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Abstract: Optimal bounding ellipsoid (OBE) algorithms provide feasible parameter
sets at each time increment of an identi�cation process. These sets contain information
that can enhance tracking and classi�cation, and provide a framework for incorpo-
rating di�cult-to-quantify criteria such as perceptual quality. Some example signal
processing applications of OBE parameter sets are presented in this paper.

Keywords: bounding ellipsoid, tracking algorithms, bounded disturbances, speech
processing

1. SET SOLUTIONS

1.1 Introduction

Classical recursive estimation and identi�cation
algorithms such as RLS, LMS, and Kalman �lter-
ing [e.g., (Haykin, 1996)] have been widely applied
over several decades to many problems in signal
processing (SP) and control engineering. In spite
of many successful applications, the limitations of
these methods are well-known. These include slow
convergence, ine�ective tracking of time-varying
dynamics, restrictive statistical assumptions on
disturbances, and computational ine�ciency. Re-
searchers have sought more e�cient and robust
alternatives in recent years. As part of this ef-
fort, set-membership identi�cation (SMI) methods
are receiving increasing international attention
as alternatives to more classical approaches. In
particular, the optimal bounding ellipsoid (OBE)
algorithms are of particular interest in real-time
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SP applications, and are appealing in their for-

mal similarity to classical methods. More than
a decade of research has produced a comprehen-
sive understanding of the properties of the OBE
algorithms, including extensive simulations and
application studies that verify the formal results.
These SMI and OBE algorithms have enormous
potential for applications in real-time SP, yet their
remains largely untapped in practice. A possible
reason is that the underlying objective of SMI
identi�cation { to identify a set solution { is
very unorthodox in engineering design, since it
breaks with the tradition of �nding a solution that
is \optimal" in some well-quanti�ed sense. The
practitioner may see no apparent need for such
a solution, and discount the methods in favor of
the \tried and true." In the process, however, the
practical bene�ts of OBE (even when used as a
point estimator) are disregarded as well.

An awareness of the utility of SMI set solutions
will result in realized application potential. As
the interesting bene�ts of the set solutions are
demonstrated, attention to these methods will
also lead to better understanding of their bene-
�ts as point estimators. Rich ground for future
research and development exists in the SMI �eld,
and the acceptance of the methods by practition-
ers will stimulate basic research as well.



1.2 Formalities

OBE algorithms are used to identify discrete-time
linear-in-parameters models with bounded errors,
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T
�
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m is the unknown \true" parameter vector

to be identi�ed; fxtg is a sequence of measurable
vectors; and f"t�g is the error or disturbance
sequence that is unknown, but bounded by the
assumed known sequence ftg. At each t, an OBE
algorithm produces an hyperellipsoidal member-
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where �t is a positive scalar and P t a positive
de�nite matrix. An introduction to the broad
class of OBE algorithms, including the precise
recursions, and de�nitions of the critical ellipsoid
quantitiesP t and �t, are found in a related paper
in these proceedings (Deller et al., 2000b). The
reader who is unfamiliar with these methods will
bene�t from a perusal of Sec. 2 of the cited paper,
noting, in particular, the discussion of Fig. 1.

2. USE OF SET SOLUTIONS IN TRACKING

The means for employing an OBE membership
set for tracking purposes is straightforward in
principle. At each t, most 3 elements of Et are
valid estimates of �� in that they are consistent
with the measurements and the bound informa-
tion. By choosing a small, countable subset of
Et to be estimates (say, the centroid and other
\meaningful" points of Et), the recursion can form
multiple estimates at time t + 1. In the case of
a time-varying �� (let us refer to the sequence
f�t�g), those estimates in Et that are closer to
�t+1;� will be less likely to cause a divergent path
of future estimators, because of the dependence of
the weighting of the incoming measurements on
the error "t. By initiating new paths as the ellip-
soid shape changes, one can �nd a quick, accurate,
and smooth sequence of adaptive estimators from
the survivors. Because of the discerning updating
behavior of OBE methods, this adaptive process
is of lower complexity than similar recursions, in
spite of better performance. In the stationary ��
case, the \tracks" of these sequences of estimators
must converge, and many will become similar so
that the continuance of that group of estimates
can continue from a common single estimate. Fur-
ther, new paths can be initiated at any time as the
ellipsoid adopts di�erent orientations.

3 Et is guaranteed only to outer bound the exact feasibility
set [see (Deller et al., 2000b)], but more tightly as time
progresses.

In this section, we present two applications of
OBE set solutions to adaptive identi�cation.

2.1 Line-of-bearing positioning

The line-of-bearing (LOB) positioning problem
involves the following scenario: A set of sensor
nodes is distributed on at terrain to track objects
in their vicinity. When an object is within range,
each node provides a LOB angle measurement
(e.g., by triangulating acoustic sensors) pointing
toward the object's location. Without measure-
ment errors, all LOBs would intersect at the ob-
ject's exact location. However, due to LOB an-
gle measurement errors and associated ambiguity
(perhaps +�), multiple LOB intersections result,
complicating the localization process (Fig. 1).

Nodes
True emitter
LOBs
LOB intersections

N1
N2N3

N4
N5N6

Fig. 1. Line-of-bearing based localization. Each
node (N1 � � �N6) generates a LOB towards
the object's location (star) with associated
error uniformly distributed in the interval [-
15, 15] degrees. The LOB intersections (cir-
cles) reect the di�culty in estimating the
\true" object location.

The OBE framework is well-suited to the local-
ization problem because the OBE search area
is naturally bounded, and the analysis provides
set (as well as point) solutions which facilitate
tracking. \Unreasonable" LOBs can be automati-
cally rejected by use of an upperbound safeguard
(UBS) (Joachim and Deller, 2000). The LOB
problem on at terrain is next described in least
squares (LS) and OBE contexts.

At time t, node i with coordinates contained in the
vectorNi measures a bearing angle �t;i towards a
given object, with constrained angle error ��t;i,

j��t;ij < ��max <
�

2
: (3)

��max need not be constant and is in fact more
accurately modeled as being time- and node-
dependent. By de�ning the model error ht;i as the
normal distance from the LOB to a given object



location (Po) (Jenkins, 1991) as shown in Fig. 2,
the system equation becomes

rTt;iNi = rTt;iPo + ht;i (4)

where rTt;i
def
= [� cos(�t;i) sin(�t;i) ], Ni and Po

are column vectors of x-y coordinates. In the
form of (1), frTt;iNig represents the observation,
frt;ig, the output regressor vector and fht;ig, the
model error. Assume that `t;i = k Ni �Po k2,
is bounded by `max while noting in passing that
`t;i can be more accurately bounded using sensor
signal strength information. The system model
error of (4) becomes

ht;i = `t;i tan(j��t;ij) < `max tan(��max): (5)
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Fig. 2. Single node bearing measurements of a
�xed object. Ni and Po represent the sensor
node and object locations, respectively. The
LOB and the model error ht;i are shown.

Once the system error and its pointwise bounds
are established, the OBE parameter estimation
process can be interpreted as a weighted LS identi-
�cation (within the set Et�1), with a unique choice
of weight set fqt;ig, optimized to minimize the
search area (in some sense).

The tracking mechanism begins with the de�ni-
tion of an initial ellipsoid encompassing all node
sensing ranges. Exploiting upper bounds on the
angle errors, the OBE algorithm is used to iter-
atively shrink and re-center the ellipsoidal search
area. Then, based on an upper bound of the ob-
ject's speed, a new search area is de�ned for the
following iteration by appropriately inating the
ellipsoidal area without re-shifting its center. This
sequence of shrinking, translating, and expanding
the search area proves to be an e�cient tracking
mechanism, as shown in the following simulation.

Two LOB methods are compared to the OBE
approach. The average method simply averages all
LOB intersection points after correcting direction
errors, while the Stan�eld algorithm (Jenkins,
1991) is a LS method.

Figure 3 shows four nodes at locations N1 � � �N4,
tracking an object (whose trajectory is shown as
�'s at the bottom of the plot.) At each time in-
crement, the four nodes generate LOBs with mea-
surement errors that are uniformly distributed
over �20�. Corresponding to each set of LOB
measurements (at each time) are the average (tri-
angle marks), Stan�eld (squares) and OBE (pen-
tagrams) estimates. It is observed that OBE pro-
vides the best location estimate in a majority of
cases.
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Fig. 3. Tracking a moving object from a set
of four sensor nodes. The movement of the
object is shown as �'s across the plot. The
Stan�eld, average, and OBE estimates are
shown as squares, triangles and pentagrams,
respectively.

2.2 Tracking LP parameters in speech

A signi�cant component of many modern speech-
processing problems is the adaptive estimation
of formant (resonance) frequencies in the sig-
nal (Deller et al., 2000a). Formant estimates
provide critical information for assessing shifts
in time-frequency characteristics of the speech
acoustics. Contemporary algorithms typically em-
ploy frame-based linear prediction (LP) identi�-
cation of signals (or equivalent) with parameters
updated at �xed intervals without regard for the
dynamics of the signal (Deller et al., 2000a). These
methods are computationally expensive (in that
they do not discern the need for updates), and
require interpolation algorithms to justify frame
boundaries. OBE methods have the ability to
determine the need for updates and to quickly
and accurately track changing dynamics. Such
asynchronous and e�cient updating has numerous
algorithmic, hardware, and bandwidth advantages
in speech communications and recognition sys-
tems.

We consider the example of an OBE algorithm
used to track the LP parameters of the spoken
digit \seven." No windowing, framing, or frame-
overlapping is used. The OBE algorithm is allowed
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(a) RLS.
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(b) OBE.

Fig. 4. Time-frequency \waterfalls" of the digit
\seven" using (a) RLS, and (b) OBE, algo-
rithms for LP identi�cation. The less com-
plex OBE algorithm exhibits better tracking
and resolution than the 256 point frame (64
overlap) RLS.

to operate in a purely on-line fashion with the
ellipsoidal parameter set re-inated to a su�-
ciently large circle every 20 samples to assure ad-
equate tracking. Figures 4 (a) and (b) show time-
frequency \waterfalls" of the utterance produced
by RLS and OBE, respectively. Intricate spectral
details of the LP parameter movements are evi-
dent in Figure 4(b). In contrast to the RLS based
estimation of Figure 4(a) which uses frames of 256
points (overlapped by 64 points), the OBE iden-
ti�cation requires no user intervention or moni-
toring. Whereas conventional recursive identi�ers
like RLS and LMS converge much too slowly for
reliable tracking of speech features [e.g. (Deller
and Luk, 1989)], the recursive OBE approach
with the UBS augmentation o�ers an interesting
and useful alternative to conventional \framewise
tracking." The OBE approach is well suited for
applications such as word spotting, where fast
parameter tracking improves performance.

3. SET SOLUTIONS IN CLASSIFICATION

Consider an n class problem in which class c cor-
responds to a model of form (1) with parameters

��c, so that each class is e�ectively represented
by a point in Rm . The classi�cation problem will
naturally employ a metric, say d, over Rm , so
that ��c is a point in metric space (Rm ; d). 4

The true, but unknown, class corresponding to a
sequence of observations is represented by vector
�� [or some mapping thereof, F (��)]. An OBE
algorithm is used for classi�cation over some ob-
servation frame ending at time t. The analysis
produces the hyperellipsoidal set Et including, in
particular, the central estimate �t. For reference,
let us also assume that we have the conventional
unweighted least square error (LSE) estimate of
��, say �t;LSE. The class c� assigned to the signal
frame at time t is

c� = arg min
c2[1;n]

d
�
�̂t;��c

�
; (6)

and where �̂t is the parameter estimate employed
(�t;LSE, �t, or Et).

5

As an example of the use of the OBE-derived
set in the classi�cation problem, consider the
following example which appears in (Joachim et

al., 1998):We seek to classify the output of the two
AR(2) systems (Haykin, 1996) of the form (1) with
��1 = [�1:38;�0:64]T and ��2 = [0:1;�0:56]T .
A sequence of length 10,000 from each system is
segmented into 1,000 frames of 10 points each.
Each of the 2,000 frames is classi�ed three times,
once each using �t;LSE, �t, and Et. OBE pro-
cessing uses the \SM-WRLS" algorithm described
in (Deller and Luk, 1989). The classi�cation rule
is of form (6) with the Euclidean distance. The
meaning of d(Et;��c) is as follows: At each t, 50
quasi-random estimates are chosen from Et by
selecting random directions from the center of the
ellipsoid (each angle being uniformly distributed
over the interval [0; 2�)) and random magnitudes
in the chosen direction (the length being uni-
formly distributed between 0 and the maximum
length in that direction). If the points comprise
the set �t = f�t;i i = 1; 2; : : : ; 50g � Et, then

d(Et;��c)
def
= min

i2[1;50]
d(�t;i;��c): (7)

In other words, d(Et;��c) implies a nearest-
neighbor rule in the sense of Euclidean distance
between ��c and the set �t. The estimator so
chosen is called simply the \other" estimate in
the following.

4 Alternatively, we can consider classes that are repre-
sented by points in another metric space, say (X ; d0), that
is \reasonably homeomorphic" (preferably isometric) to
(Rm; d), as we do in the speech example below. Let us
denote the transformation to the alternate space by F (�).
5 A similar rule applies to a transformed space in which
F (�̂t) is used for classi�cation.



Table 1. Classi�cation by �t, �t;LSE and
Et in example 1.

Distance Total correct % correct

d(�t;LSE; ��c) 1937 96.85
d(�t;��c) 1935 96.75
d(Et;��c) 1993 99.65

The three scatter plots, one for each estimator, are
shown in Figs. 5{7. Each diagram contains 2,000
points, 1,000 results for each of the two systems.
The system identity for a given point is indicated
by the symbol used for plotting.

−1.5 −1 −0.5 0 0.5 1 1.5 2 2.5 3
−1

−0.5

0

0.5

1

1.5

2

2.5

��(1)

�
t
�

(2
)

Fig. 5. �t estimators of ��1 and ��2 represented by
'+' and 'o' (1000 each.)
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Fig. 6. �t;LSE estimators of ��1 and ��2 repre-
sented by '+' and 'o' (1000 each.)

Each point in each diagram is classi�ed according
to the relevant distance metric. The overall results
in Table 1 indicate a higher correct classi�cation
rate for the \other" estimator. Interestingly the
LSE estimator outperforms the OBE central esti-
mator, but it is di�cult to draw any meaningful
conclusions in this regard from a single experi-
ment. Notable, however, is the lessened variance
associated with the clusters resulting from the
\other" estimator. Of course, this e�ect would be
expected if an exhaustive search of Et were per-
formed for the minimum distance classi�er. Even
with an ad hoc approach, however, signi�cant im-
provement in classi�cation power is evident.
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Fig. 7. Et estimators of ��1 and ��2 represented by
`+' and `o' (1000 each.)

3.1 State parameter estimation

In the following example, the discrete states of a
linear system are to be blindly identi�ed, given
a system model and a (constant) bound on the
model error. The OBE-UBS (Joachim and Deller,
2000) algorithm is used to isolate one of three
states. We �rst generate an AR(2) system of the
form (1), in which the model error is uniformly
distributed on [�9:5; 9:5]. At 10-sample intervals,
the true time-varying system parameter vector

�t� = 2�
1

2

�
e�j�t� e+j�t�

�T
(8)

switches randomly among three discrete phase
states. The states, and the probabilities of state
occupancy at any time are as follows:

�t� =
�

4
+

8<
:

0 w.p. 1=6
�=3 w.p. 1=2
2�=3 w.p. 1=3

: (9)

We demonstrate the selective estimation of a sin-
gle state, the �rst stage of a sequential state-
estimation process that sequentially removes in-
dividual state dynamics from the signal, so that a
subsequent state can be estimated and so on. The
error bound in the simulated model is constant at
t =  = 9:8. Estimated parameter trajectories
for the standard OBE and OBE-UBS algorithms
are exhibited. In each case the initial feasible
parameter set is taken to be a circle of radius
3 centered at the origin. In Figs. 8(a) and 8(b),
the three system state vectors are shown as �'s
in the two-dimensional space. The state estimate
trajectories for the two methods are shown as tri-
angles connected by dashed lines, with the initial
[at (0,0)] and �nal estimates denoted by �'s. We
observe in Fig. 8(a) that the conventional OBE
estimator fails to converge whereas, when the UBS
is applied [Fig. 8(b)], the estimator approaches
a speci�c parameter vector, (bottom right side).
The UBS allows OBE to quickly focus on a single
mode by rejecting unrelated observations.
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(a) Conventional SM-WRLS algorithm.
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(b) SM-WRLS with under-bounding safeguard.

Fig. 8. First estimation stage of a three-state
linear system of order two by (a) conven-
tional and (b) UBS-equipped SM-WRLS al-
gorithms. Figure (a) shows the lack of con-
vergence to any of the three system states.
Figure (b) shows the parameter estimates
clearly approaching one of the state vectors.

4. \UTILITY" OPTIMIZATION

There are many problems in which \optimal" de-
sign produces a solution that satis�es a mathe-
matical criterion, but which may not perform as
well as another solution in some practical sense.
Some of the ideas in this paper can be viewed as
a generalization of a notion recently introduced
by Nagaraj et al. (1997) in their work on set-

membership �ltering and its application to the
equalization of voice channels. An \SM equal-
izer" can be designed which constrains the error
(e.g., the Euclidean distance between the trans-
mitted and equalized symbols) to between spe-
ci�c bounds consistent with a priori assumptions
about the channel disturbances. In this instance,
each element in the SMI set solution represents
a feasible and valid equalizer. The choice(s) of
equalizer(s) from the set can represent, for exam-
ple, low error rates, one or more numerically desir-
able solution(s) (complexity, �lter roundo� error,
coe�cient sharing with other equalizers). These
features render this approach fundamentally dif-
ferent from the design of conventional minimum-

mean-square- and LSE equalizers for intersymbol
interference.

In general, the SMI approach provides a set of so-
lutions, all of which are consistent with the known
information. There are many problems in which
the performance of the system (in terms of en-
hancement, perceptual quality, intelligibility, etc.
{ characteristics that are often di�cult to quan-
tify) is of paramount importance. In this case, the
availability of a set of solutions o�ers the designer
the opportunity to select an estimate or estimates
that provide(s) the best utility, regardless of the
\optimality" as measured by conventional objec-
tive criteria.
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