
Evaluation of the angular spectrum approach for simulations
of near-field pressures

Xiaozheng Zenga� and Robert J. McGoughb�

Department of Electrical and Computer Engineering, Michigan State University, East Lansing,
Michigan 48824, USA

�Received 3 May 2007; revised 15 October 2007; accepted 18 October 2007�

The implementation of the angular spectrum approach based on the two-dimensional fast Fourier
transform is evaluated for near-field pressure simulations of square ultrasound transducers, where
the three-dimensional pressure field is calculated from the normal velocity distribution on the
transducer surface. The pressure field is propagated in the spatial frequency domain with the spatial
propagator or the spectral propagator. The spatial propagator yields accurate results in the central
portion of the computational grid while significant errors are produced near the edge due to the finite
extent of the window applied to the spatial propagator. Likewise, the spectral propagator is
inherently undersampled in the spatial frequency domain, and this causes high frequency errors in
the computed pressure field. This aliasing problem is alleviated with angular restriction. The results
show that, in nonattenuating media, the spatial propagator achieves smaller errors than the spectral
propagator after the region of interest is truncated to exclude the windowing error. For pressure
calculations in attenuating media or with apodized pistons as sources, the spatial and spectral
propagator achieve similar accuracies. In all simulations, the angular spectrum calculations with the
spatial propagator take more time than calculations with the spectral propagator.
© 2008 Acoustical Society of America. �DOI: 10.1121/1.2812579�

PACS number�s�: 43.38.Hz, 43.20.El, 43.20.Rz, 43.40.Rj �TDM� Pages: 68–76
I. INTRODUCTION

The angular spectrum approach describes the diffraction
of acoustic waves from finite apertures by superposing plane
waves traveling in different directions1 and propagating these
components in the spatial frequency domain. As opposed to
integral approaches that calculate the field at each observa-
tion point, the angular spectrum approach computes the pres-
sure field in successive planes with a two-dimensional �2D�
fast Fourier transform �FFT�, which speeds up these calcula-
tions significantly. The angular spectrum approach uses ei-
ther the normal particle velocity or the pressure as the
source, and then the spectral propagator function or the 2D
Fourier transform of the spatial propagator is multiplied by
the source in the spatial frequency domain to simulate the
propagation of acoustic waves. The spectral propagator is
described as an analytical function,2–9 whereas the spatial
propagator is calculated analytically and then transformed
into the spatial frequency domain with a 2D FFT.10–12

The spectral propagator is frequently applied to the an-
gular spectrum approach. Williams13,14 analyzes the effect of
the windowing function, the aliasing errors due to the lack of
spectral samples, and the singularity of the spectral propaga-
tor. Orofino3,4 discusses the spatial sampling rate and the
angular resolution. Christopher and Parker10 and Wu et al.6–8

both investigate an angular restriction technique to reduce
the aliasing error due to undersampling of the spectral propa-
gator, and Wu and co-workers derive the optimal bandwidth
of a low-pass spatial filter that truncates the undersampled
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spatial frequencies. The spatial propagator is less frequently
employed due to the additional 2D FFT calculation required
in each plane.

A better understanding of the trade-offs between the
spectral propagator and the spatial propagator in terms of
numerical accuracy and computational time is clearly
needed. Christopher and Parker10 claim that the spatial
propagator produces more accurate results in the context of
on-axis simulations for axisymmetric radiators using the fast
Hankel transform. However, comparisons relative to a stan-
dard reference are not evaluated for the off-axis case. Zemp12

argues that the spectral propagator is superior to the spatial
propagator when the spatial sampling is coarser than � /2,
which is applicable only in the far field. In many applica-
tions, the region of interest is the near field, and comparisons
with higher sampling rates are desired.

This paper thoroughly compares the spatial propagator
and the spectral propagator for angular spectrum calculations
in a homogeneous three-dimensional �3D� domain. The pres-
sure field from a square piston with uniform particle velocity
distribution is computed with the fast near-field method15 as
the reference, and for an apodized particle velocity distribu-
tion, the Rayleigh–Sommerfeld integral is the reference. The
errors in the computed pressure field for the angular spec-
trum approach using the spatial propagator and the spectral
propagator �with and without angular restriction� are then
compared. First, the role of angular restriction in angular
spectrum calculations with the spectral propagator is estab-
lished. Second, the errors generated in the edge of the com-
putational grid specific to the spatial propagator are identi-
fied and explained. Third, the frequency filtering effect of

attenuating media is shown to eliminate the need for angular
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restriction. Fourth, a similar effect is demonstrated for veloc-
ity source apodization. The results show that for the uni-
formly excited source in nonattenuating media, the spatial
propagator yields smaller errors in the central portion of the
grid, whereas the spectral propagator outperforms the spatial
propagator in attenuating media or for an apodized source by
achieving similar accuracy in a larger region in less time.

II. THEORY

A. The Rayleigh–Sommerfeld integral

For a planar radiator mounted on an infinite rigid baffle,
the radiated time-harmonic pressure field is represented by
the Rayleigh–Sommerfeld diffraction integral,1

p�r,t� = j�ckej�t�
S�

u�r��
e−jk�r−r��

2��r − r��
dS�, �1�

where � and c represent the medium density and the speed of
sound, respectively, k is the acoustic wavenumber, � is the
driving frequency, u is the distribution of the normal velocity
on the radiator with surface area S�, j is �−1, and �r−r�� is
the distance between the source and the observation coordi-
nates. Numerical implementations of Eq. �1� often divide the
radiator aperture into point sources and superpose the
results.16 This approach is especially time-consuming in the
near-field region due to the large number of abscissas re-
quired for the convergence of the 2D integral and the nu-
merical singularity on the piston surface. Equation �1� calcu-
lates the near-field reference pressure for radiators with
nonuniform velocity distributions, whereas significantly
faster approaches such as the fast near-field method15 are
available for pressure calculations with uniform velocity dis-
tributions.

B. The fast near-field method

The fast near-field method15 is a rapidly converging one-
dimensional �1D� integral approach that is analytically
equivalent to Eq. �1� for a uniform surface velocity u0. The
fast near-field method formula for the near-field pressure is

p�x,y,z,t� = j�cu0ej�t 1

2�
�s1�

−l1

l2 e−jk�z2+�2+s1
2

− e−jkz

�2 + s1
2 d�

+ l1�
−s1

s2 e−jk�z2+�2+l1
2

− e−jkz

�2 + l1
2 d�	�

+ s2�
−l1

l2 e−jk�z2+�2+s2
2

− e−jkz

�2 + s2
2 d�

+ l2�
−s1

s2 e−jk�z2+�2+l2
2

− e−jkz

�2 + l2
2 d�	 , �2�

where s1=a−x, l1=b−y, s2=a+x, l2=b+y, � is the 1D vari-
able of integration, and a and b present the half-width and
the half-height of the rectangular piston, respectively. This
approach eliminates the singularities that are encountered in
numerical evaluations of the Rayleigh–Sommerfeld integral

17
and the impulse response.
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C. The angular spectrum approach

Equation �1� is a 2D convolution, where the source is
located in the z=0 plane such that

p�x,y,z,t� = j�ckej�tu�x,y� � hu�x,y,z� , �3�

and the spatial propagator is defined as

hu�x,y,z� =
e−jkr

2�r
, �4�

where r=�x2+y2+z2 is the distance from the origin to an
arbitrary field point. Applying a 2D Fourier transform to both
sides of Eq. �3� transforms the formula into the spatial fre-
quency domain,

P�kx,ky,z,t� = j�ckej�tU�kx,ky�Hu�kx,ky,z� , �5�

where Hu�kx ,ky ,z� is the spectral propagator, which is de-
fined as

Hu�kx,ky,z� =
 e−jz�k2−kx
2−ky

2

j�k2 − kx
2 − ky

2
, kx

2 + ky
2 � k2

e−z�kx
2+ky

2−k2

�kx
2 + ky

2 − k2
, kx

2 + ky
2 � k2.

�6�

The Fourier transform decomposes the diffracted wave into
the superposition of plane waves, where �kx ,ky� are the trans-
verse wavenumbers. In the region where kx

2+ky
2�k2,

Hu�kx ,ky ,z� propagates the field in the z direction by apply-
ing a complex weight to each plane wave component. In the
region where kx

2+ky
2�k2, Hu�kx ,ky ,z� exponentially attenu-

ates evanescent waves. The product of the source spectrum
U�kx ,ky� and the propagator function Hu�kx ,ky ,z� describes
the spectrum of the propagating wave in an arbitrary plane
parallel to the source plane. The pressure distribution is then
obtained from the inverse 2D Fourier transform of
P�kx ,ky ,z , t�.

When the angular spectrum approach calculates pressure
fields with the spatial propagator hu�x ,y ,z�,10–12 the infinite
field is truncated in both the x and the y directions so that the
extent of each computational plane is D�D. In the simula-
tions that follow, the radiator is a 2a�2a square piston with
2a	D. The source plane is illustrated in Fig. 1. The normal
particle velocity distribution is defined as u�x ,y� within the
2a�2a area and zero otherwise. With a sample spacing of 
,
the D�D source plane that contains the piston surface is
discretized to N�N grid points, where N=D /
+1. The field
is computed in a discretized grid, and the discrete coordi-
nates are

x = m
, m = − N/2 + 1 + �, . . . ,N/2 + � ,

y = n
, n = − N/2 + 1 + �, . . . ,N/2 + � , �7�

� = 
−
1

2
when N is odd,

0 when N is even,

�8�

where � ensures that the grid is symmetric for odd N. For

even N, the grid is biased so that points on the central axis
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are included in the three-dimensional grid. The 2D FFT is
then applied to both hu�x ,y ,z� and u�x ,y�, and these are
multiplied in the spatial frequency domain. The complex
pressure is the inverse 2D FFT of the result.

When the angular spectrum approach calculates pressure
fields with the spectral propagator Hu�kx ,ky ,z�, the spectrum
is discretized to an N�N grid, and the discrete wavenumbers
are

kx = m�k, m = − N/2 + 1 + �, . . . ,N/2 + � ,

ky = n�k, n = − N/2 + 1 + �, . . . ,N/2 + � , �9�

where the offset � is defined in Eq. �8�. The maximum value
of kx is � /
, the maximum value of ky is � /
, and the spec-
tral sample spacing is �k=2� / �N
�. A large value of N is
often required to adequately sample Hu�kx ,ky ,z�. The corre-
sponding value of D is therefore significantly larger than 2a.

D. Angular restriction

The spectral propagator Hu�kx ,ky ,z� encounters prob-
lems with rapidly oscillating real and imaginary components
as �kx

2+ky
2 approaches k. In this region, Hu is inherently un-

dersampled, and this undersampling leads to severe aliasing
errors.7 The undersampling can be reduced by increasing N
at an expense of increased computational cost. Christopher
and Parker10 and Wu et al.7,8 use a spatial frequency trunca-
tion technique as an alternative solution to this problem. This
technique reduces the aliasing errors without increasing the
size of the computational grid. Spatial frequency truncation
is achieved through angular restriction, which applies a spa-
tial low-pass filter to the spectral propagator function Hu, and

8

FIG. 1. �Color online� The D�D source plane consisting of a nonzero
normal particle velocity distribution in a 2a�2a square area on the piston
surface. The remaining area is filled with zeros.
the cut-off, or angular threshold, is given by
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kc = k� D2/2
D2/2 + z2 , �10�

which specifies a radially symmetric window in 2D. Angular
restriction removes the under-sampled angular spectra and
prevents the high spatial frequency components from leaking
into the propagating field.

E. Attenuation calculations

When the spatial propagator is used in attenuating me-
dia, the real-valued wavenumber k in hu�x ,y ,z� is replaced
by the complex wavenumber k− j, where  is the attenua-
tion coefficient for a particular frequency. For the spectral
propagator, Hu�kx ,ky ,z� is multiplied by an exponential term

S�kx,ky,z� = exp�−
zk

�k2 − kx
2 − ky

2	 , �11�

which is a simplified expression that is mathematically
equivalent to the trigonometric attenuation term in Eq. �12�
of Ref. 10. Within the region where kx

2+ky
2�k2, S�kx ,ky ,z� is

analogous to a spatial low-pass filter. As z increases, the peak
amplitude of S�kx ,ky ,z� decreases, and the higher spatial fre-
quency components are increasingly attenuated.

F. Error metric

The numerical errors produced by the angular spectrum
approach are evaluated with the normalized root mean
squared error �NRMSE�. This error metric is defined by

NRMES =

� 1

nxnynz
�i,j,k

�pi,j,k − pref
i,j,k�2

maxi,j,k�pref
i,j,k�

, �12�

where the superscripts �i , j ,k� represent discrete field points
in the computational grid and nx, ny, and nz describe the
number of points in each direction. The variable pref denotes
the complex reference pressure, which is computed by the
fast near-field method for a piston with uniform normal ve-
locity distribution and by the Rayleigh–Sommerfeld integral
for an apodized piston. The variable p is the complex pres-
sure computed by the angular spectrum approach. The root
mean squared error is normalized by the global maximum of
the 3D reference pressure amplitude.

III. NUMERICAL RESULTS

Simulated pressure fields are generated by a single
square piston in a 3D computational grid. The piston, which
is 3 cm wide and 3 cm high �a=1.5 cm�, is excited at a
frequency of 1 MHz. The speed of sound for these simula-
tions is 1500 m /s, so the piston size in wavelength is 20�
�20�. The axial grid extends from 0.15 to 30 cm �� to
2a2 /�� with an axial sampling interval of 1.5 mm ���. The
maximum transverse extent is D=9 cm �60�� with a trans-
verse sample spacing of �=0.3 mm �� /5�, so N=301. The
transverse sample spacing is relatively small so that the rapid
pressure oscillations are captured in the near field. The spa-
tial propagator and the spectral propagator are both imple-

mented in nonattenuating and attenuating media for a piston
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with uniform normal particle velocity. A quadratically
apodized normal velocity distribution is also evaluated in
nonattenuating media.

A. Pressure calculations in nonattenuating media for
a square piston with uniform normal particle
velocity

The reference pressure field generated by the square pis-
ton with uniform normal velocity distribution is shown in
Fig. 2. The pressure field is evaluated in the y=0 plane, and
the transverse extent of this plane in both directions is D
=9 cm. The reference pressure is calculated with the fast
near-field method15 using 100 Gauss abscissas. The reference
pressure achieves 11 digits of accuracy throughout the com-
putational grid, where the accuracy is determined by com-
paring the result to that obtained with 2000 Gauss abscissas.
The 3D pressure field is then calculated in successive 9 cm
�9 cm transverse planes using the spectral propagator and
the spatial propagator.

Figures 3�a� and 3�b� demonstrate the pressure com-
puted by the spectral propagator without angular restriction
and with angular restriction, respectively. The pressure field
in Fig. 3�a� contains significant errors due to the aliasing of
high spatial frequencies in the spectral propagator, where
aliasing is caused by undersampling Hu. In Fig. 3�b�, the
oscillatory errors are significantly reduced by angular restric-
tion. According to Eq. �10�, the angular thresholds at loca-
tions z=10, 20, and 30 cm are 0.5369k, 0.3032k, and
0.2075k, respectively, where k is the wavenumber. However,
ripples still appear in Fig. 3�b� because the spectrum corre-
sponding to intermediate spatial frequencies is also under-
sampled. Figures 3�a� and 3�b� demonstrate that removing
the high spatial frequencies with angular restriction is ben-
eficial for simulations in nonattenuating media, e.g., in water.

Figure 3�c� shows the pressure computed by the spatial
propagator without angular restriction. The computed field is
smooth everywhere; therefore, angular restriction is not
needed for the spatial propagator. In the paraxial region, the
pressure field in Fig. 3�c� closely resembles the reference

FIG. 2. A two-dimensional cross section of the three-dimensional reference
pressure generated by a 3 cm�3 cm square piston in nonattenuating media.
The excitation frequency is 1 MHz, and the normal particle velocity distri-
bution is uniform across the piston surface. The reference pressure is com-
puted with the fast near-field method. The result is normalized to the maxi-
mum pressure amplitude computed in the three-dimensional volume.
field in Fig. 2. However, starting a certain distance from the
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edge of the computational grid, a discrete jump appears in
the computed field. This error is an artifact of circular con-
volution between the spatial propagator and the velocity
source, where the spatial propagator is evaluated on a D
�D grid, and the dimension of the nonzero velocity source
is 2a�2a. All convolutions are performed over a D�D area
with 2D FFTs to minimize the number of parameters needed
to describe each simulation. If extra zero padding is used to
enlarge both the D�D spatial propagator plane and the
source plane, the circular convolution error is replaced with
another error. With zero padding, as soon as the nonzero part
of the velocity source is shifted to a location that overlaps
with a value outside of the D�D rectangular window, the
source is convolved with zero instead of the correct value of

FIG. 3. Simulated pressure generated by a 3 cm�3 cm square piston in
nonattenuating media computed by the angular spectrum approach using �a�
the spectral propagator without angular restriction, �b� the spectral propaga-
tor with angular restriction, and �c� the spatial propagator. The excitation
frequency is 1 MHz. All fields are calculated in successive D�D transverse
planes �D=9 cm�, so the circular convolution errors generated by the spatial
propagator are included.
the spatial propagator. As a result, the pressure fields com-
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puted with the spatial propagator are erroneous starting from
a distance a from the edge. With or without zero padding, the
errors due to the finite window applied to the spatial propa-
gator always appear within a peripheral band of width a, but
the L�L area in the center is not affected, where L=D−2a.
In contrast, no such windowing error is present in the results
from the spectral propagator, because the spectral propagator
is analytically evaluated in the spatial frequency domain.

Figure 4 provides a more detailed comparison between
the reference and the results in Figs. 3�a�–3�c� by highlight-
ing the pressure variations in the axial direction where x=y
=0. The axial pressure computed using the spectral propaga-
tor without angular restriction �dotted line� is corrupted by
errors with high spatial frequencies. The field computed from
the spectral propagator with angular restriction �dash-dot
line� contains some intermediate frequency ripples. The field
computed from the spatial propagator �dashed line� closely
tracks the reference �solid line�. Figure 4 emphasizes that the
spatial propagator computes axial pressures more accurately
than the spectral propagator in nonattenuating media.

In Fig. 5, the normalized root mean squared errors are
calculated in three-dimensional volumes for different D val-
ues, where D represents the extent of the computational vol-
ume in both the x and the y directions. The results are plotted
as a function of D, where the value of D ranges from 6 to
15 cm. The normalized root mean squared error curve for the
spatial propagator �dashed line� is between that of the spec-
tral propagator without angular restriction �dotted line� and
with angular restriction �solid line�. Thus, when the circular
convolution errors produced by the spatial propagator are
included, the spectral propagator with angular restriction
achieves a smaller normalized root mean squared error.

In Fig. 5�b�, the volumes are truncated at the edges to
exclude the convolution errors, and then the normalized root
mean squared errors are computed. The truncated volume
has a lateral extent of L�L, so the results are plotted as a
function of L with L=D−2a, where L ranges from 3 to
12 cm. In Fig. 5�b�, the errors from the spatial propagator are
2 to 4 times smaller than those in Fig. 5�a�. The errors com-
puted for the spectral propagator with and without angular

FIG. 4. Axial plots of the absolute value of the simulated complex pressure.
Results are shown for the reference, the angular spectrum approach using
the spectral propagator without and with angular restriction, and the spatial
propagator.
restriction are influenced less by the truncation. The errors
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without angular restriction are about 1.5 to 2 times higher
than those with angular restriction in both Figs. 5�a� and
5�b�. The difference between the dashed curves in Figs. 5�a�
and 5�b� reinforces the need to truncate the field computed
with the spatial propagator to exclude the errors produced at
the edge of the grid.

B. Pressure calculations in attenuating media for a
square piston with uniform normal particle
velocity

When time-harmonic acoustic waves propagate in at-
tenuating media, e.g., biological tissue, the angular spectrum
approach either evaluates the spatial propagator with a com-
plex wavenumber or applies the attenuation term S�kx ,ky ,z�
in Eq. �11� to the spectral propagator. Figure 6 shows the
reference pressure generated by the same 3 cm�3 cm
square piston in attenuating media with =1 dB /cm /MHz.
In Fig. 6, the reference pressure field attenuates quickly as z
increases. The reference pressure is calculated with the fast
near-field method15 using 100 Gauss abscissas, which
achieves 11 digits of accuracy compared to the result ob-
tained with 2000 Gauss abscissas.

The pressures in attenuating media calculated by the an-
gular spectrum approach in Fig. 7 are calculated with D
=9 cm and then truncated to L=6 cm so that circular convo-

FIG. 5. Normalized root mean squared errors for the pressure generated by
a uniform normal particle velocity distribution in nonattenuating media. The
errors are evaluated in three-dimensional volumes where the lateral dimen-
sions are �a� D�D and �b� L�L with L=D−2a. The markers on the curves
indicate the corresponding results shown in Fig. 3.
lution errors are excluded from the spatial propagator result.
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Figure 7�a� shows the result for the spectral propagator with-
out angular restriction. The field contains some high spatial
frequency ripples due to undersampling in the spatial fre-
quency domain. Figure 7�b� is calculated using the spectral
propagator with angular restriction, and the ripples are re-
duced somewhat. Figure 7�c�, which contains the result ob-
tained with the spatial propagator, is relatively smooth. All
three results are quite similar to the reference in Fig. 6.
Therefore, the spectral propagator is preferable in attenuating
media because the spectral propagator produces acceptable
results in larger D�D transverse planes while the spatial
propagator only gives accurate results in smaller L�L trans-
verse planes. Meanwhile, the spectral propagator uses less
computation time because fewer FFT computations are re-
quired.

Figure 8 shows the normalized root mean squared errors
obtained using the spectral propagator �with and without an-
gular restriction� and the spatial propagator. The pressures
are calculated in D�D transverse planes and then truncated
to L�L with L=D−2a. The normalized root mean squared
error is then computed in the truncated volume. In Fig. 8, L
ranges from 3 to 12 cm, and the three curves approximately
converge to the same value for large L. The difference be-
tween the dotted and the solid curves is smaller in Fig. 8 than
in Fig. 5�b�, which implies that angular restriction is less
important in attenuating media. This occurs because
S�kx ,ky ,z� is a low-pass filter that effectively attenuates the
high spatial frequency components in Hu�kx ,ky ,z�. Since the
attenuation reduces the highly oscillatory spectrum near kx

2

+ky
2=k2, aliasing errors in attenuating media are less severe

than those in nonattenuating media, therefore angular restric-
tion is not required in attenuating media.

C. Pressure calculations in nonattenuating media for
a square piston with apodized normal particle
velocity

The distribution of the normal particle velocity on the
piston surface also influences the numerical accuracy of the
angular spectrum approach. To demonstrate the effect of

FIG. 6. The absolute value of the complex reference pressure generated by
a 3 cm�3 cm square piston in attenuating media �=1 dB /cm /MHz�. The
excitation frequency is 1 MHz and the normal velocity distribution is uni-
form across the piston surface. The reference pressure is computed with the
fast near-field method.
apodization, a tapered window is applied to the aperture. The
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apodization function evaluated here is a product of quadratic
polynomials in both the x and the y directions, where

u�x,y� = 
�1 − � x

a
	2�1 − � y

b
	2 , �x� 	 a, �y� 	 b

0, �x� � a, �y� � b .
�
�13�

This source velocity has a peak at the origin and smoothly
decays to zero at the edges of the piston. The pressure from
the apodized piston is calculated with point source superpo-
sition applied to the Rayleigh–Sommerfeld integral,16 where
each of the point sources is weighted by the value of the
normal velocity at the subelement center. In the numerical
evaluation of the Rayleigh–Sommerfeld integral, the refer-

FIG. 7. The absolute value of the simulated complex pressure in attenuating
media computed with the angular spectrum approach using �a� the spectral
propagator without angular restriction, �b� the spectral propagator with an-
gular restriction, and �c� the spatial propagator. All fields are calculated in
successive D�D transverse planes �D=9 cm� and truncated to L�L �L
=6 cm�, where L=D−2a.
ence field is computed with 5000�5000 uniform subdivi-
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sions on the piston surface. This reference is accurate to 7
digits, as determined from a comparison with the same result
calculated with 10 000�10 000 subdivisions. Figure 9�a�
shows the reference field in the y=0 plane computed in non-
attenuating media. The angular spectrum approach then com-
putes the 3D field generated by a rectangular piston with an
apodized source profile. Figure 9�b� shows the pressure com-
puted by the angular spectrum approach using the spectral
propagator without angular restriction. The results obtained
using the spectral propagator with angular restriction and

FIG. 8. Normalized root mean squared errors for the pressure generated in
attenuating media �=1 dB /cm /MHz� by a 3 cm�3 cm uniformly excited
square piston. The errors are evaluated in three-dimensional volumes where
the lateral dimensions are L�L with L=D−2a. The markers on the curves
indicate the corresponding results shown in Fig. 7.

FIG. 9. The absolute value of the simulated complex pressure in nonattenu-
ating media generated by a 3 cm�3 cm square piston with apodized normal
particle velocity distribution. �a� The reference pressure and �b� the pressure
computed by the spectral propagator without angular restriction. The exci-

tation frequency is 1 MHz.
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from the truncated spatial propagator are very similar to Fig.
9�b� and are therefore not shown.

Figure 10 shows the normalized root mean squared er-
rors of the pressures computed with the spectral propagator
�with and without angular restriction� and the spatial propa-
gator. The pressures are calculated in a 3D volume with D
�D lateral extent, then the volume is truncated in the lateral
directions to L�L with L=D−2a and the normalized root
mean squared error is evaluated. The errors in all three
curves are much lower than those computed with the uniform
velocity source in nonattenuating media �Fig. 5�b�� or attenu-
ating media �Fig. 8�. The uniform velocity distribution cor-
responds to a source spectrum that is represented by a 2D
sinc function with large sidelobes. The spatial frequencies in
the sidelobes of the sinc function leak into the pressure field
and cause errors in the near field, as shown in Figs. 3�a�,
3�b�, 7�a�, and 7�b�. In contrast, the apodized piston has a
tapered velocity distribution, the spectrum of which has
lower sidelobes and is therefore less prone to high spatial
frequency errors. The source spectrum along the kx direction
where ky =0, contains first sidelobes at −6.8 and −11.2 dB
for the uniform velocity distribution and the apodized veloc-
ity distribution, respectively. Near kx=k and ky =0, where the
spectrum becomes evanescent outside of this range, the side-
lobes are −17.7 and −30.8 dB, for the uniform and the
apodized velocity distributions, respectively. Thus, by reduc-
ing the sidelobe levels in the source spectrum, apodization
achieves significant reduction in the error and eliminates the
need for angular restriction.

IV. DISCUSSION

A. Reference pressure calculations

The reference fields for the uniformly excited piston are
computed with the fast near-field method.15 Previous calcu-
lations have demonstrated that the fast near-field method, the
impulse response method,17 and other integral methods con-
verge to the same result when the number of abscissas is
very large.15 Overall, the fast near-field method provides the
most accurate results in the shortest time for numerical cal-

FIG. 10. Normalized root mean squared errors for the pressure generated in
nonattenuating media by a 3 cm�3 cm square piston with an apodized
normal particle velocity distribution. The errors are evaluated in three-
dimensional volumes where the lateral dimensions are L�L with L=D
−2a. The marker on the dotted line indicates the result in Fig. 9�b�.
culations in the near-field region. For example, the fast near-
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field method takes 19 min to compute the pressure in a
201�201�200 grid and is accurate to 11 digits. A 500
�500 point source superposition calculation with the
Rayleigh–Sommerfeld integral for the same uniform velocity
distribution on the same grid takes 40 min and is only accu-
rate to 4 digits. These computation times are evaluated on a
Pentium 4 PC with 4 Gbytes memory running the Windows
XP operating system. All routines are written in C and ex-
ecuted with MATLAB 7.0. The FFT calculations are computed
with FFTW library version 3.1.2.

B. Error and time trade-offs

Computations with the spatial propagator take longer
than calculations with the spectral propagator because an ex-
tra 2D FFT calculation is needed in each plane to convert the
spatial propagator into the spatial frequency domain. Simu-
lations of the pressure generated by the 3 cm�3 cm piston
with N ranging from 301 to 1024 show that the computation
time for the spatial propagator is 1.1–1.9 times that for the
spectral propagator. This ratio approaches the smaller value
as N increases. For example, after the pressure is calculated
with N=301 �D=9 cm�, the field is truncated to a 201
�201�200 grid �6 cm�6 cm�30 cm volume� for error
evaluations. The spectral propagator computes the complex
pressure in 15.22 s with a normalized root mean squared
error of 2.45%, and the spatial propagator computes the re-
sult in 28.90 s with a normalized root mean squared error of
1.39%. When N=512 �D=15.33 cm�, the angular spectrum
approach evaluated with the spectral propagator computes
the 3D grid of complex pressures with a normalized root
mean squared error of 1.47% in 1.23 min, whereas the spa-
tial propagator takes 1.99 min using the same parameters
while achieving a normalized root mean squared error of
1.38%. As the computational grid becomes larger, the differ-
ence between the spatial and spectral propagator becomes
smaller in terms of both error and time.

Overall, the spectral propagator computes pressures
faster than the spatial propagator in the same grid. Further-
more, the spatial propagator evaluated in a D�D plane
yields accurate results only in an L�L plane, where L=D
−2a, while the spectral propagator produces useful results in
the entire D�D plane using the same N�N grid with N
=D /
+1. The spatial propagator generates more accurate re-
sults than the spectral propagator in nonattenuating media,
whereas the two propagators achieve similar accuracies for
simulations in attenuating media or for an apodized velocity
source. Therefore, the spectral propagator is preferred if the
computational grid is large and time is a limiting factor �for
example, when a large number of these calculations are per-
formed in a parametric simulation�. When the numerical ac-
curacy is the primary consideration, the spatial propagator is
preferred, especially in nonattenuating media.

C. Error sources for the spectral propagator

The spectral propagator is an analytical function, but the
numerical implementation discretizes the spectral propagator
by multiplying the continuous spectrum with comb�kx /�k,

ky /�k�, where �k=2� / �N
�. The resulting spatial pressure
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distribution is therefore shifted and added in blocks of size
D�D. Since the analytical inverse Fourier transform of the
spectral propagator extends to ± infinity in the spatial do-
main, the tails from all of the other blocks leak into the
central D�D area and cause aliasing errors as shown in Fig.
3�a�.

The nonzero portion of the spectral propagator is mostly
confined within kx

2+ky
2�k2, and the undersampling of the

spectral propagator can be severe as �kx
2+ky

2 approaches k. In
Eq. �6�, two terms contain �k2−kx

2−ky
2, where one is found in

the exponential phase term, and the other is in the denomi-
nator. The real and imaginary parts of the numerator oscillate
more rapidly as kx and ky approach kx

2+ky
2=k2. Meanwhile,

the value of the denominator decays quickly until the singu-
larity is encountered at kx

2+ky
2=k2. Both of these phenomena

lead to numerical difficulties in terms of spectral sampling.
The high spatial frequency components are reduced by ap-
plying a low-pass filter to Hu�kx ,ky ,z� either through angular
restriction or attenuation, and the same effect is achieved by
filtering the source spectrum through apodization. In an ef-
fort to address the problem with singularities in Hu�kx ,ky ,z�
at kx

2+ky
2=k2, different values were substituted for the infinite

value encountered in this location, including 0, the amplitude
of an adjacent point, and an average value of the adjacent
points around the singularity.14 Each of these strategies pro-
duces very similar errors. This suggests that the numerical
singularities at kx

2+ky
2=k2 have little influence on the overall

error, especially when evaluated in the contexts of angular
restriction, attenuation, or apodization.

D. Error sources for the spatial propagator

The spatial propagator hu�x ,y ,z� is smooth everywhere
except at locations adjacent to the radiator, i.e., less than 1
wavelength from the piston surface, and the only singularity
occurs on the piston surface at �0,0,0�. Away from the piston
surface, the Nyquist sampling rate of the spatial propagator
is easily satisfied when 
�� /2 is the sampling interval.3 The
analytical representation of the spatial propagator extends to
± infinity in both the x and the y directions. However, the
spatial propagator is truncated by a D�D window in angular
spectrum calculations. When this truncated propagator is
convolved with a velocity source of size 2a�2a using 2D
FFTs, circular convolution errors will appear in a band of
width a along each edge as shown in Fig. 3�a�. If the D
�D plane is enlarged with zero padding, the circular convo-
lution error is replaced with the windowing error due to the
truncation of the spatial propagator. In other words, the pres-
sure field that excludes the erroneous boundary is always L
�L, where L=D−2a, with or without zero padding.

V. CONCLUSION

The performance of spatial and spectral propagators ap-
plied to the angular spectrum approach is evaluated for near-
field pressure simulations with a square piston. Calculations
with the spatial propagator are performed in a D�D plane,
and results show that the L�L portion at the center �with
L=D−2a� contains accurate results, whereas the peripheral

band of width a consistently contains errors with or without
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zero padding. Therefore, the edge region computed with the
spatial propagator should always be discarded. When the
spectral propagator is used, undersampling in the spatial fre-
quency domain causes errors in the computed pressure fields,
and these are reduced in nonattenuating media by angular
restriction. In attenuating media or when the source is
apodized, the errors produced by the spatial propagator and
the spectral propagator �with and without angular restriction�
are small, and the difference between the spatial and spectral
propagators is negligible. Meanwhile, the spatial frequency
filtering effect of attenuation or apodization reduces the
aliased components, and the need for angular restriction is
eliminated in these cases. The spatial propagator, which only
yields accurate results in planes of size L�L, requires more
calculation time than the spectral propagator. Thus, the spa-
tial and spectral propagator each has distinct advantages and
disadvantages that depend on the grid size, the attenuation
value, and the source velocity distribution, and these deter-
mine the trade-offs between the numerical accuracy and the
computation time for angular spectrum calculations.
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