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4. General Formulation of Eledric Circuit Theory

All eledromagnetic phenomena aedescribed at afundamental | evel by Maxwell 'sequationsand
the asociated auxili ary relationships. For certain classes of problems, such as representing the
behavior of eledric drcuits driven at low frequency, applicaion d these relationships may be
cumbersome. As aresult, approximate techniques for the analysis of low-frequency circuits have
been developed. These spedali zations are used to describe the"ided" behavior of common circuit
elements such aswires, resistors, cgpadtors, andinductors. However, when devices are operated in
aregime, or an environment, which liesoutside the range of vali dity of such approximations, amore
fundamental description d eledricd systemsisrequired. When viewedinthismoregenera context,
what may initially appea to be unexpeded behavior of a darcuit element often revedsitself to be
normal operation undr a more cmplex set of rules. An understanding of thislies at the core of
eledromagneticaly compatible designs.

In this ®dion, eledric arcuit theory will be presented in a general form, and the relationship
between circuit theory and eledromagnetic principles will be examined. The gproximations
asciated with circuit theory and adiscusson d the range of validity of these gpproximations will
beincluded. It will be seen that effeds dueto radiationandinduction are dways present in systems
immersed in time-varying fields, although under certain condtions these dfeds may beignored.

4.1 Limitations of Kirchoff'slaws
Thebehavior of eledric drcuitsistypicdly described through Kirchoff'svoltage and current

laws. Kirchoff's voltage law states that the sum of the voltages aroundany closed circuit path
iSzero

2 V=0
n

andKirchoff's current law states that the sum of the aurrentsflowing out of a drcuit nocdeiszero

N
> 1,=0

n=1

It isthrough applicaion d these relationshipsthat most descriptions of eledric arcuits proceel.
However, bah of these relationships are only valid under certain condtions:

- Thestructures under consideration must be dedricdly small . At 60Hz, the wavelength of
awave propagating through freespaceis 5 milli on meters, while & 300 MHz awavelength
in freespaceis 1m long. Radiation and induction effeds arise when the aurrent amplitude
and phese vary at points adong the condctor.

- No variation exists along uninterrupted condctors.



- No delay time exists between sources and the rest of the circuit. Also all conductors are
equipotential surfaces.

- Thelossof energy from thecircuit, other than dissipation, isneglected. Inredlity, lossesdue
to radiation may become significant at high frequency.

In chapter 2, atime-dependent generalization of KVVL was presented

V(D) = (Rouyes * R)i) + L .

Although thisexpressionisvalid for time-changing fields, it isassumed that the circuit elements
arelumped, i.e, the resistance and inductance are concentrated in relatively small regions. This
assumption begins to break down at frequencies where the circuit elements are a significant
fraction of awavelength long. Inthisregime, circuits must be described in terms of distributed
parameters. Every part of the circuit has a certain impedance per unit length associated with it.
This impedance may be both real (resistive) and imaginary (reactive). Also, interactions which
occur inone part of the circuit may affect interactionswhich occur everywhereelseinthecircuit.
In addition, the presence of other external circuits will affect interactions within a different
circuit. Thus at high frequency, a circuit must be viewed as a single entity, not a collection of
individual components, and multiple circuits must be viewed as composing a single, coupled
system.

4.2  General formulation for a single RLC circuit

The general formulation of electric circuit theory will begin with an analysis of a single
circuit constructed with a conducting wire of radius a that may include a coil (inductor), a
capacitor, and aresistor. It will be assumed that the radius of the wire is much smaller than a
wavelength at the frequency of operation

alh,<<1
or
Ba<<l
where
B, = 2m/h,.

A current flows around the circuit. The tangential component of electric current
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isdriven by the tangential comporent of eledric field E along the wire, which is produced by

charge and current in the drcuit.

Currentsin the drcuit are suppated by agenerator. The generator isasourceregionwhere
a non-conservative (meaning that the patential risesin the diredion d current flow) impressed
eledricfield E ® maintainsa charge separation. Thisimpressed fieldisdueto aneledrochemicd
or other type of force andisassumed to beindependent of current and chargeinthe arcuit. The
charge separation suppats an edric field E (Coulomb field) within and external to the source
region which givesrise to the arrent flowing in the darcuit.
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Figure1l. Generalized eledric drcuit.

In the regions external to the source, theimpressed field E © does nat exist, however within the

source bath fields exist, therefore by Ohm's law the aurrent density present at any point in the
circuit isgiven by

J=6(E+E®

where ¢ varies from point to pant. From thisit is apparent that in order to drive the aurrent

density J against the dedric field E which opmsesthe harge separation in the sourceregion,
the impressed eledric field must be such that

[E°[>[E|.
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Positions along the drcuit are measured using a displacement variable s, having it's origin
at the center of the generator. The unit vedor paral e to the wire ais at any point along the
circuit is §. The tangential comporent of eledric field along the condictor is therefore

E .= $E

S

and the associated axial comporent of current density is

J, = §J = §(E) = oF,.

The total current flowing through the conductor crosssedionis then

Il.= [ J.ds.
S é/;s

boundary conditions at the surface of the wirecircuit

According to the boundary condtion
t-(E,-E) = 0

the tangential comporent of eledric field is continuows aadossan interfacebetween materials.
Applicdion d this boundry condtion at the surfaceof the wire conductor leads to

Er=a) = E(r=a’),
where

Einside(s) _ ES(I' =a’)

S

isthefield just inside the cnductor at position s along the drcuit, and
E;)utside(s) _ ES(I’ :a+)

represents the field maintained at position s just outside the surfaceof the conduwctor by the
current andchargeinthe drcuit. Thereforethefundamental boundary condtionemployedinan
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electromagnetic description of circuit theory is

Esinside(r:a,,s) _ Esutside(r:a+,s).

determination of E.™%(s)

In order to apply the boundary condition above, the tangential electric field that exits at
pointsjust inside the surface of the circuit must be determined. Thisisnot an easy task, because
theimpedance may differ inthe variousregionsof thecircuit. At any point along the conducting
wire, including coils and resistors, the electric field isin genera

E%(9) = 21 (9
where

i S

T

isthe internal impedance per unit length of the region.

- sourceregion

In the source region, both the impressed and induced el ectric fields exist, therefore the
current density is

J, = o°(E;+EJ)

where ¢° is the conductivity of the material in the source region, E_ is the tangential
component of electric field in the source region maintained by charge and current in the
circuit, and ESe is the tangential component of impressed electric field. From this, it is
apparent that



E :_S_Ee: S _Ee: S _Ee
o® o®S*¢ S o®S*¢ °

where S°€ isthe cross-sectional area of the sourceregion. In anideal generator, the material
inthesourceregionisperfectly conducting (c® - =), andhaszerointerndl impedance. ThusE, - - E;°
in agood source generator. In general, in the source region

E(9 = z1,(9) - ES®
where
i 1

o°S°¢

isthe internal impedance per unit length of the source region.

- capacitor
Thetangential component of electric field at the edge of the capacitor E_ and the current
flowing to the capacitor lie in the same direction. Therefore, within the capacitor

E(9) = 21,9

where zcI istheinternal impedance per unit thickness of the dielectric material contained in

the capacitor. Thetotal potential difference across the capacitor isthe line integral of the
normal component of electric field which exists between the capacitor plates

A

B A
Vg = VgV, = —fEsds = fEsds = fzc'ls(s)ds
A B B

or

A
Vag = Isfzc'ds
B

if it is assumed that a constant current I flows to the capacitor.



++++ At

Figure2. Capadtor.

The time-harmonic continuity equation states
V-J = -jop.

Volume integration d both sides of this expresson, and applicaion d the divergence
theorem yields

$(-3)ds = ~jo [pav
S \

resultingin
-1y = -joQ

where Q is the total charge cntained onthe positive cgadtor plate. The total potential
diff erence between the cgadtor platesisthen

B
Vg = ju)QfZC'dS
A
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Figure 3. Single capacitor plate.
but by the definition of capacitance
c-Q
VAB
therefore
% - j0Q Z 2! ds.

From this comes the expected expression for the impedance of a capacitor

- arbitrary point along the surface of the circuit

By combining theresultsfor thethree casesabove, ageneral expression for thetangential
component of electricfield residing just insidethe surface of the conductor at any point along
the circuit is determined



EX™(9) = z/(9)1(9) - ESO)

where z'(s) is the internal impedance per unit length which is different for the various
comporents of the drcuit, and E(s) istheimpressed eledricfieldwhichiszero everywhere
outside of the sourceregion.

« determination of EX"(s)

In Chapter 2 it was shown that an eledric field may be represented in terms of scdar and
vedor potentials. Thus at any point in spaceoutside the dedric drcuit the dedric field is

=

E = -VO-joA

where @ isthescaar potential maintained at the surfaceof the drcuit by the charge present
in the drcuit, and A isthe vedor potential maintained at the surfaceof the arcuit by the
current flowing in the drcuit. Thewell known Lorentz condition states that

— i 2
V'A+& =0
()]

where
k2 = wzus(l—ji).
(1
In the freespaceoutside the drcuit p =, € =€/, and ¢ =0thus
k? = Bg = 0’HE, -

Applying this to the Lorentz condtionyields

_ o

BZ

) V-A

which, uponsubstitution into the expresson for eledric field ouside the drcuit gives
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E - 12y A) +B§,&].
(0}

The comporent of eledric field tangent to the surfaceof the drcuit isthen given by

EXS%(g) = S = 8§D - jo(8A) - —J_°Z§. {V(V-K) + A
o
or
outside od i j(D 0 A\ 2
Es (S) = ——S—j(DAS = ——2 a_S(V'A)+B0As .

(o]

» gsatisfaction of the fundamental boundary condition

The boundry condtion at the surfaceof the drcuit states that the tangential comporent of
eledric field must be cntinuous, or

ESinsi de( S) - E s?UtSi de( S)

therefore the basic equation for circuit theory is

SACRHCTICEERRORTNO

_lofd

s S

V-A(9) + BEA(9) |-

» open and closed circuit expressions

From the development abowve, the expresson for theimpressed eledric field is

ES(9 - %(D(s) A9 + 21919
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Figure4. Generd circuit.

Integrating along apath C on the inner surface of the circuit from apoint s1 to apoint s2, which
represent the ends of an open circuit, gives

2

2 2 2
fESe(s)ds = f%(b(s)dsﬂwas(s)ds+fz‘(s)ls(s)ds
sl sl sl sl

but, because the impressed electric field exists only in the source region

2 B
f ES(9)ds = f ES(9ds = V,
sl A

where V, isthe driving voltage. Now it can be seen that

% S
££CD(s)ds = £d® = @(s,) - O(s))

and thus the equation for an open circuit can be expressed
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S &)

Vo = O(S) - O(s,) +jcofAs(s)ds+ fz‘(s)ls(s)ds.
s 5

If the drcuit is closed, then s;=s, and ®(s,)-d(s,)=0. In this case, the drcuit equation
beaomes

= fz i(S) |S(S) ds + ju)fAs(S) ds.
¢} C

4.3 General equationsfor coupled circuits

Now the mncepts developed above ae extended to the cae of two coupled circuits, ead
containing agenerator, aresistor, a @il (inductor), anda cgadtor. Circuit 1 will bereferred to
as the primary circuit, and circuit 2 will be referred to as the secondary circuit. This caseis
represented by apair of couded genera circuit equations

Vio = $2(S)11(s)ds, + o §[AL(s) + As)] &S,
C, C

Vio = $2(8) 1), * jo §[A(S) + A(s,)]- 5,
C2 CZ

Here A, and A , are the magnetic vedor potentials at the surface of the primary circuit
maintained by the airrents |, and |, in the primary and secondary circuits, given by

BoRyy y
Au(s) = flls(sl)—dsl
< Ry1(Sp, 51)

1

and

BoRip y
Als) = f'zS(Sz)idsz
L RS, 32)

2

and A,, and A, are the vedor potentials at the surfaceof the secondary circuit maintained by
the aurrents |15 and |55 in the primary and seandary circuits, given by
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Figure5. Generalized couded circuits.

7jﬁoR21 .y
Ao(s) - jg |o(8))———— 8]
< R,.(S 81)

1

and

PR
ASS,) = f l(8)————ds; .
< RS, S;)

2

Substituting these expressonsfor the various magnetic vedor potentialsinto the general circuit

equations abowe leals to
e 4o jou, e bR
Vi - zs)lufe)ds, - o 0| )k
T < Ry1(Sy; 51)

G C 3

i . PRz
+ J(:uo fdsl [fIZS(SZ/)e—/ dsz/]
T c, < RiAs1:S))

2
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i i N - ﬁoR21 N
Vio - f 4(s)1p(8)ds, + b f dsz'[f'lgs;)e—dsf]

3 L Raes)
i R 7j ﬁoR22 -
+ chuofdsz [ f|25(32/)e—/ dsz/} .
T c, < R.(S,S,)

2

Note that C, and C,, lie dong the inner periphery of the drcuit while C, and C, lie dong the
centerline. Whenthe drcuit dimensionsand V.5, V., arespedfied, the eguations above become
apair of couged smultaneous integral equations for the unknown currents 1, (s;) and I,s,)
in the primary and secondary circuits. These equations are in general too complicaed to be
solved exadly.

self and mutual impedances of electric circuits

Reference arrents |, and |, are chosen at the locétions of the generators in the primary
and secondary circuits, i.e.,

lio = 15(5,=0)
at the center of the primary circuit generator, and
Lo = 1,(s,=0)
at the center of the secondary circuit generator. Now let the aurrents be represented by
1,(8) = 1,5f,(s)
156(S,) = 15015(S,)

where f,(0) =f,(0) = 1.0, and f,, f, are omplex distribution functions. The general circuit
equations formulated above may be expressed in terms of the reference arrents as

e
Vig = lioZys + 150455

e
Voo = 11921 + 15025,
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where

Z,, = self-impedance of the primary circuit referenced to |,

Z,, = self-impedance of the secondary circuit referenced to |,
Z,, = mutual-impedance of the primary circuit referenced to |,
Z,, = mutual-impedance of the secondary circuit referenced to |

and

Zyy = Zli +Z;

VAREARY AN

Here Z ' isreferred to astheinternal self-impedance of the primary and secondary circuits. This
term depends primarily upontheinternal impedanceZ per unit length of the conductors present
in the drcuits, and includes effeds due to cgpadtance and resistance. Z © isreferred to as the
exter nal self-impedance of the primary and secondary circuits. Thisterm dependsentirely upon
the interadion ketween currents in various parts of the drcuit, and includes effeds due to
inductance. The variousimpedanceterms are expressed as

2/ - §2s) () ds
C1

Z, = $2(s) 1) ds,
CZ

i -1BoRyy
ze - Jol, f dgl[ j{ fl(sl/)L/d_él/}
4n R1(s;:51)

C Cl/

i 7.[30R22
Zze _ Jw“ofdgz. [ffz(SZ/)L/ d_éz/]
4r R,5,5;)

G, CZ/
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JﬁoRlz iy
Z, = f (Sz) dsz}
¢ 2/ RS, )
'0) JﬁoRﬂ N
Zy = J4U0f [f 1(31)—d31/]'
T Ryi(S, 51)

G, Cl/

It is noted that al of the drcuit impedances depend in general on the aurrent distribution
functions f, (s)) and f,(s,).

« driving point impedance, coupling coefficient, and induced voltage

Consider the cae where only the primary circuit isdriven by agenerator excitation, i.e.,
Vy = 0
In this case the general circuit equations beacome

e
Vig = 112y + 150445

040

Thislealsto apair of equations

which can be solved to yield
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and

e
_V10

20 S5 5
Z11zzz
- Z12

21

which are the reference currents in the generator regions. From these, it can be seen that the
driving point impedance of the primary circuit is

For the case of aloosely coupled electric circuit having (2,,2,,) /(2,,Z,,) «1, Z,, and Z,,
are both negligibly small, and therefore (Z,),, = Z,,. For this case the expressions

e
Vio = g2y + 10455

0 =152, +1xZ,,.

become
e i
Vio + Vo = 1924y
i
Var = 132y
where Vli2 = -1,,Z,, isthevoltageinducedintheprimary circuit by the current in the secondary
circuit, and V,, = -1,,Z,, isthe voltage induced in the secondary circuit by the current in the

primary circuit. Because the circuits are considered to be loosely coupled

e i
Vio» Vo,
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and therefore the general circuit equations become
Vl% = lpZyy

i
Var =l = 12

near zone electric circuit

For casesin which acircuit is operated such that the circuit dimensions are much less than
awavelength, then the phase of the current does not change appreciably asit travels around the
circuit. The associated EM fields are such that the circuit is confined to the near- or induction-
zones. Most eectric circuits used at power and low radio frequencies may be modeled thisway.
In this type of conventional circuit

BoRll « 1’ B0R12 « 1’ B0R21 « 1' BORZZ «1

and therefore the following approximation may be made

252 44 22 454
2! 4 ’ 3! o

for i=1,2 and j=1,2. Becausethe circuit dimensions are small compared to a wavelength

I
[EN

fi(s) = 1,(S)

and thus
“iBoRii(s,S)
fi(sl)e ] /J = 1 /
Ris:s)  Ry(s:s)

fori=1,2 and j=1,2. Substituting the approximations stated above into the expressions for the
various circuit impedances leads to

Z) = §z(s)ds,
Cy

Z, = §7(s)ds,
C2
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. jou, [ ds/
Zi, =X, = an fdsff—sz,
2, RAS15:)

. jot, £ - ds,
Ly = 1% = deszfisl/
c, Rou(S,:81)

Sincetheintegrals above ae frequency independent and functions only of the geometry of
the drcuit, the self and mutual inductances are defined as foll ows:

X = oL, where

SRS L P
c, R;4(S;, 51)

¢

isthe external self-inductance of the primary circuit;

X, = oL, ,where

isthe external self-inductance of the secondary circuit;
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X, = oL,,, where
d—'/
L - Moo .
12
TC S, /
e ¢ R(S,,S;)

X,, = olL,,, where

isthemutual inductance between the primary and secondary circuit. Itis ssen by inspedionthat

L., =1L

12 21

radiating electric circuit
At high, dtrahigh, andlow microwave frequencies, the assumptions for conventional nea-
zoreeledric drcuitsarenatvaidsince B R « lisnat usuallysatlsfled Inaquasi-conventional

or radiating circuit, the lessredtrictive dimensiond requirement of BR? « 1 isasaumed to be
valid for the frequencies of interest, therefore

B§R121 «l, B§R122 «l, B§R221 «1, Bngzz «l.

In this case

252 44 22 4.4
-IBoRij 1 BoRij BoRij is R.[1 BoRij BoRij
e = - 2| + 4| + ... - JBO ij - 3| + 5| + ...

| BoRy
1—JBOR”(1_ ;Iu)

for i=1,2and j=1,2. In the gproximation made &ove, the higher order term (B5R?) /6 is
retained. For a quasi-conventional circuit

I
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fi(s) = fis) =1
is observed experimentally to remain approximately valid. Thus

e’jﬁoRij(SivSJ/) 1

’R%(s.s/
fl(s|) / = - jBo[l——Bo lj(sl%):|
Ri(s,s)  Ri(s:8) 6

fori=1,2andj=1,2. From this expressonit is apparent why the higher order term (BgRﬁ)/G
inthe exporential serieswasretained. Thelealing term intheimaginary part of the exporential
seriesintegrates to zero in the impedance expressons, i.e.,

§-iBods’ = -iBof oS -
G

C.

for i=1,2. Theimpedance epressons for the quasi-conventional circuit are thus given by

o Jopg [ ds; iBs
Zl = 7 fdsl[f—%/ Bo 11(5151)d51]
T c, < Rii(s1:s1) <
e Jopy [ ds, iBy
Z, = Z fdsz[fisz, fBoRZZ(SZSZ)dSZ]
T c, < R,A(Sx:S)) <

N
|

jou, { ds, iBs
12 = 2 d%'[f—sz/ 5 Bo 12(5152)d52}
T Ra(SyS2)

G 02/ C2/

Z, = Jmuof f Jg fB0R21(SZ 51) dsl]
c, R.(S,, 51)

/
1

and the expressons for the internal impedances of the primary and secondary circuits remain
unchanged. It is e that the impedance expressons above @nsist of bath red and imaginary
parts
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Zy = Ry +jXS

Z, = Ry +jXy

and
Zyy = Zy = Ry +jXp,.

Now, recdli ng that v, = w/Bo

jou, JBg o }‘J‘ovaf)1 _ TIOB;1 1207[[33

4t 6 24n 24n 24n

therefore

N } &, %fﬂs,s;) &,

C; Cl/

X = oL, where

e _ fdsl
J Rn(sl )

Ry = —SBg‘fd%z- f RS, Sy) A5,

G, CZ/

X, = oL, ,where
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Cl CZ/
and
X, = oL,,, where
i/
L - Mg %,
12
T C / RlZ(Sl’SZ/)
1 02

It is noted that the inductances L,", L, and L,, for the quasi-conventional circuit are the
sameasthosefor the cnventional nea-zone drcuit. Inthequasi-conventional circuit, hovever,
impedances Z°, Z, and Z,, become mmplex due to the presenceof R°, R, and R ,. The
resistive comporents R and R,” do nd represent disspation lossesin the drcuit (disspation
lossesareincluded intheinternal impedanceterms Z, and Z,), but instead indicate apower loss
from the drcuit due to radiation d EM energy to space R, and R, are therefore radiation
resistanceswhich describethe power lossfrom aquasi-conventional circuit dueto EM radiation.
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