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Abstract
The Hessian matrix of second derivatives contains substantially richer information about the local
geometry of the potential energy surface than energies and forces alone. Although incorporat-
ing full Hessians into machine-learning interatomic potential (MLIP) training can significantly
improve accuracy and robustness, the quadratic computational and memory cost of explicitly con-
structing and storing Hessian matrices has limited its practical use. Here, we introduce Projected
Hessian Learning (PHL), a scalable second-order training framework that incorporates curvature
information using only Hessian–vector products (HVPs). By avoiding explicit Hessian construc-
tion and instead projecting curvature along stochastic probe directions, PHL reduces the cost of
second-derivative supervision to near force-level complexity. The resulting dense-probe trace esti-
mator is unbiased and exhibits favorable scaling with system size, enabling curvature-informed
training without quadratic memory growth. We evaluated various training approaches on a chem-
ically diverse dataset of reactants, products, transition states, intrinsic reaction coordinates, and
normal-mode sampled geometries generated at the theoretical level ωB97XD/6-31G(d). Four
training schemes are considered: energy-force training (E-F), two HVP-based approaches (E-F-
HVP with one-hot or dense Gaussian vectors) and energy-force-Hessian training (E-F-H). When
probe vectors are randomized for each minibatch, both HVP-based approaches achieve energy,
force, and Hessian accuracy comparable to full Hessian training while providing more than 24×
speedups per epoch for the small molecular systems studied here. In a more realistic fixed-vector
regime with only one HVP per molecule, dense Gaussian projections consistently outperform one-
column probing, particularly for far-from-equilibrium geometries. Paired follow-up training with
Rademacher probes gives no statistically significant change in model accuracy relative to the origi-
nal Gaussian choice, although Rademacher probes have lower single-probe estimator variance and
bounded component magnitudes. Overall, PHL effectively replaces explicit Hessian supervision
with force-complexity curvature training, retaining most of the accuracy benefits of full second-
order methods while enabling scalable MLIP development for larger and more complex molecular
systems.
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1. Introduction

The quality of training data often imposes a fundamental limit on the accuracy of a machine learning
interatomic potential (MLIP). [1] In neural-network-based MLIPs, reference data are typically obtained
from quantum chemistry calculations such as density functional theory (DFT) or coupled cluster, and
the ML model is trained to reproduce these reference energies while enabling orders-of-magnitude faster
inference [1]. A key insight established across multiple MLIP frameworks is that including gradients
of the energy with respect to atomic coordinates (i.e. atomic forces) in the training loss substantially
improves both accuracy and generalization. This paradigm has been realized in a wide range of architec-
tures, including Behler–Parrinello neural networks [2], ANI models [3–6], Hessian interatomic potentials
(HIP)-NN [7], the DeepMD framework [8], kernel/descriptor-based MLIPs such as Gaussian approx-
imation potentials, [9] spectral neighbor analysis potentials, [10] and moment tensor potentials, [11]
as well as message-passing approaches such as SchNet and NequIP [12, 13]. More recent equivariant
message-passing architectures, e.g. PaiNN and MACE, [14, 15] further reinforce the central role of force
supervision in improving data efficiency and robustness. In all of these works, joint training on ener-
gies and forces consistently yields lower prediction errors and improved robustness compared to train-
ing on energy alone [16, 17], reflecting the strong regularizing effect and the enhanced efficiency of the
data provided by the first-derivative information. While energy and force training has become standard,
response properties that depend explicitly on second derivatives can remain inaccurate even when ener-
gies and forces are well reproduced. In crystalline materials, for example, harmonic phonons are deter-
mined by the (mass-weighted) force-constant matrix, i.e. the energy Hessian, and recent benchmarks
show that several high-performing universal MLIPs still exhibit substantial errors in phonon observables
despite strong energy and force accuracy [18].

A well-implemented quantum chemistry code can produce not just the total energy but also the
gradient of energy with respect to atom positions. Indeed, the principle of reverse-mode automatic
differentiation [19, 20], known as backpropagation in machine learning, ensures that all force compo-
nents can be calculated at a cost comparable to that of the energy evaluation alone; in electronic struc-
ture theory this is closely related to analytic energy-derivative techniques used to obtain nuclear forces
[21]. Consequently, it is now standard for DFT codes to provide forces in addition to energies. The situ-
ation is different, however, for the Hessian matrix of second derivatives,

H(i,α),( j,β) =
∂2E

∂rαi ∂r
β
j

, (1)

where r{x,y,z}i denotes components of the position of the atom i. Elements of the Hessian can be under-
stood as the sensitivity of the force on an atom i with respect to perturbations to the position of an
atom j. Calculating all such sensitivities is substantially slower than calculating forces alone, as ana-
lytic second derivatives generally require additional response equations beyond those used for gradients
[21, 22].

For a system of N atoms, the total energy is a single scalar, whereas the full gradient is a 3N-
dimensional vector, dramatically expanding the informational content available for training. This
naturally raises the question of whether second derivatives of the energy, i.e. curvature information,
can further improve the accuracy and generalization of the MLIP. The second derivative matrix, or
Hessian, contains (3N)2 components and governs the local geometry of the potential energy surface
(PES), including vibrational frequencies, transition-state curvature, and reaction pathways [21, 23, 24].
Motivated by these physical insights, recent work has begun to explore Hessian-informed approaches in
ML potential development, including direct Hessian learning [25], analytical ML Hessians for the char-
acterization of transition-states [26], Hessian distillation frameworks for specialized force fields [27], and
the use of Hessians as diagnostic tools to assess force locality in MLIPs [28]. Very recently, Koker et al
proposed phonon fine-tuning (PFT), which directly supervises second-order force constants by matching
MLIP energy Hessians to DFT-derived force constants from finite-displacement phonon workflows [29].
In a complementary direction, Burger et al introduced HIP, which predict symmetry-preserving Hessians
directly from equivariant message-passing features without relying on automatic differentiation or finite
differences [30].

Complementing these methodological developments, the availability of curvature-labeled datasets is
rapidly expanding. For equilibrium molecular structures, Hessian QM9 provides numerical DFT Hessians
for 41 645 QM9 molecules (including vacuum and implicit-solvent environments), enabling systematic
evaluation of Hessian-aware training for vibrational properties [31]. For reactive chemistry, the recently
released HORM database scales this idea dramatically, reporting 1.84 million quantum-chemistry
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Figure 1. Conceptual comparison of curvature supervision strategies used to train MLIPs. Left: Full Hessian training explicitly
uses all (3N)× (3N) second-derivative elements ofM systems. Middle: One-column HVP probing samples a single Hessian col-
umn via a canonical basis vector. Right: Projected Hessian Learning (PHL) (this work). Curvature is enforced through stochastic
dense projections using random probing vectors to form Hessian-vector products, yielding random weighted combinations of
Hessian columns. Both HVP-based strategies avoid explicit Hessian construction; PHL aggregates information across multiple
curvature directions in expectation.

Hessian matrices for diverse reactive geometries and transition-state workflows [32]. The dataset used
in this work complements these resources by targeting chemically diverse reaction pathways with equilib-
rium reactants, products, and transition states (RTP), continuous intrinsic reaction coordinate trajecto-
ries (IRC), and far-from-equilibrium normal-mode perturbations (NMS), providing a controlled arena to
assess how curvature supervision impacts both interpolation and extrapolation in reactive MLIPs [33]. In
our previous work, full-Hessian-trained MLIPs were shown to improve downstream reactive-chemistry
workflows, including molecular dynamics, nudged elastic band calculations, and vibrational-frequency
predictions. These results demonstrate that improvements in Hessian accuracy can translate into practical
gains beyond aggregate energy, force, and Hessian RMSE [25].

Despite this promise, incorporating full Hessian information presents substantial practical chal-
lenges. First, acquiring Hessian data from quantum chemistry calculations can be prohibitively expen-
sive for many electronic structure methods, particularly beyond mean-field levels where analytic second
derivatives are substantially more complex or unavailable [21, 22]. Second, training MLIPs with explicit
Hessian supervision is significantly more expensive than energy-force training alone [25]. Although gra-
dients can be computed efficiently using reverse-mode automatic differentiation, there is no general
method to form all Hessian elements with comparable efficiency [19]. Moreover, storing the Hessian
requires (3N)2 floating-point values per structure, leading to quadratic memory scaling with system size,
which rapidly becomes a bottleneck for both data generation and GPU-based neural network training.
These combined computational and memory costs severely limit the direct use of full Hessians in large-
scale MLIP workflows, motivating alternative strategies that retain essential curvature information with-
out explicitly constructing the Hessian.

In this work, we introduce Projected Hessian Learning (PHL) as a stochastic strategy to efficiently
incorporate curvature information into the training of s (figure 1). The central idea in PHL is to avoid
explicit construction of the full Hessian matrix and instead supervise projected curvature information
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through Hessian-vector products (HVPs) of the learned PES, as schematized by the randomized probing
strategy in figure 1. The complete PHL training loop is summarized in appendix. Within an automatic
differentiation framework used to train MLIPs, HVPs can be efficiently computed using forward-over-
reverse or reverse-over-reverse differentiation without explicitly forming the Hessian [19, 34]. HVP-based
methods are also foundational in large-scale second-order optimization (e.g. Hessian-free and Newton
conjugate gradient methods) precisely because they provide curvature access without forming Hessians
[35, 36]. In terms of floating-point operations, a single HVP can often be evaluated at a cost compara-
ble to a small constant number of gradient evaluations, regardless of the size of the system N. [34, 36]
Finally, PHL’s use of low-dimensional probing subspaces is closely related to randomized ‘sketching’ and
low-rank approximation ideas for implicitly accessed matrices [37, 38].

2. Mathematical background

2.1. Stochastic estimation of the Hessian loss
We can use the Hutchinson trace estimator to work with HVPs instead of the expensive calculation of
the full Hessian matrix [39]. This estimator says that given any matrix A, one can form an unbiased
approximation to the trace using only the matrix-vector product;

trA≈ vTAv. (2)

Here, v is a random vector sampled from a distribution with components that are not correlated and
have unit variance; ⟨

vivj
⟩
= δij. (3)

The unbiased nature of this approximation can be verified by applying the definition of the
Kronecker symbol δij and the linearity of the expectation values ⟨·⟩,

trA=
∑
i

Aii =
∑
ij

δijAij ≈
∑
ij

⟨
vivj

⟩
Aij =

⟨
vTAv

⟩
. (4)

Various random distributions are possible. The essential condition is that the probe vectors have
identity covariance, ⟨vi vj⟩= δij, which guarantees an unbiased stochastic trace estimator. Hutchinson’s
original proposal independently samples each component as vi = {±1} (the Rademacher distribution).
This gives an exact trace estimate when A is diagonal and, for symmetric A, has variance no greater
than the Gaussian estimator. Another common choice, adopted for the original PHL experiments in
this work, is vi ∼N (0,1). Gaussian probes also satisfy equation (3) and are rotationally invariant, mak-
ing them a natural general-purpose choice. The PHL objective is therefore valid with either distribution;
their different finite-sample variances are derived and tested in the Supplementary Information.

Equation (2) can be incorporated into MLIP training as follows: First, consider a training loss func-
tion that involves energy, force, and Hessian loss terms,

L= λELE +λFLF +λHLH. (5)

The hyperparameters λ{E,F,H} describe the relative weighting of these loss terms. Frequently, the l2
loss on components would be used. For example, a molecule of N atoms may appear in the loss as

LH =
1

(3N)2

3N∑
i,j=1

(
H̃ij −Hij

)2
. (6)

The symbol H̃ij will denote the Hessian of the ML-predicted energy Ẽ, which has an implicit depen-
dence on the model parameters θ. The symbol Hij will denote true (reference) quantum chemistry
Hessian data. It is our goal to train the model parameters to minimize the loss. In particular, stochas-
tic gradient descent (SGD) requires one to calculate ∇θLH. Clearly, this seems to require performing the
complete sum on the components of the (3N)2 matrix H̃i,j.

Let us now review the construction of an efficient stochastic approximation. Equation (6) can be
interpreted as a matrix trace,

LH = trA. (7)
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using the following definitions:

A= BTB (8)

B=
H̃−H

3N
. (9)

The matrix B denotes the scaled error in the Hessian predicted by the ML model H̃, while BTB forms
the corresponding squared-error matrix. One could also write A= B2 since Hessian matrices are sym-
metric (i.e. derivatives with respect to atom positions commute). From the matrix trace, one can readily
obtain a stochastic approximation,

LH ≈ L̂H = vTAv= |Bv|2. (10)

Back-substitution yields an explicit approximation formula,

LH ≈ 1

(3N)2
|H̃v−Hv|2, (11)

where v is a random vector of dimension 3N that satisfies equation (3). Importantly, the right-hand side
involves only HVPs [19, 34]. In particular, individual elements of the ML-predicted Hessian H̃ never
need to be calculated explicitly. Instead, one can employ, e.g. the torch.hvp function to efficiently eval-
uate H̃v as a vector.

2.1.1. Randomizing over mini-batches
Generally, a stochastic trace estimator such as equation (11) will be deployed as an average over a large
number Nv of random vectors v. Since each random vector is associated with an independent and unbi-

ased estimate, the total stochastic error in estimating LH decays like the inverse square root, N−1/2
v

[40, 41].
In practice, training of MLIPs uses SGD over a very large number of mini-batches. It is natural that

each mini-batch could employ a new random vector v. Then, for purposes of SGD training, the overall
quality of the stochastic approximation can benefit strongly from having many mini-batches.

2.1.2. Random vector distributions
As discussed above, Hutchinson’s original proposal was to sample each vector component independently
under a uniform distribution,

vHutchi = {±1} . (12)

Recently, in the context of Hessian training, an alternative stochastic estimator was suggested: Work
with a randomly selected column of (H̃−H) at a time [27, 29, 32]. This method can be cast into our
notation taking v to have a single non-zero component (‘hot’) at a random index c= {1, . . . ,3N}. This
one-hot distribution can be expressed concisely as follows.

v1Hoti =
√
3Nδi,c. (13)

To verify the correctness of the 1-hot stochastic estimator, we must check equation (3). Since v1Hoti

has a single nonzero element, it is guaranteed⟨
v1Hoti v1Hotj

⟩
= 0 (i ̸= j) . (14)

Furthermore, the prefactor
√
3N is precisely what is needed to satisfy

⟨
v1Hoti v1Hoti

⟩
=

1

3N

3N∑
c=1

[
v1Hoti

]2
=

1

3N

3N∑
c=1

[√
3Nδi,c

]2
=

3N∑
c=1

δi,c

= 1.
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These two equations demonstrate consistency with equation (3). Therefore, Rademacher, Gaussian, and
one-hot vectors all yield valid and unbiased stochastic estimators. The stochastic-error analysis and
numerical size-scaling test in the Supplementary Information show that dense Gaussian and Rademacher
probes self-average with increasing system size, whereas a single one-hot probe does not show a compa-
rable reduction in relative error along the tested alkane series.

We distinguish between dense trace probes, such as Rademacher or Gaussian vectors, and sparse one-
hot probes. Dense probes form linear combinations of many Hessian columns in a single HVP, whereas
one-hot probes select a single column. PHL denotes dense identity-covariance probing and is therefore
distribution-general; unless otherwise stated, the original PHL results shown in the primary comparisons
use Gaussian probes.

3. Methodology

We investigate how second-derivative information can be efficiently incorporated into MLIP training.
Starting from a chemically diverse quantum-chemical dataset, we train neural-network potentials under
multiple supervision strategies that progressively include higher-order derivatives of the PES. Specifically,
we compare standard energy-force (E-F) training with approaches that incorporate curvature informa-
tion either through full Hessians or through HVPs. By keeping the model architecture and the underly-
ing data fixed while varying only the form of derivative supervision, we isolate the impact of curvature
information on training dynamics, predictive accuracy, and computational cost.

3.1. Dataset preparation
To evaluate the role of Hessian information in training MLIPs, we employed the same dataset introduced
in our previous work [25, 33], which spans both equilibrium and non-equilibrium regions of a PES. All
reference calculations were performed with Gaussian16 at the ωB97XD/6-31G(d) level of theory [42].
Analytical Hessians were obtained through frequency calculations. The choice of ωB97XD provides a
reliable treatment of non-covalent interactions and barrier heights, while the 6-31G(d) basis set balances
accuracy and computational efficiency and ensures compatibility with the ANI-1x models [3–6, 43, 44].

The dataset is divided into three complementary components:

1. Benchmark test set: a collection of 35 087 optimized stationary-point geometries from 11 961 reac-
tions, including RTP states. These structures were excluded from training and serve as a reference for
interpolation accuracy.

2. IRC dataset: a set of 34 248 geometries sampled from 600 IRC trajectories, providing continuous reac-
tion pathways that probe the curvature of the PES near transition states.

3. Normal mode sampling (NMS) dataset: a collection of 62 527 non-equilibrium geometries gener-
ated by perturbing intermediate IRC structures along vibrational normal modes for 574 reactions.
This dataset is designed to rigorously test the robustness of the extrapolation under large structural
distortions.

The molecular systems in these datasets are small-molecule geometries, with a typical atom count N
in the tens (e.g. median N≈ 14 across the datasets) rather than the hundreds or thousands characteristic
of condensed-phase simulations. This point is important because both the stochastic-error analysis and
the new alkane-series experiment indicate that dense probing becomes increasingly favorable relative to
one-hot probing as N grows. The latter experiment extends the estimator test to 101 atoms, but contains
only one alkane at each size; it supports the proposed scaling mechanism without replacing validation
on chemically diverse condensed-phase systems.

For our purposes, these datasets provide diverse coverage of the PES, with the benchmark test set
and IRC dataset assessing interpolation performance in chemically relevant regions, and the NMS dataset
challenging the models under far-from-equilibrium conditions. These datasets form the common foun-
dation for all the training strategies described below, enabling direct comparison of how different forms
of derivative supervision influence learning behavior and generalization.

3.2. Training objective and strategies
Using these datasets, our objective was to quantify the trade-off between predictive accuracy and compu-
tational efficiency as progressively higher-order derivative information is introduced into MLIP training.
To this end, we evaluated four training schemes that progressively incorporate higher-order derivatives of
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the PES into the objective function. The schemes are designed to explore the tradeoffs between accuracy
and computational cost; a detailed description of the optimization setup (dataset split, hyperparameters,
batching, probe sampling, and other information) is provided in the Supplementary Information under
Training Procedure. The training schemes are the following:

1. E-F: training on total energies E and atomic forces F. This baseline reflects standard practice in the
development of MLIPs.

2. E-F-HVP (one-column): training on energies, forces, and Hessian–vector products (HVP), where
Hv=∇2E(R)v is evaluated with a single one-hot probe vector v1Hot aligned with a coordinate axis.
This approach introduces curvature information at minimal additional cost and has been recently used
for training MLIPs to Hessian information [29, 32].

3. E-F-HVP (PHL): training on energies, forces, and HVPs using PHL, where Hv=∇2E(R)v is evalu-
ated using dense identity-covariance probing vectors. The original experiments use Gaussian probes,
vi ∼N (0,1). Follow-up experiments repeat the same training with Rademacher probes, vi ∈ {−1,+1},
using matched seeds.

4. E-F-H: training on energies, forces, and full Hessians. This provides the most complete curvature
information but is associated with a prohibitive increase in computational cost.

In summary, E-F-H provides the most complete curvature-supervision benchmark but is computa-
tionally expensive, while E-F serves as the lowest-cost baseline. The two HVP-based methods offer inter-
mediate strategies that capture much of the benefit of Hessian training while remaining computationally
efficient.

In both HVP-based schemes, we considered two vector protocols: (i) randomized-vector training, in
which new probe vectors are resampled at every minibatch, and (ii) fixed-vector training, in which a
single probe vector per configuration is retained throughout training. The fixed-vector setting serves as
a controlled surrogate for scenarios in which the ground-truth Hessian is not known in full, but itself
sampled.

Finally, we examine both the running time of the machine-learning model training and the cost of
generating the underlying quantum mechanical reference data to assess the efficiency and benefits of the
different training schemes. We compared the cost of computing energies, forces, full Hessians and HVPs
using DFT. To allow fair comparison between training schemes, all models were optimized using a uni-
fied loss framework that differs only in how curvature information is incorporated.

3.3. Loss function formulation
The total training loss was defined as a weighted sum of errors in predicted energies, forces, and, when
included, Hessian information. Two formulations were used depending on whether the model was
trained with full Hessians or with HVPs:

Lfull = LE

(
Epred,Eref

)
+λFLF

(
Fpred,Fref

)
+λHLH

(
Hpred,Href

)
, (15)

LHVP = LE

(
Epred,Eref

)
+λFLF

(
Fpred,Fref

)
+λH L̂H

(
Hpredv,Hrefv

)
. (16)

Here, E represents the total molecular energies, F represents atomic forces, H represents the Hessian
matrices, and v represents probe vectors. In the full-Hessian formulation, the model is trained against
all second derivatives, whereas in the HVP formulation, only products of the Hessian with probe vectors
are included. The weights (λF = 0.30) and (λH = 0.09) were tuned to balance the relative contributions
of forces and Hessian information against energies. Typically, energies set the absolute scale, while forces
and Hessian terms are given smaller weights to ensure they contribute comparably during optimization.
All models were trained under identical optimization settings, with differences arising solely from the
form of derivative supervision.

4. Results and discussion

4.1. Validation loss convergence
The convergence behavior of the different training schemes was examined using validation RMSE curves
for energies, forces, and Hessians under the fixed-vector approach (figure 2). These curves provide
insight into how curvature information influences optimization dynamics, training stability, and the rel-
ative behavior of one-column and dense Gaussian HVP estimators (PHL). The validation results for the
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Figure 2. Validation loss curves for energy, force, and Hessian predictions under the fixed-vector approach. Each panel shows the
RMSE of the validation set as a function of training epoch for energy and force training (E-F, red), energy, force, and Hessian–
vector product training using the one-column method (E-F-HVP One-Column, orange), energy, force, and HVP training using
dense Gaussian probes (E-F-HVP PHL, purple), and full energy-force-Hessian training (E-F-H, blue).

randomized-vector experiments reached comparable final RMSE values for the characteristic system size
of our training dataset (a median of 14 atoms per system) and are therefore omitted from this section
for brevity; their performance in generalization is analyzed separately below.

For energy errors, all training schemes eventually converge to similar RMSE validation levels.
However, clear differences appear during the early and intermediate stages of training. Methods incor-
porating curvature information exhibit reduced fluctuations in validation loss after approximately
700 epochs, resulting in smoother and more stable convergence trajectories. Full Hessian training (E-
F-H) shows the most stable behavior early in training and converges more rapidly, while both HVP-
based approaches achieve greater stability than the E-F baseline during the intermediate and late stages
of training.

This smoother convergence suggests that the incorporation of second-derivative information regular-
izes the optimization process, reducing the sensitivity to stochastic noise and sharp variations in the loss
landscape. Such stabilization effects have been widely observed in both machine learning and atomistic
modeling [45, 46], where smoother optimization trajectories are often associated with improved general-
ization and robustness, even when the final training errors are similar.

For force errors, E-F training achieves the lowest absolute validation RMSE, consistent with its objec-
tive function placing the greatest emphasis on force accuracy. Importantly, introducing second-derivative
information, either via full Hessians or HVP estimators, does not degrade force prediction accuracy.
Both E-F-HVP models closely track the convergence behavior of E-F-H, indicating that curvature infor-
mation can be incorporated without compromising force fidelity. In particular, although E-F achieves
slightly lower force RMSE in the validation set, this does not necessarily translate to improved general-
ization, particularly for configurations outside of the training distribution, as discussed in the following
section.

For Hessian errors, models trained only on energies and forces exhibit large and poorly converged
validation errors, indicating that curvature information is not reliably recovered from first-order data
alone. Both HVP-based approaches recover much of the smoother convergence and lower Hessian error
obtained with full-Hessian supervision. The quantitative differences among datasets and between one-
column and dense probing are examined in the following section.
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Figure 3. Validation RMSE comparison across the Test Set, IRC dataset, and NMS dataset for models trained with different lev-
els of information using (a) randomized probe vectors (resampled each minibatch) and (b) fixed probe vectors (one probe per
system). Results are shown for energy and force training (E-F); energy, force, and Hessian–vector products (HVP) using the
one-column method (E-F-HVP One-Column); energy, force, and HVP using dense Gaussian probes (E-F-HVP PHL); and
energy, force, and full Hessian training (E-F-H). From top to bottom, panels report RMSE for energies, forces, and Hessians.
Bars represent mean RMSE values, with error bars indicating variability across ensembles of five independently trained models.
Incorporating Hessian information improves accuracy relative to E-F across all datasets; under randomized probing, one-hot and
PHL achieve statistically indistinguishable performance for the small molecular systems studied here, whereas under fixed probes
PHL provides systematically lower errors, most notably for extrapolative NMS geometries.

Crucially, HVP-based methods recover much of the curvature accuracy and training stability
of full Hessian supervision at a dramatically reduced computational cost, making them effective
in regimes where explicit Hessian evaluation is cost prohibitive. Overall, HVP-based training cap-
tures most of the optimization and generalization benefits of full Hessian inclusion, with dense PHL
offering improved robustness and accuracy when only a single fixed HVP per molecular system is
available.

4.2. Predictive accuracy across datasets
To evaluate generalization performance, we compared the final RMSE values of all models on the Test
Set, the IRC dataset, and the NMS dataset. Figure 3 summarizes the results under the randomized-vector
and fixed-vector approaches with separate panels for the energy, force, and Hessian predictions.
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4.2.1. Randomized HVP Vectors per minibatch
When the HVP probe vector is randomized in each minibatch step (figure 3(a)), the performance of the
one-column and PHL estimators is nearly indistinguishable across all datasets and all training targets for
the system sizes in the training data.

• Energy RMSE: under randomized-vector training, both HVP estimators substantially improve upon
the E-F baseline and approach full Hessian accuracy. On the NMS dataset, the energy RMSE is
reduced by approximately 29% compared to E-F for both one-column and PHL estimators, with only
a difference of 1%–2% between them. Similar trends are observed on the Test and IRC datasets, indi-
cating that stochastic curvature sampling provides sufficient coverage for accurate energy prediction.

• Force RMSE: although E-F remains marginally optimal for in-domain force prediction, HVP-based
methods closely match full Hessian performance and substantially outperform E-F on extrapolative
NMS geometries. Specifically, the force RMSE on NMS is reduced by approximately 48%–49% rela-
tive to E-F for both HVP estimators, with a separation of less than 2% between the one-column and
PHL approaches.

• Hessian RMSE: HVP training dramatically improves Hessian prediction accuracy compared to E-
F, reducing the NMS Hessian RMSE by approximately 77% for both estimators. The one-column
and PHL methods exhibit nearly identical performance in this randomized setting, differing only by
∼1%, confirming that minibatch-level randomization provides sufficiently rich curvature sampling to
approximate full Hessian supervision.

Randomized HVP vectors therefore enable broad curvature coverage during training, yielding perfor-
mance nearly indistinguishable from full Hessian training for energies, forces, and Hessians, while avoid-
ing the substantial computational cost of explicit Hessian supervision. The size-scaling experiment below
further shows that dense probes become more precise estimators as N grows.

4.2.2. Fixed HVP vectors per system
The fixed-vector setting (figure 3(b)) provides a more realistic scenario in which only one HVP per
system is available from quantum chemistry. Under these conditions, the differences between the one-
column and PHL estimators become more pronounced.

• Energy RMSE: All Hessian-informed methods improve energy RMSE relative to E-F training across
all datasets, with gains that are largest on extrapolative geometries. On the Test set, energy RMSE
decreases by 6.1% with the one-column estimator and 10.3% with PHL, compared to E-F (11.8%
for full Hessian training). On the IRC dataset, the reductions are smaller but consistent: 3.8% for
one-column and 5.6% for PHL. On the NMS dataset, the improvements are substantial: one-column
reduces the energy RMSE by 23.8% and PHL by 28.5% relative to E-F, with PHL achieving a 6.2%
reduction in RMSE compared to one-column (and essentially matching complete Hessian training,
28.2%).

• Force RMSE: The benefit of curvature supervision is most apparent for intermediate or NMS config-
urations. Although E-F training attains the lowest RMSE on the Test set, both HVP methods match
force accuracy on the IRC geometries and substantially improve force accuracy on NMS geometries.
Compared to E-F, the one-column and PHL estimators reduce the force RMSE of the NMS dataset
by 42.3% and 45.6%, respectively (47.8% for full Hessian training). The PHL estimator consistently
achieves a lower RMSE than the one-column estimator across datasets, with a 2.1% reduction in
RMSE on the Test set, 2.7% on the IRC set, and 5.6% on the NMS set.

• Hessian RMSE: The strongest separation between estimators appears for Hessian prediction. Relative
to E-F training, Hessian RMSE is reduced by 86.2% with one-column estimators and 88.3% with
PHL estimators on the Test set; 85.3% and 87.0% on IRC; and 71.3% and 74.5% on NMS. The PHL
estimator consistently outperforms the one-column estimator across all datasets, with Hessian RMSE
lower by 15.1% on the Test set, 12.1% on IRC, and 11.2% on NMS.

When only a single HVP per molecular configuration is available, the PHL estimator yields errors that
are systematically lower than those of the one-column approach across all predicted properties. On the
extrapolative NMS dataset, PHL reduces the energy RMSE by 6.2%, the force RMSE by 5.6%, and the
Hessian RMSE by 11.2% relative to the one-column estimator. These improvements indicate that dense
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Table 1. Paired t-test results comparing RMSE values from the one-column and
PHL estimators under the randomized-vector training approach. The mean
difference is defined as (one-column—PHL). Negative values indicate lower
RMSE for the one-column method. Mean differences are reported in kcal mol−1

for energy, kcal mol−1 Å−1 for forces, and kcal mol−1 Å−2 for Hessians.
Asterisks denote nominal significance (p< 0.05; unadjusted for multiple
comparisons).

Property Dataset Mean Difference p-value Significance

Energy Test −0.0039 0.950 —

Energy IRC −0.0775 0.348 —

Energy NMS −0.2320 0.342 —

Force Test 0.0134 0.832 —

Force IRC −0.0198 0.732 —

Force NMS −0.1444 0.195 —

Hessian Test −0.1051 0.405 —

Hessian IRC −0.1468 0.166 —

Hessian NMS −0.3608 0.189 —

random vectors provide broader coordinate coverage under fixed-vector constraints. While the one-
column estimator remains a computationally inexpensive alternative, its reliance on a single coordinate
direction limits performance in data-sparse regimes and large system sizes.

Although the present study evaluates downstream impact primarily through energy, force, and
Hessian errors, these errors are directly connected to properties controlled by local PES curvature,
including vibrational frequencies, transition-state modes, and reaction-path stability. In prior work using
the same Hessian-informed MLIP framework, full-Hessian supervision was shown to improve molecular
dynamics, nudged elastic band calculations, and vibrational-frequency predictions [25]. The present PHL
results therefore address the complementary methodological question of how much of this full-Hessian
curvature information can be recovered at HVP-level cost; the fixed-vector results indicate that dense
projected probes provide a lower-cost route toward the same class of curvature-sensitive applications.

4.3. Statistical significance of RMSE differences
To quantify whether the one-column and PHL estimators produce statistically distinguishable predic-
tive accuracy, we conducted paired t-tests on the RMSE values from five matched training seeds for each
method. The tests were performed separately for the randomized-vector and fixed-vector regimes, allow-
ing us to isolate the effect of the vector-sampling strategy on estimator behavior. The results are sum-
marized in tables 1 and 2, where the mean RMSE difference is defined as (one-column RMSE—PHL
RMSE). Thus, negative values indicate lower RMSE for the one-column estimator, while positive values
indicate lower RMSE for the PHL estimator. Reported p-values are unadjusted for multiple comparisons,
so p< 0.05 denotes nominal significance.

4.3.1. Randomized HVP vectors per minibatch
Table 1 reports the results of the paired t-test for experiments in which the HVP vector was randomly
resampled in each minibatch. Under this configuration, no statistically significant differences were
observed between the two estimators across any of the datasets or properties used (all p> 0.05).

Across energies, forces, and Hessians, the mean RMSE differences are small and fluctuate around
zero, consistent with the interpretation that randomized stochastic sampling effectively averages out
directional bias for our characteristic system sizes. Randomized vectors ensure broad coverage of cur-
vature directions throughout training, allowing both estimators to recover similarly accurate approxima-
tions to the Hessian.

These results indicate that when HVP vectors vary throughout training, the one-column and PHL
estimators perform equivalently, and neither method shows a statistically significant advantage for these
system sizes.

4.3.2. Fixed HVP Vectors per System
The corresponding results of the paired t-test for fixed-vector experiments are shown in table 2. In the
fixed-vector regime, a single HVP vector is assigned to each molecule and reused across all epochs. This
setting simulates scenarios in which only one HVP is available per system from quantum chemical calcu-
lations. Under this more restrictive condition, nominally significant differences emerge between the two
estimators for several datasets and training targets.
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Table 2. Paired t-test results comparing RMSE values from the one-column and PHL
estimators under the fixed-vector training approach. The mean difference is defined as
(one-column—PHL). Negative values indicate lower RMSE for the one-column method.
Mean differences are reported in kcal mol−1 for energy, kcal mol−1 Å−1 for forces, and
kcal mol−1 Å−2 for Hessians. Asterisks denote nominal significance (p< 0.05;
unadjusted for multiple comparisons).

Property Dataset

Mean

Difference p-value Significance

Energy Test 0.2370 0.063 −
Energy IRC 0.1303 0.399 −
Energy NMS 0.8989 0.006 ∗

Force Test 0.1268 0.097 −
Force IRC 0.2076 0.013 ∗

Force NMS 0.8086 0.006 ∗

Hessian Test 2.9105 0.0000 029 ∗

Hessian IRC 2.4722 0.00 022 ∗

Hessian NMS 4.1780 0.005 ∗

• Energy RMSE: For the Test and IRC datasets, the mean differences are not statistically significant
(p> 0.05), indicating comparable energy predictions. For the NMS dataset, PHL yields lower energy
RMSE (p= 0.006 unadjusted), a nominally significant difference consistent with better extrapolative
capability.

• Force RMSE: PHL yields lower force RMSE on the IRC dataset (p= 0.013 unadjusted) and the NMS
dataset (p= 0.006 unadjusted), both nominally significant differences. This suggests that its broader
curvature sampling improves first-derivative accuracy in intermediate and far-from-equilibrium
geometries, where directional bias from a single one-column vector becomes limiting.

• Hessian RMSE: Across all datasets, PHL yields lower Hessian RMSE (p< 0.01 unadjusted for all com-
parisons), with each difference nominally significant. These results support the conclusion that dense
Gaussian vectors provide better curvature information than one-column probes when only one vector
per molecule is available.

This analysis indicates that when curvature information is limited to a single HVP per system, dense
Gaussian PHL consistently outperforms the one-column method, especially for the NMS dataset and for
Hessian predictions. This result is attributed to simultaneous coverage of all Cartesian coordinates and
an isotropic second moment, rather than to the specific Gaussian distribution alone.

4.4. Gaussian versus Rademacher PHL probes
The original PHL models used Gaussian probes because they satisfy the identity-covariance condition
required by equation (3), are rotationally invariant, and therefore provide an unbiased estimate of the
same full-Hessian loss. To determine whether this choice affected the reported accuracy, we repeated
both the randomized- and fixed-probe PHL experiments with Rademacher vectors using the same
five training seeds. All models were evaluated with complete reference Hessians on the Test, IRC, and
NMS datasets; thus, the comparison is not based on a probe-specific validation loss. Supplementary
figure S1 shows the most challenging NMS results, together with the complete paired analysis.

None of the 18 paired comparisons (three properties, three datasets, and two probe protocols) shows
a statistically significant Gaussian–Rademacher difference at the 0.05 level, and every 95% confidence
interval includes zero. For randomized probes on NMS, the Rademacher means are lower by 1.1%, 2.1%,
and 3.1% for energy, force, and Hessian RMSE, respectively, but the corresponding paired-test p-values
are 0.671, 0.197, and 0.263. With fixed probes, neither distribution is consistently better (p= 0.920,
0.983, and 0.855 on the same metrics). With five seeds, these null results do not establish exact equiv-
alence or rule out a small effect; they show that probe distribution did not measurably change trained-
model accuracy at the resolution of this experiment.

This finding both supports the validity of the original Gaussian calculations and motivates a refined
practical recommendation. Gaussian and Rademacher probes optimize the same expected PHL objective,
explaining their similar final accuracy after many stochastic updates. Rademacher probes nevertheless
have lower or equal single-probe trace-estimator variance for symmetric matrices and fixed component
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Figure 4. Execution time per training epoch for different methods: energy and force training (E-F); energy, force, and Hessian–
vector products (HVP) using the one-column method (E-F-HVP One-Column); energy, force, and HVP using the PHL method
(E-F-HVP PHL); and energy, force, and full Hessian training (E-F-H). Bars show mean times with error bars indicating variabil-
ity across epochs. Both one-column and PHL estimators achieve more than a 24-fold speedup compared to full Hessian training,
while E-F training is the fastest but lacks Hessian information.

magnitudes. The latter property bounds every Cartesian displacement in finite-difference HVP genera-
tion. We therefore retain the Gaussian results as unbiased and empirically robust, while recommending
Rademacher probes as the default for future PHL implementations when only a small number of probes
or finite-displacement references are available.

4.5. Computational efficiency
A key motivation for incorporating HVPs into MLIP training is the ability to reap the benefits of
second-derivative information without incurring the cost of full Hessian evaluations. To quantify this
advantage, we assessed computational efficiency at two levels: (1) MLIP training runtime per epoch in
figure 4 and (2) quantum-chemistry cost scaling for computing energies, forces, Hessians, and HVPs in
figure 6.

4.5.1. MLIP training runtime
Figure 4 reports the execution time per epoch for all training schemes. Full Hessian training (E-F-H) is
by far the most computationally demanding, requiring over an order of magnitude more time per epoch
than the other methods. This cost arises from the need to backpropagate through the complete Hessian
matrix, which involves repeated second-derivative evaluations.

In contrast, both HVP-based approaches (E-F-HVP One-Column and E-F-HVP PHL) achieve epoch
times of approximately 13 s, representing a 24-fold speedup relative to full Hessian training. Importantly,
both estimators preserve most of the predictive gains afforded by full Hessians, providing a near-optimal
tradeoff between speed and accuracy.

The nearly identical epoch times for one-column and PHL training are expected, because both meth-
ods compute one HVP per probe and differ only in the choice of the vector v. The runtime comparison
is therefore intended to show that HVP supervision, regardless of probe distribution, is much cheaper
than full Hessian supervision. The advantage of PHL over one-column probing arises from greater cur-
vature coverage at the same HVP cost.

Energy–force training (E-F) remains the fastest configuration at roughly 4 s per epoch, but lacks any
curvature information. The HVP methods therefore occupy a favorable middle ground: only three times
slower than E-F training but dramatically more informative. This comparison confirms that incorporat-
ing curvature information via HVPs is highly practical in large-scale MLIP training pipelines, particularly
when full Hessians would be computationally prohibitive.

4.5.2. Estimator accuracy with system size
The theoretical advantage of dense probing concerns the statistical precision of the stochastic loss,
not necessarily the final accuracy of a model trained over many minibatches. We tested this distinc-
tion directly using the same full-Hessian-trained model and DFT Hessian-error matrix for Gaussian,
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Figure 5. Relative RMSE of a single stochastic estimate of the squared full-Hessian error as a function of atom count for Gaussian
(purple), Rademacher (green), and one-hot (orange) probes. Dense probes exhibit approximately N−1/2 self-averaging, whereas
the one-hot estimator shows little systematic improvement. The sampling and analytic variance checks are detailed in the
Supplementary Information.

Rademacher, and one-hot estimators along an alkane series from 5 to 101 atoms. At each size,
20 000 draws were used to characterize the error of a single probe.

As shown in figure 5, fitted relative-RMSE exponents are −0.543 for Gaussian probes (R2 =
0.950), −0.541 for Rademacher probes (R2 = 0.918), and −0.050 for one-hot probes (R2 = 0.183). At
101 atoms, the single-probe relative RMSE is 0.185, 0.148, and 0.839, respectively. Averaging independent
probes reduces these values as m−1/2; approximately 14 Gaussian, 9 Rademacher, or 282 one-hot probes
would therefore be required to reach 5% relative RMSE for this largest molecule. The close agreement
between empirical and analytic variances confirms unbiased sampling and identifies removal of diago-
nal norm fluctuations as the source of the Rademacher advantage. Because the series contains only one
alkane at each atom count, the fitted exponents demonstrate the expected mechanism for this controlled
family rather than a universal chemical scaling law.

4.5.3. Quantum-chemistry cost scaling
To contextualize the MLIP results with first-principles cost considerations, figure 6 presents the CPU
scaling for evaluating energies, forces, full Hessians, and approximate HVP costs using Gaussian16.
Energy and force calculations show similar scaling behavior as system size increases, reflecting their
reliance on first derivatives of the electronic energy. However, full Hessian evaluations grow much more
steeply. This superlinear scaling rapidly dominates computational budgets for systems beyond a few
dozen atoms, limiting the practical generation of high-quality second-derivative datasets.

By contrast, HVP evaluations scale much closer to forces. A single HVP can be computed using two
force-like operations via forward-over-backward or backward-over-backward automatic differentiation.
Alternatively, when the probing direction v is fixed, the same quantity can be obtained from finite differ-
ences of forces by evaluating F(R± ϵv) and forming Hv≈−

[
F(R+ ϵv)− F(R− ϵv)

]
/(2ϵ), which again

requires only two force evaluations. As a result, a single HVP is expected to cost on the order of two
force evaluations, making it orders of magnitude cheaper than computing a full Hessian matrix. Because
HVPs capture directional curvature information at such a low cost, they are an attractive surrogate for
full Hessians both at the quantum-chemistry level (for data generation) and at the MLIP training level
(for incorporating curvature into the loss function).

We validated this construction against analytic DFT Hessians for 12 structures (four each from
RTP, IRC, and NMS; 10–17 atoms), two paired directions per structure, and six directional step sizes.
For steps from 10−4 to 10−3 Å, the median relative L2 error remains on a plateau near 1.3–1.5× 10−4

for both distributions; above 10−3 Å, it rises consistently with centered-difference truncation error. At
ϵ= 10−3 Å, the Gaussian and Rademacher median errors are 1.47× 10−4 and 1.31× 10−4, respectively.
We therefore identify 10−3 Å as the largest safe step in the tested range, rather than claiming a univer-
sal optimum. Rademacher probes add the practical benefit that each Cartesian displacement is exactly
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Figure 6. Scaling of CPU time with system size for density functional theory (DFT) calculations using Gaussian16 on a semi-log
plot (a) and a log-log plot (b). Shown are the computational costs for evaluating total energies (green squares), forces (red tri-
angles), and full Hessians (blue diamonds), and the estimated cost for evaluating Hessian-vector products (HVP, purple line).
While force and energy costs scale comparably, the cost of full Hessian evaluations grows much more steeply with the number of
atoms. In contrast, HVP evaluations provide a significantly cheaper alternative, with scaling closer to that of two force calcula-
tions, highlighting their efficiency for incorporating second-derivative information.

bounded by ϵ, whereas Gaussian components are unbounded. The complete step sweep and its limita-
tions are given in the supplementary information.

This scaling difference becomes especially important for condensed-phase systems and supercells. A
full Cartesian Hessian contains (3N)2 = 9N2 entries per configuration, whereas a single HVP contains
only 3N entries. Thus, the storage required for full Hessian labels grows quadratically with atom count,
while fixed-vector HVP labels grow linearly. For example, a 1000-atom supercell would require storing
9× 106 Hessian elements per configuration, compared with only 3× 103 elements for one projected
HVP. Similarly, finite-difference construction of a complete Hessian requires displacing many coordi-
nate directions, whereas a fixed projected HVP requires only the two force evaluations in the expression
above. These memory and data-generation considerations motivate projected-curvature supervision for
large molecular clusters, periodic cells, surfaces, and defect-containing supercells where explicit Hessian
construction is impractical.

5. Conclusions

We introduced PHL, a scalable curvature-supervision framework for MLIPs that replaces explicit Hessian
construction with fast HVP probes. Using a chemically diverse dataset that spans reactants, products,
transition states, IRC, and normal-mode-sampled (NMS) geometries, we compared four training strate-
gies of increasing physical fidelity: energy-force (E-F) training, HVP-based (E-F-HVP) training using
one-column or PHL estimators, and full Hessian (E-F-H) training.

Incorporating curvature information produces smoother validation trajectories and improves predic-
tive accuracy. Across Test, IRC, and NMS datasets, the HVP-trained models substantially outperform the
E-F baselines, approach full-Hessian training accuracy for the energies and forces, and reduce Hessian
errors by approximately 77% on extrapolative NMS geometries. Under randomized-vector training,
both HVP-based estimators achieve nearly identical performance for our system sizes, reducing the NMS
energy RMSE by ∼29%, the force RMSE by ∼48% and the Hessian RMSE by ∼77% relative to E-F. In
contrast, under fixed-vector conditions representative of data-limited regimes, dense Gaussian PHL out-
performs one-hot probing, yielding additional reductions of 6.2% in energy RMSE, 5.6% in force RMSE,
and 11.2% in Hessian RMSE on NMS geometries, with the corresponding paired comparisons nominally
significant at p< 0.05.

Computationally, full Hessian training is dramatically more expensive, requiring on average 326.5 s
per epoch, compared to 13.6 s and 13.3 s for one-column probing and dense PHL, respectively, cor-
responding to ∼24× speedups relative to E-F-H while incurring only a modest overhead compared to
standard E-F training. A centered finite difference of two DFT force calculations reproduces analytic
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HVPs with median relative errors near 10−4 for directional steps from 10−4 to 10−3 Å in the tested
10–17 atom structures. Along a separate 5–101 atom alkane series, the relative single-probe estimator
error decreases approximately as N−1/2 for both Gaussian and Rademacher probes, whereas one-hot
error shows little systematic improvement.

The paired Gaussian–Rademacher retraining experiment clarifies the role of probe distribution. Both
distributions are unbiased for the same PHL objective, and none of 18 paired model-accuracy compar-
isons is significant with five matched seeds. The original Gaussian choice is therefore methodologically
valid and did not measurably compromise the reported accuracy. Rademacher probes nevertheless have
lower single-probe estimator variance in theory and in the size-scaling experiment, and their fixed com-
ponent magnitudes bound finite-difference displacements. We consequently recommend Rademacher
probes as the practical default for future PHL data generation and training, without interpreting the
present paired training results as evidence of superior final model accuracy.

These results establish PHL as an efficient and scalable alternative to full Hessian supervision, deliv-
ering substantial accuracy gains over energy-force models at a greatly reduced cost. The PHL perspec-
tive also naturally connects to recent PFT work, which uses stochastic curvature supervision to improve
force-constant (phonon) accuracy in periodic materials; PHL provides a general projected-curvature
framework that can be applied to materials settings where curvature governs vibrational and elastic
response, and where large supercells make explicit Hessians impractical.

Future work will test the observed estimator scaling across chemically diverse large systems, develop
adaptive multi-probe strategies, and integrate projected-curvature supervision with active learning and
uncertainty quantification. The present alkane series and finite-difference sweep are controlled valida-
tions, not universal guarantees for condensed phases, soft modes, or other electronic-structure settings;
production displacement steps should be validated for the intended method and system class.
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Appendix. Projected Hessian learning training algorithm

Algorithm 1. Projected Hessian Learning (PHL) for second-order derivative training of MLIPs using

Hessian-Vector Products (HVPs).

Input: DatasetD = {(R,E,F,C)}, where R ∈ R3N, E is reference energy, F=−∇RE is reference force. Curvature
data C may contain one or more HVP pairs (v, Hv).

Input:MLIP Ẽθ(R), loss weights λE,λF,λH, probes per structure K, step size η.

Output: Trained parameters θ.

Initialize parameters θ

While not converged do

Sample minibatch B ⊂D
L← 0

foreach(R,E,F,C) ∈ B do
Ẽ← Ẽθ(R)

F̃←−∇RẼ
LE←∥Ẽ− E∥2

LF← 1
3N
∥F̃− F∥2

// PHL curvature loss: average over K Hessian-vector probes
L̂H← 0

fork← 1 to K do

if(vk, Hvk) ∈ C then
v← vk
y← Hvk

else

// Generate an identity-covariance probe and obtain reference y= Hv

Sample vi ∈ {−1,+1} (recommended) or v∼N (0, I)

Obtain reference y← Hv using the available QC procedure

// Compute predicted HVP without forming H̃

ỹ← H̃v via AD HVP (e.g. ỹ=−∇R(F̃)v)
L̂H← L̂H + 1

(3N)2
∥ỹ− y∥2

L̂H← 1
K
L̂H

L←L+λELE +λFLF +λHL̂H

θ← θ− η∇θL
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