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Abstract— In this paper, an H∞ control problem for a class
of network-based uncertain systems is studied. A control frame-
work is presented to optimally exploit multiple communication
channels (MCCs) with switching characteristics. System signals
are exchanged via the MCCs and network-induced time-varying
communication delays occur in each of the communication
channels with different characteristics. The channel switching
phenomenon is modeled as a continuous-time Markov process
and a Markov jump linear system (MJLS) is exploited to model
the overall networked system. An H∞ controller is designed
such that the closed-loop MJLS is mean square exponentially
stable and the disturbance attenuation level is bounded by an
H∞ bound. A numerical example is presented to demonstrate
the effectiveness of the proposed controller design and the
advantages of exploiting MCCs.

I. INTRODUCTION

Networked control systems (NCSs) are a class of systems
in which components are inter-connected with communica-
tion networks [1]. Over the past two decades, a variety of
powerful techniques have been developed to address network
specific issues such as time delays and packet dropouts. For
instance, Donkers et al. have conducted stability analysis
for a class of NCSs by employing a switched linear system
theory [2]. An event-triggered communication and control
system co-design has been studied in [3]. A stability region
technique has been exploited to analyze the stability for
NCSs with network-induced time delays in [4].

Most of the existing NCS research only focuses on a
single communication channel for data transmission. As
an alternative, multiple communication channels (MCCs)
can potentially improve the communication performance by
providing redundancy to alleviate transmission irregularities.
See Figure 1. The advantages of MCCs over a single channel
communication are discussed in [5], [6]. However, little
work has been done on control and estimation algorithm
design that exploits MCCs. Our motivation to study systems
operated over MCCs with channel switching comes from
Vehicle-to-Cloud-to-Vehicle (V2C2V) control applications
[7], [8], where the best wireless communication channel may
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change as the vehicle travels through various routes. In other
applications, it may be desirable to change communication
channels over which data or measurements are being received
or commands are being sent to avoid detection or minimize
the communication costs.

In this paper, we consider an H∞ control problem for
a system that receives measurements and communicates to
actuators over MCCs. The treatment of H∞ problem for
an NCS with MCCs is different from existing studies in
which only one communication channel is assumed. The
channel switching is governed by a continuous-time Markov
process and the overall networked system is modeled as a
Markov jump linear system (MJLS). A Lyapunov-Krasovskii
functional (LKF) is designed to obtain H∞ controllers that
account for network-induced time-varying delays and system
parameter uncertainties.

The rest of this paper is organized as follows. In Section
II, the H∞ control problem is formulated for a class of
uncertain NCSs with MCCs, and several background results
are reviewed. Section III is devoted to the stability and
H∞ performance analysis with an LKF approach. Explicit
expressions for the H∞ controllers are derived. In Section
IV, numerical simulation results are reported. Concluding
remarks are made in Section V.

Notation: The notation used throughout this paper is
fairly standard. L2[0,∞) is the space of square-integrable
functions on [0,∞), and for w(t) ∈ L2[0,∞), ‖w‖22 =∫∞

0
w(t)Tw(t)dt; In symmetric block matrices or long ma-

trix expressions, we use ∗ as an ellipsis for the terms that
are introduced by symmetry; diag{· · ·} stands for a block-
diagonal matrix; Sym(A) is a shorthand notation for A+AT;
The Kronecker product is denoted by ⊗.

II. PROBLEM FORMULATION AND PRELIMINARIES

In this paper, we consider a class of network-based sys-
tems with the following continuous-time dynamics

ẋ(t) = (A+ ∆A(t))x(t) + (B + ∆B(t))u(t) +Bww(t),

y0(t) = Cx(t) +Dw(t),

z(t) = L0x(t) + L1u(t),
(1)

where x(t) ∈ Rn is the state vector; u(t) ∈ Rp is the control
input; y0(t) ∈ Rr is the measured output; z(t) ∈ Rm is
the controlled output; w(t) ∈ Rq is the external disturbance
belonging to L2[0,∞). A, B, Bw, C, D, L0 and L1 are con-
stant system matrices of compatible dimensions. Parameter
uncertainties ∆A(t) and ∆B(t) are real-valued time-varying
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matrices which satisfy the following assumptions,

∆A(t) = H1F1(t)E1,

∆B(t) = H2F2(t)E2,
(2)

where Hi ∈ Rn×s, Ei ∈ Rs×n, i = {1, 2}, are known
constant matrices with compatible dimensions, and Fi(t) ∈
Rs×s, i = {1, 2} are unknown time-varying matrix functions
satisfying

F T
i (t)Fi(t) ≤ Is, ∀t ≥ 0. (3)

In this paper, we consider a multiple-communication-
channel (MCC) networked system. An MCC NCS with N
communication channels is shown in Fig. 1. Plant measure-
ments y0 are sent to the corresponding controllers via one
of the available channels. While N communication channels
are available, only one of them is used at a time for signal
transmissions. The channel selection is realized by exploiting
a channel scheduler that chooses the best channel based on
some prescribed protocols.

Remark 1: A cooperative scheduler for the channels may
use minimum time delay, minimum packet dropout rates, or
minimum composite index of performance and costs as the
channel selection policy, see [5], [6].

Let ct denote the channel switching signal taking values in
a finite set C = {1, 2, · · · , N} that identifies which channel
is currently being used. We assume the overall channel
switching is governed by a continuous-time Markov process
{ct ∈ C, t ≥ 0} with the following infinitesimal generator
[9],

Λ = [λij ], i, j ∈ C, (4)

where λij ≥ 0, ∀j 6= i, λii = −
∑
j 6=i λij . Then the

channel transition probability of channel i to channel j can
be approximated as

Pr(ct+∆ = j|ct = i) =

{
λij∆ + o(∆), j 6= i,

1 + λii∆ + o(∆), j = i,
(5)

where o(∆) satisfies lim∆→0 o(∆)/∆ = 0.

In an NCS, time delays may occur in the signal trans-
missions phases, i.e., in the sensor to controller (s2c) phase
and in the controller to actuator (c2a) phase. The channels
may have different characteristics in terms of time delays.
The following assumptions are made with respect to the
communication channel delays.

Assumption 1: The sensor-to-controller delay and
controller-to-actuator delay if using channel i, i ∈ C,
denoted as τs2ci (t) and τ c2ai (t), respectively, are time-
varying and τ i ≤ τs2ci (t) ≤ τ i, τ i ≤ τ c2ai (t) ≤ τ i, where
τ i and τ i are positive constant scalars representing
the lower and upper bound, respectively, of the
communication delays of channel i. Also, we assume
that τ̇s2ci (t) ≤ d < ∞, τ̇ c2ai (t) ≤ d < ∞, , ∀i ∈ C, where
d is a known bound. For notational simplicity, we may use
τs2ci and τ c2ai to represent τs2ci (t) and τ c2ai (t), respectively.

Let yi(t) denote the received measurement at the controller
node at time t if using channel i, then we have

yi(t) = y0(t− τs2ci (t))

= Cx(t− τs2ci (t)) +Dw(t).
(6)

We consider N controllers for the N communication
channels as in Fig. 1 and for each channel i, i ∈ C, the
controller has the following form

ẋc(t) = KA(i)xc(t) +KB(i)yi(t),

u0(t) = KC(i)xc(t),
(7)

where KA(i), KB(i) and KC(i) are controller parameters
to be determined, i ∈ C, and xc ∈ Rn.

Since time delays exist in the controller-to-actuator link,
we have

u(t) = u0(t− τ c2ai (t)) = KC(i)xc(t− τ c2ai (t)). (8)

By defining η(t) = [xT(t) xT
c (t)]

T and combining (1),
(6), (7) and (8), we have the following closed-loop Marko-
vian jump linear system (MJLS)

η̇(t) = Ā(ct)η(t) + Ā1(ct)x(t− τs2cct (t))

+ Ā2(ct)xc(t− τ c2act (t)) + B̄w(ct)w(t),

z(t) = L̄0η(t) + L̄1xc(t− τ c2act (t)),

η(s) = φ(s), s ∈ [−τ̄ , 0],

(9)

where

Ā(ct) =

[
A+ ∆A 0n×n

0n×n KA(ct)

]
, Ā1(ct) =

[
0n×n

KB(ct)C

]
,

Ā2(ct) =

[
(B + ∆B)KC(ct)

0n×n

]
, B̄w(ct) =

[
Bw

KB(ct)D

]
,

L̄0 = [L0 0m×n], L̄1 = L1KC(ct), τ̄ = max
i∈C

τ̄i,

and φ(·) ∈ L2[−τ̄ , 0] is the initial condition.
Definition 1: [9] System (9) with w(t) ≡ 0 is said to

be mean square exponentially stable if there exists constants
δ > 0 and ε > 0, such that

E
[
‖η(t)‖2|(c0, φ(·))

]
≤ ε exp(−δt) sup

−τ̄≤s≤0
‖φ(s)‖2, (10)

where φ(s) ∈ L2[−τ̄ , 0] is the initial condition of system (9)
with τ̄ = max

i∈C
τ̄i.

The H∞ control problem addressed in this paper can be
formulated as follows: given system (1) and a prescribed lev-
el of noise attenuation γ > 0, determine linear controllers (7)
such that the controlled system is mean square exponentially
stable and, assuming zero initial conditions,

E
[
‖z(·)‖22

]
≤ γ2‖w(·)‖22. (11)

Before ending this section, we introduce the following
lemmas that will be used in the subsequent derivations and
proofs.

Lemma 1: [10] Let L = LT and H , E be real matrices
of compatible dimensions. If a matrix F satisfies FF T ≤ I ,
then L+HFE + ETF THT < 0, if and only if there exists
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Fig. 1. Multiple-communication-channel NCS.

a positive scalar ε > 0 such that L+ ε−1HHT + εETE < 0
or, equivalently,  L H εET

HT −εI 0
εE 0 −εI

 < 0.

Lemma 2: [11] If f , g: [a b] → Rn are similarly
ordered, that is,

[f(x)− f(y)]T[g(x)− g(y)] ≥ 0, ∀x, y ∈ [a, b], (12)

then,

1

b− a

∫ b

a

f(x)g(x)dx ≥[ 1

b− a

∫ b

a

f(x)dx
][ 1

b− a

∫ b

a

f(x)dx
]
.

(13)
Lemma 2 is a Chebyshev-like inequality.

Lemma 3: [10] Let W = W T ∈ Rn×n, U ∈ Rm×n, and
V ∈ Rk×n be given matrices, and suppose that rank(U) < n
and rank(V ) < n. The following LMI problem,

W + UTX TV + V TXU < 0, (14)

is solvable for X if and only if

UT
⊥WU⊥ < 0 if V⊥ = 0, U⊥ 6= 0,

V T
⊥WV⊥ < 0 if U⊥ = 0, V⊥ 6= 0,

UT
⊥WU⊥ < 0, V T

⊥WV⊥ < 0, if V⊥ 6= 0, U⊥ 6= 0,

where U⊥ and V⊥ represent the right null spaces of U and
V , respectively. Lemma 3 is referred to as the Projection
Lemma.

III. MCC NETWORK CONTROLLER DESIGN

In this section, stability and H∞ performance analysis re-
sults as well as the controller design are presented. Sufficient
conditions to guarantee mean square exponential stability and
H∞ performance bound are given by the following Theorem.

Theorem 1: Let KA(i), KB(i), KC(i), i ∈ C, be
given controller parameters. Let γ be a prescribed pos-
itive scalar. Then the closed-loop system (9), with
w(t) ≡ 0, is mean square exponentially stable and
E
[
‖z(·)‖22

]
≤ γ2‖w(·)‖22 if there exist positive definite

matrices P (1), P (2), · · · P (N) ∈ R2n×2n, Q1, · · · , Q4 ∈
Rn×n, R1, R2 ∈ Rn×n, a positive constant ε, and a matrix
G̃ ∈ R(8n+q)×2n such that[

Σ1(i) Σ2(i)
∗ Σ3

]
< 0, (15)

for all i ∈ C, where

Σ1(i) =

[
IT

1RI1 P (i)M1

∗ MTQ(i)M

]
+ Sym

{
G̃
[
− I2n A0(i)

]}
,

Σ2(i) =

[
G̃H̄ εĒT(i)

[
02n×m
LT(i)

]]
,

Σ3 = diag{−εI2s, −εI2s, −Im},

A0(i) =

[
A 0n×n 0n×n BKC(i)

0n×n KA(i) KB(i)C 0n×n

0n×n 0n×n Bw
0n×n 0n×n KB(i)D

]
,

M = [MT
1 MT

2 MT
3 MT

4 MT
5 MT

6 T T
1 T T

2 ]T,

I1 = [In, 0n×n], M1 = [I2n×2n 02n×(4n+q)],
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I2 = [0n×n, In], M2 = [0n×2n In×n 0n×(3n+q)],

M3 = [0n×3n In×n 0n×(2n+q)],

M4 = [0n×4n In×n 0n×(n+q)],

M5 = [0n×5n In×n 0n×q], M6 = [0q×6n Iq×q],

L(i) = [L̄0 0m×n L̄1(i) 0m×(2n+q)],

T1 = [I1 0n×2n In 0n×(n+q)],

T2 = [I1 0n×3n In 0n×q], R = τ2R1 + τ̄2R2,

Q(i) = diag{Ξ(i), −(1− d)Q1, −(1− d)Q2, −Q3, −Q4,

−γ2Iq, −R1, −R2}, τ̄ = max
i∈C

τ̄i, τ = min
i∈C

τ i,

Ξ(i) =

N∑
j=1

λijP (j) + IT
1

[
(1 + %)Q1 +Q3 +Q4

]
I1

+ IT
2 (1 + %)Q2I2,

% = 1 + λ̄(τ̄ − τ), λ̄ = max
i∈C
{|λii|},

H̄ =

[
H1 H2

0n×s 0n×s

]
, F̄ = diag{F1, F2},

Ē(i) =

[
0s×2n E1 0s×2n 0s×n 0s×(2n+q)

0s×2n 0s×n 0s×2n E2KC(i) 0s×(2n+q)

]
.

Sketch of the Proof. To prove the result, we construct a
Lyapunov–Krasovskii functional (LKF) V (η(t), ct, t) as

V (η(t), ct, t) =

4∑
i=1

Vi(η(t), ct, t), (16)

with
V1(η(t), ct, t) = ηT(t)P (ct)η(t),

V2(η(t), ct, t)

=

∫ t

t−τs2c
ct

(t)

xT(s)Q1x(s)ds+

∫ t

t−τc2a
ct

(t)

xT
c (s)Q2xc(s)ds

+

∫ t

t−τ
xT(s)Q3x(s)ds+

∫ t

t−τ̄
xT(s)Q4x(s)ds

:= V21 + V22 + V23 + V24,

V3(η(t), ct, t) =

∫ −τ
−τ̄

∫ t

t+θ

xT(s)λ̄Q1x(s)dsdθ

+

∫ −τ
−τ̄

∫ t

t+θ

xT
c (s)λ̄Q2xc(s)dsdθ,

V4(η(t), ct, t) = τ

∫ 0

−τ

∫ t

t+θ

ẋT(s)R1ẋ(s)dsdθ

+ τ̄

∫ 0

−τ̄

∫ t

t+θ

ẋT(s)R2ẋ(s)dsdθ,

where λ̄ is defined in the statement of Theorem 1.

Let D be the weak infinitesimal generator of a random
process {η(t), ct} and define

DV (η(t), ct)

= lim
∆→0

1

∆

{
E[V (η(t+ ∆), ct+∆)]− V (η(t), ct)

}
.

The proof is based on showing that DV (η(t), ct, t) +
zT(t)z(t)−γ2wT(t)w(t) < 0, computing and bounding DVi,
i = 1, 2, 3, 4, and hence [12] the closed-loop system in (9) is
mean square exponentially stable and the H∞ performance
bound in (11) is satisfied. As an example, DV4 is bounded
as follows

DV4(η(t), ct, t)

= τ2ẋT(t)R1ẋ(t) + τ̄2ẋT(t)R2ẋ(t)

− τ
∫ t

t−τ
ẋT(s)R1ẋ(s)ds− τ̄

∫ t

t−τ̄
ẋT(s)R2ẋ(s)ds

≤ τ2ẋT(t)R1ẋ(t) + τ̄2ẋT(t)R2ẋ(t)

− [x(t)− x(t− τ)]TR1[x(t)− x(t− τ)]

− [x(t)− x(t− τ̄)]TR2[x(t)− x(t− τ̄)],

(17)

where the last inequality follows from Lemma 2.
Similar computations yield

DV (η(t), ct, t)+zT(t)z(t)−γ2wT(t)w(t) ≤ ξT
i (t)Ψ(i)ξi(t),

(18)
where

ξi(t) =
[
ηT(t) xT(t− τs2ci ) xT

c (t− τ c2ai )

xT(t− τ) xT(t− τ̄) wT(t)
]T
,

Ψ(i)

=

[
A(i)
I6n+q

]T [IT
1RI1 P (i)M1

∗ MTQ(i)M+ L(i)TL(i)

] [
A(i)
I6n+q

]
(19)

with

A(i) = [Ā(i) Ā1(i) Ā2(i) 02n×n 02n×n B̄w(i)].

Now assign[
IT

1RI1 P (i)M1

∗ MTQ(i)M+ LT(i)L(i)

]
→W, G̃→ X,

[
− I2n A(i)

]
→ U,

[
A(i)
I6n+q

]
→ U⊥,

I8n+q → V, 0(8n+q)×(8n+q) → V⊥.

Using Lemma 4, it can be shown that Ψ(i) < 0 is equivalent
to [
IT

1RI1 P (i)M1

∗ MTQ(i)M+ LT(i)L(i)

]
+ Sym

{
G̃
[
− I2n A(i)

]}
< 0.

(20)

Now let’s consider the parameter uncertainties defined in (2).
Direct computations yield

G̃
[
− I2n A(i)

]
= G̃

[
− I2n A0(i)

]
+ G̃H̄F̄ Ē. (21)
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Combining (19), (20), (21), Lemma 1, and Lemma 3, it is
easy to check that (15) in Theorem 1 is equivalent to Ψ(i) <
0, which implies that

DV (η(t), ct, t) + zT(t)z(t)− γ2wT(t)w(t) < 0.

This completes the proof of Theorem 1.
Remark 2: Note that previous results on NCS with a

single communication channel [1], [13] are special cases of
the above result for N = 1.

We next solve the H∞ control design problem for system
(1), that is, finding controller gains KA(i), KB(i) and KC(i)
in (7) such that the error system (9) is mean square expo-
nentially stable with a guaranteed H∞ bound. The following
theorem gives sufficient conditions for the existence of such
a controller.

Theorem 2: Let γ > 0 represent a desired attenuation
level. For the uncertain system (1), there exist H∞ con-
trollers (7) such that the closed-loop system (9) is mean
square exponentially stable and H∞ performance bound
(11) holds, if there exist positive-definite matrices P (i) =[
P1(i) P2(i)
∗ P3(i)

]
∈ R2n×2n, i = 1, · · · , N , Q1, · · · , Q4 ∈

Rn×n, R1, R2, G2 ∈ Rn×n, a positive constant ε, constants
%1, · · · , %4, σ, K̄A(i), K̄B(i), KC(i), i = 1, 2, · · · , N, such
that [

Ω1(i) Ω2(i)
∗ Σ3

]
< 0, (22)

for all i ∈ C, where

Ω1(i) =

[
IT

1RI1 P (i)M1

∗ MTQ(i)M

]
+ Sym

{[−π ⊗G π ⊗ Â(i)
0q×2s 0q×(6n+q)

]}
,

Ω2(i) =

[[
π ⊗ H̄
0q×2s

]
εĒT(i)

[
02n×m
LT(i)

]]
,

G =

[
In G2

σIn G2

]
, π = [1 %1 %2 %3]T,

Â(i) =

[
A K̄A(i) K̄B(i)C BKC(i)
σA K̄A(i) K̄B(i)C σBKC(i)

0n×n 0n×n Bw + K̄B(i)D
0n×n 0n×n σBw + K̄B(i)D

]
,

and where R, M1, M, H̄ , Ē, Σ3 and L(i) are defined the
same as in the statement of Theorem 1. Furthermore, if (22)
is feasible, then the controller parameters in (7) are given as

KA(i) = G−1
2 K̄A(i), KB(i) = G−1

2 K̄B(c), (23)

for all i ∈ C.
Proof: According to Theorem 1, the closed-loop system

in (9) is mean square exponentially stable and E
[
‖z(·)‖2

]
<

γ‖w(·)‖2 for all w(t) ∈ L2[0,∞), if there exist positive-
definite matrices P (1), P (2), · · · , P (N), Q1, · · · , Q4 ∈
Rn×n, R1, R2 ∈ Rn×n, a positive scalar ε, and matrix G̃

such that (15) holds. For the controller synthesis procedure,
we first specify the slack matrix G̃ as

G̃ =
[
GT %1G

T %2G
T %3G

T 02n×q
]T
,

G =

[
G1 G2

G3 G4

]
,

(24)

where %1, %2, and %3 are scalar parameters to be searched.
Then, similar to [14], we perform a congruence transfor-

mation to G by diag{In, G2G
−1
4 } for matrix inequalities

linearization, which yields[
In 0
0 G2G

−1
4

] [
G1 G2

G3 G4

] [
In 0
0 G−1

4 GT
2

]
=

[
G1 G2G

−T
4 GT

2

G2G
T
4G3 G2G

−T
4 GT

2

]
.

As a result, we can, without loss of generality, directly
specify the G matrix as

G =

[
G1 G2

G3 G2

]
. (25)

We note that with G in the form of (25), the matrix G2 can
be absorbed by introducing

K̄A(i) = G2KA(i), K̄B(i) = G2KB(i).

For design simplicity, we further specify

G1 = In, G3 = σIn, (26)

where σ is a scalar parameter to be searched.
Now substituting (24)-(26) into (15), it can be shown that

(15) and (22) are equivalent. This guarantees stability and
H∞ performance bound.

IV. ILLUSTRATIVE EXAMPLE

In this section, a numerical example is presented to
demonstrate the advantages of the MCC framework and the
effectiveness of the proposed controller design. For simula-
tion purposes, the system parameters in (1) are specified as
follows

A =

[
−0.6 0.5
0.1 −0.3

]
, ∆A(t) = sin t ·

[
0.1 0
0 0.1

]
,

B =

[
1
0

]
, ∆B(t) =

[
0.1 sin t

0

]
, Bw =

[
0.1
0.1

]
,

C = [1 0], D = 0.01, L0 = [0 1], L1 = 0.1,

and the time history of the disturbance w is specified as
w(t) = sin(t) · exp(−t). Three communication channels are
used with the following delay characteristics,

τ̄1 = 0.65, τ1 = 0.15, τ̄2 = 0.7, τ2 = 0.2,

τ̄3 = 0.6, τ3 = 0.18, d = 0.5.

The channel switching is governed by the following infinites-
imal generator (4),

Λ =

−4 2 2
2 −3 1
4 2 −6

 .
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TABLE I
THE H∞ PERFORMANCE BOUNDS FOR DIFFERENT CHANNEL SETUPS.

channel 1 channel 2 channel 3 multiple channels
γ∗ 0.906 1.038 0.783 0.525
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Fig. 3. Performance comparison of single channel and multiple channels.

In this example, we assume that sensor-to-controller delays
are the same as controller-to-actuator delays for each channel
(i.e., τs2ci = τ c2ai , i = 1, 2, 3) and the time histories of time-
varying channel delays are specified in Fig. 2. Furthermore,
a minimum-delay (md) channel scheduler is used, that is,
the scheduler selects the channel with minimum delay. As
a result, the channel is switched such that the channel with
minimum delay is used, as shown by the green solid line in
Fig. 2.

To illustrate the benefits of exploiting multiple communi-
cation channels, we next compare the performance of one-
channel case and the MCC case with a minimum-delay
scheduler. With the MATLAB LMI toolbox, the tightest
feasible H∞ performance bounds under various scenarios
were computed. See Table I. Furthermore, the simulation
responses are illustrated in Fig. 3, where zi is the controlled
output, as in (1), of using a single channel i, i = 1, 2, 3 and
zmd is the controlled output of the MCC implementations
with a minimum-delay scheduler.

It is obvious from Fig. 3 and Table I that in this ex-
ample, by exploiting MCCs, the control performance has

been improved compared to the scenario where only one
communication channel is implemented.

V. CONCLUSIONS

The problem of robust H∞ control for networked systems
with multiple communication channels has been studied. A
Markov jump linear system was used to model a class of
networked systems with Markovian channel switching. Time-
varying communication delays and parameter uncertainties
have been treated in a unified framework. The Lyapunov-
Krasovskii method and LMI techniques were exploited to
establish the existence conditions of the controller and de-
fine the controller design procedure. A numerical example
has been presented to demonstrate the effectiveness of the
proposed controller design approach and the advantages of
exploiting multiple communication channels.
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