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Abstract.
Optimal Bounding Ellipsoid(OBE) algorithms offer

an attractive alternative to traditional least squares meth-
ods for identification and filtering problems involving
affine-in-parameters signal and system models. The ben-
efits – including low computational efficiency, supe-
rior tracking ability, and selective updating that permits
processor multi-tasking – are enhanced bymultiweight
(MW) optimization in which the data history is consid-
ered in determining update times and optimal weights on
the observations. MW optimization for OBE algorithms
is introduced, and an example MW-OBE algorithm
implementation is developed around the recent quasi-
OBE algorithm. Solution existence and uniqueness are
discussed, and simulation studies are used to illustrate
performance benefits.
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I. I NTRODUCTION

SEVERAL well-known batch and recursive methods
are conventionally used to identify point estimates

for affine-in-parameters systems. The more recently-
developedset-membership(SM) algorithms are unique in
providing asetof feasible parameter vectors rather than a
single point estimate. This is achieved through successive
refinements of an initial solution set, consistent witha
priori constraints on the signal or system model [1]–[3].

Optimal bounding ellipsoid (OBE) algorithms
(e.g., [4]–[7]) represent an important subclass of
recursive SM algorithms that have broad applicability
in problems involving identification and adaptive
filtering. A salient feature of the OBE methods is the
discriminative updating behavior based on an iterative
assessment of the potential for observations to refine the
set solution [5]. Observations are optimally weighted
to minimize various measures of an hyperellipsoidal
membership set to which the “true” parameter vector
must belong. Further, unlike conventional identification
algorithms, OBE algorithms require no statistical
assumptions about model disturbances; rather, they are
based on the premise that, for each time indexn, the
model error has ana priori known or dynamically
estimated pointwise energy bound [2], [3], [8] say

ε2
n∗ < γ2

n. (1)

With respect to conventional least-square-error meth-
ods (e.g., [9]), OBE algorithms offer superior adaptation,
improved accuracy, efficient use of innovation in the
data, improved computational efficiency, robustness to
measurement noise, robustness to deviation from the
assumed input model, a set of feasible solutions rather
than a single point estimate, and the ability to compute
the solution recursively in time without block processing
or windows (e.g., [6], [10]–[12]).

This paper introduces a new class of OBE algorithms
with improved convergence speed and tracking capabil-
ity, the multi-weight optimal bounding ellipsoid(MW-
OBE) algorithms. This new class involves a general-
ized “data reusing” strategy, and includes, as a spe-
cial instance, the Set-Membership Binormalized Data-
Reusing LMS algorithms (SM-BNDRLMS) recently
published by Diniz and Werner [13]. SM-BNDRLMS
algorithms enhance the data-selectivity, convergence and
low-complexities properties of the SM-NLMS algorithm
[14], [15] by pairwise joint optimization of consecutive
weights. MW-OBE algorithms involve a significant gen-
eralization of the SM-BNDRLMS approach in terms of
the solution set geometry and flexibility in the number
and locations of observations to be reassessed for inno-
vation.
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In existing OBE algorithms, optimization takes place
pointwisein time; all conditions (in particular, previous
weights) extant at the time of optimization remain fixed.
The globally optimal, causal solution at timen would
diminish the solution set in light of all observations
in the interval [1, n − 1]. Given a system of orderm,
a MW-OBE algorithm “revisits”K past weights when
the observation set at timen is deemed innovative, so
that the ellipsoid is optimally diminished with respect
to the current and pastK observations, conditioned
upon information known at then − K − 1st update.
The number of revisited past weights,K, may be time-
varying and must be less than the system orderm.
The corresponding past data vectors are not required
to be sequential. With respect to pointwise weighting,
simultaneous optimization over multiple weights offers
greater flexibility in shaping the hyperellipsoidal set, thus
providing a better fit to the exact feasibility set.

This paper begins with the formulation of a general
MW-OBE algorithm. The general algorithm is then opti-
mized in the framework of thequasi-OBE(QOBE) [16].
Simulation results then demonstrate the potential of the
developed MW-QOBE algorithms.

II. BACKGROUND

A. OBE algorithms

OBE algorithms are used to identify affine-in-
parameters models of the form

yn = θT
∗ xn + εn∗ (2)

in which θ∗ ∈ R
m is the unknown “true” parameter

vector to be identified;{xn} is a sequence of measurable
vectors of dimensionm; and {εn∗} is a “true” but
unknown error sequence. It is assumed that the error
has a known pointwise energy bound given by (1). The
“true” model is posed only for analysis purposes and
provides the background from which actual parameter
vector estimates are derived. Given data on timest ∈
[1, n], an exact feasibility set, sayPn, of estimates for
θ∗ whose elements are consistent with these bounds is
given by (see Fig. 1)

Pn =
n
⋂

t=1

Ht, (3)

with Ht
def
= {θ : ε2

t∗ = |yt − θT xt|
2 < γ2

t }.
OBE algorithms work with an hyperellipsoidal set,

sayEn, that is guaranteed to containPn, henceθ∗. The
observations are scrutinized with respect to their ability
to “shrink” En, hence to more tightly boundPn. At time
n, the hyperellipsoid is given by (e.g., [5])

En
def
=

{

θ : (θ − θn)T Cn(θ − θn) ≤ κn

}

(4)

 

 

 

H1

H2

H3

θ1 →

θ
2
→ E3

P3

Fig. 1. HyperstripsHt and their intersectionPn as described in
(3) for a system of order 2 (m = 2) at timen = 3 and the ellipsoid
supersetEn ⊇ Pn.

in which Cn is a weightedcovariancematrix of the
observations,

Cn =
n

∑

t=1

qt,nxtx
T
t , (5)

κn is the scalar

κn = θT
nCnθn +

n
∑

t=1

qt,n(γ2
t − y2

t ), (6)

andθn, the center ofEn, is a weighted least-square-error
estimator ofθ∗ at timen,

θn =P ncn, with P n
def
= C−1

n andcn
def
=

n
∑

t=1

qt,nytxt.

(7)
The weighting sequence in this process at timen,
{qt,n}

n
t=1, is chosen to optimally diminish some set

measure of the hyperellipsoid.
OBE algorithms make selective use of incoming data

in updating the ellipsoid and central estimator. Fre-
quently, the observations at timen contain no innovation
in the sense that they cannot be used to reduce the size of
En−1. This is manifest in the failure to find valid weights,
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and the effort of updating can be avoided at this time.
Depending on the properties of the sequence{εn∗}, OBE
algorithms update 10 percent of the time or less.

B. Motivation for a new algorithm

All published OBE algorithms can be manipulated
into the formal framework described in Section II-
A, provided that time-varying (“n-dependent”) weight
sequences are used as in (5)–(7) [5]. In all published
algorithms, however, this time dependence (if any) has a
simple structure arising from a either a generalized “for-
getting factor” (e.g.,c.f. [6] and [7]), or some heuristic
measures to induce adaptation (e.g., [17]). In no reported
case is there an attempt toreoptimizeany of the weights
applied prior to timen in light of new measurements
xn and yn. That is, all optimization in existing OBE
algorithms can be accomplished by manipulation of the
current weight only except for possible inherent scaling
of past weights. This can be inferred directly from the
work in [5]. The globally optimal, but computationally
infeasible causal solution at timen would optimizeall
weights {qt,n}

n
t=1, in light of all known information

{(xt, yt)}
n
t=1.

The MW-OBE algorithm can approach the perfor-
mance of a globally-optimized algorithm at each time,
by “revisiting” K ≥ 0 past weights when data at time
n are received and deemed innovative. The revision of
past weights is made by additive adjustments to existing
weight values, subject to the constraints that revised
weights remain nonnegative and that the number of
revisited weights be less than the system order.

III. OBE WITH MULTIPLE WEIGHT OPTIMIZATION

A. Introduction

This section introduces the general class of MW-OBE
algorithms and presents background formulation for the
MW-QOBE and MW-SM-WRLS algorithms.

At each timen, conventional OBE algorithms update
the previous covariance matrixCn−1, by incorporating
a weighted outer product of the current data vector,
if this vector is deemed innovative (e.g., [5]). This
process, although efficient, may result in large ellipsoid
volumes [10], [18], often due to the shape and size of the
underlying polytopePn [19]. However, when adequate
persistency of excitation and infinite visitation conditions
are present [18], pointwise reduction in ellipsoid volume
may be improved by a joint weight optimization [20],
[21].

TABLE I

THE MW-OBE ALGORITHM .

I. Initialization:
1. θK = 0, κK = 1 andP K = 1

µ
I , µ small.

2. qK = 0.
II. Recursion:

For n = K + 1, K + 2, . . .
R: Form Xn, yn andγn.

εn|n−1 = yn − XT
n θn−1

Rn =P n−1Xn andGn|n−1 = XT
n Rn

If Xn is NOT “innovative,” gotoR.
determine “optimal” weight vectorλn.
Kn = Rn[Λ−1

n + Gn|n−1]
−1

P n =P n−1 − KnRT
n

θn = θn−1 + Knεn|n−1

κn = κn−1+
γT

nΛnγn − εT
n|n−1

[Λ−1

n + Gn|n−1]
−1εn|n−1

Next n. goto R.

MW-OBE optimization begins by isolating the last
K + 1 outer products in the covariance matrix (5)

Cn =
n−K−1
∑

t=1

qt,nxtx
T
t +

n
∑

t=n−K

qt,nxtx
T
t (8)

over which the block of weights{qt,n}
n
t=n−K is to be

reoptimized at timen. To express (8) in matrix form, let
Xn represent the observation matrix (the block ofK +1
data vectors beginning at indexn − K),

Xn
def
= [ xn−K xn−K+1 · · · xn ], (9)

andqt,n the vector containing the weights applied to the
vectors inXn at time t,

qn
def
= [ qn−K,n qn−K+1,n · · · qn,n ]. (10)

In these terms, (8) is written

Cn =
n−K−1
∑

t=1

qt,nxtx
T
t + XnQn,nXT

n (11)

where Qn,n = D(qn,n), the diagonal matrix with
the elements of vectorqn,n along the diagonal. Let

λn
def
= qn,n − qn,n−1 represent the adjustments to the

weights applied to observation matrixXn at time n,
with corresponding diagonal matrixΛn = D(λn). The
weight adjustments represent the difference between the
a priori and newly computed weights, with the most
recent “adjustment” being a modification to a zero (by
definition) weight. The recursive expression (11) in terms
of the weight adjustments becomes

Cn = Cn−1 + XnΛnXT
n . (12)

The (composite) weights at any time must be non-
negative,qn,n = λn + qn,n−1 > 0. The block weight
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assignment strategy is similar to sliding window over the
sequence of data vectors, where the weights assigned to
a data vector vary with timen, but only vary during the
time interval [n, n + K]. Accordingly, the time-varying
weights are computed at timen by

qt,n =







∑t+K
i=t λt,i, 0 ≤ t < n − K

∑n
i=t λt,i, n − K ≤ t ≤ n
0, n < t

, (13)

with the constraintqt,n ≥ 0 for any t andn. The weight
adjustmentsλt,n are zero fort 6∈ [n − K ≤ t ≤ n].

This formulation allows the covariance matrix to be
updated at eachn with a set of weight adjustments to
the present and pastK observation vectors. In the next
section, the general MW-OBE recursions are derived,
beginning with (12).

B. Recursions

As in conventional OBE algorithms, the MW-OBE
algorithm recursively computes the inverse covariance
matrix, P n = C−1

n , the ellipsoid center,θn, and the
scalarκn. A recursion forP n is obtained by applying
the matrix-inversion lemma [22] to the updating equation
(12), yielding

P n = P n−1 −P n−1XnH−1
n ΛnXT

nP n−1 (14)

in which Hn
def
= I + ΛnGn|n−1 and Gn|n−1

def
=

XT
nP n−1Xn. The existence of the matrixH−1

n Λn =
[Λ−1

n +Gn|n−1]
−1 is contingent upon all positive weight

adjustments inΛn and upon the invertibility of[Λ−1
n +

Gn|n−1]
−1. In practice this constraint is satisfied by omit-

ting data vectors with zero weights. Another constraint,
the reason for which will become clear below, is thatK
be no larger thanm.

Derivations of recursions for the ellipsoid centerθn

andκn [23] yield:

θn = θn−1 +P nXnΛnεn|n−1, and
κn = κn−1 +γT

nΛnγn − εT
n|n−1H

−1
n Λnεn|n−1

(15)

whereεn|n−1 is as defined in Table I. Recursions (15)
and (15) reduce to the conventional SM-WRLS recursion
[10] whenK = 0.

C. A posteriori error vector and energy matrices

The objectives of identifying a set of solutions that
closely identifies the parameters of a system is achieved
by seeking to reduce either the distance (in some sense)
between the parameter estimate and the “true” parameter
vector, or the ellipsoid size. The latter in effect brings the
estimator to a closer neighborhood of the true parameter
vector whenEn becomes “small.” The progress of OBE

algorithms in achieving the given objective is observable
in the sequence of error vectorsεn|n−1, and energy
matricesGn|n−1. In the process of reducing the current
ellipsoid size, OBE algorithms “re-map” the error to
satisfy inequality (1). As a result,εn|n and Gn|n pro-
vide important insights into algorithm behavior. In this
section we express these quantities in theira posteriori
representations to better illustrate MW-OBE behavior.

To satisfy the error bound constraint (1), thea posteri-
ori error vectorεn|n must belong to the closed hyperbox
{u ∈ R

K+1 : |u| ≤ γn} (Fig. 2). The transformation
which mapsεn|n−1 to this hyper-box at timen is found
by expressingεn|n in terms ofεn|n−1 (15),

εn|n = yn − XT
n θn

= yn − XT
n θn−1 − Gn|nΛnεn|n−1

= εn|n−1 − Gn|nΛnεn|n−1

=
[

I − Gn|nΛn

]

εn|n−1

= H−T
n εn|n−1. (16)

From (16) we note that the mapping of error vector
εn|n−1 to its a posterioriimageεn|n is achieved through
the transformationH−T

n . In light of (16), the expression
for the scalarκn takes a simpler form

κn = κn−1 +γT
nΛnγn − εT

n|n−1Λnεn|n, (17)

or, using◦ to represent the Hadamard product [24],

κn = κn−1 + λT
n

(

γn ◦ γn − εn|n−1 ◦ εn|n

)

.(18)

-−γn(1) γn(1)

6

−γn(2)

γn(2)

@
@@I

εn|n

�
�

�
�

�
�

���

εn|n−1

u u

u

u

Fig. 2. Rectangular error bound constraint (1) (dashed line) when
K = 1 andm = 2. An error εn|n−1 originally violating the bound
condition, in light of new observations, is mapped to a location inside
the rectangle{u : |u| ≤γ} in its a posterioriεn|n form.

The weighted energy matrix (divided byκn) repre-
sents the projection of the data vectors inXn on the
current ellipsoid axes. Thea posteriori matrix Gn|n
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is found by substituting the right side of (14) into
XT

nP nXn, yielding

Gn|n = H−T
n Gn|n−1. (19)

Since Gn|n is symmetric, (19) is also equal to
Gn|n−1H

−1
n . Thus, the matrixH−1

n may be expressed
as

H−1
n =

(

Gn|n−1

)−1 (

Gn|n

)

. (20)

Since P n−1 is positive definite, aT Gn|n−1a =

XnaTP n−1(aXT
n ) ≥ 0 for all a ∈ R

K+1, or Gn|n−1

is positive semi-definite [22]. The same is deduced
for Gn|n. Further neither matrix has a zero eigenvalue
because each is non-singular when the algorithm is
updating.

D. Ellipsoid volume

The volume of ellipsoidEn is proportional to the
determinant ofκnP n and therefore the ratio

det(κnP n)

det(κn−1P n−1)
=

(

κn

κn−1

)m det(P n)

det(P n−1)
(21)

represents an appropriate measure for the change in
volume [10]. In light of (20), the ratio of determinants
in (21) is equivalent to

det(Hn) =
det(P n−1)

det(P n)
. (22)

Consequently (21) may be written as

det(κn−1P n−1)

det(κnP n)
= det(Hn)

(

κn−1

κn

)m

. (23)

Results (22) and (23) will facilitate future developments.

E. Algorithm

MW-OBE algorithms (Table I) are similar to their
simpler counterparts in that they check the observation
matrix for innovation at each iteration. If the observation
is deemed useful, a new inverse covariance matrix and
ellipsoid center are computed. An advantage of MW-
OBE over conventional OBE algorithms is the flexibility
in selection and number of past observations to revisit.
Updating the past sequentially-numberedK weights
often results in reconsideration of previously-rejected ob-
servation vectors which typically remain uninformative.
MW-OBE does not specify which past data are to be
revisited. Observations taken in the past are more likely
to be innovative.

F. Computational costs

The following discussion is restricted to the com-
putational costs of the general form of the MW-OBE
algorithm. These recursions, common to all MW-OBE
algorithms, are only performed when a data matrix
is deemed informative. MW-OBE algorithms compute
the error vectorεn|n−1 and the energy matrixGn|n−1

in checking for innovation in the observation matrix.
Although these costs are included in the following con-
siderations, costs due to particular optimization methods
(actual innovation check and weight generation) are
excluded.

Detailed per update cost is shown in Table II. When
K̃ = 1 (K = 0), corresponding to the conventional
OBE algorithm, this cost becomes3/2(m2 + 3m + 4),
comparable to that of the algorithm described in [6]
at O(m2). This O(m2) performance is maintained for
m � K. WhenK ≈ m, the per-update cost increases
to O(m4).

In order to implement real-time identification, we
limit simulations to the re-visitation of one or two
past weights. In so doing, the computational cost are
kept within a “reasonable” range (see Table III and
Fig. 3) and with small values ofK, the inversion of
matrix [Λ−1

n + Gn|n−1]
−1 is relatively inexpensive. The

expression for computational cost shown in Table II
includes the computations ofεn|n−1 andGn|n−1, which
are used in the innovation check.
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Fig. 3. Computational costs (number of multiplications) of a single
MW-OBE iteration for K = 0, 1, 2 and3 for system ordersm =
2, 4, 8, 12 and16. K = 0 represents the conventional OBE algorithm
case.

OBE algorithms update the parameter estimator by
using a small percentage of observation vectors, typically
5 - 10% [6], [10], [17], [25]. MW-OBE algorithms use



6

TABLE II

DETAILED COMPUTATIONAL COSTS OFMW-OBE ALGORITHMS

PER UPDATE. THE COMPUTATION OFεn|n−1 AND Gn|n−1 ARE

INCLUDED ALTHOUGH THEY ARE USUALLY CONSIDERED PART OF

THE INNOVATION CHECK. FOR SIMPLICITY, THE NOTATION K̃ IS

USED TO DENOTEK + 1.

Expression No. Multiplies

εn|n−1 mK̃

Rn =P nXn m2K̃

Gn|n−1 (mK̃/2)(K̃ + 1)

Kn = Rn[Λ−1

n + Gn|n−1]
−1 K̃3 + mK̃2 + K̃

P n =P n−1 − KnRT
n (mK̃/2)(m + 1)

θn = θn−1 + Knεn|n−1 mK̃

κn 3K̃ + K̃2

Total (3mK̃/2)(m + K̃ + 2)

+K̃(K̃2 + K̃ + 4)

TABLE III

COMPUTATIONAL COSTS OFMW-OBE ALGORITHMS PER UPDATE

FORK = 0, 1, 2AND 3 AS FUNCTIONS OF THE MODEL ORDERm.

For typicalm
K No. Multiplies per Update m = 10 m = 100

0 (3/2)(m2 + 3m + 4) 201 15456
1 3m2 + 12m + 20 440 31220
2 3/2(3m2 + 15m + 32) 723 47298
3 6(m2 + 6m + 16) 1056 63696

an even smaller number of observation vectors [21], [26]
thereby compensating for the higher per-update compu-
tational cost. This trade-off makes MW-OBE algorithms
attractive in applications where per-point convergence an
important factor.

The costs in Table II exploit symmetries in the com-
putations. Additional reduction in cost is achieved by
noting thatP n may be evaluated in a total ofK̃2 ( K̃2

3 +

K̃m + m2) [24], [27] multiplications usingLU decom-
position of H−1

n Λn. This technique also simplifies the
computation ofκn.

G. Optimization strategies

The matrixP−1
n /κn defines the hyperellipsoid at time

n [see (4)]. The measure det(κnP n) is proportional
to the square of the volume of the ellipsoid and is
most often minimized as the OBE optimization crite-
rion. Minimization of the trace of{κnP n} is also a
meaningful measure of size (e.g., [5], [7]). Minimization
of the parameterκn, first suggested in [28], had been
controversial with respect to its interpretability [5] until
the recent development of the QOBE algorithm [15],
[16]. QOBE, which minimizesκn in conjunction with

a specific weighting strategy, provides interesting inter-
pretations of this optimization process. Because of the
relative algebraic simplicity of the algorithm, we use
the QOBE-like approach ofκn minimization to develop
a specific instance of the MW-OBE algorithm, MW-
QOBE.

IV. M ULTI -WEIGHT QUASI-OBE ALGORITHM

MW-QOBE is a MW-OBE algorithm based on mini-
mizing the scalarκn with respect to the present and past
K weights if the new data admit further reduction. We
compare this novel approach to the QOBE (quasi-OBE)
algorithm [15], [29]–[31]. We prove the uniqueness of
the optimal solution for generalK ≤ m, and experimen-
tally study the case ofK = 1.

A. κn minimization

Recent study of the QOBE algorithm has shown the
merit of minimizing the scalarκn [15], [16]. This simple
yet efficient algorithm offers good convergence of the
parameter estimator to the true parameter vector. When
the prediction errorεn|n−1 generated by the current
parameter estimatorθn−1 falls outside the error con-
straint (1), QOBE generates a new parameter estimate
θn which re-maps the prediction error to (exactly) one
of the bounding hyperplanes|εn|n| = γn. QOBE was
developed from an “OBE” point of view but the condi-
tion for data acceptance (|εn|n−1| < γn) and the process
of mappingεn|n−1 into εn|n can be “decoupled” from
the ellipsoid, a departure from other OBE algorithms
(and reason for the name “QOBE”). This independence
from the ellipsoid makes QOBE particularly interesting
in time-varying applications due to its robustness to a
“true” parameterθ∗ moving outside the ellipsoid. In this
section we develop a specific MW-OBE algorithm the
minimization ofκn with respect to the weight vectorλn

as the optimization criterion.
The following theorem provides the optimal weight

vectorλn at timen which minimizesκn over the present
and pastK weight adjustments.

Theorem 1:The scalarκn is minimized by the weight
adjustments

λn = (Gn|n−1SnΛn)−1(εn|n−1 − Snγn)

whereSn is a diagonal matrix with diagonal elements
±1.
Proof: In minimizing κn (15), we encounter the term
εT

n|n−1H
−1
n Λnεn|n−1, a quadratic expression inεn|n−1

which involves the inverse matrixH−1
n Λn = [Λ−1

n +
Gn|n−1]

−1. Let λn(i) represent theith element of the
vectorλn at timen. λn(i) is equivalent toΛn(i, i) since
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Λn = D(λn). Differentiating the termH−1
n Λn with

respect to an arbitrary (scalar) weightλn(i), we obtain

∂(H−1
n Λn)

∂λn(i)
=

∂H−1
n

∂λn(i)
Λn + H−1

n

∂Λn

∂λn(i)

= H−1
n

∂Λn

∂λn(i)

(

H−1
n

)T
. (24)

Equating (24) to the zero vector yields

εT
n|n−1

∂
(

H−1
n Λn

)

∂λn(i)
εn|n−1 =

εT
n|n−1H

−1
n (∗, i)

[

H−1
n (∗, i)

]T
εn|n−1,(25)

where the column vectorH−1
n (∗, i) is theith column of

matrix H−1
n . By incorporating (25) in the differentiation

of (15) with respect toλn(i) [20] we obtain

∂κn

∂Λn

= Γ
2
n −

[

D(H−T
n εn|n−1)

]2
, (26)

where ∂κn

∂Λn

is the diagonal matrix whoseith diagonal

element is ∂κn

∂λn(i)
andΓn = D(γn).

Using |A| to denote matrix with (i, j) element
|A(i, j)|, the minimizing equation becomes

|H−T
n εn|n−1| −γn = 0. (27)

To solve (27), we define the column vector of signs,±1,
sn

def
= sign{H−T

n εn|n−1}. Using

|H−T
n εn|n−1| = (H−T

n εn|n−1) ◦ sn (28)

in (27), and multiplying on the left byHT
n , the optimal

weight vector is found to be the solution inλn of

εn|n−1 = (γn ◦ sn) + Gn|n−1Λn(γn ◦ sn). (29)

After some manipulation, we obtain

λn =
[

G−1
n|n−1

(

εn|n−1 −γn ◦ sn

)

]

◦ (gn ◦ sn) (30)

where gn denotes the column vector of the diagonal

elements ofΓ−1
n . If Sn

def
= D(sn), then (30) can be

also expressed as

λn = (Gn|n−1SnΓn)−1(εn|n−1 − Snγn). (31)

We verify that the solution point is a minimum by
demonstrating a positive determinant of the Hessian, the
matrix whose(i, j) element is

∂2κn

∂λn(i) ∂λn(j)
(32)

alternatively represented by the (symmetric) matrix
whoseith column is

∂

∂λn(i)

(

∂κn

∂λn

)

. (33)

The determinant of the Hessian matrix
[

∂2κn

∂λn(1) ∂λn

, · · · ,
∂2κn

∂λn(K + 1) ∂λn

]

become (see Appendix A)

2K+1

det(Hn)
det2 (SnΓn) det(Gn|n−1). (34)

A necessary and sufficient condition for a non-negative
Hessian determinant (34) is det(Hn) ≥ 0. This con-
dition is satisfied with valid weight adjustments, made
evident by expressingHn in its a posteriorirepresenta-
tion (20).

Remark: SettingK = 0 reduces this expression to the
optimal scalar weight in the QOBE algorithm [15], [16].
•

Corollary 1: Optimizing κn over several weights at
eachn results in a non-increasing sequence{κn}.
Proof: Substituting (27) into (15) we obtain

κn = −(εn|n−1 − Snγn)T G−1
n|n−1(εn|n−1 − Snγn)

+κn−1 (35)

whereG−1
n|n−1 is positive semi-definite. Therefore,κn is

a non-increasing function when evaluated atλn of (31).
Equation (35) provides an algebraic proof of Corol-

lary 1 along with the amount of decrease inκn at each
step. To simply prove thatκn ≤ κn−1 [using weights
(31)], we note thatκn|λn=0 = κn−1.

B. Existence and uniqueness of an optimal solution

By pre-determining the absence of an optimal solution
through a computationally inexpensive test, an OBE
algorithms avoid laborious computations that ultimately
yield zero weights (indicating no optimal solution). The
QOBE algorithm is particularly attractive due to very its
simple test for innovation, namely|εn|n−1| > γn.

In the previous section, the MW-QOBE algorithm
optimal weights are derived as functions of a sign vector
sn. This (K + 1) × 1 vector is formed from a set of
2K+1 possible permutations of±1 elements, with the
constraint (see Section III) that the weights at timen be
positive,

qn,n = λn + qn,n−1 > 0. (36)

An efficient test for new information in the MW-OBE
observation matrix is not yet found. However, we report
a necessary condition for the existence of a solution in
Lemma 1. This necessary condition serves to reduce the
solution search.
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1) Existence: The following lemma represents the
principal algebraic result to later derive a necessary
(not sufficient) condition for existence of the weight
adjustment vectorλn.

Lemma 1:Let A represent ann×n symmetric posi-
tive definite matrix andb ann×1 vector withb(i) > 0,
for all i ∈ [1, n]. A sign vectors with corresponding
diagonal matrixS = D(s) satisfies the vector inequality
S(b − As) > 0 only if

sT b > sT As > 0.

Proof: Multiply each side of the vector inequality by a
vector of ones of appropriate dimension.

Lemma 2:A weight adjustment vectorλn (31) satis-
fying (36) exists only for sign vectors such that

sT
nΓnG−1

n|n−1εn|n−1 > sT
nΓnG−1

n|n−1Γnsn > 0. (37)

Proof: We may assume without loss of generality that
λn > 0. Let sb = sign(ΓnG−1

n|n−1εn|n−1), Sb =

D(sb), S = SnSb, b = |ΓnG−1
n|n−1εn|n−1| and A =

SbΓnG−1
n|n−1ΓnSb. Apply Lemma 1 to refine the search

for a valid sign vector, hence, a weight adjustments
vector.

Remark: When re-optimizing a single past weight
(K = 1), the sign vectorSn is eitherSn = I , or

sn = sign[b(1) − b(2)]

[

1
−1

]

(38)

Equation (38) and the fact thatSn 6= −I are direct
consequences of Lemma 2. •

2) Uniqueness: Next we prove that at most one
weight adjustment vectorλ satisfies (31) with constraint
(36).

Lemma 3:Let A represent ann × n symmetric pos-
itive definite matrix and letu and v be two n × 1
vectors withv(i) > 0, for all i ∈ [1, n]. There exists at
most one sign vector with corresponding diagonal matrix
S = D(s) such that

SA(u − Sv) > 0. (39)

Proof: See Appendix B.

Theorem 2 (Uniqueness):At most one weight adjust-
ment vectorλn solving (31) also satisfies (36).
Proof: Let A = G−1

n|n−1, u = εn|n−1 andv =γn. Apply
Lemma 3.

C. Incremental gain

The merit of MW-QOBE with respect to QOBE is
its ability to further reduce bothκn and the ellipsoid
volume at each update. In this section we explore these
improvements.

Theorem 3:Let λn,K and λn,K−1 be the weights
which optimize (minimize)κn,K and κn,K−1 in light
of K and K − 1 observations respectively. Then
κn,K(λn,K) < κn,K−1(λn,K−1).
Proof: The energy matrix at timen when optimizing
over K weights may be partitioned in the following
manner:

Gn|n−1,K =

[

gn,K gT
n,K

gn,K Gn|n−1,K−1

]

(40)

withgn,K = xT
n−KP n−1xn−K

andgT
n,K = xT

n−KP n−1Xn,K−1.

Define the scalar∆n,K = gn,K − gT
n,KG−1

n|n−1,K−1gn,K .

SinceGn,K is positive definite,∆−1
n,K = G−1

n,K(1, 1) is
positive. Now combine (35) andun,K = εn|n−1,K −
Sn,Kγn,K to rewriteκn,K as

κn,K−1 − ∆−1
n,K×

(

un,K(1)G−1
n,K−1X

T
n,K−1P n−1xn,K−1 − un,K−1

)2

and conclude thatκn,K < κn,K−1.

D. Geometric interpretation theκn minimization

Geometric interpretation of the MW-QOBE algorithm
provides insight into its behavior. The QOBE algorithm
(MW-QOBE with K = 0) maps the absolute value
of the a posteriori error, |εn|n−1|, to the boundγn

[16]. A similar behavior is indicated in the MW-QOBE
algorithm by incorporating (27) into (16) to obtain

γn ◦γn − εn|n ◦ εn|n = 0. (41)

This reveals that the MW-QOBE algorithm maps the
component-wise absolute value ofa posteriori error
vectorεn|n to the error vector boundγn by requiring

γn = |εn|n|. (42)

This phenomenon is illustrated in Fig. 4 for the caseK =
1. At each iteration, the MW-QOBE algorithm attempts
to map the error vectorεn|n−1 to the uniqueSnγn vector
(one of2K+1) which satisfies condition (36) through the
transformation (27). This condition imposes a stringent
requirement on the acceptance of observation vectors and
as a result provides a more selective screening process.
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Fig. 4. Error bound constraint (1) whenK = 1 and m = 2. An
errorεn|n−1 originally violating the bound condition is mapped to a
location inside the rectangle{u : |u| ≤γ} in its a posterioriεn|n

form.

E. Algorithm

The MW-QOBE algorithm appears in Table IV. The
initial conditions mirror those in QOBE supplemented by
the initial “accumulated” weight vectorqn,n−1 which is
appropriately assumed to contain all zero elements. This
vector contains the accumulation of all adjustments made
to the weights over the window of time that it currently
represents,n−K, . . . , n. At each iteration, the elements
of qn,n−1 are “shifted” to reflect the new time window.
The check for innovation at timen in the conventional
QOBE algorithm (K = 0) is

|εn|n−1| >γn. (43)

With weight reoptimization (K > 0), satisfaction of this
simple test is necessary for any further computation to be
merited on the windown−K, . . . , n. Indeed, if there is
no innovation in the observation at timen, then the past
K weights are already optimal. The use of the QOBE
check for innovation (43) also becomes the basis for a
simple adaptive (inK) version of MW-QOBE algorithm.
When an optimal weight adjustment vector forK past
weights cannot be found, the algorithm may opt to use
the optimal weight forK = 0. This adaptive process
induces further decrease inκn and allows use of QOBE
algorithm convergence results [16]. The computational
cost of the method is drastically reduced by recourse to
the simple check (43) prior to further optimization.

The computational complexity of the reoptimized
algorithm is significantly worseper update than that

TABLE IV

THE MW-QOBE ALGORITHM .

I. Initialization:
Same as Table I.

II. Recursion:
Same as Table I

If |εn|n−1| > γn

FormXn from present and select pastK data vectors
along with correspondingyn andγn vectors.
εn|n−1 = yn − XT

n θn−1

Rn =P n−1Xn andGn|n−1 = XT
n Rn

If there exists a sign matrixSn (as in 31)
such thatSnG−1

n|n−1
(εn|n−1 − Snγn) > 0,

thenλn = (Gn|n−1SnΓn)−1(εn|n−1 − Snγn)
Otherwise, nextn.

Next n.

of QOBE. However, these selective algorithms tend to
incorporate so few data that, even with the additional bur-
den at times of update, the net result when frequent non-
updates are factored-in renders MW-OBE comparable
to QOBE (remainingO(m)). Further, there is empirical
evidence that reoptimization may result in a reduction
greater better than 10% in updates over conventional
OBE optimization.

F. Computational cost

The basic computational costs are described in Section
III-F. The initial data acceptance check remains the same
as in the QOBE algorithm. If a QOBE optimal weight
exists, the algorithm attempts an optimization over the
pastK weights (36) which requires the computation of
G−1

n|n−1 (K3 floating-point operations (flops)) as well
as its multiplication by a vector (K2 flops) (31). Note
that the computation of det(Gn|n−1) is not necessary
to check inequality (36) since det(Gn|n−1) > 0 and
therefore does not change this inequality.

The computational cost is decreased with increasedK
due the reduction in observations deemed innovative.

V. I LLUSTRATIVE EXAMPLES

A. Decrease in ellipsoid volume

To illustrate the effect ofK in MW-QOBE algorithms,
consider the AR(2) system,

yn = −0.10yn−1 − 0.56yn−2 + εn∗ (44)

where εn∗ is uniformly distributed over the interval
(−1, +1). We use MW-QOBE withK = 0 (QOBE)
and MW-QOBE (K = 1) to identify 100 observations
of this AR(2) system. The QOBE algorithm found 21
points useful in the optimization process compared with
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five used by MW-QOBE withK = 1. Figure 5 shows
the ellipsoids generated by the two techniques at times
n = 8 and n = 13 with corresponding polytopes,
ellipsoid centers and true parameters. The MW-QOBE
ellipsoids show improved alignment with the major axis
of the polytope, and reduced volumes.

We note that QOBE does not focus on decreasing
volume. In fact, it more-or-less “ignores” the ellipsoid
altogether in the attempt to minimizeκn which inher-
ently decreases the ellipsoid volume.

B. Weight assignments

In this section, we illustrate the weight assignment
mechanism in the MW-QOBE algorithms and their data
screening behavior. Consider the AR(3) system,

yn = 0.49yn−1 + 0.61yn−2 + 0.58yn−3εn∗ (45)

whereεn∗ is biased and found in the interval[−0.5, +1].
Table V shows the first few weight assignments with a
constant error boundγ = 1. As expected, the QOBE
algorithm uses the largest number of observations in the
optimization process, followed by MW-QOBE (K = 1)
and MW-QOBE (K = 2). At time n = 17 (K = 2),
the non-zero weight[9.34×10−4, 1.904×10−3, 4.148×
10−3]T is assigned to observations previously ignored.
Therefore, observation vectorsx15 and x16 became
relevant in light of the new observation vectorx17. We
also observe at timesn=15, 16 and 17 (K = 1) the
compounding effects of weight adjustment as consec-
utive observation blocks are used. Between times 15
and 17, the weight applied to observation vectorx15

increased from6.242 × 10−3 to 6.551 × 10−3 and the
one applied tox16 decreased from1.906 × 10−3 to
5.443×10−4. This example illustrates the importance of
allowing constrained negative adjustments to past data
vectors which may not convey as much information as
previously computed in light of a current observation.

The MW-QOBE (K = 2) only used nine observation
vectors in identifying a 500-point sequence output of
(45), compared with the 29 and 57 needed by MW-
QOBE (K = 1) and QOBE, respectively. Using this
reduced number of observations, the MW-QOBE (K =
2) was able to identify system (45) in a comparable
amount time to that required by smallerK, as seen in
Fig. 6a. The associated volume andκn plots are shown
in Fig. 6b and 7b. Thea posteriorierror in Fig. 7a shows
its mapping to the error bound (when an observation is
accepted).

VI. CONCLUSION

The MW-OBE algorithm has been presented and
optimized in the framework of the QOBE algorithm.

By jointly updating past weight assignments, the MW-
OBE shows potential convergence and feasible set vol-
ume reduction benefits. Simulation studies have revealed
enhanced ability to minimizeκn with increasingK.
Improved volume reduction also results with increasing
K. Reoptimization of weights results in an increased
computational cost per update, but the overall per-point
complexity remains at (or below)O(m) with infrequent
updates. The number of updates is decreased dramati-
cally with increasingK due to a conservative aggregate
check for innovation.

APPENDIX

A. Derivation of the Hessian matrix

Proof: The derivative of (31) with respect to a scalar
weight λn(i) is expressed as

∂

∂λn(i)

(

∂κn

∂λn

)

= (46)

−2
(

H−T
n εn|n−1

)

◦

[

∂

∂λn(i)

(

H−T
n εn|n−1

)

]

(47)

which, by incorporating (24), becomes

∂

∂λn(i)

(

∂κn

∂λn

)

= (48)

−2
(

H−T
n εn|n−1

)

◦

[

−H−T
n

∂HT
n

∂λn(i)
H−T

n εn|n−1

]

.

Evaluating (48) at any root, sayλ∗
n, of the first derivative

(31) and by substitutingH−T
n εn|n−1 = Snγn into (46),

we obtain the columns of the Hessian matrix

∂

∂λn(i)

(

∂κn

∂λn

)

λ
∗

n

= 2Snγn ◦ H−T
n

∂HT
n

∂λn(i)
Snγn

= 2Snγn ◦ Gn|n−1H
−1
n

∂Λn

∂λn(i)
Snγn. (49)

The determinant of the Hessian is then

det

[

∂2κn

∂λn(1) ∂λn

, · · · ,
∂2κn

∂λn(K + 1) ∂λn

]

=
2K+1

det(Hn)
det2 (SnΓn) det(Gn|n−1).

B. Proof of Lemma 3

Proof: Let s1 6= s2 be sign vectors with corresponding
diagonal matricesS1 andS2 both satisfying inequality
(39). Without loss of generality, we assume that the
mismatched elements ofS1 and S2 are consecutively
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arranged in the top left quadrants asS1a andS2a, since
we may re-order the basis and preserve the positive
definitiveness ofA. The partitioned matrices (including
A appropriately partitioned) are

S1 =

[

S1a 0

0 S1b

]

, S2 =

[

−S1a 0

0 S1b

]

,

A =

[

Aa Ac

AT
c Ab

]

.

(50)
We now add the inequalities corresponding toS1 and
S2,

0 < (S1 + S2)Au − (S1AS1 + S2AS2)v

and incorporate (50), to obtain the element-wise strictly
negative matrix

0 <

[

0 0

S1bA
T
c S1bAb

] [

ua

ub

]

−

[

S1aAaS1a 0

0 S1bAbS1b

] [

va

vb

]

or,

0 <
−S1aAaS1ava

S1b(A
T
c ua + Abub) − S1bAbS1bvb

(51)

where[ ua | ub ]T and [ va | vb ]T are appropri-
ately partitioned vectorsu andv. Multiplying each side
of the top partition inequality by the vectorva > 0

maintains the inequality, therefore

0 < −vT
a S1aAaS1ava,

a contradiction sinceAa is positive definite. Hence a
sign vectors satisfying (39) is unique.
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[11] Cs. B́anýasz and L. Keviczky (editors), ,” inProc. 9th
IFAC/IFORS Symp. on Identification and System Parameter
Estimation, Budapest, July 1991, vol. 1& 2.

[12] J.R. Deller, Jr. and M. Nayeri (session chairs), ,” inProc. Inter-
national Symp. on Circuits and Systems, Chicago, May 1993,
vol. 1, (Special session on set-membership-based identification
for signal processing and control).

[13] Paulo S.R. Diniz and Stefan Werner, “Set-membership binor-
malized data re-using lms algorithms,”IEEE Transaction on
Signal Processing, vol. 51, no. 1, 2003.

[14] S. Gollamudi, S. Nagaraj, S. Kapoor, and Y.F. Huang, “Set-
membership filtering and a set-membership normalized lms
algorithm with an adaptive step size,”IEEE Signal Processing
Letters, vol. 5, no. 5, pp. 111–114, May 1998.

[15] S. Gollamudi, S. Nagaraj, and Y.-F. Huang, “SMART: A
toolbox for set-membership filtering,” inProc. 1997 European
Conf. on Circuit Theory and Design, Budapest, Sept. 1997.

[16] S. Nagaraj, S. Gollamundi, J.R. Deller, Jr., Y.-F. Huang, and
S. Kapoor, “Performance studies on a “Quasi-OBE” algorithm
for real-time signal processing,” inProc. 40th Annual Midwest
Symposium on Circuits and Systems, Sacramento, Aug. 1997,
vol. 2, pp. 770–773.

[17] J.R. Deller, Jr. and S. F. Odeh, “Adaptive set-membership
identification inO(m) time for linear-in-parameters models,”
IEEE Trans. on Signal Processing, vol. 41, no. 5, pp. 1906–
1924, May 1993.

[18] T. M. Lin, Optimal bounding ellipsoid algorithms with auto-
matic bound estimation, Ph.D. thesis, Michigan State Univer-
sity, East Lansing, 1996.

[19] S. M. Veres and J. P. Norton, “Structure selection for bounded-
parameter models: Consistency conditions and selection crite-
rion,” IEEE Trans. on Automatic Control, vol. 36, pp. 474–481,
1991.

[20] D. Joachim, J.R. Deller, Jr., and M. Nayeri, “Practical consider-
ations in the use of a new OBE algorithm that blindly estimates
error bounds,” inProc. 40thMidwest Symposium on Circuits
and Systems, Sacramento, Aug. 1997, vol. 2, pp. 762–765.

[21] D. Joachim, J.R. Deller, Jr., and M. Nayeri, “Weight reop-
timization in OBE algorithms: An initial study,” inProc.
35th Allerton Conference on Communication, Control and
Computing, Monticello, Illinois, Oct. 1997, pp. 789–797.

[22] Ben Noble,Applied Linear Algebra, Prentice-Hall, Englewood-
Cliffs, New Jersey, 1969.

[23] D. Joachim, Multiweight Optimization in Optimal Bounding
Ellipsoid Algorithms, Ph.D. thesis, Michigan State University,
East Lansing, 1998.

[24] Gene H. Golub and Charles F. Van Loan,Matrix Computations,
The John Hopkins University Press, Baltimore, Maryland, 1983.

[25] J.R. Deller, Jr., “Set-membership identification in digital signal
processing,” IEEE Acoustics, Speech, and Signal Processing
Magazine, vol. 6, pp. 4–22, 1989.

[26] D. Joachim, J.R. Deller, Jr., and M. Nayeri, “Multiweight
optimization in OBE algorithms for improved tracking and
adaptive identification,” inProc. Int. Conf. on Acoustics,
Speech, and Signal Processing, Seattle, May 1998, vol. 4, pp.
2201–2204.



12

[27] Alan Jennings,Matrix Computations for Scientists and Engi-
neers, John Wiley and Sons, 1977.

[28] S. Dasgupta and Y.-F. Huang, “Asymptotically convergent
modified recursive least squares with data dependent updating
and forgetting factor for systems with bounded noise,”IEEE
Trans. on Information Theory, vol. 33, pp. 383–392, 1987.

[29] J.R. Deller, Jr., S. Gollamudi, S. Nagaraj, and Y.F. Huang,
“Convergence analysis of the Quasi-OBE algorithm with per-
formance implications,” inSymposium on System Identification,
Santa Barbara, June 2000, p. (In Press).

[30] S. Nagaraj, S. Gollamudi, S. Kapoor, and Y.F. Huang, “BEA-
CON: An adaptive set-membership filtering technique with
sparse updates,”IEEE Trans. on Signal Processing, vol. 47,
no. 11, pp. 2928–2941, November 1999.

[31] J.R. Deller, Jr., S. Gollamudi, S. Nagaraj, D. Joachim, and Y.F.
Huang, “Convergence analysis of a new ’quasi-obe’ algorithm
for real-time signal processing,”Int’l J. Adaptive Control and
Signal Processing, p. (in 2d Review).

−10 −5 0 5 10
−10

−8

−6

−4

−2

0

2

4

6

8

10

θ8(1)
θ

8
(2

)

(a) Timen = 8.

−8 −6 −4 −2 0 2 4 6 8

−6

−4

−2

0

2

4

6

θ13(1)

θ
1
3
(2

)

(b) Time n = 13.

Fig. 5. OBE ellipsoids resulting from the system identification of
AR(2) systemyn = −0.10yn−1−0.56yn−2+εn∗ by QOBE (dashed
line) and MW-QOBE (solid line, K=1) at timesn = 8 and 13 (limited
data example). The star (∗) represents the “true” parameter and the
circles (◦) the central estimators (superimposed). The underlying
polytopes (exact feasible sets) are also shown.
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TABLE V

FIRST 30 WEIGHTS ASSIGNED BYQOBE AND MW-QOBE (K =

1,2) ALGORITHMS IN THE IDENTIFICATION OF THE AR(3)

SYSTEMyn = 0.49yn−1 + 0.61yn−2 + 0.58yn−3 + εn∗, WHERE

THE “ TRUE” MEASUREMENT ERROR SEQUENCE{εn∗} IS

UNIFORMLY DISTRIBUTED OVER THE INTERVAL (−1, +1). THE

QOBE AND MW-QOBE (K = 1,2) ALGORITHMS SELECTED32,

10, 3OBSERVATIONS, RESPECTIVELY, FROM A TOTAL OF 100.

THE “-” ( DASH) SIGNIFIES A WEIGHT OF ZERO AT THE INDICATED

TIME “ N”.

QOBE MW-QOBE (K=1) MW-QOBE (K=2)
n qn,n qn,n qn,n−1 qn,n qn,n−1 qn,n−2

×10−4 ×10−4 ×10−4 ×10−4 ×10−4 ×10−4

5 1.837 - - - - -
7 6.203 12.002 7.117 - - -
8 - - 12.002 - - -
9 50.115 - - - - -
14 15.073 - - - - -
15 16.917 62.422 25.913 - - -
16 20.392 19.061 65.508 - - -
17 6.189 21.261 5.443 9.340 19.039 41.481
18 2.025 - 21.261 - 9.340 19.039
19 - - - - - 9.340
20 0.624 - - - - -
24 1.798 - - - - -
25 - 15.458 10.908 - - -
26 - - 15.458 - - -
28 - 13.325 1.661 - - -
29 1.546 - 13.325 - - -
30 0.475 - - - - -
32 0.612 - - - - -
34 0.059 - - - - -
36 0.034 - - - - -
39 0.357 3.191 4.099 - - -
40 0.515 1.301 3.764 - - -
41 - - 1.301 - - -
44 2.757 - - - - -
46 3.933 - - - - -
47 0.685 - - - - -
54 0.009 - - - - -
57 0.146 - - - - -
61 0.219 - - - - -
62 0.200 - - - - -
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(a) Parameter #2.
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(b) Volume.

Fig. 6. Convergence of the parameter estimatorθn(2) to the “true”
parameterθn∗(2) = 0.61 and associated ellipsoid volume in the
system identification ofyn = 0.49yn−1+0.61yn−2+0.58yn−3+εn∗

by QOBE and MW-QOBE (K=1,2).
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(a) A posteriorierror, εn|n.
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Fig. 7. κn anda posteriorierror εn|n associated with the identifi-
cation of the system of Fig. 6. A constant error boundvalue of1 was
utilized.




