Module 2:
Fundamental Behavior of
Electrical Systems



2.0 Introduction

All electrical systems, at the most fundamental level, obey Maxwell's equations and the postulates
of electromagnetics. Under certain circumstances, approximations can be made that allow simpler
methods of analysis, such as circuit theory, to be employed. However, the problems associated with
EMC usually involve departures from these approximations. Therefore, a review of fundamental
concepts is the logical starting point for a proper understanding of electromagnetic compatibility.
2.1 Fundamental quantities and electrical dimensions
* speed of light, permittivity and permeability in free space

The speed of light in free space has been measured through very precise experiments, and
extremely accurate values are known (299,792,458 m/s). For most purposes, however, the
approximation

c~3x10% m/s

is sufficiently accurate. In the International System of units (SI units), the constant known as the
permeability of free space is defined to be

[, = 4nx 107 H/m.

The constant permittivity of free space is then derived through the relationship

1
C =
s()]/t()
and is usually expressed in SI units as
£, = =8.854x10"2 = 1 x107° F/m.
c’u 36m

o

Both the permittivity and permeability of free space have been repeatedly verified through
experiment.

* wavelength in lossless media

Wavelength A is defined as the distance between adjacent equiphase points on a wave. For
an electromagnetic wave propagating in a lossless medium, this is given by



=

where f is frequency. In free space v=c, and in a simple lossless medium other than free space,
the velocity of propagationis v = 1 / \/]Ts, where e=¢ ¢, and u=p p,. Here are € and p_ are
known as the relative permittivity and relative permeability of the medium, respectively. These
will be discussed in greater detail later in this chapter. For now itis sufficient to note that as the
values of permittivity and permeability increase, velocity of propagation decreases, and therefore
wavelength decreases (thus the wavelength at a particular frequency is shorter in a material than
in free space). The free space wavelengths associated with waves of various frequencies are
shown below:

frequency wavelength
60 Hz 5000 km (3107 mi)
3 kHz 100,000 m
30 kHz 10,000 m
300 kHz 1000 m
3 MHz 100 m
30 MHz 10 m
300 MHz I m
3 GHz 10 cm
30 GHz 1 cm
300 GHz 0.1 cm

relationship between physical and electrical dimensions

The size of an electrical circuit or circuit component, as compared to a wavelength,
determines, to a certain extent, the manner in which it interacts with EM fields. For instance, in
order for an antenna to effectively receive and transmit signals at a certain frequency, it must be
a significant fraction of a wavelength long at that frequency. Likewise, other types of electrical
components may emit or receive interference-causing signals if they are large compared to a
wavelength. In addition, the electrical characteristics of a circuit component are often very
different when it is electrically large (i.e. the frequency of operation is high) than when it is
electrically small (the frequency of operation is low). Kirchoff's voltage and current laws are only
valid if the circuit elements under consideration are small compared to a wavelength. If the
components under consideration are electrically large, then Maxwell's equations must be applied
in order to analyze device behavior.

The electrical dimensions of a device or circuit are determined by comparing physical
dimensions to wavelength. A device with length / has electrical dimensions (in wavelengths)



The electrical dimensions of a circuit are determined by first calculating the wavelength at the
highest frequency of interest, and then determining d,. Devices or circuits are considered to be
electrically small if the largest dimension is much smaller than a wavelength (kd, «1). Typically
structures which are less than one tenth of a wavelength long are considered to be electrically
small. It must be remembered that the electrical dimensions are dependent upon the material in
which EM waves propagate. A device may be electrically much larger when it is embedded in a
printed circuit board than it is when surrounded by air. Likewise, a capacitor which contains a
high permittivity dielectric is electrically larger than a similar capacitor whose plates are separated
by air.

2.2 Common EMC units of measure

Commonly measured EMC quantities may take on values that range over many orders of
magnitude. As aresult, it is often convenient to express these quantities in decibels. The quantity
most commonly expressed in decibels is power gain. The power gain of an amplifier is the ratio
of output power to input power

P

out

P.

1203

power gain =

which may be expressed in decibels as
. P()Ml
power gaing; = 10log,, > )
Voltage gain and current gain are also sometimes represented in terms of decibels. If the input

and output powers of an amplifier are dissipated by two equal resistances then the power gain in
decibels is

ingz = 101 |V0”’|2/R 101 |I"”’|2R
pOWCI‘ galndB= Oglo W = Oglo ﬁ .

From this it is seen that voltage gain in decibels is represented by

\%
voltage gaing = 20log,, ( %)
while current gain is expressed as

1
current gaing; =20log, 0( %) :

| in|



It is important to note that decibels represent the ratio of two quantities, or more precisely,
the value of one quantity as referenced to some base quantity. The units dB describe power in
watts referenced to 1 watt

power in dB = 1010g10 ( watts)

while the units dBm describe power in watts referenced to 1 milliwatt

watts )

power in dBm = 10log (
O\ 1mw

In each of these cases, a positive value of dB or dBm indicates that the power in watts is greater

than the reference quantity, while a negative value of dB or dBm indicates that the power in watts

is less than the reference quantity. Other quantities are sometimes expressed in decibels, including

dBuW = 1010g10( W‘m)

Iuw

dBmA = 2010g10( ‘;””:)
m.

dBmV = 2010g10( :0”; ) .
m

2.3 Linear systems

* linear system response

Many complex systems obey the principle of superposition, which permits a complicated
problem to be decomposed into a number of simpler problems. Superposition is often used to
analyze electric circuits which have more than one independent voltage or current source. The
voltage or current at any point in certain circuits may be determined by summing the voltages or
currents due to each independent source individually. Superposition is also frequently used to
determine electric and magnetic fields in regions where multiple sources exist.

Application of the principle of superposition requires that the system under consideration be
linear. Consider a system with input x(#), and output y(z). If

(0 = L{x, (0}

and
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() = L{x, ()}
then the system operator L{~} is said to be linear if
Lia x,(1) + a,x,(D)} = a,y,(1) +a,y, (1)

where a, and a, are constant scale factors. Linearity requires that the differential or integral
operator L{~} does notinvolve products of the dependent variables or their derivatives among
themselves. Thus, the systems

(1) = sin[x(?)]
and
y() = x*()

are clearly nonlinear.

2.4 Review of electromagnetics

volume source densities

Electromagnetic fields are supported by electric charges, which may be at rest or in motion.
These charges may be free, such as those exiting in free space or in a conductive material, or
bound, such as those which may exist in a dielectric or magnetic material. The fields discussed
in this course will be those which are supported by large aggregates of charge. The macroscopic
field representations developed are best described in terms of space-time average source density
functions, which exist over regions and periods that are large compared with the atomic regime,
but small on a laboratory scale. Effects which occur on a microscopic or quantum-mechanical
level are outside the scope of this course.

Four source quantities which may support time varying electric and magnetic fields are used
throughout this course. Free charges are represented in terms of the volume density of charge

> g

q;€Av

p(R,f) = lim (Clm?)

Av-0" v

where R = £x +Jy + Zz is a general three-dimensional position vector, and ¢, are discrete

charges which reside within a volume of space Av. Free currents (composed of moving free
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charges) are described in terms of a volume density of current

Z q, 4,
JRH = lim 22

(A/m?)
Av-0" Av

where i, is the velocity of the i"™ discrete charge. Bound polarization charges may exist within,

or on the surface of dielectric materials. Such charges are described by a volume density of
polarization

2P
PR, = lim 22
Av-0" Av

(C/m?)
where p. = g, d is the moment associated with the i® dipole which exists within a volume of

space Av. Finally, bound magnetic currents, such as those that may exist within certain types of
magnetic materials, are represented by a volume density of magnetization

>
MQR,f) = lim 2 (Alm).
Av-0" Av

In this expression 7, = IAA is the magnetic moment associated with a current I circulating

around a small loop bounding cross-sectional area A.

continuity equation

The principle of conservation of charge states that charge may be neither created nor
destroyed. The total current flowing out of a volume of space is the total outward flux of the
current density through the surface bounding that volume. If conservation of charge is obeyed,
then the current flowing out of the volume is equal to the rate of decrease of charge contained
within the volume, thus

s Ty - 40 _ _d
I—f]ds— o E{pdv.

Application of the divergence theorem yields
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fV-fdv = - a=pdv .
ot
1% 1%

This relationship must be satisfied for any volume V, therefore

__%
a

This expression is known as the continuity equation, and states simply that the density of current
flowing away from a point must be equal to the time rate of decrease of charge at that point.

Lorentz force equation

In the presence of time varying electric and magnetic fields, the force experienced by a
charged particle g moving with velocity i is

F = g(E +iixB) .

This expression is known as the Lorentz force equation. The field quantities E(R,7) (electric field

intensity) and B(R,r) (magnetic flux density) are defined through the Lorentz force equation.
The electric field intensity is defined by
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Maxwell's equations in free space E

- large-scale (integral) form

All electromagnetic phenomena are described by Maxwell's equations. These four equations

may be represented in either large-scale (integral) form, or in point (differential) form. When
describing interactions involving finite objects with specific shapes and boundaries it is convenient
to express Maxwell's equations in large-scale form.

i.

Faraday's law

The large-scale form of Faraday's law

E] §Ear - —%{E-d?

c

states that a voltage is induced in a conducting loop that lies along a contour C, which is
either stationary and immersed in a time changing magnetic field, or moving in a static
magnetic field. This voltage is proportional to the time rate of change of magnetic flux which
penetrates the surface bounded by the loop. The line integral term on the left hand side of
Faraday's law is frequently known as the electromotive force or emf

emf = fﬁd?
c

The total magnetic flux through the surface S which is bounded by contour C is
v, = B-ds
/

therefore Faraday's law may be written

d v,

emf = -
/ dt

If no time-dependent magnetic flux penetrates the surface S, then the induced emf is zero
(Kirchoff's voltage law). It should be remembered that the induced emf is a distributed
quantity, not a localized source (although for electrically small circuits it may be modeled as
such). If an open-circuited loop is placed in a time-changing magnetic field, an emf is still
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E dot dl is also equal to 0

del X E = db/dt



ii.

induced. Although no current flow occurs in this case, the emf manifests itself as a potential
difference which appears across the terminals of the loop.

Figure 1.Illustration of Faraday's law.

Ampere's law

Ampere's law states that the circulation of magnetic flux density around any closed
contour in free space is equal to the total current flowing through a surface bounded by that
contour times the permeability of free space

- - d r=
B-dl =p, [J-ds + ple, — [E-dS.
jra-nra oL

=

This indicates that a time-changing electric field gives rise to a magnetic field. The line
integral term on the left-hand side of this expression is known as the magnetomotive force or
mmf

The first term on the right side of the Ampere's law expression represents the total current
flowing through the surface S bounded by the contour C due to free charges, and is referred
to as conduction current
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Maxwell's displacement current


I, = {f-d?.

The second term on the right side of the Ampere's law expression is the total displacement
current flowing through the surface S bounded by the contour C

Therefore, Ampere's law may be expressed

mmf =1 _+1,.

Figure 2 Illustration of Ampere's law.

ii. Gauss's law

The large-scale form of Gauss's law states that total electric field flux through a closed
surface S is equal to the amount of charge enclosed by that surface divided by the permittivity
of the surrounding medium. In free space, this is
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- E

Figure 3 Illustration of Gauss's law.

iv. Magnetic source law

The last of Maxwell's equations

is the magnetic source law, which states that the integral of magnetic flux density over any
closed surface vanishes. This indicates that the total magnetic flux flowing out of a closed
surface is zero (magnetic field lines from closed loops). This reflects the fact that magnetic
source charges have yet to be observed in nature.
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Figure 4 Illustration of magnetic source law.

- point form

When describing interactions at a single pointin space, itis convenient to express Maxwell's
equations in point, or differential form. Point form representations of Faraday's law and Ampere's
law are obtained by applying Stoke's theorem to the large-scale forms of these expressions. This
results in the relationships

The point form expressions for Gauss's law and the magnetic source law are obtained through
application of the divergence theorem to the large-scale expressions of these relationships

V-E =P
s()
V-B =0

- Maxwell's equations in materials

In the presence a material, Maxwell's equations must be modified to include sources which
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arise from polarization and magnetization effects. Including these leads to a system of Maxwell's
equations in terms of all EM sources

s()
V-B =0
Here the source term
_;otal =J =+ 8=P + VXM + 808=E
ot ot

represents the total effective current density that may exist in a medium with dielectric and
magnetic properties, and

ptotal =p - Vﬁ

is the total effective charge density in such a medium.
constitutive parameters of a medium

- electric flux density and permittivity

In the presence of a dielectric medium the total source charge density consists of free charge
and bound equivalent polarization charge. In this case the point form of Gauss's law becomes

V(e ,E+P) = p.

It is convenient to define an auxiliary field quantity, the electric flux density which accounts for
effects due to the presence of the medium
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—

D = sOE’ + P.
In a linear, isotropic medium, polarization is directly proportional to electric field intensity

—

P = exXE
where ¥, is known as electric susceptibility. Substitution yields

D =g/l +xe)E’

—

=ecE = ¢cE

o'r

where

€
s:l+xe:=
s()

is known as the relative permittivity, or dielectric constant of a medium and ¢ is known as the
permittivity.

- magnetic field intensity and permeability

In the presence of a magnetic medium the total source current density consists of free current
and equivalent magnetization current. In this case the point form of Ampere's law becomes
Vx( B ﬁ) =J + i(sOE‘HB)
u, ot

It is convenient to define a second auxiliary field, the magnetic field intensity, which accounts for
effects due to the presence of a magnetic material

B _w
K,

H =

In a linear, isotropic medium, magnetization is directly proportional to magnetic field intensity

W=y f

where y, is known as magnetic susceptibility. Substitution yields
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B =u,(l+y)H
= upu H = pH
where
]/tr = 1+Xm = L
K,

is known as the relative permeability of a medium and y is the permeability.

independent Maxwell's equations

It is important to note of Maxwell's equations that only Faraday's law and Ampere's law are
independent. The equations which involve the divergence operation can be derived from the curl
operations. Consider the point form of Ampere's law

VxH = J + 8=D
ot
Taking the divergence of both sides leads to
V-(VxH) = VT + aiv-ﬁ.
t

By vector identity, the divergence of the curl of a vectoris zero, therefore

vi=-2vp.
ot

Application of the continuity equation results in

9P, Gy.p-o.

ot ot

Combining terms under the differential operator yields



SwD - p) = 0.
ot

The term in parenthesis must be equal to a constant

In a similar way the magnetic source law may be derived from Ampere's law.

Ohm's law and conduction current density

Conduction currents are caused by the drift motion of charged particles under the influence
of an electric field. The total current density may be composed of various charge species drifting
with different velocities, therefore

J =3 N,

where N, is the particle number density, g, is the particle charge, and i, is the average ensemble

drift velocity. In a metallic conductor where only electrons are present
i = —ﬂeE
where p, is the electron mobility. This leads to
T = -puFE = oF
which is known as Ohm's law. The conductivity, ¢, of a material is defined as
G = “PMH,

where p, is electronic charge density, and y, is electron mobility.
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displacement current density

Prior to the formulation of Maxwell's equations, the point form of Ampere's law was stated

—

VxH = 7J.

This, however, is not consistent with the principle of conservation of charge. This can be seen
by taking the divergence of both sides of Ampere's law

V-(VxH) =0 = V-J

The divergence of J is in general not equal to zero. The above equation must be modified to
include time variation of charge

V- (VxH) =0 = V-] + P

or
V-(VxH) = 0 = V-(J + =
Thus the form of Ampere's law which is consistent with conservation of charge is

aD
+ —
ot

VxH = J

Here the additional term dD/dt is known as the displacement current density. Inlow frequency

systems, the displacement current is often negligible. However as frequency increases, effects due
to displacement current become more pronounced, such as in the dielectric of a capacitor which
has a rapidly changing voltage applied to it.

relationships between field quantities and potential functions
The magnetic source law states that a steady magnetic field is solenoidal with
V-B=0.
Using the vector identity that the divergence of the curl of any vector field is always zero
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V-(VxA) = 0
it is apparent that the steady magnetic field may be represented as the curl of a vector
B = VxA

where A is known as the EM vector potential. The point form of Faraday's law states

This may be written as

Using the vector identity that the curl of the gradient of any scalar field is always zero
Vx(Ve) = 0
it is seen that the quantity in parenthesis may be represented as the gradient of a scalar

E =+ 8=A = —V(P
ot
where the negative gradient is chosen so that ¢, the EM scalar potential, is consistent with the

static potential difference. Finally, electric filed is expressed in terms of the EM potential
functions as

wave equations

In a source-free region of a simple medium, the point forms of Maxwell's equations specialize
to



VXE = —;47
VxH = 88=E
ot
VE =0
V-H=0.

Taking the curl of both sides of Faraday's law yields

— — 2_)
VXVXE = —yi(VxH) = —ptsa=E
ot ot

Applying the vector identity
VxVxE = V(V-E) - V’E = -V’E

leads to the homogeneous electric field wave equation

where v = 1///ue is the velocity of light in the simple medium. A similar development on
Ampere's law yields the homogeneous magnetic field wave equation

1
v? ar?

V2H - 0.

* boundary conditions

At the surface of a perfect conductor the tangential component of electric field vanishes
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tE=E =0.

t

This condition yields unique solutions to Maxwell's equations. The surface charge and surface
current are subsequently related to the surface fields as

p, =D =g (AE) = g E

o n

and

J = AixH.

N

When layers of differing dielectric materials exist, the tangential components of electric and
magnetic field must be continuous across the interface

Ax(E, -E,) = 0

Etl = Ezz
Ax(H -H)) =7,
Htl_HZZ = s

which again leads to unique solutions of Maxwell's equations. The normal field components are
then related by

ﬁz'(ﬁl _52) =p

N

and

Poynting's power theorem

Energy is transported by electromagnetic waves. The power balance relation for EM fields
is known as Poynting's theorem. This theorem describes the relationship between power (rate
of energy transfer) and electric and magnetic field intensities. Consider the Maxwell curl
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equations

VxE‘ = _8=B
ot

VxH = J 8=D
ot

According to a vector identity

V-(AxB) = B-(VxA)-A-(VxB)

therefore
V-(ExH) = -H-98 _ 5.9 _ g7
In a linear, isotropic, homogeneous medium

7 ot ? ot ot

5.9B _ 5. 0@wH) _ 13wHH) 8(1 ~2)

and
E-J=E(J'+J") = E-(cE+J') = o|E|*+E-J'
where J ' is the impressed current and J ' = oF is the secondary current. Thus
v = - S (Lo - Luip) - olEp i

Integrating over a volume of space and applying the divergence theorem yields
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= — = hyd N 8 (1 =12 1 —’2) =11}
- J EdV+d(ExH)ds = —— || —¢|E|* + —u|H|* | dv - [c|E|“dv.
[ fUExcyas = [\ el B+ ZulAR ) o~ fol

where the power delivered by the sources to the fields is - JEdV. ltis recognized that the
first term on the right side of this expression represents the'time rate of change of EM energy
(sum of stored electric and stored magnetic energy). The second term on the right side represents
the ohmic power dissipated due to conduction currents flowing in the presence of the electric
field. The terms on the right side must equal the power leaving a volume of space through the
surface bounding that volume. The quantity Ex H must therefore represent power flow per unit
area. A power density vector known as the Poynting vector may be defined

P = ExH watts/ m?

which is associated with an electromagnetic field. The Poynting vector lies in a direction normal
to both E and H. If the region of interestis lossless, then 6 =0 and the total power flowing into
a volume bounded by a closed surface is equal to the rate of increase of stored electric and
magnetic energies. When the fields are static, the total power flowing into the volume is equal
to the ohmic power dissipated in the volume.

definitions of resistance, capacitance and inductance

Consider two conductors of arbitrary shape, which are immersed in a dielectric medium. A
potential difference V maintains a charge separation of +Q and -Q on the conductors.

Figure 5.Arbitrary conductors immersed in a dielectric medium.

2-23



Using this model, basic relationships for resistance and capacitance in terms of field quantities may
be determined.

resistance

If the dielectric medium separating the conductors has a small non-zero conductivity
(referred to as a lossy medium), then a current will flow in the material. The resistance
encountered by this current is expressed by

- [E-di
/

J-d
f

R=
1

Ll

capacitance

The expression for the Coulomb potential maintained by a surface charge distribution
states

1

1 /
p, —— ds’.
471:80-{ |R—R/|

V =

For a point on the surface, it is seen that the potential of an isolated conductor is directly
proportional to the total charge which maintains that potential. For an isolated system of
conductors, the ratio of charge to potential remains constant. The constant of proportionality
relating potential to charge is known as capacitance. This relationship is written

0 =CV

where Q is charge, V is potential, and C is capacitance. A capacitor consists of two
conductors separated by an EM medium. A voltage source causes a charge separation to
occur, resulting in the formation of an electric field between the conductors. It should be
remembered that the capacitance of a capacitor is a physical property of a system of
conductors, depending upon the geometry of the system and the permittivity of the medium
between the conductors. Capacitance does not depend on the amount of charge deposited
on the conductors, or the potential difference which maintains the charge separation. Thus
a capacitor has a capacitance even when no potential difference exists between the
conductors, and no charge is present on the conductors. In general capacitance is represented
by
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d D-ds
.. ]S'p s : { s |
Vi (E-dl -[E-d

[Fe

Using J = oE and D = ¢E we see that RC = £,
c

- inductance

Consider two closed contours C,, and C, which bound surfaces S,, and S,, respectively.
A current /, flowing along C, will give rise to a magnetic field. A certain fraction of the

magnetic flux associated with this field will penetrate (link with) surface S,.

Figure 6. Magnetically coupled circuits.

The mutual flux is therefore that portion of the flux form the field associated with loop 1 that
passes through loop 2

D, = f B,-ds,
SZ

The magnitude of the magnetic flux density is proportional to current, therefore, the mutual
flux @,, is also proportional to current I,
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®,, =L, 1,

where the constant of proportionality L, is called the mutual inductance between loops C,
and C,. If the loop C, has N, turns, then a flux linkage A, is defined

Ay = N,
which also may be represented by
Ay = Ly
or
L. = ﬁ
21 I, :

From this it is evident that the mutual inductance between two circuits is the amount of
magnetic flux linkage with one circuit per unit current in the other. Self inductance is the
magnetic flux linkage per unit current within the circuit itself

Au
11 *
Il

It should be noted that the self inductance of a circuit depends on the shape of the circuit
and configuration of conductors within the circuit, as well as the permeability of the medium
in which the circuit is immersed. If the surrounding medium is linear, then self inductance
does not depend on the amount of current flowing within the circuit. Self inductance exists
regardless of whether the circuit is open or closed or whether it is located near another circuit.

time harmonic field representations

The way that the field quantities E(7,1) and H(7,1) vary with time depends on the nature of

source functions p(7,7) and J (7,t). In general EM sources have an arbitrary dependence on time.
In certain cases, however, it is easier assume that the source quantities have a sinusoidal time
dependence. Because Maxwell's equations are linear, sinusoidal variations of the source terms
at a certain frequency will result in sinusoidal variations of the field quantities at the same
frequency (when the system is in steady state). Assuming that sources vary sinusoidally
sometimes makes the solution of Maxwell's equations easier. Also, the responses to systems
having sources that vary arbitrarily with time can be determined by superposition of the responses
of the system due to sources varying with individual sinusoidal frequency components.
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Consider the general second order system

2
ar r+a£+br =f
dt?  dt

with forcing function f = f, cos(ot + 6,). It is often easier to represent the forcing function as
f = Re{foeje"ej‘”’} = Re{Fe’™"}
where F = foejef is called a complex phasor. Because the system is linear

r =r,cos(wt+0)

or
r = Re{Re/™}

where R = roeje ". Substitution of these into the general system expression yields
(b + ajo + -0*)R = F

where the common time-dependent factor e/*' has been dropped. It is apparent that the so called
time-harmonic system equation can be readily solved for the unknown R, and the original system

variable r may be recovered from

r = Re{Re’™} .
In a similar way, a time-harmonic electric field may be represented

E(xyzt) = Re{ﬁ(x,y,z)ejm’} .
This results in a system of Maxwell's equations

~jouH

<

X

o
I

J+ joaaE‘

<

X

S
I
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2.5 Electromagnetic basis of Kirchoff's voltage and current laws

Although Maxwell's equations describe all electromagnetic phenomena, direct application of
these laws is not always convenient. Often, approximations are employed to provide an easier
method of analysis. Kirchoff's voltage and current laws are idealizations of Maxwell's laws which
form the foundation of electric circuit theory. These laws remain valid when the elements of the
circuit under analysis are small compared to a wavelength (the circuit is operated at a low
frequency). The fields within the elements are then said to be quasi-static. It is also assumed that
the circuit is composed of lumped elements. With certain types of circuits, such as transmission
lines, effects due to distributed parameters must be taken into account (this will be addressed in

Section 2.6). The pages that follow will illustrate the relationships between Kirchoff's laws and
Maxwell's equations.

* relationship between KVL and Faraday's Law

Consider a generalized electric circuit consisting of a source and a resistive element which are
connected by perfectly conducting wires.

perfect wire

—
t-E)
p (
o+ o+ o+ o+ o+ fﬁ #0
E O |J E (Coulomb field) §

source

\// resistor | —
T O #®

f

%

Figure 7.Generalized electric circuit.



An impressed field E ; drives a current density J through the source region against the action

of a Coulomb field E. At any point in the circuit

J = G(E+Ei)

where E’i # 0 only in the source region. Consequently

N
?CC(E+Ei)-d1 = f; dl
or
= - = dl dl

source

For a static electric field

E-di =0
f

and, applying this, the above result leads to

V=IR _+R)

source

where

source

is the impressed emf. When multiple source and resistive regions exist in the circuit, this

generalizes to

2V = zk:IkRk
J

which states that the sum of the emfs is equal to the sum of the voltage drops around a closed
circuit which supports steady currents (Kirchoff's voltage law). For time-dependent currents,
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Faraday's law requires
N d r= = drl. .
Edi - -4 @s:—zﬁJﬂ
i al a0
C S
where the latter term follows from the definition of inductance L. This leads to the time-

dependent generalization

. di(t)
= |R +R +L—= .
w0 = (R, )it + L

relationship between KCL and the continuity equation

The continuity equation requires

vj = 9P
ot
For steady currents dp/dt = 0, therefore
V-J =0
This leads to the integral form
J-ds =

which may be written

This states that the sum of the currents flowing out of a circuit node is zero (Kirchoff's current
law). It is important to note that KCL is rigorously valid only when there is no time-dependent
charge accumulation at nodes in the circuit, otherwise that charge must be modeled.
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2.6 Transmission lines

Unlike dc or low-frequency (60 Hz) circuits, transmission lines may be many wavelengths
long. Where the various elements of a low-frequency circuit may be considered to be discrete
(lumped), transmission lines must be described in terms of parameters which are distributed
throughout their entire length.

* general transmission line equations (time domain)

Consider a short element of transmission line with length Az. This section of line, can be
described in terms of per-unit-length distributed parameters, consisting of a series resistance R,
a series inductance L, a shunt capacitance C, and a shunt conductance G. Application of
Kirchoff's voltage law to this element yields

&Y Ri- LY

0z ot

and application of Kirchoff's current law yields

i = -Gv - Ci.
0z ot

Uz

Figure 8.General transmission line element.
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These may be represented for time-harmonic quantities as

dV(z) _

-Z1(z
2 ()
where
Z = (R + joL)
and
ae) _ -YV(2)
dz
with
Y = (G + juC).

These coupled time-harmonic expressions can be solved simultaneously to determine V(z) and 1(z)

yielding
2
—d V@) _ yz V(iz) =0
dz?
and
2
4@ ey -0
dz?
where

v =0+ jB = YR +joL)(G +joC) = yZY

is known as the propagation constant, having real part o, the attenuation constant, and imaginary
part B, the phase constant. It can be seen that the expressions for V(z) and I(z) above have

solutions

V(iz) = Ve ™ + Ve”

and
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1 dV 1 - .
I(z) = ~—— = — (Ve ™ - Ve¥
) 7 e Z( )

o

where V* and V~ are the constant amplitudes of forward and backward traveling waves,

z = |£ - |RijoL
¢ Y G +joC

is known as the characteristic impedance of the transmission line. It should be noted that in
sinusoidal steady state, all of the multiply reflected forward and backward traveling waves excited
superpose resulting in a single forward traveling wave of amplitude V', and a single backward
traveling wave of amplitude V. These waves interfere to produce a standing wave interference
pattern along the line.

A lossless transmission line is characterized by R=G=0. In this case the impedance of the
transmission line is purely real where

respectively, and

is referred to as the characteristic resistance of the transmission line.

phase velocity and wavelength

In sinusoidal steady-state, the voltage and current along a transmission line are represented
by

V(z,t) = V()e = V'e %ol Blo) 4y pui ol Bilo)

and

I(Z,t) — I(Z) ejmt — Ve *otzejm(tfﬁz/m) _ erazejm(tﬂiz/m) )

NHH

Here, the term

ejm (t #Bz/w)
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describes the phase of the waves; therefore (¢ # fz/w) is a constant at constant phase points of
the traveling waves. Therefore

d d
—(t ¥ Bz/®) = —(const.
dt( * P/w) dt( )

which indicates

14 Bdz _
o dt
Here
A% :i:ig
P t B

is known as phase velocity, and represents the velocity with which a reference point of constant
phase of the wave advances (propagates) along the transmission line. It is now clear that the
expression

Ve TR0t o) — Y, mzejm(tiz/v,ﬂ

represents waves traveling in the +z direction with phase velocities +v, = +o/p and attenuation
constant q.
It was noted previously that the distance A between any two adjacent equiphase points of a

single traveling wave (at an instant t) is the wavelength of that wave. If equiphase points occur
at locations z and Az on a transmission line, then

ej(OJZIBZ) _ ej[mliB(Z +A7)]

which means that

e = 1,

From this, it is seen that

BAz = n2=m
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where n is any non-zero, positive integer (n=1,2,3,...). The spacing between equiphase points is
then

where

is the wavelength, or distance between adjacent equiphase points along a transmission line. The
relationship between wavelength and phase velocity is given by

input impedance, reflection and transmission coefficients

When a transmission line of finite length is terminated with a load impedance that does not
match the line, reflections occur. Thus at any point along the line both backward and forward
traveling waves exist. For a transmission line of characteristic impedance Z, with length 1, having
propagation constant vy, the voltage and current at any point along the line are given by

V(z) = V*(eYZ+V—eYZ) = V*(e’VZ+FeVZ>
V+

I(z) = 4 (eyz—v—evz) -V (e’VZ—FeVZ>
Z, Ve Z,

where again V" and V= are the forward and backward traveling voltage wave amplitudes,
respectively, and

v

V+

r =

is the reflection coefficient at the receiving end terminals. Now, at the receiving (load) end
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z=-l z=0
Figure 9 .Finite-length transmission line with load impedance.

of the transmission line (z=0), the impedance boundary condition gives

V(z=0) = Z,1(z=0)

which leads to

+

z,v
ViD=~ —(1-T).

Solving this expression for I" gives

which is the receiving end reflection coefficient. Since

V(iz=0) = V(1 +T) =TV~

the receiving end transmission coefficient is given by
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27,
T=(+T) =

L + Z()
The impedance at any point along the line is
-vz 74
Z2(2) = V@) _ Z()( &) ,
1(z) e - Te¥

Substituting the expression for I" above gives

(Z,+Z)e™ ™ + (Z, - Zo)e“}

Z(2) = Zo[
Z,+Z)e™ - (Z,-Z)e™

Applying the relationships

e +e ™ . e -e™
coshyz = — sinhyz =

the expression for impedance becomes

Z,coshyz - Z sinhyz
2z) = Z, .
Z coshyz - Z, sinhyz
or
Z,-jZ tanhyz
2) = 2,2t

°Z, -jZ, tanhyz
At the sending end of the transmission line (z=-1), this becomes

Z +jZ tanhvyl
Z.=Z(z=—l)=Z L]() Y

1

°Z +jZ, tanhyl

This expression represents the impedance seen at the input terminals of the transmission line and
is therefore known as the input impedance.
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impedance transformations

Transmission lines are sometimes used as UHF circuit elements. At these frequencies (300
MHz - 3 GHz) sections of transmission line may be used to match a load to the internal
impedance of a generator or to the characteristic impedance of another transmission line (stub
matching). These segments of matching transmission line are usually considered to be lossless.
In this case vy = jB,Z=R,, and tanhy/ = tanh(jB/) = jtanp/. The inputimpedance of a section
of lossless transmission line is therefore

Z +jR tanpl
Z = ROM-
R, +jZ, tanBl

The input impedance for several load terminations will be examined.

- open circuit termination

If the transmission line segment is open circuited, then Z; =<, and

JR,
Z = - = —JR cotpl.
tanf/

It is seen from this that the input impedance of an open circuited section of lossless
transmission line is purely reactive, regardless of the length of the line. This reactance may
be inductive or capacitive, depending on the sign of cotf!/.

- short circuit termination

If the transmission line segment is short circuited, then Z;=0, and
Z. = jR tanfl.

It is seen from this that the input impedance of a short-circuited section of lossless
transmission line is also purely reactive, regardless of the length of the line. Again, this
reactance may be inductive or capacitive, depending on the sign of tanf/.

Important note: From the information presented above, it can be seen that

ZDsport Z)pen = Z,tanh(yl) Z,coth(yl) = Z, .
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Thus the characteristic impedance of an unknown transmission line can be determined by
making measurements with short- and open-circuit terminations

Z() - \/(Zi)short (Zl )open :
This applies regardless of whether the transmission line is lossy or lossless.

half-wavelength line

When the length of a transmission line is an integer multiple of one-half of a wavelength
(I=nA2 for n=1,2,3,...), then

which makes
tanfl = 0
and the input impedance becomes

Z. =7

i L"*

Thus for a lossless line which is some multiple of a half-wavelength long, the input impedance
is the same as the load impedance.

quarter-wavelength line

When the length of a transmission line is an odd integer multiple of one-quarter of a
wavelength (/=(2n - 1)M4 for n=1,2,3,...), then

Bl = 2—:(2n—1) = (2n—1)%

which makes
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tanP/ = tan (2n—l)g} - oo

and the input impedance becomes

Thus for a lossless line which is some multiple of a quarter-wavelength long, the input
impedance is proportional to the inverse of the load impedance. A quarter wavelength
transmission line is sometimes referred to as a quarter-wave transformer.

* voltage standing wave ratio (VSWR)

When transmission lines are excited by sinusoidal, continuous wave (CW) sources, forward
traveling voltage and current waves propagate away from the source, and backward traveling
waves are reflected from discontinuities and mismatched terminations. These forward and
backward traveling waves interfere to form a standing wave pattern on the line. The ratio of the
maximum to the minimum voltage of the standing wave is known as the voltage standing wave
ratio. Since the voltage at any point along the transmission line is given by

V(z) = V'e P(1 + Te/?%)
the standing wave ratio is therefore

_ Vel 141
v, L-|r]

min |

The VSWR is a measure of the nature and magnitude of mismatches or terminations that occur
on the transmission line. A VSWR of 1 results when |I'| = 0 , indicating that the transmission
line is match-terminated, and no backward traveling wave exists. A VSWR of infinity indicates
that the signal is being totally reflected by either an open-circuit, short-circuit, or purely reactive
termination.

2.7 Network theory
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two port networks, S-parameters, Z-parameters, Y-parameters

The study of two port networks is important in the field of electrical engineering because most
electric circuits and electronic modules have at least two ports, namely input and output terminal
pairs. Two-port parameters describe a system in terms of the voltage and current that may be
measured at each port. A typical generalized two-port network is indicated in the figure below.

Figure 10.General linear network.

Here 1, is the current entering port 1, I, is the current entering port 2, and V, and V, are voltages
that exist at ports 1 and 2, respectively.

- Y-parameters

If the network that exists between ports 1 and 2 is linear, and contains no independent
sources, then the principle of superposition may be applied to determine the currents I, and
I, in terms of voltages V, and V,

I =Y,V, +Y,V,

I, =Y,V +Y,V,.

These may be written in matrix form as
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Il 11 Y12 1
12 Y21 Y22 2

Here the terms Y,;, Y5, Y,,, and Y,, are known as admittance, or Y-parameters. It is
apparent form the matrix equation above that the parameter Y,, may be determined by
measuring I, and V, when V, is equal to zero (or more accurately when port 2 is short-
circuited)

v 1
11‘V1

V,=0

The remaining Y-parameters may be determined in a similar manner

12
V, lvi=0

I
2
Y21 = =
V, lv,-0
v, - 2
22 :
V, lv,=0

Because the parameter Y, is an admittance which is measured at the input of a two-port
network when port 2 is short circuited, it is known as the short-circuit input admittance.
Likewise, the parameters Y, and Y,, are known as short-circuit transfer admittances, and
Y,, is the short-circuit output admittance. Itis evident that, using these relationships, the
properties of an unknown, linear two-port network can be completely specified by values
measured experimentally at ports 1 and 2.

Z-parameters

A similar set of relationships may be established in which the voltages at the input and
output of a linear two-port network are expressed in terms of the input and output currents

Vv

1 lell * Z12I2

<
1

Zy 1, + Z,,l,
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which may be described in matrix form

It is apparent from this expression that the parameter Z,, may be determined by open-
circuiting port 2 (letting I, equal zero)

Vl
11 -
11

1,=0

and the remaining impedance or Z-parameters are determined similarly as

v,

221 = =
I1 I,=0
Vv

7 = _2

= 12 1,=0

The term Z,, is known as the open-circuit input impedance,Z,,, and Z,, are known as open-
circuit transfer impedances , and Z,, is the open-circuit output impedance.

S-parameters

The representations above are useful if voltage and current can easily be measured at the
input and output of the two-port network. While it is usually possible to directly measure
both voltage and current in low frequency electric circuits, it is not always possible to do this
with high-frequency circuits or particularly with waveguides. In such cases it is often
necessary to determine impedances from measured standing wave ratios or reflection
coefficients. Itis thus convenient to describe unknown high-frequency networks in terms of
outgoing and incoming wave amplitudes, instead of voltages and currents. The figure below
represents a linear two-port network
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Linear Network

a, b,
(o] O
—_— Sy —
S
11 S,,
<—
b, St a,
(@] O

Figure 11.General scattering network.

where a,, and a, are incoming wave amplitudes, and b,, and b, are outgoing wave amplitudes.
These parameters represent the normalized incident and reflected voltage wave amplitudes.
For an n-port network they are

Vl’l Vl’l
an = R bn =
Z()l’l Z()l’l

where Z  is the equivalent characteristic impedance at the n™ terminal port. The voltage and

current at some reference plane within the network can thus be represented by

V=V, +V, = Z (a, +b)

and

Solving for a, and b, yields
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a =l( — +./Z I)
n 2 Z on n
1 \%
b =—( " [z 1).
n 2 on n

VZon

The average power flowing into the n™ terminal is given b
gep g g y

(Pl’l)ave = %Re(vﬂ]:) — %Re[(anan* _ bnbn*) N (bnan* B bn*an) .

The term (a,a, - b b, ) is purely real, and the term (b a, - b, a,) is purely imaginary,

therefore
1 » .
(Pl’l )ave = =(al’l al’l - bl’l bl’l )
2
where (P,),,, = 1/2(a,a, ) represents power flow into the terminal, and (P,),,, = 1/2(b, b, )

represents the power reflected out of the terminal.

Consider again the case of a network with two terminal ports. The principle of
superposition may be applied to represent the outgoing waves in terms of a linear combination
of the incoming waves

1= SHa T S)Ha,
b, = S,a, + Sya,
which may be written in matrix form as

bl Sl 1 SlZ bl

b2 SZ] 522 b2
The individual scattering, or S-parameters are determined in a way similar to those above.
The parameter S, is the ratio of the outgoing wave amplitude at port 1 to the incoming wave

amplitude at port 1 when the incoming wave amplitude at port 2 is zero (or more correctly
when port 2 is match terminated)
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1
al a,=0

It is noted that the ratio of the outgoing wave amplitude at port 1 to the incoming wave
amplitude at port 1 is simply the reflection coefficient at port 1. Therefore S, is the reflection
coefficient at port 1 when port 2 is match terminated. The remaining S-parameters are
determined as follows

bl
512 = —
a2 a, =0
S, = b2
21 T
al a,=0
S, = b2
2 - T :
a2 a,=0

2.8 Electromagnetic radiation

Electromagnetic radiation is the transfer of EM energy from electric sources to EM waves in
space. Under certain conditions it is sufficient to examine only the propagation characteristics of
waves and the interactions between fields. In these so-called source free regions, it is not necessary
to know anything about how the source of EM energy behaves. Waves simply exist in a medium, and
how they came to be there is not important. Under other conditions, however, it is necessary to
understand the relationship between fields and time varying source charge and current distributions.
Such is the case with antenna theory.

* uniform plane waves in lossless media
A plane electromagnetic wave is one for which points of constant amplitude and phase are
contained in planar surfaces (wavefronts). Localized radiating electric sources, such as those

associated with antennas, actually produce spherical waves. However, at distances far from the
source, these disturbances may be locally approximated as being planar.

2-46



spherical

wavefront

— T / .
- \< approximetely _r
NN planar

~_ 7
(/ (/ ://\\ \] \\\
\

Figure 12.Planar approximation of spherical wavefront.

plane-wave solutions to homogeneous Helmholtz equation

Previously, the homogeneous Helmholtz equation for the electric field in a source free
region was found to be

V2E+k2E = 0.

The general vector solution to this equation

E(F) = E e /%"

isfound using the method of separation of variables. Here Eo isaconstant vectoramplitude, 7 = Xx + yy + 2z
is a position vector, and k* = w’ue,. The wavenumber is k = B—jo and the complex
permittivity is €. = (1 - jo/we). This expression for E(F) has the following physical
interpretation:

i. E(F) is a wave propagating in the direction of k = kk. The scalar components of
k =Xk +y ky + Zk_ are phase constants for propagation along the x, y, z directions.

ii. Points of constant amplitude and phase of the wave are located on a planar surface which

is perpendicular to k, which points in the direction of propagation of the plane wave.
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X

Figure 13.Planar wavefront.

The instantaneous complex electric field is given by

E(7.1)

E(?)ejm’ _ E_"ej(mtflgf) _ E_" e*(xkdfe(mtfﬁkdf)
0 0

where

ej(mz—51€~f)

is a constant by the criterion for constant phase of the wave. This implies that

A

Bk+7 = Br(k-7) = Brcosd = Br, = constant
which requires that 7 be located on a plane surface which is perpendicular to k.

relationship between electric and magnetic fields for a plane wave

The time-harmonic form of Faraday's law in a source free region states

VXE = —jooptﬁ.
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Substitution of the plane wave electric field representation into this expression gives

A = L uxE = Lyx(Ee )
W W

Application of the vector identity
Vx(\yg) = WVXK + wag

leads to

Now

because the curl of a constant vector is zero, therefore

A = L(JRxE, Je 77 = K (ExE Je #.
wp wp

The intrinsic impedance or wave impedance of the simple medium is defined as

= Ln
" k
thus
i kxEoefj,g,f _ kxE
n n

phase velocity, group velocity, and wavelength

Phase velocity represents the speed that an imaginary observer would have to travel along
a direction 7 in order to remain adjacent to a reference point of constant phase along a wave
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front, i.e.,
el - Bk-r)) = constant
which implies

wt - B(lg- r) = ot - Br(lg-f) = constant .

The time derivative of a constant is zero

d A d
—|wt - Brk-7F)| = —(constant) = 0
lor ~ pr(é-p] = < (constann

therefore
oo—B(lé-f)i =0.
dt
A
/
/
//
V,
74
/!
—_— ] | —==
/ o~
k=kk
/
JD
equiphase /
frorts Vp=D/D
/
/
/
0 =20/0

Figure 14.Phase velocity of a plane wave.

From this, the phase velocity along a direction 7 is found to be
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dr 0] O]
v = —

P dr ) B(k-7) ) BcosO

where 6 is the angle between the direction of wave propagation (£), and the direction along
which the observer moves (7). The minimum phase velocity v, = /P occurs when the
observer moves parallel to k£ such that (#-k) = 1 (6 = 0),1.e., when the observer moves in
the direction of propagation of the wave. It is assumed that 6 = O unless otherwise
specified.

In a lossless medium, the propagation constant [ = (D\/]/t=€ depends linearly upon
frequency. In some cases, however, the propagation constant is not a linear function of
frequency. In these cases waves of different frequencies will propagate with different phase
velocities, which leads to a type of signal distortion known as dispersion. A signal containing
a small spread, or "group" of frequency components will tend to "spread out", or disperse,
as it propagates. A group velocity may be defined, which is the velocity of propagation of this
"frequency packet"

v = 1 .
$ dpldw

The wavelength A of a plane EM wave along a direction 7 is the distance between any two
adjacent points r, and r, with identical phase at any instant t, i.e.,

oot BETL _jlot - By
therefore
o BT BER )
because 7, = Fr|, r, = Fr,, and thus
B(r,-r)(k7) = 2n
for adjacent equiphase points. The wavelength along a direction 7 is now seen to be

2 _ 2=n
B(lgf) BcosH

AN=(ry-r) =

where again 6 = cos ' (k-7). Now, from the definition of phase velocity
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B(k-7) = 2
vp

which leads to an expression of wavelength which is independent of 6

power flow

Previously the electric and magnetic fields associated with a plane EM wave were found
to be

—

E=F ¢ &7 = F ¢ JB-jn)kr)
o o

and

The time-average power flow associated with a plane EM wave is described by Poynting's
power density, which is given by
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=;21Re{E'E } 0
2 n

It should be noted that power flow is in the direction of wave propagation (k). The
exponential attenuation is due to progressive power dissipation in a lossy EM medium. For
the special case of waves propagating in a lossless medium (e.g., free space) the attenuation

constant a=0, and the intrinsic impedance of the medium 7 is real, therefore

E,|’

2n

P-i

one-dimensional plane waves
For waves propagating in the +z directions, k = +Z and E, = XE >, therefore

E@z) = )?(E(:e ey Eofejkz)

and

H@) = i(ZAX)?E(:e kz ZAX)EE(;eij>
Ul

e o).

=

Now a plane wave reflection coefficient may be defined such that
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and the total one-dimensional plane wave field may then be expressed

XE (2) )?E(:(e ke Fejkz)

E®)

£ (e kz Fejkz) .
n

H(z) = $H(2) = 9

It should be noted that the fields £ (z) and Hy(z) are exactly analogous, respectively, to V(z)
The concepts of standing waves, impedance

and 1(z) on a uniform transmission line.
Uz = Ex(z)/ Hy(z),standing wave ratio, and impedance transformation carry over directly

waves in various media

Remember that for a general material,

k = O)\/]/t_s l—jé =B-ja
we

i. waves in free space

In free space the wavenumber and attenuation constant are
k=8, =wo/pue, o=0
the characteristic impedance of free space is given by

n=m, =ou,/B = pu,le, =~ 120n ohms

and the phase velocity of the waves is

v =c=wf=1/ug, = 3x10%mls .

ii. waves in lossless media
In a lossless medium other than free space, the wavenumber and attenuation constant are
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the impedance of the medium is

ok = |2 - _
no=oplk = == e, = kg,

and the phase velocity of the waves is

v, = 0)/ = = 1/1/]4 M EE —c/‘/ﬁ

L
Jie

iii. waves in a good dielectric

In a good dielectric, c/mwe « 1 for all frequencies of interest. In such a dielectric medium,
the wavenumber is

k=B -jo= = 1-j-2
B -Jjo OJ\/E w\/pt_s ]oos

where

scz(l_ji)
We

is known as the complex equivalent permittivity of the medium. According to the binomial
expansion

(1+x)" = 1 +nx L x o« 1

therefore

kzoo\/pt_s(l—ji).

2me
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The phase and attenuation constants are therefore given by

B~ ovue

azwﬁczg L:ﬂ
2me 2\ ¢ 2

the impedance of the medium is

or
n =~ oulf
because a/p « 1, and the phase velocity of the waves is

1

~
~

®
VP:F

iv. waves in a good conductor

In a good conductor, c/mwe » 1 for all frequencies of interest. Here, the wavenumber is

k=[3—joc=oa]/tsc=oo\/]/t_s l—jizm\/]/t_s —ji
®e \l ®e

- opole #)'* = yops ! ;) - (-, e
2
and it can be seen that the attenuation and phase constants are
p~a=ynfuc.
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Now consider a plane EM wave with electric field

ﬁ:-ZA N
- E
X R
H - .
k=A0-j0)
y z
—— Z
z=0

Figure 15.Plane EM waves in a good conductor.

E = FE eXK7 = {E ¢ 7B-J0CD — 3F o 92 b
o o o
that exists within a good conductor. The associated current density is found using Ohm's law
J = oF = XoE e “e ELS

E and J decay to ¢ of their values E, and oE, at the conductor surface z=0 when az=1. The

distance z=o" at this point is called the skin depth for waves in the conductor, and is given
by

=0 = ! .

Vrfu

The impedance of the conducting medium is given by
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The amount of current flowing per unit width in the region near the conductor surface is
found from

1

K = ff)?]x(z) dzdy
00

1 oo

o1 ) Z=c0
= )Echfdyfe o Bigy = 0 (et P2
0 0 CRY) 2=0
ok, ooE,

X — =X — .
(o +jB) (1 +j1)
Using this result, the surface impedance is found by

Ex(z=0) _ Eo _ (1 +j1)
K, oOE, /(1 + j1) G5

i_

Z

or
i

zi=ri+jol’

where r’ = ol = (c8) ! for a good conductor.
The magnetic field associated with the electric field presented above is found to be

H = kxE = B_]afx(X\Eoeﬂze*}Bz)
n Wi

CE,(1-j1) 2E
_—

_ “az, Bz — 5 4 e “e -jBz

opd opd(l +j1)
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coE

= f— 2 ¢ % M,
N
From this it can be seen that
~ R ooF _
AxH(z = 0) = -2xH(z=0) = f—2 =K
(I +/1)

Thus the relationship between the magnetic field H present at the surface of a good
conductor, and the surface current K is

K = (AxH)

surface

Thus it is seen that a current flowing on the surface of a good conductor will give rise to a
magnetic field, which may be a source of interference elsewhere. Conversely, an external
magnetic field may induce a current on a good conductor, which may in turn cause
interference.

* Maxwell's equations for EM field maintained by primary sources

Consider a localized electric source distribution suspended in an unbounded medium.
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Figure 16.Localized source distribution.

The time-harmonic system of Maxwell's equations for this are

vﬁ(f) - ﬂ
€

VXE(F) = -joB(F)
Vxﬁ(?) = ],tf(?) +jooptsCE‘(?)
V-B(7) = 0
where again ¢, = [1 -jo / (oos)] is the equivalent complex permittivity of the medium.

* EM potential functions and Helmholtz equation

It was shown that the electric and magnetic fields can be represented in terms of potential
functions as

E = VO - joA
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Substitution of these expressions into Gauss's law leads to
V-E = V-(-VO - joA) = %
or
V20 +joV-A = —%.

From Ampere's law comes

VXVxA = ]/tj"'j(D]/tSC(—V(D —joog) .
After application of the vector identity

VxVxA = V(V-A) - VA
this becomes
V(V-A) - VA = ] - jops (VO + jod)
or
25 24 v, Ik ’
VA +k A—V(V-A+— ) = -ulJ
®
where
k? = o’ue,

defines the wavenumber in the unbounded medium. Now

—

VxA = B
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and

V-A = _ﬁ
®

is a convenient choice known as the Lorentz condition. This leads to

VO + k2 = -2

VA + kA = —]/tf

which are a pair of 1nh0m0geneous Helmholtz equations for ((I) A) maintained by (p, J ). These
equations must be solved for ®, A in order to determme E,B. It should be noted that E is
maintained by both p and J, while B has only J as a source. The inhomogeneous Helmholtz
equations above are second order partial differential equations, and are solved using the concept
of Green's functions.

Green's function solution to Helmholtz equation

The Helmholtz equations may be decomposed into scalar components
VA, +k2A, = -uJ,

where o represents various component directions such as (X, y, z) in Cartesian coordinates. Now
consider a generic form of the Helmholtz equation to be solved

VA7) + k(7)) = -s(F)

where y(7) is a wave function representative of ®(¥) or A (), and s(¥) is a source density
representative of p(¥) or J (7). This general Helmholtz equation can be solved using the Green's
function method. The Green's function is a solution to the partial differential equation when the
source term is a point source. This method involves a two-step process. First, the solution for
a unit point source excitation located at an arbitrary point 7’ is determined. Then, a general
solution is constructed by the linear superposition of many weighted point-source responses.
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G(rt)’

=/

Figure 17.Unit point source excitation.

For the case of point source excitation, let
s(F)~8(F - F)
and
O(7) -~ G(F|F")
which leads to
V2G(F|F) + k*G(F|F') = -6(F-F/).

Here G(7|F') is the Green's function, which represents the response at 7 due to a unit point
source located at 7/, and §(F) is a three-dimensional Dirac delta function. The Dirac delta has
the following properties:

0 ...for ¥+0

o .. for ¥=0

i. () = {

where () = 6(x)d(y)d(z)
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. 5(7d {1 .. if Vincludes ¥ =0
ll. r V =
{ 0 ...otherwise
fO) ...if 0 e V
iii. F)8(F)dv = {
{f( o) 0 ...otherwise

Now if a tiny element of the source at location 7’ is described by
sFHadv’

then
dy(r) = G(?|?/)s(?/)dv/

by the definition of the Green's function, and the total wave function can be found by
superposition

y(F) = f s(FGF|Fydv .

Vv

do= s(fjav 'G(rt)’

s7)  s(rjav

=/

Figure 18.Distributed source excitation.
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- check: Does this solution satisfy the Helmholtz equation? Substitution of the Green's
function solution into the Helmholtz equation gives

(V2 +k>)y(F) = (V? +k2)fs(7/)G(7|7/)dv/
14

= fs(f/)(v2 +k*)G(F|F)dv'

Vv

= —fs(F/)S(F—F/)dv/

Thus it is seen that y satisfies the Helmholtz equation. Now the Green's function must be
determined. The Green's function satisfies

(V2 +kGFF = -8(F-F)
and
G(F|F") = GF-7') = GIR)

because G depends only on the distance R = |F/ - 7’| from the source points to the field point.
This gives

(V2 +k%)G(R) = -3(R) .

In spherical coordinates, this becomes

Li(Rza_G) +k2G = 0
RZ20OR oR

which is equivalent to

2-65



1 92

———(RG) +k*G =0 ..for R#0
R 9R*?
or
82
——(RG) +k*(RG) =0 ..for R#0.
aR?

This expression has solution
RG = Ae /R + Be kR

therefore

e*ij e+ij
GRR) = A +B ..for R#0.
R R

G(R) physically represents waves traveling outward from the source (no sources exist atinfinity
due to the Sommerfeld radiation condition), consequently, B=0 and

awy - <"

-7

Now the constant 'A' must be determined. 'A' can be chosen to give the correctbehavior of G(R)
at R=0. This behavior is determined by examining a small spherical surface of radius &
surrounding the point R=0, and allowing ¢ to approach zero (¢~0). The defining equation for
G is integrated over the small spherical volume region V, which is centered at the location of the
d-function unit point-source singularity

fV-VG(r)dv/+k2fG(r)dv/ = —fé(r)dv/.
\% \% \%

& & &
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X

Figure 19.Spherical volume region about source point singularity.

Application of the divergence theorem yields

& -jkR
fﬁ-VG(R)ds/ + szAeTerzdR = 1.
S 0

&

Examining the behavior of the integrals as the radius of the sphere approaches zero leads to

£
-jkR
) e
limk?[A
e-0

A7R*dR = k’A limf4anR =0
e-0
0

AVG(R) = R-G(R) = 20 _ i(AefkR)
R R

lim {A-VG(R)ds’ = —Alimf( 1 +JkR) oke g/
S*OS SQOS 82

& &



/
= _Ahm di = _hm£4ﬂ82
&0 82 -0 82
SS
= -47A .
Therefore
_47T.A + 0 = -1
or
A= L
A7
and
o kR
G(R) =
&) 4R
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Thus the Green's function is found to be

-jk|F - 7| -jkR
G(F|F') = G(F-F') = =
4n|F - 7| 4nR

e

and the associated wave function is then

J
W) = [5G —dv!.
Vv

The substitution of appropriate potential and source terms then gives solutions for the potential
functions

DO(F) e p(r/)ijRdv/
471:8-{ R

- o e KR
A(r) = —[J@r")——dv'.
() 4n{() 7

Retarded EM potential functions

Electromagnetic disturbances do not travel instantaneously through space. A certain amount
of time is required for EM waves to propagate and for effects due to time-changing charge and
current distributions to be detected. The values of the vector and scalar potentials at some
distance R from a source and at some time t depend of the condition of the source at an earlier
time (t - R/v), where v is the velocity of wave propagation. The effects due to this finite
propagation time are typically ignored for dc and quasi-static cases. However, these effects must
be taken into account when the dimensions of a circuit or device are on the order of a wavelength
long. Such phenomena are described by the so-called retarded potential functions.

Consider a localized time-harmonic current density

J#0 = Re{J(F)e}

where Re{ } denotes the real part of the complex quantity.
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The associated vector potential is given by

R - ) ) - -jkR
A(F,f) = Re{A(F)e®} = Rel e’ [ J7 ) E_—av’
(F,) = Re{ A(F)ei} { . { -

47 R
\%

T2/, jo(t - kRI®)
—Re{”fj(r e dv/}

B ]/th(r,t/=t—R/v)dv/.

=

The potential A(7,7) atlocation 7 and time t is the superposition of contributions by sources J(7/, 7 - R/v)dv’
at location 7/ which occurred at the earlier time # — R/v. The retardation time ¢ = R/v is the time
required for the wave disturbance to propagate through distance R from the source point 7’ to
field point 7 with propagation velocity v = w/k. The fields at points removed from the source
are thus described by

. 1 pF t-RNV) ,,
O(F,t) = dv
7.1 471:8-{ R

which is the retarded EM scalar potential, and

R A

=/

Figure 20.Time-retarded potential function.
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R/V)d /

AF.n =
471:-{

which is the retarded EM vector potential.

* Spherical waves

Now consider the element of vector potential contributed by J(7') in dv’ at location 7’

- e -jkR

dAF) = 2 J#yav' E— .
(r) 4n() 7

The instantaneous value of this element is given by

" j’(’—:/) dv / ejm(t - kR/w)
47 R

dA(F,0) = dA(F)e’ =

" j’(’—:/) dv / ejm(t - RIv)
B 47 R .

Figure 21.Spherical EM wave.
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This expression describes a wave whose points of constant amplitude and phase lie at a
location described by R = |F - 7’| = constant. This is therefore a wave with spherical wavefronts.
Points of constant phase are described by

e/t =RV = constant
which implies
t - R/v = constant .

The time derivative of a constantis zero, therefore

1_Ld=R=0
v dt
or
dR o
=_v_=
dt Pk

which describes the phase velocity of the spherical waves. Now let R, and R, be equiphase
points, then

-jkR -jkR
e - e 5
or
-jk(R, - R))
e AR

=1.

This requires

k(R,-R) = 2nn
or

R.-R) = n== = nk
(R, -R) .
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where

is the distance between adjacent spherical wavefronts (wavelength).
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Appendix A: Potentially Useful Stuff

* Divergence theorem

V-Adv = §A-ds
AN

¢ Stoke's theorem

(VxA)-ds = §A-dl
[ m g

¢ Other useful vector identities

— — — — —

A-(BxC) = B-(CxA) = C-(AxB)
Ax(BxC) = B(A-C) - C(A*B)
VyV) = yVV + VVy
V-(yA) = yV-A = A-Vy
Vx(wg) = waK = wag
V-(AxB) = B-(VxA) - A-(VxB)
V-VV = Vv
VXVXA = V(V-A) - VA
VxVV =0

V- (VxA) = 0
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Gradient, divergence, curl, and Laplacian operators

- Cartesian coordinates (X, y, z)

VV = )21 + )71 + 21

ox dy 0z

. OJA. O0A 0A
V-A=—+_—2+

ox dy 0z

Xy zZ
_ J 4 0 JA_  JdA JA_  OA JA. OA
VXA =| = =— = |=2X t__ 2 +)’)\ R B g X
dy 0z 0z ox ox dy

0%V 3V d¥
= + +
ax? dy? 9az?

Vv

- Cylindrical coordinates (r, ¢, z)

V-A = li(rAr) + 02
r or rop 0z
P (Apr Z
. JA, OA ~(0A OA
vxd -1 & & ¢ =f( Z——(p)+(p(—r— Z)+2l(i(m)—
r| or de 0z rdp 0z dz  or r\or °
A, rA, A
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2 2
viv = 1o(,8v), LoV, &
r?oe* dz?
- Spherical coordinates (R, 0, ¢)

w=RY 5V o L OV
OR R36 R sinf Jdo

- d0A
VA= LRy L (4 singy s L e
R?JR R sinf d6 R sinf do
R BR  @Rsind
vxd- L |2 <& <
R%sing| OR 90 ¢
A, RA, (Rsind)A,

A 0A N JA n 0A
- R— [i(A sin6) - —9} Y P < (RA )} + (pl[i(RAe) - _R}
RsindLdo  * o) sinf dp IR ° RLOR 36
2
V3V = Li(Rzﬂ) s i( sineﬂ) + 1 oV
R*OR\  OR/ RZ%sing 06\ 00

R?sin’0 <9(p2
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