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Abstract— This paper treats the control design for semi-
active suspension systems using the recently-developed theory
of Quasi-Linear Control (QLC). The use of QLC facilitates
handling actuator constraints in semi-active suspensions and
the design of nonlinear output feedback laws. Our approach
consists of three steps. First, a semi-active suspension control
law is defined as a polynomial function of the velocity difference
between the sprung and unsprung masses. Then, QLC is
employed to stochastically linearize the polynomial function
within the closed-loop system. Finally, using the linearized
system, a constrained optimization problem is formulated and
solved to generate the coefficients of the polynomial function.
This approach leads to a nonlinear feedback control law, which
explicitly takes into account the actuator constraints. Numerical
examples are presented to demonstrate the efficacy of this
approach as compared with clipped linear quadratic Gaussian
control, which is an existing approach used in the literature.

I. INTRODUCTION

The automobile suspension system is critical to ride com-
fort and road handling [1]. Suspension systems typically fall
into three categories: passive, semi-active and active [2], [3].
Passive suspension systems consist of conventional spring
and dampers or shock absorbers. Semi-active suspension
systems are similar to passive ones, except that the damping
coefficient is variable and can be controlled [4], [5]. For
active suspension systems, hydraulic actuators are imple-
mented to generate desired suspension forces [1]. In the past
decade, semi-active suspension systems have attracted much
attention as they are a good compromise between cost and
performance [4].

Semi-active suspension systems typically satisfy passivity
and maximum dissipation constraints [4], [6]. Essentially,
the passivity constraint states that the semi-active suspen-
sion system can only dissipate energy and is not able to
introduce energy like active suspension systems do. Also,
the maximum dissipation constraint states that energy dis-
sipation is bounded by a maximum dissipation rate [4]–[6].
These constraints make the semi-active suspension control
design a challenging task [2], [4]–[8]. Some researchers have
proposed designs that, while suboptimal, are effective in
practical applications. For example, a clipped linear quadratic
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Gaussian (LQG) approach is studied in [4], [5], where, at
each time instant, the calculated LQG-based desired force
signal is clipped based on the constraints. More advanced
techniques such as hybrid model predictive control [6], [9]
have also been studied, which treat the constraints explic-
itly and can handle certain kinds of nonlinearities through
piecewise affine approximation.

In this work, we design a semi-active suspension controller
using a Quasi-Linear Control (QLC) approach [10]. QLC
is intended for the analysis and design of systems with
linear plants and controllers but nonlinear actuators and
sensors, for example, systems with saturating actuators. QLC
theory utilizes stochastic linearization [11] to approximate
each nonlinearity in the system with an equivalent gain.
References [10] and [12] show that the resulting linearized
system is capable of closely approximating signals in the
original nonlinear system if the plant has sufficient low-
pass filtering characteristics, which is the case with the
suspension model considered in this paper. Since QLC takes
into account the nonlinearity in the design and analysis
stage, it is expected to yield better performance compared
to methods which neglect the nonlinearity; for example,
clipped LQG. The current QLC literature includes various
analysis and design methods for systems that have symmetric
(i.e., odd) nonlinearities. These methods are summarized in
[10]. Recently, the theory has been extended to systems with
asymmetric nonlinearities [13], [14].

In this paper, we define a semi-active suspension control
law as a polynomial function of the suspension relative
velocity. This design is easy to implement because it only
requires a suspension deflection sensor, which is readily
available. Also, as is shown in this paper, the polyno-
mial design is capable of producing good performance as
compared to the clipped linear quadratic Gaussian (LQG)
approach which requires more sensors for implementation.
We employ QLC to stochastically linearize the polynomial
function. Based on the linearized system, we formulate a
constrained optimization problem, which we then solve to
generate the coefficients of the polynomial. The result is a
nonlinear output feedback control law that only requires a
suspension deflection measurement. Lastly, control perfor-
mance is compared with the classical clipped LQG control
[4], [5].

The rest of the paper is organized as follows. Section II
discusses the semi-active suspension model and the control
problem. Section III is devoted to optimal feedback control
design with a QLC approach by formulating and solving a
constrained optimization problem. In Section IV, a numerical
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Fig. 1. Semi-active suspension dynamics

simulation is used to compare control performance with the
clipped LQG control. Conclusions are drawn in Section V.

II. PROBLEM FORMULATION

A. System model

Quarter-car models are often used for suspension control
design because they are simple yet capture many important
characteristics of the full-car model [2], [6]–[8]. In this paper,
a quarter-car model with two degrees of freedom (DOF)
(Fig. 1) is used. The parameters Ms and Mus represent the
car body (sprung) mass and the tire and axles (unsprung
mass), respectively. The spring and shock absorber with
variable damping ratio constitute the suspension system,
connecting sprung and unsprung masses. The tire is modeled
as a spring with stiffness kus and negligible damping ratio.
From Fig. 1, the following equations of motion can be
obtained:

ẋ1 = x2 − w,
Musẋ2 = −kusx1 + ksx3 + u,

ẋ3 = x4 − x2,
Msẋ4 = −ksx3 − u,

(1)

where x1 is the tire deflection from equilibrium; x2 is the
unsprung mass velocity; x3 is the suspension deflection from
equilibrium; x4 is the sprung mass velocity; w represents the
stochastic road disturbance; u is the suspension force; and
ks and kus are suspension and tire stiffnesses, respectively.

Define the suspension system state as

x = [x1 x2 x3 x4]T .

The suspension system model can be described by:

ẋ = Ax+Bu+Bww, (2)

where

A =


0 1 0 0

− kus

Mus
0 ks

Mus
0

0 −1 0 1

0 0 − ks
Ms

0

 , B =


0
1

Mus

0
− 1
Ms

 ,
Bw = [−1 0 0 0]T.

We model the stochastic road disturbance, w, as the output
of a coloring filter driven by a standard zero-mean unit-
density white noise process, ξ, i.e.,

ẇ = −aw + bξ, (3)

where a = v2

τv20
, b = v

τv0
are the low-pass filtering parameters

with τ being the nominal filter time constant, and with v0 and
v being the nominal and current vehicle speed, respectively.
The nominal speed v0 is a scaling factor of current speed v
and can be chosen as the average travel speed. Note that v

v0
is the filter gain and v

v0τ
is the cutting frequency. Therefore,

the higher the vehicle speed, the higher the intensity of w.
The road roughness can be reflected in the filter parameter

τ as illustrated in Fig. 10. A rough road can be represented
by a small τ . If road roughness and travel speed information
are available, the filter parameters in (3) and control law
can be adapted based on the route preview as discussed in
Section IV.

Defining an augmented state x̄ = [xT wT]T, we have

˙̄x = Āx̄+ B̄u+ B̄wξ, (4)

where Ā =

[
A Bw
0 −a

]
, B̄ =

[
B
0

]
and B̄w =

[
0
b

]
.

B. Actuator constraints

Semi-active suspension is subject to a passivity constraint
[4], [6] given by

u(x4 − x2) ≥ 0, (5)

which means that the damper can only absorb energy and
cannot generate energy.

Also, the dissipating power of the damper is constrained
by the maximum dissipation rate [4], [6]:

u(x4 − x2) ≤ cmax(x4 − x2)2, (6)

where cmax > 0 is the maximum damping coefficient. The
admissible region defined by the constraints in (5) and (6) is
illustrated by the shaded area in Fig. 2.

C. Control objectives

The objective of semi-active suspension control is to iso-
late the passenger from the road disturbances while maintain-
ing good road handling. Ride comfort is linked with the body
vertical velocity x4, where small x4 means good ride com-
fort. Good road handling is reflected in small tire deflection
x1. We define the control variable z = [x1 αx4]T = C1x̄
with α being a weighting scalar and

C1 =

[
1 0 0 0 0
0 0 0 α 0

]
.
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Fig. 2. Semi-active suspension actuator constraints

The control objective is to find a control law u to minimize
the cost function

J = lim
t→∞

E
[
zT(t)z(t)

]
. (7)

D. Constrained optimization

Combining (4), (5), (6) and (7), we define the following
constrained optimization problem

min
u

lim
t→∞

E
[
zTz
]

subject to
˙̄x = Āx̄+ B̄u+ B̄wξ,

u(x4 − x2) ≥ 0,

u(x4 − x2) ≤ cmax(x4 − x2)2.

(8)

III. QUASI-LINEAR CONTROL

In this paper, we consider an output feedback control law
of the following form

u = f(y) = β1y + β3y
3 + β5y

5, (9)

where y = x4 − x2 = Cx̄ with C = [0 − 1 0 1 0],
and β1, β3, β5 ∈ R are coefficients to be determined. A
schematic of this nonlinear system is shown in Fig. 3(a).

The control law in (9) only relies on suspension relative
velocity which can be obtained from the suspension deflec-
tion measurement that is available in semi-active suspension
systems. Also, (9) may reflect the behavior of passive suspen-
sion systems as a special case. The degree of the polynomial
is chosen to be five to trade performance with complexity.
With the Quasi-linear control (QLC) approach used, the even
terms do not impact the equivalent gain as shown below (see
e.g. (11)), so we only consider odd terms for the benefits of
symmetry.

The goal now is to find coefficients β1, β3 and β5 such
that optimality in (8) is obtained. Note that the nonlinearity
of f(·) makes it difficult to analytically compute the cost
function in (8). In this paper, we use QLC techniques to
alleviate this problem.
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(b) Stochastically linearized system

Fig. 3. Stochastic linearization of closed loop nonlinear system

QLC uses the method of stochastic linearization to ap-
proximate the nonlinearity by a linear constant gain, N , as
illustrated in Fig. 3(b). The gain N is given by the following
expression (see [10], [11]):

N = E
[df(ŷ)

dŷ

]
, (10)

where the expectation is evaluated with respect to the statis-
tics of the signal ŷ(t) at the input of the linearized gain
in Fig. 3(b). Note that, since ŷ(t) is a signal in a closed-
loop system driven by the zero-mean Gaussian process ξ, the
statistics of ŷ are characterized by only its standard deviation,
σŷ . As a result, N is also only a function of σŷ , and, of
course, the plant and the coloring filter.

As shown in [10], if the nonlinearity were isolated (i.e.,
open-loop), N in (10) minimizes E{[f(y(t))−Ny(t)]2}, the
mean square difference between the output of the nonlinear-
ity and the linear approximation. In the closed-loop system,
however, (10) is no longer optimal. Nevertheless, it has been
shown in [10] that this approximation is accurate if the plant
has sufficiently slow dynamics compared to the disturbances,
which is the case in the system considered here.

The following lemma can be used to obtain N from (10).
Lemma 1: [15] Suppose x ∼ N(0, σ2), then

E[xn] =

{
0, if n = 2k + 1, k = 0, 1, 2, · · ·
σ2k(2k − 1)!!, if n = 2k, k = 1, 2, · · ·

(11)
where !! symbolizes the double factorial (2k− 1)!! = (2k−
1)(2k − 3) · · · 1.

From (9), (10) and (11), it follows that

N = β1 + 3β3σ
2
ŷ + 15β5σ

4
ŷ, (12)

where σŷ is determined below in terms of the system
parameters. By approximating f(y) with N , we obtain the
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TABLE I
SIMULATION PARAMETERS

ms mus ks kus cmax

290 kg 60 kg 16800 N/m 19000 N/m 1000 N · s/m
v0 v τ ymax α

20 m/s 25 m/s 0.05 s 5 m/s 0.01

following stochastically linearized system

˙̂x = (Ā+ B̄CN)x̂+ B̄wξ. (13)

Note that the steady-state covariance of x̂, Σ, is the unique
positive definite solution of the Lyapunov equation:

(Ā+ B̄CN)Σ + Σ(Ā+ B̄CN)T + B̄wB̄
T
w = 0. (14)

Based on Σ, the relevant standard deviations in the stochas-
tically linearized system are given by: σ2

ŷ = CΣCT , σ2
ẑ =

trace(C1ΣCT1 ).
Then, control parameters β1, β3 and β5 can be found by

solving the following constrained optimization problem

min
β1,β3,β5

J = trace
(
C1ΣCT

1

)
subject to:

(Ā+ B̄CN)Σ + Σ(Ā+ B̄CN)T + B̄wB̄
T
w = 0,

N = β1 + 3β3CΣCT + 15β5(CΣCT)2,

β1y + β3y
3 + β5y

5 > 0, ∀y ∈ [0, ymax]

β1y + β3y
3 + β5y

5 < cmaxy, ∀y ∈ [0, ymax],

(15)

where ymax is the upper bound of the suspension relative
velocity in operation from simulation tests. The above op-
timization problem can be solved numerically to obtain β1,
β3 and β5.

Note that by exploiting control law (9) and stochastic
linearization, the optimization problem (8) is reduced to the
constrained optimization problem (15), which can be solved
by standard optimizers such as fmincon in MATLAB.

IV. SIMULATION AND PERFORMANCE COMPARISON

A. Performance comparison

In this subsection, we numerically solve the optimization
problem in (15) and compare performance with the clipped
LQG controller [4], [5]. System parameters are listed in
Table I. MATLAB fmincon function is used to solve the
constrained optimization problem numerically. The last two
constraints in (15) are handled using MATLAB fminbnd
function. For example, for the last constraint, the minimum
of cmaxy − β1y − β3y

3 − β5y
5 in the interval [0, ymax]

is first computed using fminbnd and the minimum is then
constrained to be greater than 0. The obtained polynomial
coefficients are

β1 = 499.9996, β3 = 0.0094, β5 = 0.6356.

The resulting polynomial function is plotted in Fig. 4,
satisfying both the passivity and maximum dissipation rate
constraints in (5) and (6).
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Fig. 4. Optimal polynomial control law

We next compare QLC control performance with clipped
LQG control which is a linear quadratic regulator with a
Kalman filter for state estimation. In the clipped LQG control
[4], [5], one first designs a regulator without considering
the constraints. Then the control is saturated based on the
passivity and maximum dissipation rate constraints in (5) and
(6). Since the control cost in semi-active suspension systems
is negligible [4], we set the control penalty to be 10−12. Note
that to implement the LQG control, a full state estimate is
required. In a semi-active suspension system, the suspension
deflection and the sprung mass vertical acceleration mea-
surements are typically available while tire deflection and
unsprung mass velocity are not measured. Note also that the
vertical accelerometer measures the vertical acceleration of
the full car at the center of gravity and thus introduces large
noise for the implementation of the state estimation in the
clipped LQG control with a quarter-car model.

We compare the control performance of our proposed QLC
approach which uses only suspension height sensor with the
clipped LQG control which needs both suspension height
sensor and vertical accelerometer to estimate all states. For
one realization of w as shown in Fig. 5, the norm of the
output variable z as a function of the vertical acceleration
sensor noise covariance V2 with the suspension deflection
sensor noise covariance V1 = 10−6 is illustrated in Fig. 6. It
can be seen that as the noise intensity of the accelerometer
increases, the clipped LQG performance degrades. On the
other hand, the performance of QLC only relies on V1 and is
independent of V2 as in Fig. 6. Note also that, for values of V2
close to zero (i.e., perfect vertical acceleration measurement),
the performance of clipped LQG is better than QLC, because
the LQG design employs two outputs while QLC employs
only one output. However, such small noise covariance levels
are not observed in practice.

Responses at a practical acceleration noise level V2 = 3×
10−2 are illustrated in Fig. 7 and Fig. 8. The force clipping
in the clipped LQG control is shown in Fig. 9.

We generate 1000 realizations of the random disturbance
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Fig. 7. Tire deflection

w and compare the average norm of z. The average norm of
the performance variable z for the QLC and clipped LQG
control are 1.34 and 1.39, respectively. In summary, the
simulation results show that the proposed QLC control has
better performance for larger (i.e., practical) accelerometer
noise covariances, while it has, at the same time, a simpler
implementation based on (9), requiring only suspension
relative velocity for implementation.
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Fig. 8. Body vertical velocity
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Fig. 9. Force clipping in the clipped LQG

B. Effects of road roughness

As discussed in Section II, road roughness level can be
reflected by the filter parameter τ in (3), and the effects
of changes in vehicle forward velocity can be reflected by
the filter parameter a and b. As an example, with the same
realization of white noise ξ, the outputs of the color filter
(3) with different τ ’s are shown in Fig. 10, which indicates
that smaller τ reflects in rougher road.

Since the optimization problem (15) depends on τ , differ-
ent roughness levels result in different optimal polynomial
control laws as illustrated in Fig. 11. Note that if road
roughness information is available, e.g., from a cloud [3],
the control law can be adapted accordingly.

V. CONCLUSIONS

This paper studies semi-active suspension control using a
quasi-linear control (QLC) approach. An output nonlinear
feedback law is designed by solving a constrained opti-
mization problem. The proposed QLC method is simple to
implement since it only needs a suspension height sensor
which is commonly available. Simulation results demonstrate
superior performance compared with clipped LQG control.
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The effects of road roughness in the control design are also
discussed.
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