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Positron emission tomography (PET) scanners collect measurements of a patient’s in vivo

radiotracer distribution.  These measurements are reconstructed into cross-sectional images.

Tomographic image reconstruction forms images of functional information in nuclear medicine

applications and the same principles can be applied to modalities such as X-ray computed

tomography.  This chapter provides a brief introduction into tomographic image reconstruction and

outlines the current, commonly applied methods for PET.  This chapter begins with an overview of

data acquisition in PET in 2-D and 3-D mode.  The reconstruction methods presented in this chapter

are divided into analytic and iterative approaches.  Analytic reconstruction methods offer a direct

mathematical solution for the formation of an image (section II, III).  Iterative methods are based on

a more accurate description of the imaging process resulting in a more complicated mathematical

solution requiring multiple steps to arrive at an image (section IV).  Finally, section V offers an

introduction into the tradeoffs between the varying methods and provides some guidance on how to

access the quality of a reconstruction algorithm.

Since its introduction to medical imaging applications in the late 1960’s, tomographic

reconstruction has grown into a well-researched, highly-evolved field.  The modest goal of this

chapter is to focus on common PET reconstruction methods and not to explain more advanced

approaches.  There are several general references on medical image reconstruction with a broader

scope than nuclear medicine, both at the introductory [26, 28, 39] and advanced levels [6, 38, 47].

I. DATA ACQUISITION

The physics of photon generation and detection for PET are described elsewhere in this text.

PET imaging, along with several other imaging modalities, can be described with a line-integral

model of the acquisition. We start by considering the parallelepiped joining any two detector

elements as a volume of response (figure 1). In the absence of physical effects such as attenuation,

scattered and accidental coincidences, detector efficiency variations, or count-rate dependent

effects, the total number of coincidence events detected will be proportional to the total amount of

tracer contained in the tube or volume of response (VOR), as indicated by the shaded area in figure

1(b).
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Figure 1. 'Tube' or volume of response corresponding to sensitive region scanned by two detector elements. (a) Overall

scheme with the volume indicated as a line of response (LOR). (b) Detail showing volume of response (VOR) scanned

by two of the rectangular detector elements (not to scale).

Integration along
Sinogramall LORs at fixed 

s

f(x,y)

!
!

x

y

!

!p(s, )
s

Figure 2. A projection, 
 
p(s,!) , is formed from integration along all parallel LORs at an angle ! .  The projections are

organized into a sinogram such that each complete projection fills a single row of ! in the sinogram.  In this format, a

single point in f (x,y)  traces a sinusoid in the sinogram.

I.A. Two-Dimensional Imaging

Two-dimensional PET imaging only considers lines of response (LORs) lying within a specified

imaging plane. The acquired data are collected along LORs through a two-dimensional object

f (x,y)  as indicated in figure 2.  The LORs are organized into sets of projections, line integrals for

all s for a fixed direction ! .  The collection of all projections for 0 ! " < 2#  forms a two

dimensional function of s and ! is called a sinogram.  This sinogram is aptly named because a fixed

point in the object traces a sinusoidal path in the projection space as shown in figure 2. A sinogram
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for a general object will be the superposition of all sinusoids corresponding to each point of activity

in the object (see figure 3).

The line-integral transform of 
  
f (x, y)! p(s,!)  is called the X-ray transform [39], which in 2-D

is the same as the Radon transform. The X-ray transform (or variants thereof) is a basis for a model

of the data acquisition process of several modalities, including gamma cameras, SPECT,  PET, and

X-ray imaging systems, as well as several non-medical imaging modalities.

In two-dimensional PET, we form projections through only a single transverse slice of a

volumetric object.  We image a volumetric object by repeating the 2-D acquisition for multiple axial

(z) slices.  When the sinogram for each value of z  is reconstructed, we can stack the image planes

together to form a three-dimensional image of f (x,y,z) . Although this can be considered a form of

three-dimensional imaging, it is different from the 'fully' three-dimensional acquisition model

described in the next section.

Figure 3. During data acquisition, the object of emission activity on the left forms the sinogram on the right.

I.B. Fully Three-Dimensional Imaging

With two-dimensional PET imaging, we acquire only line integral data for all imaging planes

perpendicular to the scanner or patient axis, called 'direct' planes (figure 4).  Multiple 2-D planes are

stacked to form a 3-D volume.  In fully three-dimensional PET imaging, we acquire both the direct

planes as well as the line-integral data lying on  'oblique' imaging planes that cross the direct planes,

as shown in figure 4.  Both 2-D and fully 3-D PET imaging lead to 3-D images; the nomenclature

only specifies the type of data acquired.  PET scanners operate in fully 3-D mode to increase

sensitivity, and thus lower the statistical noise associated with photon counting improving the

signal-to-noise ratio in the reconstructed image. 

Early PET scanners avoided fully 3-D imaging for several reasons.  First, fully 3-D

measurements require more storage with data set sizes approximately 10
3
 times larger than 2-D

measurements.  As a result, reconstruction becomes more computationally intensive.  Moreover,

fully 3-D measurements contain significantly more scattered events due to the fact 2-D

measurements are collected with septa placed between each ring of detectors reducing oblique

scattered events.  Improved scatter correction techniques have helped alleviate these problems [42,

49].
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Figure 4.  Comparison of fully 3-D and 2-D PET measurements.  In 2-D mode, scanner only collects direct and

cross planes (organized into direct planes).  In fully 3-D mode, scanner collects all, or most, oblique planes.

I.C. Deterministic vs. Stochastic Imaging Model

One way to represent the imaging system is with the following linear relationship

 
p=Hf + n (1)

where p is the set of observations, H is the known system model, f is the unknown image, and n is

the error in the observations.  The goal of reconstruction is to use the data values p (projections

through the unknown object) to find the image f. With this theoretical understanding of the line

integral model for the data, we need to clarify our understanding of the contents of the data values.

In practice, the data values are modeled either as deterministic or stochastic (random) variables.

A common approach for dealing with PET data is to assume that the data is deterministic,

containing no statistical noise.  Therefore, the n in equation (1) is a deterministic number and, if

known, we could find the exact solution for the image (a deterministic image from a deterministic

set of data). Analytic reconstruction methods use the inverse of the discrete Radon transform to

solve this problem, offering a direct mathematical solution for the image (f) from known projections

(p).  The deterministic assumption is advantageous because it simplifies the reconstruction allowing

for a fast, direct mathematical solution with behavior that is fairly predictable.  On the negative side,

these methods disregard the noise structure in the observations and are based on an idealized model

of the system.  Consequently, they can lead to images with reduced resolution and poor noise

properties (often in the form of streaking artifacts).  Sections II and III will discuss analytic methods

based on the assumption of deterministic data.

In reality, the data values are intrinsically stochastic due to several physical realities in PET

imaging including: the positron decay process, the effects of attenuation, the addition of scattered
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and random events, and the photon detection process.  Consequently, the n in equation (1) is more

accurately representative of random noise making it impossible to find the exact solution for the

image that formed the data.  Therefore, we often revert to “estimation” techniques, which in the

field of tomographic reconstruction are solved iteratively as discussed in section IV.  These

“estimation” methods lead to approximate solutions only through constraining the solution with

some form of regularization.

II. ANALYTIC TWO-DIMENSIONAL IMAGE RECONSTRUCTION

II.A. The two-dimensional central-section theorem

The central-section theorem, also known as the central-slice or Fourier-slice theorem, is a

foundational relationship in analytic image reconstruction.  This theorem states that that the Fourier

transform of a one-dimensional projection is equivalent to a section, or profile, at the same angle

through the center of the two-dimensional Fourier transform of the object [28].  Figure 5 shows a

pictorial description of the central-section theorem where 
   F1 p(s,!){ }  is the one-dimensional

Fourier transform of a projection,  F2
f (x, y){ }  is the two-dimensional Fourier transform of the

image, and 
 
!
x
 is the Fourier space conjugate of x.  The central-section theorem indicates that if we

know 
 
P(!

s
,")  at all angles 0 ! " < # , then we can fill in values for F(!

x
,!

y
) .  The inverse two-

dimensional Fourier transform of F(!
x
,!

y
)  will give us f (x,y) .

!
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Figure 5. Pictorial illustration of the two-dimensional central-section theorem, showing the equivalency between

the one-dimensional Fourier transform of a projection at angle !  and the central-section at the same angle though the

two-dimensional Fourier transform of the object.

II.B. Backprojection
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An essential step in image reconstruction is backprojection, which is the adjoint to forward

projection process that forms the projections of the object.  Figure 6 shows the backprojection along

a fixed angle, !.  Conceptually, backprojection can be described as placing a value of 
 
p(s,!)  back

into an image array along the appropriate LOR, but, since the knowledge of where the values came

from was lost in the projection step, the best we can do is place a constant value into all elements

along the LOR.

!

Backprojection along all 
LORs at a xed !.

s

p(s,!)

x

y

b(x,y;!)

Figure 6. Backprojection, 
 
b(x, y;!) , into an image reconstruction array of all values of p(s,!)  for a fixed value

of ! .

One might assume that straight backprojection of all the collected projections will return the

image, but this is not the case due to the oversampling in the center of the Fourier transform.  In

other words, each projection fills in one slice of the Fourier space resulting in oversampling in the

center and less sampling at the edges.  For example, if we perform backprojections at only two

angles, say !
1
 and !

2
, and examine the Fourier transform of the result we see that the contribution at

the origin is doubled while there is only one contribution at the edges of the field of view.  Another

way of understanding this oversampling in the space domain is with the forward projection of a

single point source.  If we simply backproject the point source projections, the image would be

heavily blurred since the projections are added back to the entire LOR from which they came.  The

oversampling needs to be re-weighted, or ‘filtered’, in order to have equal contributions throughout

the field of view.

II.C. Reconstruction by Backprojection-Filtering

Our goal is to compute f (x,y)  from 
 
p(s,!) .  After backprojection, the oversampling in the

center of Fourier space needs to be filtered in order to have equal sampling throughout the Fourier

space.  Basicially, the Fourier transform of the backprojected image must be filtered with a ‘cone’

filter (! = !
x

2

+!
y

2

).  This cone filter accentuates values at the edge of the Fourier space and de-

accentuates values at the center of the Fourier space.  This operation is summarized in
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F(!

x
,!

y
)= !B(!

x
,!

y
) (2)

where 
 
B(!

x
,!

y
)  is the 2-D Fourier transform of the backprojected image and 

 
F(!

x
,!

y
)  is the 2-D

Fourier transform of the backprojection-filtered image.  The final step is the inverse Fourier

transform of 
 
F(!

x
,!

y
)  to obtain the image f (x,y) .

This is known as the backprojection-filtering (BPF) image reconstruction method, where the

projection data are first backprojected, filtered in Fourier space with the cone filter, and then inverse

Fourier transformed. Alternatively the filtering can be performed in image space via the convolution

of b(x, y)  with 
  
F
2

!1

"{ } . A disadvantage of this approach is that the function b(x, y)  has a larger

support than f (x,y)  due to the convolution with the filter term, which results in gradually decaying

values outside the support of f (x,y) . Thus any numerical procedure must first compute b(x, y)

using a significantly larger image matrix size than is needed for the final result. This disadvantage

can be avoided by interchanging the filtering and backprojection steps as discussed next.

II.D. Reconstruction by Filtered-Backprojection (FBP)

If we interchange the order of the filtering and backprojection steps in Eq. (2) we obtain the

useful filtered-backprojection (FBP) image reconstruction method:

  

f (x, y)= p
F
(s,!)

0

"

! d! (3)

where the 'filtered' projection, given by

   
p
F
(s,!)= F

1

!1 "
s
F
1
p(s,!){ }{ } (4)

can be regarded as pre-corrected for the oversampling of the Fourier transform of f (x,y) . The one-

dimensional 'ramp' filter, 
 
!
s

, is a section through the rotationally symmetric two-dimensional cone

filter.  An advantage of FBP is that the ramp filter is applied to each measured projection, which has

a finite support in s , and we only need to backproject the filtered projections for s  less than the

radius of the field of view. This means that with FBP the image can be efficiently calculated with a

much smaller reconstruction matrix than can be used with BPF, for the same level of accuracy. This

is part of the reason for the popularity of the FBP algorithm.

II.E. Regularization

The inverse problem of Eq. (1) is ill-posed, and its solution, (Eq. (3)), is 'unstable' in the sense

that a small perturbation of the data, 
 
p(s,!) , can lead to an unpredictable change in the estimate of

f (x, y) . As photon detection is a stochastic process, some form of regularization is required to

constrain the solution space to physically acceptable values.

The most common form of regularizing image reconstruction is via simple smoothing. With the

FBP algorithm, Eq. (3), this can be written as

    

f (x, y)! !f (x, y)= F
1

"1
W (!s ) !s F

1
p(s,"){ }{ }d"

0

#

# (5)
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where ˜ f (x,y)  is the reconstructed estimate of f (x,y)  and 
 
W (!

s
)  is the apodizing (or smoothing)

function. In the tomographic image reconstruction literature, the term 'filter' is reserved for the

unique ramp filter,
 
!
s

, which arises from the sampling of the Fourier transform of the object.  In

other words, for two-dimensional image reconstruction there is only one possible filter (the ramp

filter), while the apodizing function can take on any shape that is deemed most advantageous based

on image SNR, or other considerations. Note that unless 
 
W (!

s
)=1 , Eq. (5) yields a biased estimate

of f (x,y) .

A simple model explains the principle of most apodizing functions. If we regard the measured

projection data as the sum of the true projection data and uncorrelated random noise, that is

  
p
M
(s,!)= p(s,!)+ n(s,!) , then the corresponding measured power spectrum is

  
P
p
M (!s ,")= P

p
(!

s
,")+ P

n
(!

s
,") . With the finite frequency response of the detection system the

signal power, 
 
P
p
(!

s
,") , will gradually roll off, while the noise power for 

 
P
n
(!

s
,")  will remain

essentially constant, as illustrated in figure 7. The effect of the ramp filter, also shown in figure 7,

will be to amplify the high frequency components of the power spectrum, which are dominated by

noise at increasing frequencies. A very common apodizing function is the cosine apodizing window,

also called a Hamming, Von Hann, Hann, or even Hanning, window. The specific shape of 
 
W (!

s
)

will determine the noise/resolution trade-offs in the reconstructed image and also affect the noise

co-variance (noise texture) in the image. In practice it is difficult to rigorously justify a choice of

 
W (!

s
) . In principle, at least, W (!

s
)  should be chosen to optimize a specific task, such as lesion

detection.

Pp(vs, !)

vs 

| vs |
W(vs)

vc 

Pn(vs, !)

vs 

Figure 7. Illustration of the use of an apodized ramp filter 
 
W (!

s
) !

s
 to suppress amplification of high-frequency

noise power above the cutoff frequency !
C

.

III. ANALYTIC THREE-DIMENSIONAL IMAGE RECONSTRUCTION

There are two important differences between two-dimensional and three-dimensional image

reconstruction from X-ray transforms: spatially-varying scanner response and data redundancy.  In

fully three-dimensional mode, the scanner is more sensitive to activity in the center of the axial field

of view than it is to activity at the edge of the scanner because more oblique planes intersect in the

center of the scanner.  This causes a spatial variance, which complicates the use of analytical

reconstruction techniques.  On the positive side, fully 3-D data contains redundancies due to the fact

that from an analytic point of view only a single slice of data is required to reconstruct an image.
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Since fully 3-D data contains multiple slices, there is an inherent redundancies in the data required

to reconstruct a single image.

III.A. Three-Dimensional Reprojection Algorithm (3DRP)

The spatially-varying scanner response can be understood as the consequence of the finite axial

extent of the scanner, leading to truncated projections.  In a two-dimensional ring scanner, the

observed intensity of a point source will remain approximately constant, regardless of the position

of the point source inside the scanner's FOV, as illustrated in figure 8.  For a three-dimensional

cylindrical scanner, however, with truncated projections the observed intensity of a point source

will vary depending on the position of the point source inside the scanner's FOV, particularly as the

point source moves axially (figure 8).  For the impractical case of a non-truncated spherical scanner

with detectors completely surrounding the object, the scanner's response would be spatially-

invariant, although the issue of data redundancy would remain.

x

y

x

y

z

point
source

scanner
surface

2D ring scanner 3D cylinder scanner

Figure 8. Illustration of the spatial invariance of two-dimensional imaging with X-ray transforms

and the spatial variance of three-dimensional imaging with X-ray transforms. For the three-

dimensional cylindrical scanner, the observed intensity of the point source will vary depending on

the position of the point source inside the scanner's FOV.

The spatially-varying nature of the measured data complicates the image reconstruction process.

For example, if regions of the support of are unmeasured due to truncation, then accurately

computing the two-dimensional Fourier transform of the projection, say for an FBP type of

algorithm, is not possible by simply using FFTs.

A common method of restoring spatial invariance to measured three-dimensional X-ray

projection data is the three-dimensional reprojection (3DRP) algorithm [29]. In this method,

unmeasured regions of projections are estimated by numerically forward-projecting through an

initial estimate of the image.  The initial estimate is formed by reconstructing an image using only

the direct planes (which are not truncated) with two-dimensional FBP for each transverse plane.

Further details on the implementation of this algorithm are given by Defrise and Kinahan [14].

It is also possible to restrict the axial angle range to use only those projections that are not

truncated. For medical imaging systems, however, this is usually not helpful as the patient extends

the entire axial length of the scanner.

III.B. Rebinning Methods
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With three-dimensional X-ray transform data it is possible to use the measured data to estimate

a stacked (volumetric) set of two-dimensional transverse sinograms by using some form of signal

averaging. Such a procedure is called a rebinning algorithm. Rebinning algorithms have the

advantage that each rebinned sinogram can be efficiently reconstructed with either analytic or

iterative two-dimensional reconstruction methods. In addition rebinning can significantly reduce the

size of the data. The disadvantages of the rebinning methods are that they either pay a penalty in

terms of a spatially-varying distortion and/or amplification of the statistical noise. Although

rebinning methods are not specifically a reconstruction procedure, they are an important addition to

the array of techniques to bear on three-dimensional image reconstruction problems.

The simplest, but still often useful, rebinning method is the single-slice rebinning (SSRB)

algorithm [13] where the rebinned sinograms are formed from averaging all of the oblique

sinograms that intersect the direct plane at the center of the transaxial field of view.  A more

accurate rebinning method is the Fourier rebinning (FORE) algorithm [15], which is based on an

reasonably accurate equivalence between specific elements in the Fourier transformed oblique and

transverse sinograms. In other words, the Fourier transformed oblique sinograms can be resorted

into transverse sinograms and, after normalization for the sampling of the Fourier transform, inverse

transformed to recover accurate direct sinograms. The FORE method amplifies statistical noise

slightly compared to SSRB, but results in significantly less distortion.

IV. ITERATIVE IMAGE RECONSTRUCTION

IV.A. Basic Components

Iterative methods offer improvements over the analytical approach because they can account for

the noise structure in the observations and can use a more realistic model of the system.  These

improvements come at the cost of added complexity resulting in mathematical problems without a

direct analytic solution or with an analytic solution that cannot be solved with current processing

capabilities.  Consequently, these more realistic approaches are often solved with methods that

successively improve, or iterate, an estimate of the unknown image.  This iterative process results in

a potentially more accurate estimate than analytical reconstruction methods, at the cost of greater

computational demands.  Advances in computation speed and faster algorithms have helped

overcome the computational burden of iterative methods allowing them to receive growing clinical

acceptance.

The following discussion offers only an introduction to iterative methods.  Refer to review

articles for more detailed discussions [31, 43]).

All iterative methods contain five basic components.  The first and often-overlooked component

is a model for the image.  This is usually a discretization of the image domain into N distinct pixels

(2D image elements) or voxels (3D image elements).  Other models have been proposed, such as

spherical elements (‘blobs’) [34, 41] with overlapping boundaries, but these approaches are not used

clinically due to complexity.  Usually, the image elements are deterministic variables, but these

elements can also be viewed more accurately as random variables, adopting a Bayesian approach

for the reconstruction problem and will be discussed later.

The second basic component is a system model that relates the image to the data. An element,

H
ij of the system model, H, characterizes the imaging system and represents the probability that an

emission from voxel j is detected in projection i. Therefore,
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pi = Hij f j
j=1

N

! (6)

where p
i
 is the mean of the i-th projection and f j  is the activity in voxel j as illustrated in figure 9.

Most clinical methods use spatially invariant system models with responses simplified for

computationally efficiency.  In emerging research, accurate, spatially variant system modeling has

been shown to improve resolution and decrease mispositioning errors in high-resolution, small-

animal PET systems [20, 32, 45] and with whole-body PET imaging[2].

Figure 9. Illustration of a single element of the system model Hij .

The third component of all iterative methods is a model for the data, which in statistical

methods describes the statistical relationship between the value of the measurements and the

expected value of the measurements.  In other words, this model relates how the projection

measurements vary around their expected mean values and is derived from our basic understanding

of the acquisition process.  Photon detections are Poisson distributed so, in the majority of methods,

a Poisson model is used.  For M projections, the Poisson probability law states that the probability

(L) that the random vector of Poisson distributed photon counts (P) equals the true photon counts

(p) given that we have a vector of emission rates, f is

 

L(P = p | f )=
pi

pi exp(!pi )

pi !i=1

M

" . (7)

Although the Poisson model is appropriate for a conceptual view of PET imaging, once the

corrections for randoms, scatter, and attenuation are applied, the data is no longer Poisson.  Other

models such as approximations of the Poisson [10], shifted Poisson [50], and Gaussian models have

been proposed to improve model accuracy and for practical computation reasons.

Now that we have a description of the image, the measurements, and the system relating the

two, we must adopt a governing principle that defines the “best” image.  The governing principle is
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often expressed mathematically as a cost, or objective, function.  The most common principle for

iterative reconstruction is the Maximum Likelihood approach, a standard statistical estimation

method.  In this approach, the probability relationship (7) is a likelihood function of the object f; we

must choose an estimate of the object f̂  that provides the greatest the value of L().

Maximum likelihood estimators are advantageous because they offer unbiased, minimum

variance estimates as the number of measurements increases towards infinity.  This means that as

the number of measurements or projections becomes large the expected value of the image estimate

approaches the true image (
 
E[ f̂ ]! ftrue ).  And, these estimators are proven to provide the least

variance among all possible unbiased estimators, promising an estimate with less noise than other

unbiased estimators.  On the surface, this noise property is advantageous, but even the least noisy

unbiased estimates are unacceptably noise due to the inherent noise in emission photon counting

systems.  Therefore, in practice, methods often choose to allow some bias in the reconstructed

image in return for reduced noise levels.  This bias is introduced in the form of spatial smoothing

effectively adding error to the image mean values while reducing overall noise levels.  This

smoothing is performed either implicitly by stopping the algorithm before reaching the ML solution

or explicitly through some smoothing operation.  This smoothing operation can take the form of a

post-processing low-pass filter or through one of many Bayesian/penalized approaches discussed

later.

The final component of all iterative methods is an algorithm that optimizes the cost function, or

in other words, finds the “best” image estimate.  Numerous algorithms have been proposed ranging

from gradient-based algorithms [3, 10, 37] to the commonly used expectation maximization (EM)

algorithm.  We will focus on a variant of the EM algorithm, ordered subsets expectation

maximization (OSEM), because it is the most widely used method.

IV.B. Maximum Likelihood - Expectation Maximization

The expectation maximization (EM) algorithm, discussed in 1977 by Dempster et al. [16],

offers a numerical method for determining a maximum likelihood estimate (MLE).  The ML-EM

algorithm, since its introduction to the field of image reconstruction in 1982 by Shepp and Vardi

[46], remains a basis for the most popular statistical reconstruction method and has provided the

foundation for many other methods.

When the ML-EM algorithm is applied to PET image reconstruction, it leads to the simple

iterative equation

 

f j
(n+1)

=
f̂ j
(n)

H !i j
!i

"
Hij

pi

Hik f̂k
(n)

k

"i

" (8)

where 
 
f̂ j
(n+1)

 is the next estimate of voxel j based on the current estimate f̂ (n) .  We will describe

this algorithm qualitatively with the help of figure 10, starting with an initial image guess, f̂ (0) ,

shown in the upper left of the figure and present in the denominator of equation (8).  This initial

guess is usually just the entire image set to a constant value.  The first step (1) forward projects this

image into the projection domain.  Then, (2) these projections are compared with the measured

projections, p.  This forms a multiplicative correction factor for each projection, which is then (3)

backprojected into image domain to obtain a correction factor for the initial image estimate.  This
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image domain correction factor is then (4) multiplied by the current image estimate and divided by

a weighting term based on the system model to apply the desired strength of each image correction

factor.  The new image estimate is now reentered in the algorithm as the next image; the algorithm

repeats itself while the estimate approaches the maximum likelihood solution.

Figure 10.  Flow diagram of the maximum likelihood-expectation maximization algorithm.

Starting with an initial image guess ( f̂
(0)

) in the upper left, the algorithm iteratively

chooses new image estimates based on the measured projections, p.

As the EM algorithm iteratively guesses an image estimate, the low frequency components of

the image appear within the first few iterations.  As the ML estimate is approached, more and more

high frequency definition is resolved in the image, effectively adding more variance to the

reconstruction.  As discussed above in the drawbacks of the ML solution, this variance is often

reduced (at the expense of increased bias) by stopping the algorithm early or by post-smoothing the

reconstruction.  While the convergence rate of ML-EM is image dependent, ML-EM usually

requires approximately 20-50 iterations to reach an acceptable solution. Considering that ML-EM

requires one forward projection and one backprojection at each iteration, this overall processing

time is considerably more than the filtered backprojection approach, but leads to a potentially more

accurate reconstruction.

IV.C. Ordered Subsets Expectation Maximization

Ordered Subsets Expectation Maximization (OSEM) was introduced in 1994 [27] to reduce

reconstruction time of conventional ML-EM.  This slight modification of ML-EM uses subsets of

the entire data set for each image update in the form

 

f j
(n+1)

=
f̂ j
(n)

H !i j
!i "Sb

#
Hij

pi

Hik f̂k
(n)

k

#i"Sb

# (9)
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where the backprojection steps sum over only the projections in subset S
b
 of a total of B subsets.

Therefore, the image is updated during each subiteration and one complete iteration will have B

image updates.  When there is only one subset (B=1), OSEM is the same as ML-EM.

There are many approaches for dividing the projection space into subsets.  Most approaches use

non-overlapping subsets (contain B subsets each with M / B  projections).  A common approach

divides the projections into sets with different views, or azimuthal angles.  For example, assume we

only collect projections of the object at angle 0°, 23°, 45°, and 68°.  If we divide these projections

into 2 subsets, we would place the projections at angle 0° and 45° into one subset and the

projections at 23° and 68° into the other subset.  Then, we apply the ML-EM algorithm with the

projections in subset 1 and obtain an image estimate.  Next, we enter that image estimate into the

algorithm using subset 2 and repeat.

1 subsets

A)
1 4 8 16

4 subsets

B)
1 4 8 16

16 subsets

C)
1 4 8 16

16 subsets
filtered

D)

1 4 8 16

Figure 11.  OSEM reconstructions of simulated data at increasing iterations.  Row A) contains OSEM reconstructions

when using only 1 subset, which is equivalent to the ML-EM algorithm, after iteration 1, 4, 8, and 16. Row B) and C)

highlight the effect of increasing the number of subsets.  Row D) shows reconstructions that are post-filtered with a

7.5mm 3-D Gaussian filter representing a common clinical protocol for OSEM.  Note the similarity of A)16, B)4, and

C)1.

Figure 11 demonstrates the convergence properties of OSEM for varying iterations and numbers

of subsets.  Even though OSEM resembles ML-EM, this computationally convenient method is not

guaranteed to converge to the ML solution.  In practice, its convergence is similar to ML-EM and

approaches the ML solution roughly B times faster than conventional ML-EM.  Figure 12 plots the

Poisson likelihood values (eq. 3) of OSEM and ML-EM vs. iteration number illustrating the speed

improvements of increasing the number of subsets.  This speed increase comes at the expense of

slightly more image variance at the same bias level when compared with ML-EM [30].

Consequently, some moderation must be exercised when choosing the total number of subsets.
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Figure 12 also highlights that “most” of the changes in the estimate occur in the initial iterations

supporting the approach of stopping these algorithms prematurely to reduce image variance.  In

practice, OSEM is stopped early and post-smoothed to obtain visually appealing images although

we disagree with this approach since the bias/variance characteristics are object dependent.

0 5 10 15
iteration

lik
el

ih
oo

d
ML!EM
OSEM 4 Subsets
OSEM 8 Subsets

Figure 12.  Poisson likelihood values vs. iteration number for OSEM and ML-EM reconstructions of simulated

data.  Increasing the number of subsets speeds the approach to the ML value by roughly a factor of the number of

subsets.

It is important to stress to the reader that the ML-EM and OSEM methods are just algorithms for

finding the ML estimate, defining only the last 2 components discussed in the “Basic Components”

section.  The first 3 components (image, system, and measurements models) can vary dramatically

and still be termed an OSEM algorithm.  For example, one OSEM method could use a very simple

system model providing reconstructions with much poorer quality than another OSEM method

using a more realistic system model.  In short, not all OSEM methods are the same.

IV.D. Bayesian/Penalized Methods

Bayesian methods try to improve the quality of the reconstructed image by taking advantage of

knowledge of the image (e.g. non-negative tracer concentration and only small variations between

neighboring voxels).  This information is known a priori and, using Baye’s rule, is often

incorporated into a maximum a posteriori (MAP) objective function (function with all information

available after reception of a priori knowledge of image). The details of MAP estimation are

beyond the scope of this chapter.

On a basic level, the a priori information enters the iterative process as a “prior” term that

enforces conditions on the image estimate at each iteration leading to guaranteed convergence with

certain algorithms.  This is equivalent to using a “penalty” term at each iteration and these methods

are also termed ‘penalized.’  The prior/penalty term can promote desired properties in the image

such a smoothness levels [19, 25], edges [9, 24], or even particular structures based on anatomical

‘side’ information from separate CT or MR studies [1, 12, 18, 23, 44].  One challenge in applying a

prior/penalty term is choosing the parameter that varies the influence, or strength, the penalty will

have on the image [21, 22].  While Bayesian methods are starting to receive clinical acceptance,

they are often not used due to the added complexity in implementation and due to the challenge of

choosing an appropriate parameter for governing the strength of the penalty term.

IV.E. Three Dimensional Iterative Reconstruction
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In concept, iterative methods are easily extendable to fully three-dimensional PET

measurements and reconstruction.  With fully 3-D PET, the data model is based on 3-D

measurements (figure 4) and the image model is now a 3-D volume instead of a 2-D image.  The

system model relates voxel elements to fully 3-D PET projections.  The same governing principles

and statistical relationships apply to 2-D and 3-D PET measurements allowing for the same

optimization algorithms.  Importantly, iterative methods model the spatial variance in fully 3-D

measurements through the system model, so all of the extra efforts required for analytic

reconstruction of 3-D measurements are not necessary.

In practice, the major challenge for fully 3-D iterative reconstruction is the increased

computational demands.  The image sizes increase from 10
4
 pixels to 10

5
voxels when moving to

fully 3-D reconstruction.  The data sets sizes increase even more from 10
4
 to as much as 10

7

entries. Consequently, the system model must be computed for effectively 10
12

 combinations (as

opposed to 108  combinations with 2-D PET).  These increases pose both storage and processing

challenges.  These challenges are being overcome through improvements in computer processing.

Another option for iterative methods is to first rebin the 3-D data into 2-D transaxial slices, as

discussed in section III.B.  Then, faster 2-D iterative reconstruction can be performed on each 2-D

slice.  The combination of FORE with appropriately weighted two-dimensional iterative

reconstruction methods for each rebinned sinogram has successfully been employed for the

reconstruction of three-dimensional whole-body PET data in clinically feasible times [11].

V. IMAGE QUALITY AND NOISE-RESOLUTION TRADEOFFS

V.A. Definitions of Image Quality

Discussion of tomographic reconstruction techniques leads to the challenge of determining

which technique provides the ‘best’ quality image.  An objective comparison of image quality is

often difficult and can only be performed in the context of a specific application, or task.  As stated

by Barrett, “Image quality must be assessed on the basis of average performance of some task of

interest by some observer or decision maker” [4, 5].

Two of the major imaging task categories are classification tasks and estimation tasks.

Classification tasks categorize the image or features in the image into one or more classes.  A

common classification task is detection (a binary classification task).  Some other examples of

classification tasks include signal detection, image segmentation, and diagnosis.  On the other hand,

estimation tasks seek numerical parameters from an imaging system such as the quantitation of

physiological parameters or the estimation of features for pattern recognition.  Specific examples of

estimation tasks include a cardiac ejection fraction or the value of tracer flux in a tissue

compartment model.

V.B. Quantitative Assessments

A common approach for accessing image quality is to determine one of a wide variety of figures

of merit including values such as signal to noise ratio, bias, contrast levels, etc.  Caution should be

taken when trying to distill an image volume (containing on the order of 10
6
 elements) into just a

few descriptive values because single values cannot capture the behavior of the entire image.  With

this caveat in mind, it is still often useful when comparing images (and reconstruction methods) to

analyze several different figures of merit.
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Figure 13.  Comparison of filtered backprojection reconstructions of simulated data with different noise levels

with different smoothing parameters.  The cutoff of the Hanning filter used in the filtering step is reduced

resulting in smoother images.  The left column has the least bias with the most variance, while the right column

has the most bias with the least variance.

Figure 14.  Comparison of OSEM reconstructions of simulated data with different noise levels with different

smoothing parameters.   The post-reconstruction filter is varied changing the noise/bias tradeoff.  The left column

has the least bias with the most variance, while the right column has the most bias with the least variance.
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The ever-present tradeoff in image quality is bias vs. variance.  Given that PET imaging results

in random data, the reconstructed image is random.  In other words, if the same object is imaged

multiple times, the reconstructed images will not be the same due to statistical variations in the data.

With this in mind, we would prefer to have a reconstruction method that creates an image that is on

average the true image: an unbiased method.  Similarly, we would prefer a reconstruction method

that creates an image whose values do not deviate from their mean values: a zero variance method.

Bias is a measure of the accuracy of our reconstruction on average, while variance is a measure

of the precision of the estimate (how much the estimate varies around its average value).  As

mentioned previously, all methods have a way to decrease the variance level at the expense of

increased bias.  FBP reduces variance by changing the cutoff of the apodizing filter used in the

filtering prior to backprojection (figure 13).  In OSEM, the algorithm is either stopped prematurely

or a post-reconstruction filter is applied (figure 14).  As illustrated in the figure 15, given that all

methods are able to vary this tradeoff, in order to declare that method A outperforms method B in

terms of bias, method A must have less bias at the same variance level as method B (or less

variance at same bias level).

Bias

Variance

A

B

Bias

Variance

C

D

Figure 15.  Hypothetical bias versus variance plots for reconstruction methods A, B, C, and D.  These curves are

formed from varying the smoothing parameter in each method.  It is appropriate to state that method A performs better

than method B in terms of bias.  Method C and D alternately perform better than each other at different variance levels.

Signal to noise ratio, and the similar contrast to noise ratio, are general figures of merit for

evaluating the bias-variance tradeoff in an image.  This term quantifies some description of the

strength of the signal in relationship to the quantity of noise.  For the record, a complete description

of bias and variance cannot be ascertained from a single reconstructed image because these terms

are based on the expectation of the image estimate (average reconstructed image over multiple

realizations [48]).  Often times, for expediency the signal to noise ratio is computed from a single

reconstruction [7, 17].  When computed from a single reconstruction, these terms provide insight

into the bias vs. variance tradeoff, but should not be interpreted as a complete understanding of the

variance behavior of the method.

Many common figures of merit are used to describe the spatial resolution of reconstruction

methods.  Resolution is loosely defined as the level of reproduction of spatial detail in the imaging

system.  This is often expressed though the point spread function (PSF): a point source is placed in

the system and reconstructed into an image, a “spread” out version of the point.  In PET, the PSF is

frequently characterized by the transaxial and axial “Full Width at Half Maximum” (FWHM) term,

which describes the width at half of the maximum value of the PSF of a Gaussian shaped function

fitted to the PSF (in the transaxial or axial direction).  This term captures some of the behavior of
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the resolution of the method, but does not do a good job describing the lower values of the PSF

considering a Gaussian function has very long tails.  Other descriptive resolution values include the

“Full Width at Tenth Maximum” (FWTM, computed similarly as FWHM) and properties of the

modulation transfer function (Fourier transform of PSF).  Considering that the smoothing required

to reduce the variance in images leads to degraded resolution, the bias-variance tradeoff also

translates to a inherent resolution-variance tradeoff.  Therefore, it is not adequate to simply state

method A yields better resolution than method B, but must be shown that at an equal variance level,

method A has better resolution than method B.

Perhaps the most common task in nuclear medical applications is the detection of tumors.  Since

a physician assesses images for this classification task, the best method for evaluating

reconstruction methods for detection is a human-observer study.  Unfortunately, thorough human-

observer studies are time-consuming and often times impractical because they require the

evaluation of numerous reconstructed images and ideally numerous trained observers.  As a result,

initial testing of reconstruction methods for detection are often performed with computer

algorithms, called numerical observers, designed to mimic the performance of a human observer.  A

variety of numerical observers have been proposed such as the channelized Hotelling observer [8].

Regardless of whether a human or numerical observer is employed, the results of the observer study

are often presented in the form of a receiver operating characteristic (ROC) analysis.  ROC curves

plot the trade-off between true-positive and false-positive classification.  The overall detection

performance of a method is often summarized with the area under the ROC curve, with the larger

area signifying better detection performance.

VI. SUMMARY

The inverse problem of finding a cross-sectional image from tomographic PET measurements

can be solved with a variety of methods.  When a deterministic view of the PET measurements is

adopted, analytic methods provide a fast, direct solution.  When a more accurate model is used,

iterative methods provide a potentially more accurate image at the expense of increased

computation time.  This chapter presented an introduction to the accepted standard analytic method

of filtered backprojection and the commonly used iterative method, OSEM.  These methods have

gained acceptance in nuclear medicine partly due to resulting image quality and also due to other

factors such as their speed and relative simplicity both in terms of implementation and user

understanding. More sophisticated methods will receive clinical acceptance as processing power

increases and computation speed becomes less of a barrier.

Along with improving the reconstruction methods for solving the basic PET reconstruction

problem posed here, there are many novel challenges facing this field.  New advances in PET

instrumentation, such as time-of-flight acquisition [33, 36], require specialized reconstruction

algorithms to reach their potential, promising significant improvements in signal to noise ratio.

Likewise, functional imaging methods are inherently dynamic at some level; Reconstruction

methods are being developed that cater to forming time-varying images of tracer distribution [35]

[40].  As these and many other reconstruction challenges are addressed, the efficacy and clinical

importance of PET imaging will continue to increase.
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