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Analytical two-dimensional �2D� integral expressions are derived for fast calculations of
time-harmonic and transient near-field pressures generated by apodized rectangular pistons. These
2D expressions represent an extension of the fast near-field method �FNM� for uniformly excited
pistons. After subdividing the rectangular piston into smaller rectangles, the pressure produced by
each of the smaller rectangles is calculated using the uniformly excited FNM expression for a
rectangular piston, and the total pressure generated by an apodized rectangular piston is the
superposition of the pressures produced by all of the subdivided rectangles. By exchanging
summation variables and performing integration by parts, a 2D apodized FNM expression is
obtained, and the resulting expression eliminates the numerical singularities that are otherwise
present in numerical models of pressure fields generated by apodized rectangular pistons. A
simplified time space decomposition method is also described, and this method further reduces the
computation time for transient pressure fields. The results are compared with the Rayleigh–
Sommerfeld integral and the FIELD II program for a rectangular source with each side equal to four
wavelengths. For time-harmonic calculations with a 0.1 normalized root mean square error
�NRMSE�, the apodized FNM is 4.14 times faster than the Rayleigh–Sommerfeld integral and 59.43
times faster than the FIELD II program, and for a 0.01 NRMSE, the apodized FNM is 12.50 times
faster than the Rayleigh–Sommerfeld integral and 155.06 times faster than the FIELD II program. For
transient calculations with a 0.1 NRMSE, the apodized FNM is 2.31 times faster than the Rayleigh–
Sommerfeld integral and 4.66 times faster than the FIELD II program, and for a 0.01 NRMSE, the
apodized FNM is 11.90 times faster than the Rayleigh–Sommerfeld integral and 24.04 times faster
than the FIELD II program. Thus, the 2D apodized FNM is ideal for fast pressure calculations and for
accurate reference calculations in the near-field region.
© 2008 Acoustical Society of America. �DOI: 10.1121/1.2950081�
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I. INTRODUCTION

Modeling the near-field pressure generated by a spatially
varying particle velocity on the face of a rectangular piston is
of practical importance for many acoustics applications1,2

where accurate and fast computer simulations are required.
Fast ultrasound simulations are especially important for cal-
culating pressure fields in large computational domains, spe-
cifically steady-state High Intensity Focused Ultrasound
�HIFU� simulations for ultrasound therapy3,4 and transient
calculations for ultrasound imaging.5,6 Individual array ele-
ments are typically modeled as single baffled rectangular
sources with uniform surface particle velocities, but the par-
ticle velocity on the transducer face is in general nonuni-
form. For example, Lin et al.7 showed that the surface par-
ticle velocity of a fluid-loaded piezoelectric element on a
phased array is nonuniform, and Prego Borges et al.8 dem-
onstrated that the surface velocity of a single array element is
apodized and delayed when matching layers are used.

Pressure fields from uniform rectangular sources can be
calculated using several numerical methods including the im-
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pulse response method,9–11 the FIELD II program,12,13 the
Rayleigh–Sommerfeld integral,14 and the fast near-field
method �FNM�.15 Among these methods, the FNM achieves
the smallest error in the least time.15–17 The FNM for uni-
formly excited rectangular pistons15 and circular pistons17

eliminates the 1 /R singularity and therefore avoids problems
with large errors in the near-field region. The FNM also con-
verges rapidly in the near field, which has been demonstrated
for both time-harmonic and transient excitations.15,17,18 For
uniform excitations, the FNM is ideal for near-field pressure
calculations and for reference calculations that evaluate the
numerical errors associated with other methods.19,20

Although several methods, including the Rayleigh–
Sommerfeld integral14 and the FIELD II program,12,13 calcu-
late the pressures generated by apodized rectangular pistons,
the numerical performance of these methods suffers in the
near-field region. The numerical evaluation of the Rayleigh–
Sommerfeld integral converges slowly in the near-field re-
gion because of the singularity introduced by the 1 /R term,
which approaches infinity when R approaches zero. The
FIELD II program subdivides a rectangular piston into smaller
rectangles and computes the pressure using the far-field ap-
proximation for the impulse response of the velocity poten-

tial, which also contains a 1 /R term. Thus, the FIELD II pro-
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gram generates relatively large errors and converges slowly
in the near-field region, especially near the piston face. To
address this problem for circular pistons, the FNM has been
recently extended to include axisymmetric particle velocity
distributions, and the resulting two-dimensional �2D� integral
also demonstrates rapid convergence.21 However, this
apodized FNM expression is specific to pistons with circular
or cylindrical symmetry, and methods for modeling apodized
rectangular pistons are still needed.

To improve the performance of near-field calculations
for apodized rectangular pistons, an apodized FNM expres-
sion is derived from the FNM expression for uniformly ex-
cited rectangular pistons. The derivation of the apodized
FNM for rectangular pistons begins by subdividing the pis-
ton into small uniformly excited subelements. The total pres-
sure is obtained by superposing by the pressure produced by
all of the subelements. After performing a summation vari-
able exchange and integrating by parts, the apodized FNM
expression for rectangular pistons is obtained. Next, the
apodized FNM for transient pressure calculations is obtained
by inverse Fourier transforming the time-harmonic apodized
FNM expression. The apodized FNM expression, the
Rayleigh–Sommerfeld integral, and the FIELD II program are
then evaluated in the near field of a square piston that ex-
tends four wavelengths in both directions. The results of
time-harmonic and transient computations indicate that,
when compared to calculations performed with the
Rayleigh–Sommerfeld integral and the FIELD II program, �1�
the apodized FNM achieves the smallest errors for a given
amount of time and �2� the apodized FNM requires the least
time to achieve a given error.

II. METHODS

In the derivation that follows, each observation point is
denoted by �x ,y ,z�, and each source point is denoted by
�� ,� ,0�. Figure 1 shows the coordinate system used in the
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FIG. 1. �Color online� Orientation of the computational grid relative to the
rectangular source. The rectangular source, which has width a and height b,
lies in the z=0 plane. The dashed lines define the extent of the computa-
tional grid in the x=a /2 plane. The extent of the computational grid is 2b by
0.99a2 /4	 in the y and z directions, respectively.
derivation and subsequent evaluations. The rectangular
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source is located in the z=0 plane, and the origin of the
coordinate system O coincides with the lower left corner of
the rectangular source. The apodization function of the
source is given by f�� ,��, which is zero outside of the rect-
angular source. The width of the rectangular source is a and
the height is b.

The FNM expression for a rectangular piston that is ex-
cited uniformly is given by McGough.15 A more general un-
apodized FNM expression for a rectangular piston is ob-
tained from the expression in Ref. 16 for a triangular piston.
Here, the FNM expression for the uniformly excited rectan-
gular piston is denoted by p0�� ,���x ,y ,z ;k�, where the sub-
script “0” indicates the uniform excitation and � and � rep-
resent the width and height of the rectangular source,
respectively. The near-field pressure for the uniformly ex-
cited piston is given by

p0��,���x,y,z;k� = −
�cv0ej�t

2�

��
i=1

4 �
ni

mi

hi
e−jk��2+z2+hi

2
− e−jkz

�2 + hi
2 d� ,

�1�

where � is the excitation frequency in rad/s, � is the density
of the medium, c is the speed of sound, v0 is the constant
normal particle velocity evaluated on the surface of the rect-
angular source, k is the wave number, and � is an integration
variable as defined in Refs. 15 and 16. The values of mi and
ni, which are functions of � and �, represent the upper limits
and lower limits of the integral, respectively. In Eq. �1�, the
values of �mi ,ni� are �m1 ,n1�= �m2 ,n2�= ��−x ,−x� and
�m3 ,n3�= �m4 ,n4�= ��−y ,−y�, and the values of hi are h1=y,
h2=�−y, h3=x, and h4=�−x for i=1,2 ,3 ,4, respectively.
According to Eq. �1�, there are two special cases, namely,

p0�0,���x,y,z;k� = 0 and p0��,0��x,y,z;k� = 0, �2�

where the subelement has zero width or height, respectively.
These special cases are utilized in the following derivation of
the apodized FNM expression for a rectangular source.

A. Steady-state apodized FNM expression

The pressure field papod�x ,y ,z ;k� is obtained by subdi-
viding the rectangular source into N�N small rectangles,
where the subscript apod indicates that the pressure is com-
puted with the apodization function f�� ,��. One of these
small rectangles is depicted inside of the rectangular source
in Fig. 2. The values ��=a /N and ��=b /N denote the
width and the height of each small rectangle in the X and Y
directions, respectively, and S�i , j� represents the rectangle at
the ith column and jth row of the subdivision. The four co-
ordinates of the vertices of S�i , j� are given by ��i
−1��� , �j−1����, �i�� , �j−1����, �i�� , j���, and ��i
−1��� , j��� for the lower left, lower right, upper right, and
upper left coordinates, respectively. The expression p�i , j�
= p�i�� , j����x ,y ,z� represents the pressure produced by
the uniformly excited rectangular source having width i��

and height j��, where the lower left corner is located at �0,
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0�, and the aperture function over the rectangle S�i , j� is de-
fined by q�i , j�= f�i�� , j���. The total pressure
papod�x ,y ,z ;k� is approximated by

papod�x,y,z;k� � �
i=1

N

�
j=1

N

q�i, j��p�i, j� + p�i − 1, j − 1�

− p�i, j − 1� − p�i − 1, j�� . �3�

According to Eq. �2�, p�l ,0�=0, and p�0, l�=0, l=1, . . . ,N.
By utilizing these restrictions and rearranging Eq. �3�,
apodization function f�� ,�� is defined as constant over each small rectangle.
papod�x,y,z;k� � �
i=1

N−1

�
j=1

N−1

p�i, j�	 �q�i + 1, j + 1� − q�i + 1, j�� − �q�i, j + 1� − q�i, j��
����

����
 + �
i=1

N−1

p�i,N�

�	−
q�i + 1,N� − q�i,N�

��

�� + �

j=1

N−1

p�N, j�	−
q�N, j + 1� − q�N, j�

��

�� + p�N,N�q�N,N� �4�
is obtained. Letting N→
 such that ��→0 and ��→0, Eq.
�4� becomes

papod�x,y,z;k� = papod1�x,y,z;k� + papod2�x,y,z;k�

+ papod3�x,y,z;k� + papod4�x,y,z;k� , �5�

where

papod1�x,y,z;k�

= �
0

a �
0

b

��2f��,��/�����p0��,���x,y,z;k�d�d� ,

papod2�x,y,z;k� = − �
0

a

��f��,b�/���p0��,b��x,y,z;k�d� ,

papod3�x,y,z;k� = − �
0

b

��f�a,��/���p0�a,���x,y,z;k�d� ,

and

papod4�x,y,z;k� = f�a,b�p0�a,b��x,y,z;k� .

Within these expressions, p0�� ,���x ,y ,z ;k� is the single in-
tegral from Eq. �1�, so papod1�x ,y ,z ;k� is actually a triple
integral, papod2�x ,y ,z ;k� and papod3�x ,y ,z ;k� are double inte-
grals that admit further simplification, and papod4�x ,y ,z ;k� is
already simplified.

After substituting the uniformly excited FNM expres-
sion p0�� ,���x ,y ,z ;k� from Eq. �1�, papod1�x ,y ,z ;k� in Eq.

�5� becomes
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papod1�x,y,z;k� = −
�cv0ej�t

2�
�
i=1

4 �
ni

mi �
0

a �
0

b �2f��,��
����

hi

�
e−jk��2+z2+hi

2
− e−jkz

�2 + hi
2 d�d�d� . �6�

Since the four triple integrals in Eq. �6� all share the same
structure, only the derivation of the first integral

papod1,i=1�x,y,z;k� = −
�cv0ej�t

2�
�

−x

�−x �
0

a �
0

b �2f��,��
����

hi

�
e−jk��2+z2+hi

2
− e−jkz

�2 + hi
2 d�d�d� �7�

is outlined here, where papod1�x ,y ,z ;k�= papod1,i=1�x ,y ,z ;k�
+ papod1,i=2�x ,y ,z ;k�+ papod1,i=3�x ,y ,z ;k�+ papod1,i=4�x ,y ,z ;k�.
Let g1��� denote the integral

g1��� = �
x

�−x

y
e−jk��2+z2+y2

− e−jkz

�2 + y2 d� , �8�

where h1=y as indicated above. The function g1��� is de-
fined in terms of a variable in the upper limit of the integral,
so the derivative of g1��� with respect to � is

g1���� = y
e−jk��� − x�2+z2+y2

− e−jkz

�� − x�2 + y2 . �9�

After integrating by parts with respect to the variable �,
Y

Xi∆µ(i − 1)∆µ

j∆ν

(j − 1)∆ν

(0, 0)

a

b

FIG. 2. The decomposition of an apodized rectangular source into smaller
rectangles, where each small rectangle is �� wide and �� high. The
papod1,i=1�x ,y ,z ;k� is rewritten as

Chen and R. J. McGough: Fast calculation for apodized rectangular



papod1,i=1�x,y,z;k� = −
�cv0ej�t

2�
�

0

b � �f��,��
��

�g1����0
a

− �
0

a �f��,��
��

g1����d�d� . �10�

According to Eq. �8�, g1�0�=0. Substituting the expression
for g1��� into Eq. �10� and performing an exchange of vari-
ables yield the following analytically equivalent expression
for the first triple integral:

papod1,i=1�x,y,z;k� = −
�cv0ej�t

2�
�

0

a �
0

b 	 �f�a,��
��

−
�f��,��

��

y

�
e−jk��� − x�2+z2+y2

− e−jkz

�� − x�2 + y2 d�d� .

�11�

The other three triple integrals in papod1 are simplified into
double integrals using the same strategy.

By substituting p0�� ,b��x ,y ,z ;k� and p0�a ,���x ,y ,z ;k�
from Eq. �1� into papod2�x ,y ,z ;k� and papod3�x ,y ,z ;k� and by
using integration by parts, papod2�x ,y ,z ;k� and
papod3�x ,y ,z ;k� are converted into the sum of two single in-
tegrals and two double integrals, while papod4�x ,y ,z ;k� is al-
ready a single integral. After the four terms in Eq. �5� are
added and common terms are canceled, the complete FNM
expression for an apodized rectangular piston is

papod�x,y,z;k� = −
�cv0ej�t

2�
�
i=1

4 �
0

a �
0

b

T1ih1i

�
e−jk��1i

2 +z2+h1i
2

− e−jkz

�1i
2 + h1i

2 d�d�

−
�cv0ej�t

2�
�
i=1

4 �
ni

mi

T2ih2i

�
e−jk��2i

2 +z2+h2i
2

− e−jkz

�2 + h2 d� , �12�

2i 2i
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where the values of T1i are T11=T12=−�f�� ,�� /�� and T13

=T14=−�f�� ,�� /��, the values of �1i are �11=�12=�−x
and �13=�14=�−y, and the values of h1i are h11=y, h12=�
−y, h13=x, and h14=�−x. The values of T2i are T21=T22

= f�� ,b� and T23=T24= f�a ,��, the values of �2i are �21

=�22=�−x and �23=�24=�−y, the values of h2i are h21=y,
h22=b−y, h23=x, and h24=a−x, and the values of �mi ,ni� are
�m1 ,n1�= �m2 ,n2�= �a ,0� and �m3 ,n3�= �m4 ,n4�= �b ,0� for i
=1,2 ,3 ,4.

The apodized FNM expression in Eq. �12�, which con-
tains the summation of four double integrals and four single
integrals, describes the pressure generated by an apodized
piston for any boundary condition. The apodized FNM ex-
pression in Eq. �12� admits further simplification if the
apodization function is equal to zero on the piston edge,
where

f�0,�� = 0, f�a,�� = 0, f��,0� = 0, and f��,b� = 0.

�13�

The boundary conditions given by Eq. �13� are equivalent to
setting all of the terms T2i equal to 0, so the single integrals
with respect to � in Eq. �12� disappear. The resulting
apodized FNM expression is the summation of the four
double integrals with respect to � and �, so only the first sum
in Eq. �12� is needed when the boundary values are all zero.

The FNM expression for the uniformly excited rectan-
gular piston is also a special case of the apodized FNM ex-
pression in Eq. �12�. For the uniform case, the apodization
function is f�� ,��=rect�� /a�rect�� /b� where rect�t�=1 if t
� �0,1� and rect�t�=0 otherwise. The weak derivative of
f�� ,�� is given by �f�� ,�� /��=����−���−a� and
�f�� ,�� /��=����−���−b�. When this apodization function
is substituted into Eq. �12�, all terms T2i are equal to 0, and
the double integrals reduce to a single integral, which is the
same as p0�a ,b��x ,y ,z ;k� in Eq. �1�.

B. Transient apodized FNM expression

The transient response for an apodized rectangular pis-
ton is obtained from the inverse Fourier transform21 of Eq.
�12�. Defining v�t� as the temporal component of the tran-
sient normal particle velocity v�t�f�� ,��, the transient pres-
sure generated by an apodized rectangular piston is repre-

sented by
papod�x,y,z;t� = −
�c

2�
�
i=1

4 �
0

a �
0

b

T1ih1i
v�t − ��1i

2 + z2 + h1i
2 /c� − v�t − z/c�

�1i
2 + h1i

2 d�d�

−
�c

2�
�
i=1

4 �
hi

mi

T2ih2i
v�t − ��2i

2 + z2 + h2i
2 /c� − v�t − z/c�

�2i
2 + h2i

2 d� , �14�

where the values of T1i, �1i, h1i, T2i, �2i, and h2i are listed immediately after Eq. �12� in the previous section.
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C. The Rayleigh–Sommerfeld integral

The time-harmonic pressure generated by an apodized
rectangular source is also computed with the Rayleigh–
Sommerfeld integral14 via

pRayleigh�x,y,z;k� =
j��v0ej�t

2�
�

0

a �
0

b

f��,��
e−jkR

R
d�d� ,

�15�

where R=��x−��2+ �y−��2+z2 is the distance between the
source point �� ,� ,0� and the observation point �x ,y ,z�. The
transient pressure generated by an apodized rectangular
source with a temporal excitation component v�t� is given by
the inverse Fourier transform of Eq. �15�, which yields

pRayleigh�x,y,z;t� =
�

2�
�

0

a �
0

b

f��,��
v̇�t − R/c�

R
d�d� ,

�16�

where v̇�t� is the time derivative of the input excitation pulse
v�t�. The expressions for the Rayleigh–Sommerfeld integral
in Eqs. �15� and �16� are analytically equivalent to the
apodized FNM expressions in Eqs. �12� and �14�, but the
numerical properties of the two methods differ as demon-
strated in the results shown below.

D. The FIELD II program

The FIELD II program13 is a software package that com-
putes transient and steady-state pressures generated by
phased arrays and individual ultrasound transducers. The
FIELD II program with the use�rectangles option divides each
piston source into small rectangular elements and applies the
far-field approximation of the spatial impulse response to
each small rectangular element.12

FIELD II specifies the
apodization at the center point of each small rectangular el-
ement. The accuracy of the FIELD II program is dependent on
two factors, namely, the sampling frequency and the number
of small rectangular elements. With an increase in the sam-
pling frequency or the number of small rectangular elements.
FIELD II achieves smaller errors, but the computation time
increases accordingly.

E. Apodization function

The apodization function selected for comparisons be-
tween the apodized FNM, the Rayleigh–Sommerfeld inte-
gral, and the FIELD II program is the product of sinusoidal
functions given by

f��,�� = sin���/a�sin���/b� . �17�

This function corresponds to the lowest order vibration mode
of a rectangular membrane with fixed edges.20,22 Equation
�17� is plotted for an apodized rectangular source with each
side equal to four wavelengths in Fig. 3.

The apodized FNM equations of Eqs. �12� and �14� ad-
mit additional simplification when applied to the apodization
function in Eq. �17�. The apodization function is the product
of two sinusoidal functions, so the apodization function is

separable with respect to the variables � and �. After the
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derivative of the apodization function with respect to � and �
is substituted into Eqs. �12� and �14�, the first and third
double integrals contain �0

b cos��� /b�d� and
�0

a cos��� /a�d� terms, respectively. These two integrals are
exactly equal to 0, so the first and third double integrals in
Eqs. �12� and �14� are equal to 0 for the apodization function
in Eq. �17� at any observation point. Thus, only the second
and fourth double integrals are needed. Furthermore, in Eqs.
�12� and �14�, the second and the fourth double integrals
share several terms. Shared terms in the apodized FNM
equations are always computed once and stored for use in
repeated calculations.

F. Input transient pulse

For transient calculations, the excitation pulse v�t� is
specified by the Hanning-weighted pulse

v�t� = 1
2 �1 − cos�2�t/W��sin�2�ft�rect�t/W� , �18�

where rect�t�=1 if t� �0,1� and rect�t�=0 otherwise. In the
transient simulations that follow, the center frequency f0 and
the pulse duration W are f0=1.5 MHz and W=2.0 �s, re-
spectively, for the Hanning-weighted pulse.

G. Time space decomposition

For transient calculations, most of the computation time
is expended while evaluating v�t−� in Eq. �14� and v̇�t
−� in Eq. �16�. These terms are calculated at each time t.
The variable  is a function of the observation coordinates
only, so  represents the contribution from the spatial vari-
able. The function v�t−� can be separated according to the
time space decomposition approach in Ref. 21. This expres-
sion is decoupled as

v�t − � = rect	 t − 

W

�

m=1

M

fm��gm�t� , �19�

where M =6 for transient FNM calculations with the
Hanning-weighted pulse in Eq. �18�, W is the length of the
pulse, and the fm�� and gm�t� terms are given in Table I. The
transient input to Eq. �16� is decoupled in the same manner,
and the corresponding fm�� and gm�t� terms for v̇�t−� are

0
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4
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ν)

FIG. 3. The apodization function f�� ,��=sin��� /a�sin��� /b� evaluated on
the face of a 4	�4	 square piston. The maximum value of the apodization
function is achieved when �=2	 and �=2	.
given in Table II where M =10 for transient Rayleigh–
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Sommerfeld calculations with the Hanning-weighted pulse.
A simplified version of the time space decomposition algo-
rithm is outlined below.

�1� Precompute and store gm�t� in advance for all values of t.
�2� Evaluate  once for each spatial coordinate.
�3� Compute the values of each fm�� term immediately after

 is calculated.
�4� Calculate the value of v�t−� according to Eq. �19�.

By exploiting repeated calculations, this approach dramati-
cally reduces the computation time without increasing the
numerical error.

H. Error calculations

Two error metrics are used in this paper: one is the nor-
malized error distribution ��x ,y ,z ;k�, which describes the
absolute value of the pressure difference at each spatial point

TABLE I. Terms that define the time space decomposition of the Hanning-
weighted pulse v�t−� for transient apodized FNM calculations.

Temporal basis functions gm�t�

g1�t� =
1

2
sin�2�f0t�

g2�t� = −
1

2
cos�2�f0t�

g3�t� = −
1

2
cos	2�t

W

sin�2�f0t�

g4�t� =
1

2
cos	2�t

W

cos�2�f0t�

g5�t� = −
1

2
sin	2�t

W

sin�2�f0t�

g6�t� =
1

2
sin	2�t

W

cos�2�f0t�

Spatial basis functions fm��

f1�� = cos�2�f0�

f2�� = sin�2�f0�

f3�� = cos	2�

W

cos�2�f0�

f4�� = cos	2�

W

sin�2�f0�

f5�� = sin	2�

W

cos�2�f0�

f6�� = sin	2�

W

sin�2�f0�
for time-harmonic calculations; and the other is the normal-
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TABLE II. Terms that define the time space decomposition of the derivative
of a Hanning-weighted pulse v̇�t−� for transient calculations with the
apodized Rayleigh–Sommerfeld integral.

Temporal basis functions gm�t�

g1�t� = �f0 cos�2�f0t�

g2�t� = �f0 sin�2�f0t�

g3�t� = − �f0 cos	2�t

W

cos�2�f0t�

g4�t� = − �f0 cos	2�t

W

sin�2�f0t�

g5�t� = − �f0 sin	2�t

W

cos�2�f0t�

g6�t� = − �f0 sin	2�t

W

sin�2�f0t�

g7�t� =
�

W
sin	2�t

W

sin�2�f0t�

g8�t� = −
�

W
sin	2�t

W

cos�2�f0t�

g9�t� = −
�

W
cos	2�t

W

sin�2�f0t�

g10�t� =
�

W
cos	2�t

W

cos�2�f0t�

Spatial basis functions fm��

f1�� = cos�2�f0�

f2�� = sin�2�f0�

f3�� = cos	2�

W

cos�2�f0�

f4�� = cos	2�

W

sin�2�f0�

f5�� = sin	2�

W

cos�2�f0�

f6�� = sin	2�

W

sin�2�f0�

f7�� = cos	2�

W

cos�2�f0�

f8�� = cos	2�

W

sin�2�f0�

f9�� = sin	2�

W

cos�2�f0�

f10�� = sin	2�

W

sin�2�f0�
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ized root mean square error �NRMSE�, which describes the
overall error performance with a single value. Let p�x ,y ,z ;k�
represent the computed pressure field, and let pref�x ,y ,z ;k�
represent the reference pressure field. The normalized error
distribution ��x ,y ,z ;k� for each spatial point in time-
harmonic calculations is given by
The reference pressure field in Fig. 4 is computed for the
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��x,y,z;k� = �p�x,y,z;k�

− pref�x,y,z;k��/�pref�x,y,z;k��max�x,y,z�. �20�

The value of ��x ,y ,z ;k� is shown in each depiction of the
error mesh. The NRMSE across all spatial points for time-
harmonic calculations is
NRMSE = ��
x,y,z

�p�x,y,z;k� − pref�x,y,z;k��2���
x,y,z

�pref�x,y,z;k��2, �21�

where �x,y,z denotes summation over all of the spatial grid points. The NRMSE for transient calculations is

NRMSE = � �
x,y,z,t

�p�x,y,z;t� − pref�x,y,z;t��2�� �
x,y,z,t

�pref�x,y,z;t��2, �22�
where �x,y,z,t denotes summation over all spatial and tempo-
ral grid points. The values of the NRMSE are tabulated for
each method in the Results section. The reference fields
pref�x ,y ,z ;k� and pref�x ,y ,z ; t� for time-harmonic calcula-
tions and transient calculations, respectively, are calculated
using the Rayleigh–Sommerfeld integral.

For near-field pressure calculations with the apodized
FNM expressions and the Rayleigh–Sommerfeld integral, the
numbers of abscissas in the � and � directions are the same
for a square source. The NRMSE values for both methods
are computed as the number of abscissas ranges from 2 to
100. The number of abscissas for a given NRMSE is deter-
mined by the smallest number of abscissas that has a
NRMSE smaller than the desired NRMSE value. For near-
field pressure calculations with the FIELD II program, the
sampling frequency fs and the number of small rectangular
elements are the two factors that determine the value of the
NRMSE. The sampling frequency is varied from
16 to 160 MHz with a step size of 16 MHz, and the number
of small rectangular elements in each direction ranges from
10 to 60 with a step size of 5. The NRMSE for each combi-
nation of the sampling frequency and the number of small
rectangular elements is then computed. The sampling fre-
quency and the number of small rectangular elements for a
given NRMSE are determined by the combination that has
the smallest computation time.

I. Computational resources

The simulations are performed on a Dell Precision 360
personal computer with a 2.80 GHz Pentium 4 processor.
The operating system is Windows XP professional. All simu-
lation programs are written in the C language and run se-
quentially. The apodized FNM expression and the Rayleigh
integral are both evaluated using Gauss quadrature.

III. RESULTS

A. Time-harmonic pressure calculations

1. Reference pressure field
apodization function shown in Fig. 3. In Fig. 4, the acoustic
field is evaluated in the x=2.0	 plane, where the grid in the
x=2.0	 plane extends from −2	 to 6	 in the y direction, and
the grid spacing in the y direction is 0.1	. The grid extends
from 0.01a2 /4	 to 1.0a2 /4	 in the z direction with a spacing
of 0.01a2 /4	. The computational grid in the z direction is
shifted by 0.01a2 /4	 relative to the source in the z=0 plane
for all three methods in order to avoid the most severe sin-
gularities in this location. Although the apodized FNM elimi-
nates the worst singularities in the z=0 plane, the grid is
nevertheless shifted slightly to reduce the problems that the
Rayleigh integral and the FIELD II program encounter on the
piston face. The reference pressure field shown in Fig. 4 is
obtained using the Rayleigh–Sommerfeld integral evaluated
with 100 000 Gauss abscissas in each direction, and the re-
sults are computed on an 81�100 spatial grid.

2. Error distributions

Figure 5 shows the normalized error distribution
��x ,y ,z ;k� between the reference pressure field in Fig. 4 and
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FIG. 4. Simulated reference pressure field generated by an apodized rectan-
gular source with each side equal to four wavelengths. The results are evalu-

ated in the x=2.0	 plane for a time-harmonic excitation.
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and 30 subdivisions in each direction.
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the simulated pressure field computed using the apodized
FNM expression, the apodized Rayleigh–Sommerfeld inte-
gral, and the FIELD II program, where each is evaluated with
the apodization function specified by Eq. �17�. The region
near the piston face contains the largest errors for all three
methods. The NRMSE for the apodized FNM evaluated with
N=16 Gauss abscissas in each direction is 0.0005. The
apodized Rayleigh–Sommerfeld integral evaluated with N
=16 Gauss abscissas in each direction has a NRMSE of
0.0450. The FIELD II program computed with a 48 MHz sam-
pling frequency and 30 subdivisions in each direction
achieves a NRMSE of 0.0808.

3. Time versus error comparisons for a time-
harmonic input

Figure 6 shows the computation times and the error val-
ues for near-field pressure calculations with a time-harmonic
input applied to the apodized FNM, the Rayleigh–
Sommerfeld integral, and the FIELD II program. In Fig. 6, the
apodized FNM achieves the smallest errors for a given com-
putation time, and the apodized FNM uses the least amount
of time for a given error value. Comparisons between the
apodized FNM, the Rayleigh integral, and the FIELD II pro-
gram are summarized in Table III. To achieve a NRMSE of
0.1, the apodized FNM needs six abscissas in each direction,
and the computation time is 0.07 s. The apodized FNM
achieves a NRMSE of 0.01 in 0.18 s with ten abscissas in
each direction. Likewise, to achieve a NRMSE of 0.1, the
Rayleigh–Sommerfeld integral needs 12 abscissas in each
direction, and the computation time is 0.29 s. The Rayleigh–
Sommerfeld integral achieves a NRMSE of 0.01 in 2.25 s
with 34 abscissas in each direction. Instead of evaluating an
integral with a certain number of abscissas, the FIELD II pro-
gram subdivides the aperture into small rectangular sources
and calculates the impulse response at a specified sampling
frequency. To achieve a NRMSE of 0.1, the FIELD II program
requires a temporal sampling frequency of 64 MHz and 20
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FIG. 6. Normalized root mean square error �NRMSE� plotted as a function
of the computation time for time-harmonic calculations with the apodized
FNM, the apodized Rayleigh–Sommerfeld integral, and the FIELD II program.
This figure demonstrates that the apodized FNM achieves the smallest errors
for a given computation time and that the apodized FNM requires the small-
est amount of time to achieve a given error value.
(a)

(b)

(c)

FIG. 5. The normalized error distribution ��x ,y ,z ;k� describes the differ-
ence between the reference pressure field and the computed pressure field
for an apodized 4	�4	 source. The error distribution � is plotted for �a� the
apodized FNM evaluated with 16-point Gauss quadrature in each direction,
�b� the apodized Rayleigh integral evaluated with 16-point Gauss quadrature
in each direction, and �c� the FIELD II program evaluated with fs=48 MHz
subdivisions in each direction, and the result is obtained in
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4.61 s. The FIELD II program achieves a NRMSE of 0.01 with
a temporal sampling frequency of 160 MHz and 50 subdivi-
sions in each direction. This calculation is completed in
27.91 s. Thus, for a NRMSE of 0.1, the apodized FNM is
4.14 times faster than the Rayleigh integral, and the apodized
FNM is 59.43 times faster than the FIELD II program. For a
NRMSE of 0.01, the apodized FNM is 12.50 times faster
than the Rayleigh integral and the apodized FNM is 155.06
times faster than the FIELD II program. These results are spe-
cific to the grid and piston geometry in Fig. 3 and the
apodization function in Eq. �17�. Although the results vary
somewhat for different parameter combinations, the
apodized FNM consistently achieves the best performance in
time versus error comparisons. The apodized FNM is also an
ideal reference for time-harmonic calculations due to the
rapid convergence of Eq. �12�.

B. Transient field calculations

1. Reference pressure field

The reference transient field is computed using the tran-
sient Rayleigh–Sommerfeld integral in Eq. �16�, where the
numerical integration is performed with 100 000 Gauss ab-
scissas applied in both the height and width directions. The
input pulse is the Hanning-weighted pulse in Eq. �18� with
center frequency f0=1.5 MHz and pulse length W=2.0 �s.
The speed of sound is c=1.5 mm /�s, and the wavelength at
the center frequency is 	=1.0 mm. The sampling frequency
is 16 MHz. The transient field is evaluated in the x=2.0	
plane, where the computational grid extends from −2	 to 6	
in the y direction and from 0.01a2 /4	 to 1.0a2 /4	 in the z
direction, as shown in Fig. 1. The reference transient field is
calculated on an 81�100 spatial grid evaluated at 192 time
points. Figure 7 shows two transient plots of the reference
pressure evaluated at times t=1.5625 �s and t=3.0625 �s.

2. Time versus error comparisons for a Hanning-
weighted input pulse

Figure 8 shows the computation times and the numerical
errors for the transient pressure field generated by the
Hanning-weighted input pulse evaluated with the transient
apodized FNM, the transient Rayleigh–Sommerfeld integral,
and the FIELD II program. For both the transient apodized

TABLE III. Simulation parameters for time-harmonic calculations that ach
parameters listed include the number of Gauss abscissas or the correspon
computation time relative to the apodized FNM for the Rayleigh integral an

0.1 NRMSE

Apodized FNM Rayleigh FIEL

Simulation
parameters

6�6 abscissas 12�12 abscissas fs=64
20�20 su

Time �s� 0.07 0.29 4.
Computation time

relative to
apodized FNM

1� 4.14� 59.4
FNM and the transient Rayleigh–Sommerfeld integral, the
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simplified time space decomposition approach is applied as
described in Sec. II G. In Fig. 8, the transient apodized FNM

normalized root mean square error �NRMSE� values of 0.1 and 0.01. The
FIELD II parameters, the resulting computation time, and the ratio of the
FIELD II program.

harmonic calculations

0.01 NRMSE

Apodized FNM Rayleigh FIELD II

z
sions

10�10 abscissas 34�34 abscissas fs=160 MHz
50�50 subdivisions

0.18 2.25 27.91
1� 12.50� 155.06�

FIG. 7. Simulated reference transient field for an apodized square source
excited by the Hanning-weighted pulse in Eq. �18� with f0=1.5 MHz and
W=2.0	. The sides of the square source are equal to 4	, where the wave-
length is defined with respect to the center frequency f0. The apodization
function is given by Eq. �17�. The transient reference pressure, evaluated in
the x=2.0	 plane, is computed with 100 000 Gauss abscissas in each direc-
tion using the Rayleigh integral. The results are plotted at �a� t=1.5625 �s
ieve
ding
d the

Time-

D II

MH
bdivi
61
3�
and �b� t=3.0625 �s.
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achieves the smallest errors for a given computation time,
and the transient apodized FNM requires the smallest
amount of time to achieve a given error. Comparisons be-
tween the transient apodized FNM, the transient Rayleigh
integral, and the FIELD II program are summarized in Table
IV. To achieve a NRMSE of 0.1 with the Hanning-weighted
pulse, the transient apodized FNM needs eight abscissas in
each direction and the computation time is 0.64 s. The tran-
sient apodized FNM achieves a NRMSE of 0.01 in 0.72 s
with ten abscissas applied in each direction. To achieve a
NRMSE of 0.1 with the Hanning-weighted pulse, the tran-
sient Rayleigh–Sommerfeld integral needs 14 abscissas in
each direction and the computation time is 1.48 s. The tran-
sient Rayleigh–Sommerfeld integral achieves a NRMSE of
0.01 in 8.57 s with 34 abscissas in each direction. To achieve
a NRMSE of 0.1 with the Hanning-weighted pulse, the FIELD

II program requires a temporal sampling frequency of
64 MHz and 20 subdivisions in each source direction, and
the result is obtained in 4.68 s. The FIELD II program
achieves a NRMSE of 0.01 with a temporal sampling fre-
quency of 128 MHz and 50 subdivisions in each source di-
rection. This calculation is completed in 24.04 s. Thus, for a
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FIG. 8. Normalized root mean square error �NRMSE� plotted as a function
of the computation time for transient pressure calculations evaluated with
the apodized FNM, the apodized Rayleigh–Sommerfeld integral, and the
FIELD II program. For the same computation time, the apodized FNM
achieves the smallest errors. For the same error, the apodized FNM requires
the least amount of time.

TABLE IV. Simulation parameters for transient calculations that achieve nor
listed include the number of Gauss abscissas or the corresponding FIELD II p
relative to the apodized FNM for the Rayleigh integral and the FIELD II prog

0.1 NRMSE

Apodized FNM Rayleigh FIEL

Simulation
parameters

8�8 abscissas 14�14 abscissas fs=64
20�20 su

Time �s� 0.64 1.48 2.
Computation time

relative to
apodized FNM

1� 2.31� 4.6
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NRMSE of 0.1, the transient apodized FNM is 2.31 times
faster than the transient Rayleigh integral and the transient
apodized FNM is 4.66 times faster than the FIELD II program.
For a NRMSE of 0.01, the transient apodized FNM is 11.90
times faster than the transient Rayleigh integral and the tran-
sient apodized FNM is 24.04 times faster than the FIELD II

program. Once again, these results are specific to the grid,
apodization function, and piston geometry utilized in this
paper. Overall, the transient apodized FNM achieves the best
performance in time versus error comparisons with the
Hanning-weighted pulse.

IV. DISCUSSION

A. Large-scale computation

Despite the dramatic increase in processor speeds and
computer memory in recent decades, near-field pressure cal-
culations that numerically evaluate the Rayleigh–
Sommerfeld integral are still very slow. This is especially
evident in calculations performed on large grids, which take
an hour or more on the fastest modern desktop computers.
For example, more than 1 h was needed in a recent paper to
compute the reference pressure field in the Fresnel zone for a
single element using the Rayleigh–Sommerfeld approach.20

More recently, near-field pressure calculations with the
Rayleigh–Sommerfeld approach for a single element re-
quired 117 h per simulation to achieve a NRMSE of 10−7.
Thus, even for simulations of single elements performed in
the near-field region, traditional computational methods per-
form poorly, and faster methods such as the FNM are
needed.

Computation times with the Rayleigh–Sommerfeld inte-
gral can also be excessively long for phased array simula-
tions. Extending the results shown in Tables III and IV and
Figs. 6 and 8 to a linear phased array with 1024 rectangular
elements evaluated on a computational grid with 100�100
�100 points in the x, y, and z directions, the Rayleigh–
Sommerfeld integral will require about 10 h for a 0.1
NRMSE and about 80 h for a 0.01 NRMSE. For the same
array evaluated on the same grid, the FNM will require only
2.5 h for a 0.1 NRMSE and 6.5 h for a 0.01 NRMSE. Thus,
for large-scale computations, the time savings achieved by

ed root mean square error �NRMSE� values of 0.1 and 0.01. The parameters
eters, the resulting computation time, and the ratio of the computation time

ansient calculations
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z
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the apodized FNM is substantial. The apodized FNM is also
an ideal reference for both time-harmonic and transient cal-
culations.

B. Time and error comparisons

In addition to the results presented in Tables III and IV
and Figs. 6 and 8 that compare the Rayleigh–Sommerfeld
integral and the apodized FNM, the individual computation
times and error values were also determined as a function of
the number of abscissas. Those results show that, for a given
number of abscissas, the apodized FNM achieves much
smaller errors than the Rayleigh–Sommerfeld integral, and
the computation time of the apodized FNM is slightly less
than that of the Rayleigh integral for the same number of
abscissas. Therefore, the rapid convergence of the apodized
FNM is responsible for the enhancement in performance
relative to other methods. However, fair comparisons of
these methods require the evaluation of both times and er-
rors, as shown in Tables III and IV and Figs. 6 and 8. Oth-
erwise, a method that generates large errors in a similar
amount of time or a method that requires much more time to
achieve a similar error could be incorrectly identified as hav-
ing comparable performance. Thus, the method with superior
performance should consistently achieve the smallest error in
the shortest time.

C. Apodization functions

Equations �12� and �14� can be applied to a large class of
apodization functions. The only requirement for the apodiza-
tion functions is that �f�� ,�� /�� and �f�� ,�� /�� exist.
Other approaches have different requirements. For example,
Fresnel approximations have been obtained for several
apodization functions including exponential, sinusoidal,
Gaussian, or error-function apodization functions.20 One re-
striction for these Fresnel approximations is that the surface
velocity distribution should be separable such that f�� ,��
= fx���fy���. The advantages of the apodized FNM expres-
sions in Eqs. �12� and �14� are that �1� separability of the
apodization function is not required and �2� accurate results
are obtained very close to the piston face.

Pressures generated by a Gaussian apodization

function,23–25 given by f�� ,��=e−�u − u0�2/2��
2
e−�� − �0�2/2��

2

where �0, �0, ��, and �� are constants, were also evaluated
with Eq. �12�. When the Gaussian apodization function is
applied, the entire expressions in Eqs. �12� and �14� are
needed because the T2i terms are nonzero in this case. Fur-
thermore, the integration limits of the single integrals are
either �0,a� or �0,b�, so the abscissas and weights computed
for the single integrals can also be used for the double inte-
grals. The computation time needed for all terms in Eqs. �12�
and �14� is only slightly more than that needed to evaluate
only the double integrals, especially when the number of
abscissas is larger than ten in one direction.

D. Time space decomposition

The expressions for the transient near-field pressures are

computed with the simplified time space decomposition ap-
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proach outlined in Sec. II G for both the transient apodized
FNM expression and the transient Rayleigh–Sommerfeld in-
tegral in Eqs. �14� and �16�, respectively. The simplified time
space decomposition approach provides an important advan-
tage in that, unlike the original time space decomposition
method described by Kelly and McGough,18 both one-
dimensional �1D� and 2D near-field diffraction integrals are
readily computed. The original time space decomposition
method of Kelly and McGough18 stores a three-dimensional
�3D� K matrix that captures the arrival and departure infor-
mation for a finite duration pulse, where the transient pres-
sure propagation is described by a single integral FNM ex-
pression. Extending the original time space decomposition to
handle transient calculations with the 2D apodized FNM ex-
pressions in Eq. �14� or the Rayleigh–Sommerfeld integral in
Eq. �16� involves replacing the 3D K matrix with a compli-
cated five-dimensional K matrix. With the simplified time
space decomposition approach, no matrix storage is needed.
Thus, the algorithm complexity and the memory usage are
greatly reduced. The simplified time space decomposition in
Sec. II G is preferred for transient calculations with 2D inte-
grals, where a significant reduction in the computation time
is achieved relative to other approaches without increasing
the numerical error. For transient calculations with 1D inte-
grals, there is a trade-off between the simplified time space
decomposition and the original time space decomposition
method. The original time space decomposition requires
more memory, is more complicated to program, and is
slightly faster, while the simplified time space decomposition
is much easier to program.

V. CONCLUSION

A 2D FNM for calculating the near-field pressure gen-
erated by an apodized rectangular piston is derived and
evaluated, and a simplified time space decomposition tech-
nique is outlined for transient apodized FNM and transient
apodized Rayleigh–Sommerfeld calculations. Comparisons
between the apodized FNM, the Rayleigh–Sommerfeld inte-
gral, and the FIELD II program show that the apodized FNM
achieves the smallest error in the shortest time for both
steady-state and transient calculations. For time-harmonic
calculations with a NRMSE of 0.01, the apodized FNM is
4.14 times faster than the Rayleigh–Sommerfeld integral and
59.43 times faster than the FIELD II program. For a NRMSE
of 0.01, the time-harmonic apodized FNM is 12.50 times
faster than the Rayleigh–Sommerfeld integral and 155.06
times faster than the FIELD II program. For transient calcula-
tions with a NRMSE of 0.1, the apodized FNM is 2.31 times
faster than the Rayleigh–Sommerfeld integral and 4.66 times
faster than the FIELD II program. For a NRMSE of 0.01, the
transient apodized FNM is 11.90 times faster than the
Rayleigh–Sommerfeld integral and 24.04 times faster than
the FIELD II program. In addition, the apodized FNM con-
verges much faster than the Rayleigh–Sommerfeld integral
and the FIELD II program. Thus, the apodized FNM is ideal
for fast near field pressure calculations and also for accurate

reference calculations.
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