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5.0 Introduction

Most enginea's are introduced to common circuit elements sich as resistors, cgpadtors, and
inductorsthrough a mursein basc drcuit ardysis. In this context, these cmmon devicesare often
presented in the ided sense, i.e. asbeing purdly resistive, capadtive, or inductive, respedively. The
effeds due to wires, leals, and connedors are dso usudly neglecedin circuit ardlysis. While this
approad is clealy necessary to impart the fundamental concepts of circuit behavior, this ided
presentation often leals to misconceptions about how adual devices function. Inredity, ead type
of circuit element exhibits some combination of resistive, capadtive, and inductive behaiors when
operated at any frequency other than zero. The types of materials and construction techniques
employed may also affed the performance of circuit elements. These fadors can cause the
impedance, cgpadtance, or inductance of these devices to differ grealy from the expeded ided
values. As was demonstrated in previous chapters, even smple devices and circuits may require
relatively complex models in order to corredly predict behavior over a wide frequency range.
Through the gplicaion of certain approximations, these cmmplex models may be simplified
somewhat, while ill providing the needed physicd insight into device behavior. In this chapter,
equivalent circuit models of basic circuit elerrents will be developedand ardlyzed. The response of
these circuit elementsto abroad range of operational inputswill be discussed and related to thetopics
presented in the ealier sedions. From thisit will become cka that what is usialy referred to as
"non-ided" behavior of a drcuit element is, in aduality, perfedly natural behavior in a regime that
lies outside the range of validity of commonly accepted approximations.

5.1 Internal Impedance of Electric Circuit Elements
o circular wires

Effeds due towiresare often overlooked whenconsdering the behsior of eledric circuits.
For most low-frequency applicaions, wires are modeled as having no effed on circuit
performance. However, theimpedanceof wires can become significant under certain conditions.
Inthis dionageneral expressonfor theinterna impedanceof along cylindrica conductor (i.e.,
awire) will be developed.

Consider an infinitely-long, thin conductor, with cylindricd crosssedion of radiusa, having
permittivity &, permeabili ty 1, and conductivity o. It will beassumed that a aurrent with density J
flows through the @nductor, supported by eledric and magnetic fields E and H. Becaise the
conductor isinfinite in length, and hasrotational symmetry, longitudinal and axial invariancewill
be assumed, therefore

and
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It will also be assumed that only an ially direcedeledricfield exists within the conductor
E = 2E/r)

which corresponds to the aurrent density within the cnductor. Also let the dedric field
maintained at the conductor surface by the external sources which excite the system be

represented by

E, = E,(r=4a).

A system of time-harmonic Maxwell's equations appropriately spedalized for this structure
IS



VxB = p(o+jwe)E

V-B=0.
Expanding the curl equationsyields
~ JE ) -
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Fromtheseit isapparent that B, = B, = Owith
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Substitution of the expresson

1 JE,
o jo or
into (*) yields
1 a( r aEZ) .
= = = E, .
ror\jm or H(o rjoe)E,
which may be rewritten
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where

k2 = wzua(l—ji) .
we

Equation (** ) isknown as Bessal's equation of order zero, with parameter k. This sscond order
partia differential equation hes solution

E,(r) = AJ,(kr) + BN, (kr)

where J (kr) isaBessl function d thefirst kind of order zero, and N, (kr) isa Bessl function
of the secondkind of order zero. A review of Bessl functions appeasat the end of this chapter.

The region under consideration isthat lying inside the conductor. This region contains the
point r =0, therefore the behavior of the Bessal functions for small arguments must be examined.
Asr approadies zero, the Bess function of the second kind becomesinfinitely large. In order
for E, to remain finite, the constant B must be equal to zero. The genera expresson for the
eledric field at any point inside the conductor is thus

E,(r) = AJ,(kr).

The unknown constant A is determined through applicaion of boundary conditions. At the
surfaceof the cylindrical conductor

Er=a) = E,, = AJ (ka)
thus

A EZO
3 (ka)

Substitution into the general expresson for eledric field within the conductor yields the dedric
field distribution over the crosssedion of thewire.

J,(kr)

Ez(r) = ZOM'
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Application of Ohm's law gives the distribution of current density in the dosssedion of the
conductor

J(r) = GEZOw )
J (ka)

Thetotal axial current isfound by integration of the aurrent density over the aosssedion of the
conductor

a a
= [J(Nds = [J(r)2ardr = 2noky, rJ_(kr)dr
z - C/; z - { z T - Jo(ka) { o )

A change of variables is now made by letting kr =x. Then when r =0, x =0, and when
r=a, x=ka, and dr = 1/kdx. Thisresultsin

2 E ka
|, = T f ixJO(x)dx.
J (ka) . k2

Application of alook-up integration formula for Bessdl functions (seethe Bessl function
review sedion) leadsto

2ncE,, 1 x=ka

[le(x) Xlo ]

| =
“J(ka) k2

or

2racE,, J (ka)
LTk Jka)

From this expresson for the total axial current, the internal impedance per unit length of a
cylindricd conductor is determined

By ko dka)
I 2nac J,(ka) '

Thisgenera expresson isvalid for al frequencies. Approximationsto thisgeneral formulacean
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be madeto obtain expressonswhich arevalid inthelimit that the frequency of operationiseither
very low, or very high.

- internal impedancein thelow frequency limit

The frequency dependence of the impedance epresson above occurs through the
wavenumber term

k2 = wzua(l—ji) .
we

Fromthis, it can be e that the wavenumber k approadies zero asw approadies zero inthe
low frequency limit. Thiswould suggest performing apower series expansion to investigate
the behavior of the Bes=l function termsfor small arguments. The Besgel function of thefirst
kind may be expres®dasa power series

Jn(z) _ z"’: (_1 mZn+2m

m=0 22 ml (m+n)!

For small values of z

z2 z
J@=1-Z+.~1-%
2 7 7
and
z z8 z( 22)
J(2 = = - —+...~» Z|1-—].
(2 2 16 2 8

Substitution of these approximationsinto the gererd impedanceexpresson resultsin

7z =~

k 1-k%%4 1 (l_kzaz)(l+kza2)
2nac ka/2(1-k%a?/8) na’s 4 8

or



but

k? = wzua(l—ji) ~ -jolo
we

becaise 0/ (we) »1 at low frequencies. Substitution leads to the expresson for the
impedance per unit length of a cylindrical conductor in thelow frequerncy limit

H

Zi=r'+jx = rirjol’ = L +jo—
na’c 8n

where

1

na 20

ri =

isthe low frequency (dc) internal resistance per unit length, and

H
8n

isthe low frequency (dc) internal inductance per unit length.

internal impedancein the high frequency limit
Onceagan, we kegin with an examination of the wavenumber term

k2 = wzua(l—ji) .
we

For a good conductor, conductivity ¢ is large, therefore it is assumed that c/mwe» 1. It is
apparent that k approadies infinity as the frequency w approades infinity, thus in the high
frequency limit



k? ~ -jolo.

or
. . %y i
K =jyjouo = j\/(DUG(e ) = e "youUo
2 +jy/2 1 4
LS ol (—1+j>4’ oo _ 1]
2 2 S
where

s |2 1
WHe  /rfuo

is the skin depth or the depth that fields penetrate into a conductor, as discussed in Chapter
2.

In this case, the behavior of the Bessl function terms for large arguments must be
investigated. The asymptotic formulafor large agumentsfor the Bessl function of the first
kind is

im J_(x) = \icos(nx—_—_) .
X oo X

The internal impedance per unit length of the cylindrical conductor can now be expressed as

kK J(ka) k cosﬂ(ka— 1/4)
2nac J(ka)  2n86 cogy (ka - 3/4)

or

i Kk elka-14) | o-infka- 1/4)
Z =

2nac einka-3/4) | o in(ka-3/4)

Now



gitka _ gin(-1+])@h) - o maldg-inals ., (
when a/é » 1 at high frequency, therefore

i n k elkagiwd g e W2 _ -jK
2nac e i™ka i34 2nac 2nac

_ JE1+)) jods o (1)) | ol
2nac 2 2na 2c

Thus the internal impedance per unit length of a good cylindricd conductor at high
frequenciesis

Zi = riajxi = (1+j) | o1t
2ra \ 2o

where

2ra\ 2c

smplified derivation of wireresistance

In the sedions above, arigorous development for the impedance of circular conductors
was presented. Herea smplified derivation of theresstance of awirewill be developed. It
isthismodel that is most often presented in textbooks and other EMC related publi cations.

The dc resistance of awire with acircular aosssedion having radius a, conductivity o,
and length | isgiven by




Figure2. Current distribution in wire crosssedion.

At low frequency, current is distributed nealy evenly throughout the aosssedion of the
wire. Asthe frequency of operation increases, current beginsto acawmulate & the periphery
of the wire. This current will reside in aregion that extends from the surfaceof the wire
inward to a point equal to the skin depth, which isgiven by

1

5

nfl,o

where the skin depth is assumed to be smaller than the wire radius. Thus, asthe frequency
increases, the arrent becomes concentrated in an ever smaller region of the wire aoss
sedion. Thewire resistance per unit length isthen smply

R =

low )
ona?

It can be seen that this value is the same & the red part of the low frequency impedance
determined above.

At highfrequency, asthe arrent beginsto acawmulate nea thewire surface theresistance
per-unit length can be approximatedas

) 1 i 1
ion = c[naz - n(a- 6)2] cn[Zaﬁ - 62] .
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Because at high freqerncy the skin depth is typicaly much smaller than the wire radius, the
term 82 may be negleded, therefore

Rh, = =1 = iRI = i l..l=f = i i
o 52nas 25 % 2a\ =no 2a\ 27
1 |op
R. = _— |==.
high — ora\ 26

Again, it is seen that this expresson isthe same astha obtained for thered part of the high
frequency impedance per unit length.

or

5.2 External Impedance of Electric Circuits

« self and mutual inductances of two coaxial circular loops

D1

Figure 3. Coaxia wireloops.

Consider a pair of coaxial conducting loops, centered about the z-axis, and separated by a
distanced. The @nductors which compose eat loop are asumed to have radii a. Let the
primary loop have radius b, and the secondary loop haveradiusb,. Also let c=b,-a represent the
radius of the inner periphery of the primary loop.

As developed in Chapter 4, the mutual inductance of the two conducting loopsis given by
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S e =

C, 2/ 12(51 S2) C1C 12(51 S2)
where s, = c,, d_él = (APlCd(Pr 52/ = bz(P; dgz/ = (AP;bzd(P21 therefore

ds, - ds; = chy(¢, " ¢,) do, do, = cb,cox(e, - ;) dp, dp, -

Now

RiAS,S) = d2+12 = d?+c? +b] - 2cb,cos(p, - )

by the cosine law, thus

2n 2,
bnn

bz - 47: ff

cos(g; - 97) dg,dg,
\/ +c2+ b} - 2ch,c08(g, - ¢p)

A change of integration varlablefor ¢, ismade by letting @, - e Itisnoted that ¢, is
aconstant during theintegration over ¢, therefore dg,, = -do. When ¢,=0,0= ¢,, and when
0y =2m, 0 = ¢, - 2n, and

T cosf dodo,

bz 4nff

0 g,-2r \/d2 +c2+b} - 2ch,cosh

Note that the integrand of this new integra is independent of ¢, so that the outside
integration is trivial. Furthermore snce theinner integrd isevauated for the dosed loop such
that 6 varies over atotal of 2x, then the origin for 6 is unimportant so the mutual inductance
between the two loops becomes

 H,Ch, cos@do
0 \/d2 +¢2+ b} - 2ch,co8

L12
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This expresson for mutual inductance ca be expressed in terms of complete elliptical
integrals of thefirst and second kinds which are tabulated in most handbooks. First, achange of

variables is made where 6 =z - 23, and dd = -2dp. When 6 =0, = /2, and when 6 = 2x,
B=-n/2, Asaresult

co® = cos(m - 2f3) = costcos2P + SneSin2P = -cos2P

= 25’ - 1
therefore
2 (2sin?B - 1)dp
Ly, = “oCbzf - .
x d2 +c2 + b} - 2cb, (25 - 1)

Becaise the integrand iseven in 3, this may be written

2sr?p - 1)d
L, = 24,Ch, ( - p-1)dp :
0 {/d2+c?+ b} - 2cb, (25 - 1)

— N

The denominator of this expresson may be rewritten

d?+c?+b) - 2ch,(2sin?B - 1) = d? +c?+2ch, + b} - 4ch,snp

- d2+ (C + by)? - 4ch,Sin?p

4ch

= —2(1-k?sin’p)
k2

where

4ch,
d2+(c+b,)?
From the expresson aoveit is apparent that

k? =
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o8B -1= 2 —1- %(1 _ Ksin?p)

k2
and
[3 ~1-2(1-K2sirp)
2sin?p - 1 kL2 k2
Jd2+c2+bf-2ch,(2s?p - 1) 2/ch, y1-k*sin’
Thislealsto
1 (2 2 dp 2%
L,, = 2p,ch, (——k) - = ({1 -k*sin’B dB
° cb, | \ K { 1 K°Srep k{
B 2 AN T
o] 2 k) k) - Zefe )
where

_ B
rlen - { 1 - k?sin’p

isknown as a complete lliptic integral of the first kind, and
¥
Elk,y) = f\/l - k’sin?g dp
0

is known asacomplete dliptic integral of the second kind. Thesedliptic integrals are tabulated
in mathematicd tables such as the C.R.C Handbook.

The mutual inductance between two coaxia wire loops istherefore

(2w Fl)- 2efr]

L, = 4nx107,/(b, -a)b,
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where

K2 - 4ch, _ 4(b, - a)b,
2+(C+b2)2 d2+(b1+b2—a)2

Theexternal self-inductanceof a drcular loop can be obtained from the ébove mutual inductance
between two loops by a nea trick. The exemal #f-inductanceof the primary loop is defined

by
—’/

e fdf

¢ ¢ Ryi(S;, 51)

Can L,” be deduced from L, in asmple manner? The answer isyesif C, - C;/, ds, - dS;, and

R,~- Ry, ieif
b,-b
? 1} . then L,- LS
d-0
Then
e _ -7 — 2 _ Ty 2 T
LS = 4nx107 /b (b, -a) (E k) F(k,E) EE(k,E)
where
2 4(b, - a)b,
(2b, - a)?
but
k
/b, (b, —a) = ?(Zbl - a)
therefore
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_ k?2 Lo o
e _ 7 _ _ _
LS = 4nx107(2b, - a) (1 7) F(k,E) E(k,E)
where
o Aby(b, -2
(2b, - a)?

For the spedal case of athin loop having b, /a » 1, (i.e k- 1)

F(k—»l,n/Z)aln(\/%)

and
E(k-1n/2) = 1
from the asymptotic forms of thedllipticintegasfor k- 1. Thislealsto

In[ m] . 2]

L = 4nx107b,

asb,/a» 1and k- 1. Finaly

%)

Lle = 4% 10’7b1

for athin-wireloop with b, /a»1.

* external radiation resistanceof arbitrarily-shaped planar eledric circuit

It was established in Module 4 that the external radiation resistanceof a dosed eledric drcuit
isgiven by

Rle = _553 fc dgl'fc, R121(S1151/) d_él/

5-16



which can be expressed as

RE = 5604 §_ Ru(Su5) (ds, )

with
RA(S,S) = (x-x)2+ (y-y)? = (x2+x'2+y2+y’?) - 20 +yy’)
ds,-ds; = (dx+dy)- (dx’+dy’) = dxdx’ + dydy’
leading to

N VN 2 1202 e’?) Dl s ey
fchRn(sysl)(dsl ds,) fch[(x x/2+y2+y'?) - 200’ +yy )| (dxax” + dydy .

For adosed circuit, however

fqu = fgxdx = quzdx = fCIdy = fqydy = fqyzdy =0

leading to
§ § Ri(s,8)(dS-ds)
c/c

—ch fc/(xx/dydy/ +yy’dxdx’)
fc-lxdyqu/dy/ + fCIydxfCI/y/dx/

-2

It isobserved that the integralsin the above expression are Smply the areas bounded by theinner
periphery and centerline circuit paths such that

qudy = fCIydx =S
fcl/x/dy/ _ fcl/y/dx/ _ Sl/

and the externa radiation resistancefinaly becomes

R® = 208,S S = 208,

where the latter approximation follows because the two areas are nearly equal for thin-wire
circuits. The latter expression yields a measure of when an electric circuit can be expected to
radiate significantly. When the radiati on resistance becomes non-negligible compared to other
circuit impedances then the radiated power becomessignificant.
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5.3 Frequency Dependence and Equivalent Circuits of Common Circuit Elements
* resstors
Perhaps the most common circuit element, resistors usually belong to one of three basic
classes:
- carbon composition
The most common type of resistor consists of finely divided carbon particles (usually
graphite) which are mixed with a non-conductive material. Thisshort cylinder of carbonis
then connected to two wire leads.
Thecarbon used inthistype of device hasahighresistivity, therefore arelatively small carbon
resistor will have a resistance much greater than avery long wire (the resistance of carbonis
about 2200 times greater than the resistance of copper).
Carbon resistors tend to be the most common due to low cost and ease of fabrication.
Carbon resistors usually are not designed to carry large currents. 1f too much current passes

through this type of resistor, it will heat to the point that permanent damage results. Even
currentsthat are dightly too large may cause changesin the resistivity of the carbon material.

insulated tube

insulated carbon copper terminal

Figure4. Carbonresistor.

- wirewound

Before the invention of radio, nearly al resistors were of the wire-wound type. This device
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consists of a resistive wire which is wound tightly around a hollow tube made of a non-
conductive, heat-dissipative material (usually porcelain). This assembly is coated with an
enamel-like substance which protects the wire, and prevents oxidation and changes due to
temperature and atmospheric humidity.

Although expensiveand moredifficult to fabricatethan carbonresistors, wire-wound resistors
are capable of withstanding large current loads which are required for applications such as
powerful radio transmitters.

Wire-wound resistors can be fabricated tomuch tighter tolerances than carbon compostion
resistors, which typically have tolerances of 5-10%.

Dueto the amount of tightly coiled wire present in awire-wound resistor, thistype of resistor
typically has alarge inductance.

porcelain tube

f\f\l\l\t\t\f\t\ll\/\f\/\l\f\f\

vitreous enarrel /

resistive wire

Figure 5. Vitreous enamel resistor.

thin film

This type of resistor is constructed by depositing a thin metallic film on an insulating
substrate. Leads are attached to the endsof the metallicfilm.

Thinfilmresistors often tend to meander over the surface of the substrate, and therefore have
inductances that are typically greater than carbon composition resistors, but less than wire
wound resistors.

Thin film resistors can be fabricated to very precise values of resistance.
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The behavior of al real resistors beginsto depart fromthe ideal response asthe frequency of
operationincreases. Thedegreeto whichthisoccursat any given frequency dependsgreatly upon
the type of resistor under consideration. For example, because a wire wound resistor contains
a long, tightly-wound wire element, it is expected that the inductance of this type of resistor
would be more dominant at high frequencies than for carbon resistors. Most resistors share
certain non-ideal behaviors, however. At higher frequencies, charge tends to leak around the
resistor body, giving rise to a stray capacitance, although this effect is usually not significant. A
more pronounced effect arises from the inductance and capacitance associated with the leads
which are connected to the resistor.

— equivalent model of resistor

Despite differences in device construction, a general equivalent circuit for resistors may be
constructed.

- A'lumped lead inductance L, is considered to be in series with a parallel combination of the
lead capacitance C,, , theideal bulk resistance of the device itself R, and the stray leakage
capacitance Cgyqge-

E

C
leed — T T
o . _/_l
C

Figure 6. Equivalent circuit for resistor.

- Thisequivalent circuit may be smplified by combining the lead and leakage capaditances, so
that

parasitic = CIead + Cleakage'

- The impedance of the equivalent circuit is determined by first finding the impedance of the
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parallel combination of the parasitic capadtance C and the bulk resistance R

parasitic

c .
parasitic
L lead
WY
b R a
Figure 7. Simplified equivalent circuit for aresistor.
joRC 1
1 _ _1 +l=joonar+i=J(D par.
Zee [U(joC )l R " R R
or
Zoo = %
JoRC,, +1
- Thetotal impedance of the equivalent circuit is then
joRC __ +1)joL, ., +R
Zcircuit = j(DLIead +ZRC = j(DLIead * = R - (J Par. )J =
jooRCpar_ +1 jooRCpar_ +1

which becomes

7 _ j(DLIead + R(l B (DZLIeadear.)
circuit j(DRC +1 .
par.

The behavior of the generalized equivalent circuit for the resistor is determined by examining
thisimpedance expresson for awide range of freqlercies.

- For dc operation (w=0), the impedanceof the equivalent circuit is smply equal to the bulk
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resistance R, asexpeded. Thisisphysicdly dueto thefad that & dc the parastic

Figure 8. Equivalent circuit for resistor operatedat dc.

cgpadtance behaveslike an opencircuit, and the lead inductance behaaslike a short

As the frequency of operation increases, the impedance a&ciated with the parasitic
cgpadtancebeginsto deaease. At some point theimpedarnce of this capadtarceisequd to
the bulk resistance, or

_ 1
joC '

parasitic

R =

As the frequency increases beyond this point, more arrent begins to flow through the
conducting path provided by the parasitic cgpadtancethan flowsthrough the bulk resstance.
In thisregime, the lead inductanceremains smdl (i.e., nealy a short circuit).

Asthefrequency increasesfurther, the impedanceof the ejuivalent circuit deaeasesuntil the
lead inductance and the parastic cgpacitance caise the resistor to reonate. The equvalent
circuit impedanceis aminimum at the self resonant frequency of the resistor

Above this frequency, the impedance of the lead inductance beginsto dominate.
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o . . W o

R

Figure9. Equivaent circuit for resistor below sdf-resonarce.

-

L AAp
VAV
R

Figure 10. Equivalent circuit for resistor nea sdf-resonarce

- Finally, as the frequency begins to approacd infinity, the impedance of the lead inductor
becomes very large, and the impedance of the parasitic capadtance approadies zero. Thus
resistor behaves as an open circuit.

A plot of the response of the equivalent circuit for a10000hm resistor is $1own in Figure
12. Here the lead inductance is 15 nH, and the parasitic cgpadtanceis 1 pF. The resonant
frequency is seen to occu at 1.299GHz.
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Figure 11

'z, (Ohms)

w
i
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A O O ~N®©

Resistor network has a
resistance of 1000 Ohms,
2 | a lead inductance of 15
nH, and a parasitic
capacitance of 1 pF

N
]

10

A 00O N®©

A

Equivalent circuit for resistor
approadhesinfinity.

as frequency

106 2 34567107 2 3456710

8 2 3 4567 10
1.299

9

GHz

2

3 4 5671010

2

Figure 12. Frequency dependent behaior of equivalent circuit for 10000hm resistor.
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* capacitors

While many types of cgpadtors exist, two are widely used in EMC design:

— tantalum eledrolytic

Small tantalum eledrolytic capdtors can hae large cgacitances (1 - 1000uF).

— ceaamic

Ceramic cgpadtorstypicdly have smaller cgpadtances (1 pF - 5 pF), but tend to exhibit ided
behavior over amuch broader range of freqiercies.

Although typicadly thought of in the context of dc operation, operating frequency is one of
primary consideration in choosing cgpadtors. A table of various cgpadtors and their typicd
operating rangesis presented below.

Type Approximate operating range
Tantalum eledrolytic 1-1000Hz
Large value duminum ekedrolytic 1-1000Hz
Ceramic 10kHz - 1 GHz
Mica 10kHz - 1 GHz
O
O
Figure 13. Generdlized cgpadator.
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— equivalent circuit of capacitor

Both types of cagpaators discussed above share the same basic configuration. Wireleadsare
conneded to a pair of paralel plates, eat having areaA, which are usually separated by some
type of dieledric material. A gereralized guvalent circuit for capadtors can be constructed,
however, spedfic component valuesmay differ for diff erent typesof capadtors.
- The component leadsintroduce an as®ciated inductance (L .,) and cgpadtance (C,.)-

- Alargeresistance (R geqric) @S0ciated with the dieledric layer between the capaator plates
existsin parallel with theided bulk cgpadtance (C).

- Theplates of the capadtor themsevesintroduce aresistance (R jxed)-

Figure 14. Equivalent circuit for capadtor.

- Thelea cgpadtanceistypicdly so small compared to the bulk cgpadtancethat it may be
negleded. Likewise, the resistance of the dieledric layer istypicdly so large that it may be
represented as being an open circuit. Thus asmplified equivalent circuit may be deve oped
consisting of a series combination of the lead inductance, the plate resistance, and the ided
bulk cgpadtance

- Theimpedance associated with this simplified equivalert circuit is clealy

. 1 . 1
Zcircuit = J(DLIead * Rplat% * j(D=C - Rplat% +) ((DLIead B E) :
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W

plates

Figure 15. Simplified equivalent capadtor circuit.

Again the behavior of the generalized equivalent circuit is determined by examining this
impedance expresson over awide range of frequercies:

- For dc operation, theleal inductancebehaves asashort circuit, and theided bulk cgpadtance
isan open circuit. Thus, the capadtor itsdf ads asan opendircuit.

- Asfrequency isincreased, the impedance, which is dominated by theided cgpacitanceterm,
deaeaseslinealy, until reating a minimum when

1
olb, = —.

At this point, the impedanceis purely red, and the equivalent circuit isin resonance This
ocaurs a the sf-resonant frequercy of the cgadtor, which isgiven by

- Asfrequency increases beyond self-resonance, the impedance increases linealy, with the
inductive term dominating.

- As the frequency approades infinity, the lead inductance begins to behave like an open

circuit. Thus the maximum operating frequency of a cgadtor is typicdly limited by the
inductance of the capadtor and the device leals.
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Figure 16: Plot of frequency dependent behavior of equivalent circuit for various cgpadtors.

A plot of the responses of the equivalent circuits for various cgpadtorsis iown in Figure
16. The response of 0.001 pF, 0.01 puF, and 0.1 puF cgpadtors is srown. Here the lead
inductances are d 15 nH, and the plate resistances are 1Q. The resonant frequencies are seen
to occur at 4.109MHz, 1299 MHz, and 4109 MHz.

¢ inductors

Although all inductors consist of a @il of wire, many variations on the at¢ual method of
deviceconstruction exist. Inductors may be wound on cores made of non-magnetic material, or,
more commonly, on material s with magnetic properties such asferrite.

Due to their physicd geometry, inductors, more than any other type of common circuit
element, tend be sources of stray magnetic fields. Likewise, inductors areaso more susceptible
to effeds due to external magnetic fields than other basic circuit elements. Thetypeof inductor
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has a gred ded to do with how susceptible it isto external fields. Air core and open magnetic
core inductorstend to be the most susceptible to external fields, and also tend to generate fields
which may interfere with other devices. It isoften desirable to shield inductorsin order to insure
proper operation.

— equivalent circuit of inductor

As with the other circuit elements, an equivalent circuit for a generalized inductor may be
constructed.

- Thewirelealsof theinductor introduce aseriesinductancel,.,,, and a cgadtanceC,, that
isin parallel with the ided inductance

- Becaise a relatively large anount of wire is contained in the inductor coil, a parasitic
resistanceis modeled in series with the ided inductance

- Findly, aparasitic cgpadtance «istsin paralel with the series combination of the parasitic
resistance, and theided inductance. Thiscapadtanceisdue mainly to theindividual windings
of the cail beingin such close proximity to one another.

|

Figure 17. Equivalent circuit for inductor.

As with the devices examined previoudy, the gereralized guvalent circuitfor theinductor
shown above may be simplified.

- The lea inductance L, is typicdly much smaller than the ided inductance L, and may
therefore be negleded.
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- Additionaly, thelead cgpadtanceC,, istypicaly much smaller thanthe parasitic cgpadtance
CparasitiC'

Thus the smplified equivalent circuit for the inductor consists of a series combination of R, e

and L in parallel with C

parasitic*
L leaxd R
e O AN .
b a
C
.
-

Figure 18. Smplified equivalent circuit for inductor.

The impedance of this smplifiedcircuit is given by

1 1.1
ZtotaJ Zl ZZ
where
Zl = j(DL + Rparasitic
and
z, -1t
JO‘)Cparasitic
Thisleadsto
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1 joonar_(jooL + Rpar) +1
ZtotaJ j(DL + Rpar.

or

joL + Rpar_
1- oozLCpar_ + joonar_Rpar_

ZtotaJ =

Asbefore, the behavior of theimpedanceof the equivalent circuit for theinductor isexamined
over awide range of frequencies:

- At low frequencies, the parasitic resistance term dominates and the impedance is
approximately equal to R, siic-

- As the frequency of operation increases, the ided inductance L begins to dominate the

impedance of the equivalent circuit nea thefrequerncy

® = Rparasitic.
L

- Asthefrequency increasesfurther, the impedanceof the parasitic cgpadtancedeaeases until
it's magnitude is equal to that of the ided inductance This occurs at the self resonant

frequency

LC

par.

The impedance of the equivalent circuit is a meximum at this frequency.

- Abovethe self-resonant frequency, the parasitic cgpadtance beginsto dominate the behavior
of the equivalent circuit. Inthisrange of operation the impedance deaeases with increasing

frequency.

A plot of the responses of the equivalent circuitsfor variousinductorsis iownin Figure 19.
Theresponsesof 0.1 mH, 10pH, and 1 uH inductorsare shown. Herethe parasitic cgpadtances
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areal 1 pF, and the parastic resistancesare 1Q. The resonant frequencies are seen to occur at
15.92 MHz, 50.33MHz, and 1592 MHz.

z,| (Ohms)
A
3 1
5 |
6
10 3 !
i % i All inductors have a
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2 | i i capacitance of 1 pF
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10° s | : }E
of | ;
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2T | e }
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Figure 19. Plot of frequency dependent behavior of equivalent circuits for various inductors.
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Appendix - Bessel Functions

Theequation

is known as Bessl's equation of order n with parameter k. General solutionsto Bessl' sdifferential
equation are given by

y(x) = AJ (kx) + BN (kx)

y(x) = CHP(kx) + DHP(kx)

where

Jn(x) _ XN: (_l)mxn+2m

m-0 2""2™ml (m + n)!

isknown as a Bessl function of the first kind of order n,

cos(nm) J.(X) - J_(X)
sin(nr)

N.(¥) =

isknown as a Bessel function of the sscondkind (Neurmann function) of order n,
H(x) = 3,00 +iN, (%)

isknown as a Hankd function of the first kind of order n, and
H2(x) = 3,00 =N, (%)

isknown as a Hankd function of the sscondkind of order n.
The expresson

fx”*lzn(x)dx = x""1Z  (X)
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isacommonly usedintegration formua, where Z_ = J, N, H®, H®.
The behavior of the Bessel functionsfor large aguments are determined by the asymptotic forms

) 2 T
IimJ (x) = ’—cosx—___
X - o n( ) X ( 4 2)

. 2 . T Nt

[imN (x) = | =dn|x- £ - =

X - oo n( ) X ( 4 2>

and
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