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Abstract

A novel method for calculating the critical resolved shear stress (CRSS) ratios of different deformation system types in polycrystalline
non-cubic metals has been developed. The mean CRSS ratios between different deformation systems were calculated for both commer-
cially pure (CP) Ti and Ti–5Al–2.5Sn (wt.%) tensile deformed at ambient temperature and 455 �C using an in situ scanning electron
microscope-based testing technique combined with electron backscattered diffraction. It was found that the relative activity of the dif-
ferent deformation systems changes as a function of alloying composition and deformation temperature. Prismatic slip was the most
active deformation mode for CP Ti. CP Ti exhibited a lower resistance to prismatic slip at both ambient and elevated temperatures com-
pared with Ti–5Al–2.5Sn. For Ti–5Al–2.5Sn, prismatic slip was the most active deformation system at ambient temperature although the
basal slip activity significantly increased compared to CP Ti, mostly likely due to an increased c/a ratio resulting in a closer packed basal
plane. At 455 �C, basal slip exhibited a lower CRSS than prismatic slip for Ti–5Al–2.5Sn. The relative activity of other deformation sys-
tems was also affected by alloying and temperature. The statistical resampling technique of bootstrapping was used to generate multiple
equivalent data sets from which mean CRSS ratios between different deformation systems, and associated confidence intervals, could be
deduced. It was found that the mean CRSS ratios at low and high strains varied slightly for the same testing conditions. Moreover, lesser
activated slip systems resulted in relatively larger confidence intervals for the CRSS means. This variability may be attributed to a num-
ber of potential factors, including measurement errors, rotations of grains during deformation, local stress state variations, and work
hardening. The analysis further suggests that awareness of the intrinsic statistical variability in CRSS ratios should be considered when
formulating crystal plasticity constitutive models.
� 2013 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The deformation mechanisms of hexagonal a Ti and hex-
agonal a Ti alloys have been studied over the past few decades
[1–26]. Generally, there are three slip systems with a h2110i
Burgers vector (a-type), which have been observed to slip
on basal {0001}, prismatic f1010g; and first-order pyrami-
dal 1011g planes. According to the von Mises criterion [27],
five independent slip systems are required to accommodate
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any arbitrary shape change during plastic deformation. Thus,
in addition to the three a-type slip systems, additional non a-
type deformation mechanisms must be activated in order to
allow the arbitrary shape changes of a grain that is usually
necessary to maintain polycrystalline compatibility. Pyrami-
dal hc + ai dislocation slip as well as four a-phase twinning
systems – f1012gh10 11i T1 tensile twinning,
f1121gh1126iT2 tensile twinning, f1122gh1123iC1 com-
pressive twinning and f1 011gh1012i C2 compressive twin-
ning [23] – have been reported that can meet this
requirement. Of these, pyramidal hc + ai and
f1012gh1011i T1 tensile twinning are most commonly
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reported for room temperature (RT) deformation in com-
mercially pure (CP) Ti.

The ease of slip or twinning on a particular system is
quantified by the critical resolved shear stress (CRSS).
Researchers have investigated the CRSS or the CRSS
ratios of Ti and Ti alloys under various conditions, both
experimentally and computationally [5–22]. However, there
is no consensus on these values or ratios, particularly as
they change as a function of alloy content and testing con-
ditions. Table 1 shows a number of reported values for the
CRSS and/or CRSS ratios for slip systems at RT and ele-
vated temperatures for Ti and Ti alloys [5–22]. This shows
significant variation in these values, even for the same nom-
inal alloys under the same deformation temperatures and
test conditions. For CP Ti, although the CRSS values mea-
sured at ambient temperature vary significantly, there is
general agreement that prismatic slip is easier to activate
than other deformation modes, and that basal slip is more
easily activated than pyramidal hc + ai slip [3–7,24–26,28].
Conrad [25] and Akhtar and Teghtsoonian [26] both found
that this trend continued up to 827 �C. Table 1 also indi-
cates that compared with CP Ti, alloys with Al additions
have increased CRSS for both basal and prismatic slip sys-
tems. For CP Ti, the CRSS of basal and prismatic slip were
measured to be 209 and 181 MPa [5], respectively, but
increased to 373 and 388 MPa for Ti–6Al–4V [14] and
275.8 and 206.9 MPa for Ti–8Al–1Mo–1V [22].

The relative activity of basal and prismatic slip also
changes with alloying [21]. However, there have been con-
flicting reports on how the activity of prismatic and basal
slip systems is affected by alloying. This is illustrated for
Ti–6Al–4V alloys, where in some cases, the CRSS of basal
slip has even been found to be lower than that of prismatic
slip [14]. However, others have reported that basal slip
exhibits a higher CRSS than prismatic in Ti–6Al–4V at
both 22 �C [12,13,15,16] and between 815 and 955 �C
[19]. Temperature also plays a role in the relative activation
of basal and prismatic slip systems. Williams et al. [21]
showed that increasing temperature leads to a decrease in
the CRSS for the basal and prismatic slip systems for sin-
gle-crystal a Ti–Al alloys with compositions ranging from
Ti–1.4Al to Ti–6.6Al. However, this decrease was more
dramatic for the basal slip systems.

Much of the uncertainty in the CRSS and CRSS ratios
in these Ti alloys can be attributed to the difficulty in
directly measuring these parameters in non-cubic metals
using traditional single-crystal approaches. To date, CRSS
values and ratios have been measured using single crystals
for CP Ti [5–6], Ti–1.4Al [21], Ti–2.9Al [21], Ti–5Al [21],
Ti–6Al–4V [12] and Ti–6.6Al [21] at temperatures ranging
from 22 to 727 �C. However, depending on the relative
CRSS values, it is not always possible to determine these
values for all slip systems using conventional uniaxial tests.
This is because even with high Schmid factors it can be dif-
ficult or impossible to initiate slip on some systems if the
CRSS is much lower on other systems. Furthermore, many
commercial structural metals are polycrystalline and/or
multiphase materials and are often not available in sin-
gle-crystal form, making traditional approaches difficult.

A number of alternative approaches have been taken
to determine CRSS values. Nanoindentation of grains
within a polycrystal combined with crystal plasticity
finite-element simulations has been used to quantitatively
determine the CRSS for different slip systems for CP Ti
[30,31]. By optimizing the simulations of the nanoindenta-
tion behavior in different grains with different orienta-
tions, CRSS values have been determined using an
optimization procedure by constraining the CRSS values
to generate the topographic results measured
experimentally.

Although the activation of deformation systems in poly-
crystals is complicated by the constraints associated with
neighboring grains, studying polycrystalline deformation
may provide a means for understanding deformation sys-
tems that are difficult to activate. A viscoplastic self-consis-
tent model has been used to study the deformation of Ti
alloys and determine the CRSS values [17,18]. However,
even for a simplified model, simulations require a vast
number of computations, limiting the technique. Using a
global stress state tensor, Zaefferer [7] calculated the rela-
tive resolved shear stresses for the different deformation
systems for CP Ti without simulations. Zaefferer also esti-
mated the upper bound of the CRSS ratios of different slip
systems by calculating the ratios of the Schmid factors of
activated and non-activated slip systems [7]. The relative
CRSSs were determined for individual grains with visible
slip bands, based on the Schmid factors of the activated slip
system and each inactivated slip system. Different CRSS
ratios were obtained from different grains with different
orientations, showing significant variations in the relative
CRSSs.

In the present study, instead of calculating the CRSS
ratios for individual grains, an optimization methodology
is developed to compute the CRSS ratios. This technique
minimizes the difference between the observed and
expected number of observations (accounting for texture)
of activated deformation systems in all of the grains from
a given microstructure patch. This calculation provides
one set of CRSS ratios for a given testing condition and
given microstructural patch, and with statistical analysis,
the confidence of this set of computed CRSS values is
assessed. The confidence in this method depends on the
assumption that the large number of slip observations in
about 200 grains is sufficient to represent the average
behavior of a material, and thereby overcome the fact that
the local stress tensor in some grains (or parts of grains)
can differ significantly from a global uniaxial stress tensor.

2. Materials and experimental procedures

Fully-a CP Ti and near-a Ti–5Al–2.5Sn were investi-
gated in this study. The bulk compositions of the CP Ti
and Ti–5Al–2.5Sn were measured using optical emission
spectroscopy and inductively coupled plasma mass



Table 1
List of the CRSS (in MPa) and CRSS ratios (relative values) of slip systems in single-crystal and polycrystalline Ti and Ti alloys. E, experimental; S,
simulated.

Materials/testing method Basal Prismatic Pyramidal hai Pyramidal hc + ai Ref.

Single-crystal TiE 209 MPa 181 MPa 474 MPa [5]
Single-crystal TiE 1 0.8 2.1 [6]
Polycrystal CP TiE 1 13 (upper bond) [7]
Polycrystal CP Ti (RT)S 150 MPa 30 MPa 120 MPa [8]
Polycrystal CP Ti (RT)S 3.1 MPa 4.2 MPa 12 MPa [9]
Polycrystal CP Ti (RT)S 49 MPa 37 MPa 197 MPa [10]
Polycrystal Ti (750 �C)S 1 1 1 10 [1,11]
Single-crystal Ti64 (RT)E 444 MPa

(compression)
376 MPa
(tension)
392 MPa
(compression)

404 MPa
(compression)

441 MPa
(tension)
631 MPa
(compression)

[12]

Polycrystal Ti64 (RT)E 494 MPa (tension)
513 MPa (compression)

395 MPa 395 MPa 494 MPa
(tension)
612 MPa
(compression)

[13]

Polycrystal Ti64(RT)E 373 MPa 388 MPa [14]
Polycrystal Ti64(RT)S 400 MPa 380 MPa 640 MPa [15]
Polycrystal Ti64 (RT)S 3–6 1 3–6 4–10 [16]
Polycrystal Ti64 (RT)S 1 0.67 2 0.67 [17]
Polycrystal Ti64 (RT)S 1 1 8 [18]
Polycrystal Ti64 (815–955 �C)E 1 0.7 3 [19]
Polycrystal Ti6246 (RT)S 380 MPa 615 MPa [20]
Single-crystal Ti–6.6Al (RT)E �1 �1 [21]
Polycrystal Ti8Al1Mo1V (RT)E 275.8 MPa 206.9 MPa 248.2 MPa [22]

H. Li et al. / Acta Materialia 61 (2013) 7555–7567 7557
spectroscopy, with the results shown in Table 2. Fig. 1
shows representative scanning electron microscopy (SEM)
images of the as-received CP Ti and Ti–5Al–2.5Sn micro-
structures. The average hexagonal close-packed (hcp) a
grain sizes of the CP Ti and the Ti–5Al–2.5Sn were 115
and 45 lm, respectively, measured by the line-intercept
method [29]. For Ti–5Al–2.5Sn, the body-centered cubic
(bcc) b phase was observed at some of the equiaxed a-
phase grain boundaries and consisted of <1% of the speci-
men volume as measured on SEM images using Image J
software [32]. Due to its small volume fraction, this phase
was ignored in the deformation mode analysis.

Both materials exhibited a weak texture with a maxi-
mum peak intensity of �3–4 times random, which has been
reported in Ref. [28]. In situ tensile testing was performed
for both the CP Ti and Ti–5Al–2.5Sn at 22 and 455 �C,
resulting in a total of four tests. A more detailed descrip-
tion of the experimental procedure can be found in Ref.
[28]. Electron backscattered diffraction (EBSD) was per-
formed both before and after the deformation. Slip/twin
trace analysis was used to identify the activation of the dif-
ferent slip and twinning modes as a function of tempera-
ture and the global stress state Schmid factor. The
number of observations of a given deformation system type
(i.e. basal, prismatic, pyramidal hai, pyramidal hc + ai and
twinning) and a given global Schmid factor range under
different testing conditions for both CP Ti and Ti–5Al–
2.5Sn were also reported in Ref. [28]. Regarding the obser-
vations of slip on pyramidal planes, there are three slip
directions (two hc + ai and one hai). Of the three, the one
with the highest Schmid factor was associated with the slip
trace. Only the T1 twinning systems were observed in this
study.

3. Analysis methodology

3.1. Experimentally observed deformation system activation

distribution

For each of the experimental condition combinations of
alloy composition and deformation temperature, the defor-
mation system activity is recorded as a function of defor-
mation system type (as identified by trace analysis) and
the Schmid factor based on an assumption of a uniaxial
global stress state. An example of this data distribution is
shown in Table 3, which shows the number of observations
of each of the five deformation system types (i.e. basal,
prismatic, pyramidal hai, pyramidal hc + ai and T1 twin-
ning) and the correlated global Schmid factor at ambient
temperature. The number of observed deformation systems
is binned based on Schmid factor increments of 0.05, so
there are 10 Schmid factor bins for each of the five defor-
mation system types. This defines a matrix where the value
for each pair (i, j) is denoted as Nij (i = 1, . . ., 10,
j = 1, . . ., 5). This table is termed the deformation system–
Schmid factor distribution. This table is populated based
on the number of instances that each combination of defor-
mation system and Schmid factor is observed on a grain-
by-grain basis. For example, if a given grain displays the
activation of two prismatic slip systems and one pyramidal
hc + ai slip system, this will result in three entries in the
table. Examination of this table reveals that, as expected,



Table 2
Chemical composition of the raw materials (wt.%).

(a) CP Ti

O V Fe C Al N H Ti

0.25 <0.09 <0.025 0.01 <0.01 0.0069 0.0008 Balance

(b) Ti–5Al–2.5Sn

Al Sn Fe Zn Ti

4.7 2.7 0.2 0.1 Balance
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as the global Schmid factor decreases, the number of
observed deformation systems of a given type generally
decreases. It also suggests that some deformation system
types, such as basal slip, are more likely to be activated
than others, such as pyramidal hc + ai. This is not a sur-
prising observation since the CRSS is expected to be differ-
ent for different deformation systems. Mitigating these
apparent biases of one deformation system over another
in assessing CRSSs is complicated by the fact that a given
microstructural patch of grains also possesses an underly-
ing texture. Consequently, some deformation systems will
be oversampled in the deformation system–Schmid factor
distribution if there are preferred orientations that have a
particularly high Schmid factor for a given system.

It is the goal of the following section to develop an
approach for removing these inherent biases and, as a
result, deduce the underlying relative CRSS for the differ-
ent deformation types. This is done by comparing the
experimentally developed deformation system–Schmid fac-
tor distribution tables to theoretically developed tables
based on the orientation distributions of the experimentally
characterized microstructural patches.

3.2. Methodology for calculating the relative CRSS for the
different slip system types

In this section a methodology for calculating the ratios
of the CRSS for the various deformation system types is
presented, based on the experimental observations of the
Fig. 1. (a) Secondary electron SEM photomicrograph of the as-received CP Ti;
2.5Sn. The b phase (light phase) decorated the equiaxed a phase (dark phase)
activation of the different deformation system types. In
Section 3.2.1, the manner for determining the total number
of possible deformation systems for all the grains in a given
microstructural patch is developed. The relative activation
of the different deformation system types is then deter-
mined by comparing the potentially-activated systems to
the experimentally-observed systems. In Section 3.2.2, an
approach for taking into account the likelihood of defor-
mation system activation as a function of the global Sch-
mid factor is developed, incorporating the distribution of
grain orientations in the microstructural region of interest.
This results in prediction of the activation distribution of
the different deformation system types for the given micro-
structural patch, under the assumption that all of the defor-
mation system types have the same CRSS (which is clearly
not the case). Finally, in Section 3.2.3, the results of Sec-
tion 3.2.2 are compared to the experimentally observed
activation distribution, and through a least-squares optimi-
zation procedure the approximate relative CRSSs of the
different deformation system types are determined, so that
the results of Section 3.2.2 are modified to mimic the exper-
imental observations.

3.2.1. Comparison between the experimentally-observed

deformation system activation distribution and the texture

distribution

The Ti–5Al–2.5Sn tested in tension at ambient tempera-
ture will continue to be used as an example to illustrate the
method. Table 4 lists the number of possible slip systems of
a given deformation type and Schmid factor bin for all of
the 147 grains in the EBSD mapped region, again based
on a global uniaxial stress state, regardless of whether or
not the deformation system was activated. For each hcp
a grain, there are 24 possible slip systems, including 3 basal
slip, 3 prismatic slip, 6 pyramidal hai and 12 pyramidal
hc + ai slip systems. Since dislocation slip is bidirectional,
for the 24 slip systems in each of the 147 grains, the abso-
lute value of the Schmid factor was computed for each
grain, yielding 3528 values. However, since T1 twinning
(b) backscattered electron SEM photomicrograph of the as-forged Ti–5Al–
grain boundaries.



Table 3
Experimentally observed deformation system–Schmid factor distribution
of the Ti–5Al–2.5Sn RT tension test.

Schmid factor Basal Prism Pyra a Pyra c + a Twin

0–0.05 0 1 0 0 0
0.05–0.1 0 3 0 0 0
0.1–0.15 0 2 0 0 0
0.15–0.2 0 8 0 0 0
0.2–0.25 0 7 0 0 0
0.25–0.3 5 13 0 0 1
0.3–0.35 5 11 0 1 0
0.35–0.4 18 16 1 1 0
0.4–0.45 25 16 2 1 1
0.45–0.5 32 24 4 6 0

Table 4
Potential deformation system–Schmid factor distribution for all the grains
in the EBSD mapped region of the Ti–5Al–2.5Sn RT tension test.

Schmid factor Basal Prism Pyra a Pyra c + a Twin

0–0.05 57 81 178 264 64
0.05–0.1 54 66 106 244 55
0.1–0.15 56 54 103 195 62
0.15–0.2 38 60 87 164 52
0.2–0.25 40 37 92 180 59
0.25–0.3 40 44 82 137 66
0.3–0.35 31 23 61 148 59
0.35–0.4 45 28 71 154 58
0.4–0.45 44 21 44 151 36
0.45–0.5 36 27 58 127 23
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is unidirectional, each of the 6 possible T1 twin systems in
each grain was counted only if it had a positive Schmid fac-
tor, yielding an additional 534 values, or a total of 4062
potential deformation systems distributed in Table 4,
which we henceforth refer to as a potential deformation
system–Schmid factor distribution. The data in Table 4
are binned in the same manner as described for Table 3,
defined so that a particular Schmid factor range and defor-
mation type can be uniquely denoted Dij. In comparison,
204 deformation systems were actually observed, as seen
in Table 3.

The experimentally observed deformation system–Sch-
mid factor distribution is compared with the potential
deformation system–Schmid factor distribution by dividing
each pair in Table 3 (Nij) with the corresponding pair in
Table 4 (Dij), resulting in:

xij ¼ Nij=Dij: ð1Þ
This new Table 5 is called a deformation system–Schmid

factor activation ratio distribution, with xij representing
the ratio of the number of observed deformation systems
of type j with Schmid factor bin i to the corresponding
potential number. If all the deformation systems repre-
sented in Table 4 were actually activated in the experiment,
the value of each pair xij in Table 5 would be 1, but this is
clearly not the case. This deviation from a value of 1 in
each Table 5 entry results from two reasons. First, because
the activation of a particular deformation system depends
on the resolved shear stress on the given deformation sys-
tem, we expect that a deformation system with a small Sch-
mid factor (i.e. small resolved shear stress) is less likely to
be activated than one with a large Schmid factor. There-
fore, it is no surprise that the xij associated with low Sch-
mid factors in Table 5 are much smaller than for high
Schmid factors. Second, since we expect the CRSS values
of the five deformation systems to be different, different
deformation systems subjected to the same resolved shear
stress should have different levels of activity. This feature
in the data is observed by comparing pairs of xij within
the same row (same Schmid factor bin) of Table 5. For
example, Table 5 suggests that the CRSS of basal slip is
much smaller than pyramidal hc + ai slip for the Ti–5Al–
2.5Sn ambient tension test. In Section 3.2.3, a CRSS ratio
optimization process will be developed so that the differ-
ence between the number of experimental observations of
the five deformation system types and the modified number
of deformation systems based on the EBSD data is
minimized.

3.2.2. Prediction of deformation system activation assuming

the CRSS is the same for all deformation systems

Table 4 categorizes the number of potentially-activated
deformation systems of a given deformation system type
and Schmid factor range in a given microstructural patch
for the ambient temperature tested Ti–5Al–2.5Sn sample.
However, as stated in the analysis of Table 5 in Section 3.2.1,
it does not represent the number of likely-activated deforma-
tion systems, which varies based on Schmid factor and defor-
mation type. Using Table 5 as a guide, we now reduce the
values in Table 4 associated with low Schmid factors and
convert Table 4 to a table that reflects the relative impor-
tance of the Schmid factor on the deformation activity but
still assumes that the CRSS is the same for all of the deforma-
tion system types. The results of Table 5 are plotted in Fig. 2
showing the activation ratio of the different deformation sys-
tem types as a function of the global Schmid factor, which
can be fitted using a cubic weighting function:

W ij ¼ Dij � ðði� 1Þ=9Þ3; ð2Þ
resulting in Table 6, which will be referred to as a weighted
deformation system–Schmid factor distribution. This
weighting function will not change the relative potential
activation of the deformation systems associated with the
highest Schmid factor value 0.45–0.5 (in Eq. (2), when
i = 10, Wij = Dij, and the values in the bottom row of Ta-
ble 6 are unchanged from Table 4), but will strongly sup-
press the potential activation of the deformation systems
with smaller Schmid factors (i.e. for small i, since only a
very small number of deformation systems with low Sch-
mid factors are expected to be activated, the values in the
first row of Table 6 are zero – consistent with those in Ta-
ble 5 and much lower than those in Table 4). It should be
noted that different scaling functions of the form in Eq. (2)
may be more applicable for different metals and/or differ-
ent deformation systems. Nevertheless, in this study, a



Table 5
Deformation system–Schmid factor activation ratio distribution of the Ti–
5Al–2.5Sn RT tension test.

Schmid factor Basal Prism Pyra a Pyra c + a Twin

0–0.05 0 0 0 0 0
0.05–0.1 0 0.05 0 0 0
0.1–0.15 0 0.04 0 0 0
0.15–0.2 0 0.13 0 0 0
0.2–0.25 0 0.19 0 0 0
0.25–0.3 0.13 0.30 0 0 0.02
0.3–0.35 0.16 0.48 0 0.01 0
0.35–0.4 0.40 0.57 0.01 0.01 0
0.4–0.45 0.57 0.76 0.05 0.01 0.03
0.45–0.5 0.89 0.89 0.07 0.05 0
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Fig. 2. Activation fraction vs. Schmid factor for the different deformation
system types for Ti–5Al–2.5Sn tensile tested at RT, with the cubic
parabola function overlaid.

Table 6
Weighted potential deformation system–Schmid factor distribution for all
the grains in the EBSD-mapped region of the Ti–5Al–2.5Sn RT tension
test.

Schmid factor Basal Prism Pyra a Pyra c + a Twin

0–0.05 0 0 0 0 0
0.05–0.1 0.07 0.09 0.15 0.33 0.08
0.1–0.15 0.61 0.59 1.13 2.14 0.68
0.15–0.2 1.41 2.22 3.22 6.07 1.93
0.2–0.25 3.51 3.25 8.08 15.80 5.18
0.25–0.3 6.86 7.54 14.06 23.49 11.32
0.3–0.35 9.19 6.81 18.07 43.85 17.48
0.35–0.4 21.17 13.17 33.41 72.46 27.29
0.4–0.45 30.90 14.75 30.90 106.05 25.28
0.45–0.5 36 27 58 127 23
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number of different polynomial functions were tested,
including quadratic, cubic, and fourth-order weighting
functions, and there was no significant effect on the final re-
sults. In the present study, the cubic weighting function
(Eq. 2) is used.

Based on the weighted deformation system–Schmid fac-
tor distribution in Table 6, an approximate probability
density function is generated using:

pij ¼ W ij

X
i;j

W ij

,
; ð3Þ

which, as shown in Table 7, represents the approximate
probability of having deformation j with Schmid factor
bin i activated, again assuming the CRSSs of all the defor-
mation systems are the same. This approximate probability
density function now allows the prediction of the expected
number of observations of deformation system type j and
Schmid factor bin i, denoted by P 0

ij, for any given total
number of deformation systems S to be determined via:

P 0
ij ¼ pijS: ð4Þ

For the Ti–5Al–2.5Sn RT tension test, a total of 204
deformation systems were observed (S ¼

P
i;jN ij ¼ 204).

So in this case P 0
ij represents the expected number of obser-

vations of a given deformation type j and Schmid factor
bin i based on the probability density function generated
in Eq. (3) if the total number of deformation systems were
204, as shown in Table 8. This table contains the expected
number of activated deformation systems for the given tex-
ture of the microstructural patch assuming the CRSSs are
the same for all the deformation system types. Note that
the total number of observed deformation systems will vary
for a given experimentally-characterized microstructural
patch, testing condition, and material.

3.2.3. Optimization of CRSS ratio

The procedures in Section 3.2.2 do not consider the
CRSS differences of the five deformation system types,
and hence the experimentally-observed deformation sys-
tem–Schmid factor distribution (Nij) in Table 3 is signifi-
cantly different from the expected distribution ðP 0

ijÞ in
Table 8. The next step is to optimize the CRSS ratios of
the five deformation system types so that the difference
between the experimental observations and the expected
values is minimized. In this section, a methodology for
determining the CRSS ratio is presented. This methodol-
ogy involves a modification of P 0

ij (in Table 7, assuming
CRSS is the same) using hypothetical CRSS values and
least-square minimization to match the modified P 0

ij with
the experimentally observed deformation system–Schmid
factor distribution (Nij) in Table 3.

Let sj denote the true CRSS of deformation system type
j and Pij the number of observations of deformation system
type j and Schmid factor bin i, where it is not assumed that
the CRSSs are identical. Then the expected number of
observations of deformation system type j and Schmid fac-
tor bin i in Table 8, where it was assumed that the CRSSs
are identical, can be related to this modified number Pij via:

P ij ¼
c
sj

P 0
ij; ð5Þ

where c is an unknown constant with units of MPa. If the
CRSS for one slip system type has been experimentally
measured, the constant c can be determined, allowing the
actual CRSSs to be determined for all of the other defor-
mation system types. Nevertheless, this is not the case in



Table 8
Expected activated deformation system–Schmid factor distribution of the
Ti–5Al–2.5Sn RT tension test with a total of 204 deformation systems
assuming CRSSs are the same for all the deformation system types.

Schmid factor Basal Prism Pyra a Pyra c + a Twin

0–0.05 0 0 0 0 0
0.05–0.1 0.02 0.02 0.03 0.08 0.02
0.1–0.15 0.15 0.14 0.27 0.51 0.16
0.15–0.2 0.33 0.53 0.76 1.44 0.46
0.2–0.25 0.83 0.77 1.91 3.74 1.23
0.25–0.3 1.62 1.79 3.33 5.56 2.68
0.3–0.35 2.17 1.61 4.28 10.38 4.14
0.35–0.4 5.01 3.12 7.91 17.16 6.46
0.4–0.45 7.32 3.49 7.32 25.11 5.99
0.45–0.5 8.52 6.39 13.73 30.07 5.45
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the present analysis, so only the ratios of the CRSSs of the
different deformation systems will be determined, and c was
set to 1 MPa. Note that if all of the CRSSs are identical, i.e.

s1 ¼ s2 ¼ s3 ¼ s4 ¼ s5 ¼ c; ð6Þ
then the modified number of observations Pij agree with
the expected values given in Table 8. Alternatively, if sj > -
sk, then the modified number of observations Pij for defor-
mation system j is related to the analogous quantity Pik for
deformation system k by:

P ik

P 0
ik

¼ sj

sk

P ij

P 0
ij

ð7Þ

so that the modified number of observations (relative to the
expected number if the CRSSs are identical) in deforma-
tion system k is greater than the same relative number in
deformation system j. This is consistent with deformation
system k having a smaller CRSS than deformation system
j.

The squared difference d between the number of experi-
mental observations of each pair Nij in Table 3 and the cor-
responding modified predicted number of observations Pij

is given by:

dðs1; s2; s3; s4; s5; cÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX10;5

i;j¼1

ðP ij � NijÞ2
vuut

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX10;5

i;j¼1

c
sj

P 0
ij � N ij

� �2

vuut : ð8Þ

The “optimal” values for the CRSS values are then com-
puted by solving the first-order derivative conditions for d

with respect to s1, s2, s3, s4 and s5 (treating c as an
unknown parameter) and using the result to minimize d:

@d
@sj
¼ 0! s�j ¼ c

Pm
i¼1ðP 0

ijÞ
2Pm

i¼1N ijP 0
ij

; ð9Þ

where s�1; s
�
2; s
�
3; s
�
4; and s�5 are the “optimal” CRSS values

for basal, prismatic, pyramidal hai, pyramidal hc + ai,
and T1 twin deformation systems, respectively. In Eq.
(9), although c is an unknown constant, the CRSS ratio
Table 7
Probability density function of the Ti–5Al–2.5Sn RT tension test.

Schmid factor Basal Prism Pyra a Pyra c + a Twin

0–0.05 0 0 0 0 0
0.05–0.1 0.0001 0.0001 0.0002 0.0004 0.0001
0.1–0.15 0.0007 0.0007 0.0013 0.0025 0.0008
0.15–0.2 0.0016 0.0026 0.0037 0.0070 0.0022
0.2–0.25 0.0041 0.0038 0.0094 0.0183 0.0060
0.25–0.3 0.0080 0.0088 0.0163 0.0273 0.0131
0.3–0.35 0.0107 0.0079 0.0210 0.0509 0.0203
0.35–0.4 0.0246 0.0153 0.0388 0.0841 0.0317
0.4–0.45 0.0359 0.0171 0.0359 0.1231 0.0293
0.45–0.5 0.0418 0.0313 0.0673 0.1474 0.0267
of any two deformation systems will not depend on c.
Thus, the CRSS ratios of the basal, prismatic, pyramidal
hai, pyramidal hc + ai and T1 twin systems are given as:

basal : prismatic : pyramidal hai : pyramidal hcþ ai : T1 twin

¼ s�1
s�1

:
s�2
s�1

:
s�3
s�1

:
s�4
s�1

:
s�5
s�1
: ð10Þ

For the Ti–5Al–2.5Sn tested at RT, the estimated ratios
are 1:0.79:15.5:30.1:54.5 for basal: prismatic: pyramidal
hai: pyramidal hc + ai: T1 twin. Using the above CRSS
ratios, the predicted number of observations for a given
deformation type j and Schmid factor bin i (Pij) in Eq.
(5) is shown in Table 9. Comparison of this table with
the experimental results in Table 3 shows good general
agreement.

The same methodology discussed in Sections 3.1–3.2
was employed to calculate the CRSS ratios for the CP Ti
and Ti–5Al–2.5Sn tested at RT and 455 �C, strained to
approximately 4% (and also about 10%) plastic deforma-
tion, and the significance of these values will be discussed
next.

4. Results and discussion

One expects that if the same experiment were to be
repeated numerous times on a patch of the same material
(e.g. same texture, temperature, strain), the set of observed
activated deformation systems would be slightly different
than that given in Table 3 since each set of observations
would represent a sample from the same population (and
therefore with the same probability distribution). There-
fore, the specific numbers computed using the observations
in Table 3 and represented in Eq. (10) are only an estimate
of the CRSS ratios, not the true CRSS ratios. Indeed, since
the computed CRSS ratios depend on all of the data in
Table 3, without further experiments it is not possible to
explicitly compute additional estimates of the CRSS ratios.
Despite this limitation, however, the accuracy of the CRSS
ratio estimates computed using the method of Sections 3.1–
3.2 and given in Eq. (10) can be assessed in two fundamen-
tal ways. First, the statistical resampling technique of
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bootstrapping allows the generation a large number of
pseudo datasets in order to simulate the repetition of
numerous deformation experiments, compute the optimal
set of CRSS ratios for each dataset, and then determine
the corresponding mean CRSS ratios from this collection
[33,34]. We can then use these averaged values as a more
robust measure of true CRSS ratios, thereby facilitating
discussion of the relationship between the mean CRSS
ratios, the experimental data and the relevant values in
the literature. Second, using the resampling distribution
as an estimate of the true CRSS ratio distribution, we
can compute rough confidence intervals for the CRSS
ratios and analyze their corresponding significance.

4.1. Statistical analysis

For each of the experiments considered in this work (CP
Ti and Ti–5Al–2.5Sn at RT and 455 �C, strained to
approximately 4% and 10% plastic deformation), the boot-
strapping analysis described below was followed.

1. Treating each experimental observation of deformation
as an independent and identically distributed random
variable, the raw experimental data (e.g. Table 3) was
used to construct a discrete probability distribution
fij = Nij /N, where Nij is the number of observations of
deformation with Schmid factor bin i and deformation
type j, and N ¼

P10;5
i;j¼1N ij is the total number of defor-

mation system observations for the experiment under
consideration. Here fij represents an empirical probabil-
ity distribution for all possible Schmid factor bins and
deformation types, constructed by assigning a probabil-
ity of 1/N to each experimental observation, regardless
of Schmid factor bin or deformation type.

2. M pseudo data sets (each corresponding to a simulated
experiment) were constructed by randomly sampling
(with replacement) the observation sample space using
the distribution fij, which represents the empirical prob-
ability that a given observation will lie in Schmid factor
bin i and be of deformation type j. Each of the M data
sets consisted of N “observations”.
Table 9
Predicted activated deformation system–Schmid factor distribution of the
Ti–5Al–2.5Sn RT tension test with a total of 204 deformation systems
using optimized CRSS ratios.

Schmid factor Basal Prism Pyra a Pyra c + a Twin

0–0.05 0 0 0 0 0
0.05–0.1 0.06 0.10 0.01 0.01 0.00
0.1–0.15 0.52 0.63 0.06 0.06 0.01
0.15–0.2 1.18 2.35 0.17 0.17 0.03
0.2–0.25 2.94 3.43 0.44 0.44 0.08
0.25–0.3 5.75 7.97 0.76 0.65 0.17
0.3–0.35 7.70 7.20 0.98 1.22 0.27
0.35–0.4 17.75 13.92 1.81 2.02 0.42
0.4–0.45 25.91 15.59 1.68 2.95 0.39
0.45–0.5 30.19 28.54 3.14 3.53 0.35
3. For each of the M pseudo data sets, the optimization
problem from Section 3 was solved to deduce CRSS
ratio estimates of the form given in Eq. (10).

4. Each of the generated populations of CRSS ratios were
analyzed statistically by computing the mean and confi-
dence intervals using the resampling distribution.

Fig. 3 depicts how this method was applied to the data
in Table 3 for the Ti–5Al–2.5Sn strained 3.5% at RT. The
resulting resampled CRSS ratio distributions are depicted
in Fig. 4. Corresponding mean values, standard errors,
and confidence intervals were then computed from these
simulated distributions [35]. The mean values of the CRSS
ratios for all bootstrapped pseudo data sets are given in
Tables 10–12. Unless otherwise stated, the subsequent dis-
cussion refers to these mean values. The significance of the
confidence intervals contained in Table 12 will be discussed
in Section 4.5.

4.2. Comparison of the analysis of mean CP Ti CRSS ratios

at ambient temperature with previous results

The calculated CRSS ratios of the CP Ti tested at RT
are consistent with the prior work, indicating the validity
of this technique. In Table 10, the calculated prismatic/
basal CRSS ratio is 0.28, which is close to the value of
0.2 reported by Wu et al. [8]. This ratio has also been
reported from other studies, with a wide range of 0.2–
1.35 shown in Table 1. Pyramidal slip systems exhibited
much higher mean CRSS values relative to basal (7.1 for
pyramidal hai, 6.3 for pyramidal hc + ai), which are similar
to those reported in Ref. [1] and used in Ref. [11]. Further-
more, the CP Ti exhibits a moderate resistance to twinning
(CRSS ratio = 1.7) among all of the deformation system
types, which is larger than prismatic slip (0.28) but smaller
than pyramidal hai (7.1) and pyramidal hc + ai slip (6.3).
This is also consistent with the prior observations that indi-
cated that twinning is frequently observed for CP Ti and
that the observed activity was less than that for prismatic
and basal slip but more than that for pyramidal slip sys-
tems [21,24,36].

4.3. Analysis of the effect of alloy composition and

deformation temperature on the CRSS ratios at low strain

In this section, the relative activity of the different defor-
mation systems changes with alloying composition and
deformation temperature are compared at low strain.
Examination of Table 10 allows several statements to be
made. Comparisons of the mean prismatic/basal CRSS
ratios determined for RT shows that while prismatic slip
is strongly favored in CP Ti (0.28), prismatic slip becomes
less favorable in the alloy (0.81). The lower resistance of
prismatic slip relative to basal slip is unaffected by temper-
ature for CP Ti (prismatic/basal CRSS ratios of 0.28 and
0.29, respectively). In contrast, for the Ti–5Al–2.5Sn alloy,
similar analysis suggests that basal slip becomes less
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favorable (0.81) to more favorable (1.17) with increasing
deformation temperature. These trends agree with earlier
observations, indicating that prismatic slip is favored in
unalloyed Ti and that basal activity increases with Al addi-
tions and temperature [21].

The activity of the other deformation systems relative to
the activity of basal slip is also affected by alloying and
temperature. With increasing temperature for CP Ti, the
relative CRSS of pyramidal hai and pyramidal hc + ai slip
decreases slightly for CP Ti (7.1 and 6.3 at RT, 5.4 and 4.7
at 455 �C). For Ti–5Al–2.5Sn, a similar decrease in the
activity of pyramidal hai and pyramidal hc + ai slip was
also observed with increasing temperature. Overall, the
mean pyramidal/basal CRSS ratio in CP Ti (4.7–7.1) is
much lower than for Ti–5Al–2.5Sn (16.7–35.5).

The relative activity of twinning also changes with alloy-
ing and temperature. For the CP Ti, twinning is an active
deformation system at both RT and 455 �C, and the rela-
tive activity of twinning is not significantly affected by tem-
perature (1.7 at ambient temperature, 1.8 at 455 �C).
However, Ti–5Al–2.5Sn exhibits a very high resistance to
twinning (74) among all the other deformation systems at
Fig. 3. The bootstrap method applied to computing CRSS ratios for Ti–5
observations. (II) Probability density function (PDF) constructed directly from
sample of the PDF given in (II). (IV) Probability density function construct
resamples of the original dataset in (I).
RT. Furthermore, as twinning was not observed in the
Ti–5Al–2.5Sn at elevated temperature, no CRSS ratio
value was calculated. This low twinning activity in Ti–
5Al–2.5Sn is consistent with the observations of Williams
et al. [21] where it was reported that twinning can be
restricted by the ordering of Al in the a phase and that
twinning can be further suppressed with increasing temper-
ature for Ti–Al alloys.

The present work ignores any influences that the b phase
may have on the mechanical response of the microstructure
and how such influences may affect the deformation
response of the a phase. As the b phase makes up less than
1% of the microstructure of the Ti–5Al–2.5Sn alloy, it may
be reasonable to assume that the b phase of the Ti–5Al–
2.5Sn alloy does not significantly affect the relationship
between the activation of deformation in the a phase and
the associated CRSSs. This is confirmed by recent crystal
plasticity finite-element modeling of a Ti–5Al–2.5Sn micro-
structure patch, which shows that the small amount of b at
the a grain boundaries does not alter the local stress state
significantly when compared to the same microstructure
patch simulated without the grain boundary phase [38].
Al–2.5Sn tensile tested at RT to 3.5% strain. (I) Original experimental
observations. (III) Exemplar pseudo dataset resulting from one possible

ed from the optimal prismatic/basal CRSS ratios that result from 2000



Fig. 4. Resampling probability density functions for Ti–5Al–2.5Sn tensile tested at RT to 3.5% strain. The second low peak in the T1 twin/basal CRSS
ratio is due to the existence of only two T1 twin observations with different Schmid factors. Although the pyramidal hai/basal and pyramidal hc + ai/basal
CRSS ratio distributions exhibit overlap, the populations also are nevertheless visually distinct.

Table 10
Bootstrapped mean CRSS ratios of basal, prismatic, pyramidal hai,
pyramidal hc + ai and T1 twin deformation systems for CP Ti and Ti–
5Al–2.5Sn tested at RT and 455 �C with approximately �4% plastic
deformation. * Twinning was not observed for Ti–5Al–2.5Sn tested at
455 �C.

Materials Testing
temperature

Strain
(%)

Basal Prismatic Pyramidal
hai

Pyramidal
hc + ai

T1
twin

CP Ti Ambient 4 1 0.28 7.1 6.3 1.7
CP Ti 455 �C 4.3 1 0.29 5.4 4.7 1.8

Ti–5Al–
2.5Sn

Ambient 3.5 1 0.81 19.1 35.5 74

Ti–5Al–
2.5Sn

455 �C 4.4 1 1.17 16.7 24.4 *

Table 11
Bootstrapped mean CRSS ratios of basal, prismatic, pyramidal hai,
pyramidal hc + ai and T1 twin deformation systems for CP Ti at RT and
455 �C and Ti–5Al–2.5Sn at 455 �C with �10% plastic deformation. *

Twinning was not observed for Ti–5Al–2.5Sn tested at 455 �C.

Materials Testing
temperature

Strain
(%)

Basal Prismatic Pyramidal
hai

Pyramidal
hc + ai

T1
twin

CP Ti Ambient 4 1 0.28 7.1 6.3 1.7
CP Ti Ambient 8.4 1 0.32 9.2 4.6 2.2
CP Ti 455 �C 4.3 1 0.29 5.4 4.7 1.8
CP Ti 455 �C 11.2 1 0.23 4.2 3.9 1.2

Ti–5Al–
2.5Sn

455 �C 4.4 1 1.17 16.7 24.4 *

Ti–5Al–
2.5Sn

455 �C 9 1 0.83 14.1 19.2 *
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Another justification for ignoring the b phase is that the
statistical approach used in the present work does not con-
sider the geometry of the microstructure. That is, the orien-
tations and mechanical responses of neighboring grains are
not taken into account when identifying the activated
deformation systems in a given grain. This lack of depen-
dence on the local grain environment leads to the potential
to use the method outlined here to assess the CRSS ratios
of different phases in complex multiphase materials, if the
effects of microstructural details average out with a suffi-
ciently large population.
4.4. Analysis of the effect of strain on the CRSS ratios

As noted previously [28], with increasing strain more
deformation systems were observed. For the CP Ti tested
at RT and 455 �C and the Ti–5Al–2.5Sn tested at 455 �C,
the activated deformation system data sets were collected
at �10% plastic strain. Using the same methodology as
described in Section 4.1, the mean CRSS ratios were
determined and are shown in Table 11. Some variation
in the calculated ratios for a given set of alloy/tempera-
ture conditions as a function of strain is observed. For



Table 12
Bootstrapped mean CRSS ratios and their associated 90% confidence intervals. For each of the seven strain levels, the bootstrapped mean is listed above
the corresponding 90% confidence interval. * Confidence intervals were not computed for T1 twins in the Ti–5Al–2.5Sn alloy at 455 �C due to a lack of
observations.

Materials Testing temperature Strain (%) Prismatic Pyramidal hai Pyramidal hc + ai T1 twin

Basal Basal Basal Basal

Means and 90% confidence intervals, in parenthesis

CP Ti RT 4 0.28 7.1 6.3 1.7
(.12, .48) (.81, 25.9) (2.1, 13.1) (.6, 3.5)

455 �C 4.3 0.29 4.9 4.7 1.8
(.14, .49) (1.5, 11.4) (2, 9.1) (.6, 3.8)

RT 8.4 0.32 9.2 2.3 1.3
(.15, .53) (2.4, 21.9) (1.8, 8.5) (.78, 4.4)

455 �C 11.2 0.23 4.1 3.9 1.2
(.11, .38) (1.2, 9) (1.7, 7.4) (.48, 2.3)

Ti–5Al–2.5Sn RT 3.5 0.81 19 35 74
(.61, 1.05) (8.7, 38.5) (17.2, 65.2) (21, 187)

455 �C 4.4 1.17 16.7 24.4 *

(.68, 1.85) (1.96, 46.1) (7.3, 72.9) *

455 �C 9 0.83 14.1 19.2 *

(.6, 1.09) (7, 26.3) (10.7, 32.2) *
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example, when deformed at high temperatures, both the
CP Ti and the Ti–5Al–2.5Sn show a decrease in the
CRSS ratios for basal to prismatic slip from their RT
values, decreasing from 0.29 to 0.23 and 1.17 to 0.83
respectively.

In addition to the statistical uncertainty discussed in
Sections 4.1 and 4.5, there may be other reasons to expect
the ratios to change as a function of strain. First, it is
expected that as the polycrystalline samples deform, the
individual grains will rotate. The resulting change in tex-
ture with deformation has not been accounted for in this
methodology, with the texture corrections being based only
on the texture in the undeformed state. Second, as the
strain increases, some of the lower activity systems may
become more evident and contribute to the deformation
system–Schmid factor distributions (representing actual
experimentally-observed deformation events first detailed
in Table 3). As deformation continues, additional deforma-
tion on the systems initially observed in the deformation
system–Schmid factor distribution is not quantified as
changes to the table, but activation of additional deforma-
tion systems will be reflected in the deformation system–
Schmid factor distribution. Third, while the current analy-
sis assesses the Schmid factors relative to the global state of
stress, the local state of stress varies to some degree due to
the constraints of polycrystalline deformation [39–43].
These variations should average out with large data sets.
Nevertheless, the biases associated with local deviations
from the global state of stress are complex, and will evolve
as the rate of deformation in neighboring grains varies.
Finally, it is possible that the changes in the observed
CRSS ratios with strain reflect a real change in materials
behavior in that the work hardening for the different defor-
mation system types is expected to be different
[10,30,36,42,43], and, consequently, the stress necessary to
activate these different systems will vary with strain. If this
is in fact the case, the method developed here has the
potential to allow assessment of these differences in work-
hardening behavior, allowing access to the evolving
work-hardening parameters critical to crystal plasticity
finite-element models used for anisotropic deformation
studies.

4.5. Statistical confidence and data resampling

The uncertainty inherent in the CRSS ratios computed
in Section 3 is influenced by both non-systematic errors
resulting from the choice of microstructural patch and
sample sizes, as well as from systematic errors such as those
that may result from the inability to identify certain defor-
mation systems [28,37]. Although application of the boot-
strap method discussed in Section 4.1 to the raw
experimental data provides a robust way to estimate the
mean CRSS ratios for various deformation system pairs
in the CP Ti and the Ti–5Al–2.5Sn alloy, it cannot com-
pletely remove uncertainty in the original observations.
Nevertheless, such uncertainty can be quantified using con-
fidence intervals computed form the sampling distributions
computed and displayed in Fig. 3 (part IV) and Fig. 4.
Using the percentile method discussed in Ref. [35],
100(1 � a)% confidence intervals of the form (la/2, ra/2)
were computed for the mean CRSS ratios. The endpoints
la/2 and ra/2 were deduced so that (�1, la/2) contained
the lowest a/2% of the resampled data from the bootstrap-
ping simulation and (ra/2, 1) contained the largest (1 � a/
2)% of the resampled data. Note that such intervals are
typically not symmetric about the distribution mean. 90%
confidence intervals (a = 0.1) and their corresponding
means are given in Table 12. Based on this, a number of
comparisons of the different pairs of CRSS ratios across
experiments and deformation systems can be made, all with
at least 90% confidence:
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1. Under all conditions in CP Ti, the CRSS of prismatic
slip is no more than 53% of the CRSS of basal slip. At
RT and 4% strain the CRSS of pyramidal hai slip is at
least 81% of the CRSS of basal slip, but under all other
conditions the CRSS of pyramidal hai slip is at least
120% of the CRSS of basal slip.

2. At RT and low strain, the prismatic CRSS in CP Ti is no
more than 48% of the basal CRSS in CP Ti, while in the
Ti–5Al–2.5Sn alloy the prismatic CRSS is at least 68%
of the CRSS for basal slip.

3. In CP Ti, changes in deformation temperature and
strain do not significantly alter the prismatic-to-basal
CRSS ratio.

4. While the mean prismatic to basal CRSS ratio in the Ti–
5Al–2.5Sn alloy is 0.81 at low strain and RT, it is 1.17 at
455C, suggesting that the prismatic to basal CRSS ratio
Fig. 5. Smoothed resampling probability density functions for Ti–5Al–
2.5Sn tensile tested at both RT and 3.5% strain (blue), and at 455 �C and
4.4% strain (red). Although the spread in the densities prohibits a
definitive statistical statement about the relative sizes of these ratios (see
Table 11), a clear visual distinction between the two populations exists.

Fig. 6. Smoothed resampling probability density functions for the
pyramidal hai/basal CRSS ratios (red) and the pyramidal hc + ai CRSS
ratios (blue) in Ti–5Al–2.5Sn tensile tested at RT and 3.5% strain. The
densities suggest that the CRSS ratio for pyramidal hai/basal is signifi-
cantly less than the pyramidal hc + ai/basal CRSS ratio.
changes from favoring prismatic slip to favoring basal
slip with increasing temperature. Although the confi-
dence intervals do not support such a definitive state-
ment, visual comparison of the resampling
distributions in Fig. 5 does suggest that the mean pris-
matic to basal CRSS ratio at low temperature is signif-
icantly lower than at high temperature.

5. In Ti–5Al–2.5Sn at RT and 3.5% strain, the mean pyra-
midal-hai to-basal CRSS ratio (19) is considerably less
than the mean pyramidal hc + ai-to-basal CRSS ratio
(35). Moreover, despite inconclusive confidence inter-
vals, the resampled population distributions shown in
Fig. 6 indicate a clear separation of the populations,
supporting the hypothesis that pyramidal hc + ai slip
is significantly more difficult to activate than pyramidal
hai slip in Ti–5Al–2.5Sn.

4.6. Broader implications

Overall, the novel approach outlined here provides a
flexible means to assess the CRSS for a variety of deforma-
tion systems, and has the potential to be applied to a wide
range of alloys and crystal systems. When combined with
the knowledge of specific CRSSs that are more easily
obtained using more conventional methods, such as for
the CRSS of prismatic slip in Ti, the absolute values of
the CRSSs of slip systems with higher slip resistance can
be determined. This technique allows these values to be
determined over a wide range of temperatures, as long as
the tests do not inhibit the observation of slip lines. Fur-
thermore, this technique should be viable for determining
CRSS ratios in multiphase materials, where most tradi-
tional approaches cannot be used. To date, the approach
has also been shown to work well for the CRSS ratio esti-
mation of Mg–rare earth alloys tested over a range of tem-
peratures [44]. Access to these parameters has the potential
to allow for more advanced modeling and understanding of
materials behavior in the future.

It is important to note that the methodology presented
in this work only identifies slip activity indirectly through
the observation of surface slip traces. This approach has
the potential to miss the activation of some deformation
systems. First, slip systems with Burgers vectors parallel
to the sample surface will not develop observable slip
traces. Likewise, diffuse slip will not lead to well-defined
slip bands. Furthermore, the deformation systems observed
at the surface may not reflect the subsurface activity, as the
nature of the constraint will change, which may affect the
activation of the various deformation systems. It would
be instructive to combine the methodology outlined here
with subsurface characterization techniques, such as
TEM or X-ray diffraction methods to determine if the sur-
face observations accurately reflect the subsurface activity.
These approaches could be used as a check for specific
grain observations, but it would be difficult to carry out
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enough observations to have the statistical robustness of
the methodology presented here.

5. Summary

In this study, a methodology of calculating the CRSS
ratios of polycrystalline metals has been developed and
described. The CRSS ratios were determined by solving
an optimization problem to minimize the difference
between the experimentally-observed deformation sys-
tem–Schmid factor distribution and the modified distribu-
tion based on the texture. The CRSS ratios of the CP Ti
and Ti–5Al–2.5Sn in tension at RT and 455 �C were calcu-
lated using this methodology, with the results showing
good agreement with literature data. It was found that
the relative activity of the different deformation systems
changes as a function of alloy composition and deforma-
tion temperature. With increasing plastic deformation,
the CRSS variation at low and high strains has been
observed, which may be the result of differently evolving
hardening behavior in different slip systems, or other
sources of uncertainty, which point toward valuable new
areas for research related to statistical errors, rotations of
grains during deformation and local stress state variation.
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