
function, g(X), is a random function due to presence of different 
sources of uncertainties. 
 

4.1 Flow model 
The actual velocity at the sensors might be different from the one 
computed according to the employed flow model. Uncertainty 
caused by possible presence of the other objects around, 
interactions of sensors and fish body with the flow also intensify 
this factor, which results in some percentages of disparity between 
the actual flow and the one computed according to the exploited 
flow model. Reasonably, the amount of uncertainty is a 
percentage of the actual flow: 

𝑀! 𝜽 = 𝑓!(𝜽)×exp(𝜀!𝑁(0,1) ,        𝑘 = 1,2,… ,8      (8) 

Where Mk(θ) and fk(θ) are the actual flow velocity and the 
computed flow velocity according to the exploited flow model at 
the k-th sensor respectively. ε1 is the standard deviation of 
uncertainty of the flow model and N(0,1) is a random number 
sampled from the standard normal distribution.   

 

4.2 Sensor noise 
Limited precision of the sensors introduces another type of 
uncertainties. Since the range is fixed, the amount of uncertainty 
is independent of the flow magnitude:   

𝑀! 𝜽 = 𝑀!(𝜽) + 𝜀!𝑁(0,1) , 𝑘 = 1,2,… ,8               (9) 

where Mk is the indicated flow velocity by the k-th sensor while 
the true flow velocity is Mk. ε2 is the standard deviation of the 
sensor error.  

 

4.3 Finite number of dipole locations 
Dipole locations for which the inverse problem is solved are 
supposed to represent all possible situations. Accordingly, random 
selection of a limited number of dipole locations to evaluate 
design X introduces some uncertainty in the fitness function.   
Instead of totally random generation of dipole locations, an 
algorithm similar to the initialization step in the GEM algorithm 
[2] is employed to maximize diversity of dipole locations. The 
pseudo code of the algorithm is as follows: 

- Sample the first dipole location, Ө1=[x1, y1, α11, α21], 
randomly in the range such that ||[α11 α21]||>3; 

- Let k=0 and i=1. 

- Specify initial value of r using the relation provided for niche 
radius in [13], where Nloc is the number of niches. 

- While i<Nloc 

-      Sample Өi=[xi, yi, α1i, α2i] randomly in the range, such that 
||[α1i α2i]||>3; 

- If distance of Өi to all previously generated Өi is more than r 
and distance of  [xi yi] to all [xj yj] where j<i is more than 
0.707r, then accept Өi and let i←i+1, otherwise k←k+1. 

-      If k>5+i0.5 then r←0.999r and k←0. 

- End while  

 

4.4 Random initialization in inverse solver 
To estimate location of a dipole in the lower loop, the inverse 
solver starts from a random point in the neighborhood of the 
dipole. This introduces another type of uncertainty in fitness 
evaluation, since the quality of the final estimation depends on the 
starting point. For our problem, the initial solution is selected as 
follows: 

𝜽!"! = 𝜽 + 0.1 𝑼! − 𝑫! ⊗ 𝒃           (10) 

Where b is vector of four uniformly distributed random numbers 
in [-0.5, 0.5], UӨ and DӨ are the upper and lower bounds for a 
dipole location and sign ⊗ refers to element-wise multiplication.  

 

5. HANDLING UNCERTAINTIES 
Finding the measured signals, M, requires experimental 
simulation of the flow and sensors. Such methodology cannot be 
employed in design optimization of the artificial fish since the 
inverse problem should be solved thousands of times. However, 
exploiting the uncertainty model explained in section 4, one can 
simulate the measured signals as follows: 

𝑀! = exp 𝜀!𝑁 0,1 ×𝑓! 𝜽 + 𝜀!𝑁 0,1 ,
𝑘 = 1,2,… ,𝑁!"#,       (11) 

where ε1 and ε2 correspond the flow model and sensor 
uncertainties and Nloc is the number of sensors. It is notable that 
the true dipole parameters are used in equation (11) to simulate M. 
Robust optimization is rendered by defining a utility function 
[18], which considerate behavior of the target function in the 
vicinity of a solution. Early approaches for robust design 
optimization were based on the worst-case philosophy [7], which 
could lead to robust but low fitness solutions. Accordingly, a 
probabilistic approach [7] is preferred in this study where 
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G(X)=E[g(X)], in which E represents the expectation and G(X) is 
the deterministic utility function to be maximized. The true value 
of G(X) cannot be calculated, however, one may achieve a 
sufficiently accurate estimate by performing either multiple 
independent evaluations of X on different sets of dipole locations 
or one time evaluation of X over a large set of dipole locations. 
The latter strategy is however preferred, since dipole locations are 
almost uniformly distributed. Moreover, for a given dipole 
location, the inverse solver can be run multiple times with 
different initial solutions, and the one with the minimum final J 
selected as the estimated dipole. Consequently, a larger set of 
dipole instances (greater Nloc) and executing the inverse solve 
multiple times for each instance (Nrep) may improve the fitness of 
a design, reduce uncertainties and consequently lead to fitter 
results, Nonetheless, the computation time also grows 
proportionally. To evaluate each design, X, Nrep×Nloc independent 
execution of the inverse solver is required. 

 

6. ROBUST OPTIMIZATION 
As it was mentioned earlier, the fitness function is a random 
function, expectation and variance of which is affected by 
selection of Nrep and Nloc. During the optimization process, each 
design is evaluated once, and these parameters should be selected 
such that for a fixed computation budget, standard deviation of the 
fitness function turns minimum.  Our preliminary experiments 
revealed that increasing Nloc significantly reduces uncertainty in 
the evaluated g(X) while increasing Nrep mainly improves the 
fitness of the design. Both effects are desirable, however, for the 
optimization purpose, minimal uncertainty in the computed fitness 
is much more desirable, since selection operators compares 
different solutions based on their estimated fitness. Consequently, 
one may run the optimization process with a large Nloc to 
maximize efficacy of the optimization. After convergence and 
selection of the best design, the artificial fish may solve the 
inverse problem multiple times to identify the location of the 
vibrating object.    
 

6.1 Design Variables 
Using complex numbers, location of a point, z, on the fish body is 
found as follows:  

𝑧 = 𝜉 + !!

!
∈ ℂ, ξ = 𝑅exp 𝑖𝛽 − 𝜆,𝛽 ∈ −𝜋,𝜋 , 𝑏 = 𝑅 − 𝜆   (12) 

where R and λ specifies the shape and size of the fish and βi 
denotes location of the i-th sensor on the fish body. Design 
variables, X=[X1, X2, …,X10] consists of: 

- Shape variables: 1≤X1=R≤4 , 0.1≤X2=λ/R≤1, 

- Angular position of the first sensor on the fish body: 
0≤X3=β1≤π/2. 

- Angular position of the i-th sensor relative to the (i-1)-th 
sensor: 0≤Xi=βi-2-βi-1≤π/2, i=4, 5, …,10  

There is a constraint on locations of the sensors: X3+X4+…+ 
X3≤2π.  

 

6.2 Optimization Results 
Considering its promising results on BBOB2009 optimization 
workshop on noisy test problems [1], CMA-ES [19] is selected as 
the optimization algorithm for the upper-level optimization task.  

Parameters of the algorithm are selected as follows: 

- Population size: 40 

- Nrep=1, Nloc=256 

- Maximum number of iterations=60 

- Standard deviation of the flow model and sensor 
uncertainties: ε1=10-4 and ε1=0.01 

Figure 3 illustrates the convergence plot, including best solution 
and mean fitness of the parents, averaged over two independent 
runs. As it can be observed, after 20 iterations, further 
improvement in fitness is gained at a very slow rate. The solutions 
with the maximum fitness is selected as the best design (X*), 
depicted and compared to the initially proposed design (Xini) in 
Figure 4. The shapes of the fish look quite similar, however, 
location of sensors are totally different. In particular, no symmetry 
in locations of the sensors can be detected in X* and sensors al 
almost uniformly distributed over the fish body.   

 

 
Figure 3. Convergence plot of optimization. 

 

To perform a more accurate analysis on benefits of optimization, 
in comparison with intuitively derived design, both X* and Xini 
were reevaluated with a larger Nloc and different values of Nrep. 
Mean and 99% confidence interval of their fitness is provided in 
Figure 4, which demonstrates that the gained benefits are quite 
considerable. For a fixed design, reliability of estimation improves 
when Nrep increases, however, for identical values of Nrep, X* 
considerably outperforms Xini. Considering that for feasible 
designs the range of fitness varies within [0-1], amount of 0.15 
difference between fitness of X* and Xini is quite significant.  
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Figure 4. a) The initially proposed design (Xini) and b) The 
best design from the optimization (X*)  

 

    
Figure 5. Comparison between the initially proposed design 
(Xini) and the best solution found by the proposed optimization 
method (X*). Dot lines represent 99% confidence interval. 

 

7. SUMMARY AND CONCLUSIONS 
Optimal design of the lateral line is a challenging task which 
demands specialized algorithms to handle different sources of 
uncertainty in evaluation of a design. Having identified and 
formulated sources of uncertainty, a bi-level optimization method 
was proposed to find the optimal shape of the fish and distribution 
of the sensors over the body. The best solution obtained from 
optimization has been compared to the initially proposed design 
by the research team. Result comparison revealed that the 
obtained optimum design has a comparatively higher fitness, 
which may improve reliability of localization results in practice.   
This study is significant from various considerations. It is evident 
that the lateral line optimization problems is complex involving an 
inverse problem solving coupled with inherent noise and 
uncertainties in evaluating a design.  Evolutionary optimization is 
hybridized with a classical Newton-Raphson optimization method 
to handle appropriate aspects of the overall problem. The method 

is now ready to be employed to other such complex design 
problems. 
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