
Position Control



This lab is about doing position control on the DC motor using:

¬ Proportional Control (P )

­ Proportional-Derivative with set-point Control (PDsp)

® Lead-Based Control (Lead)

This lab uses both analytical method and root-locus method.

First, the plant for position control is simply the integration of the
speed plant:

G(s) =
1

s
· k

(τs+ 1)

where k ≈ 19 and τ ≈ 0.09 as developed in Lab 5.



Let’s begin with the PD set point controller:

u(s) = Kp(r̂(s)− θ̂(s)) + sKd(bsdr̂(s)− θ̂(s))

Note: there is no filtering needed. The bsd is the “set point for
derivative control”. If bsd = 1, then we get traditional PD



The closed-loop transfer function becomes:

θ̂(s) = G(s) · u(s)

⇒ θ̂(s) =
(Kdbsds+Kp)G(s)

1 + (Kds+Kp)G(s)
r̂(s)

⇒ θ̂(s) = H(s)r̂(s)

where

H(s) =
KdKbsds+KpK

s(τs+ 1) +KdKs+KpK

In order to obtain analytical approximation, we set bsd = 0

⇒ HPD(s) =
KpK

τs2 + (1 +KdK)s+KpK

PD with set point



For pure proportional control, Kd = 0

⇒ HP (s) =
KpK

τs2 + s+KpK

Proportional control

It is clear that HP (s) and HPD(s) are both second order
functions; this allows for analytical solutions.
The generic step response has the form:



Instead of looking for a critically damped response like we did with
speed control, you will design the controller to have:

(i) Percent Overshoot (PO) ≤ 18%

(ii) Peak time (Tp) ≤ 0.2 sec

(ii) 2% settling time (Ts) ≤ 2 sec



For either the PD set point or proportional controllers, we can
explicitly solve for Kp, Kd or Kp, respectively that will “hopefully”
satisfy the design specs.
For 2nd order systems:

H(s) =
ω2
n

s2 + 2ζωns+ ω2
n

x(t) = e−ζωnt cos (ωdt)

where
ωd = ωn

√
1− ζ2

PO = 100e
− πζ√

1−ζ2

Tp =
π

ωd
= half a period

Ts =
4

ζωn



Here, we will solve the proportional case and the PD case is
similar.

HP (s) =
KpK

τs2 + s+KpK
=

ω2
n

s2 + ζωns+ ω2
n

So, if we obtain the desired ωn and ζ, we can find Kp.

⇒
KpK
τ

s2 + 1
τ s+

KpK
τ

⇒ ωn =

√
KpK

τ
⇒ Kp =

τ

K
ω2
n

2ζωn =
1

τ
⇒ ζ =

1

2ωnτ
=

1

2
√
KpKτ

⇒ Kp =
1

4ζ2Kτ

Here, we have two equations but only Kp is unknown. We will
obtain a Kp for each design spec.



E.g.)

PO = 18 = 100e
− πζ√

1−ζ2

⇒ 0.18 = e
− πζ√

1−ζ2 ⇒ ζ ≈ 0.48

⇒ Kp =
1

4ζ2Kτ
=

1

4(0.48)2(19)(0.09)
≈ 0.635

Based on PO spec, Kp = 0.635

Does this satisfy Tp spec, Tp ≤ 0.2.

Tp =
π

ωd
=

π

ωn
√
1− ζ2

where

ωn =

√
K ·Kp

τ
, ζ =

1

2
√
KKpτ

Tp ≈ 0.31 seconds, which is not enough.



Proportional control will not be enough. You will need to use PD
control in order to satisfy both (i) and (ii) of the design specs.

∗ Need to solve for both Kp and Kd. (Hint: use PO to solve for
Kp then use Tp to solve for Kd.)

You will then verify the design in MATLAB before running the
experiment.
∗ The DC motor needs Vm ≥ 0.5V to overcome static friction.
There will likely be an unmodeled small steady state error. This
error is due to static friction.



The final part of the lab is the design of a lead based compensator
with the help of the MATLAB root locus design environment.

where C(s) has the form

C(s) = Kc
s+ z

s+ p

If we add no pole or zero, then we have P control again.



This is called uncompensated feedback and the root locus is

But as shown above, P control only doesn’t satisfy criteria (i) and
(ii).
Want to go through the desired pole. (Faster Tp and less PO)



This pole has coordinates (−ζωn, ωd) which can be found from
solving

Tp =
π

ωd
⇒ ωd =

π

0.2
≈ 15.7

and

PO = 100e
− πζ√

1−ζ2 = 100e
−πζωn

ωd

⇒ 0.18 = e
−π(ζωn)

ωd ⇒ ln (0.18) = − π

ωd
(ζωn)

⇒ ζωn =
ωd
π

ln (0.18) ≈ 8.65



Note that how you had the pole and zero matters. For a lead
compensator

|z| < |p|

Add × pole and ◦ zero to make pass through desired point.



There are 2 additional notes about what you will get with the
SISOtool.

I The SISOtool program in MATLAB will give you the added
pole and zero coordinates as well as a “C” value.

They write the transfer function

C(s) = C
(1 + 1

zs)

(1 + 1
ps)

In the lab you are to write it as:

C(S) = Kc
(s+ z)

(s+ p)

As such, use
Kc = C · p

z



I When you add the compensator, you will have 3 poles:

The time trace will have dynamics from all 3 poles:

¬ will give you a 1st order response

­,® will give a 2nd order response

The total response will be a superposition of the two above.


