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Time-invariant & time-varying

A system is called time-invariant (time-varying)
if system parameters do not (do) change in time.
Example: Mx”(t)=f(t) & M(t)x”(t)=f(t)

For time-invariant systems:
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This course deals with time-invariant systems.

Newton'’s laws of motion

= Ist]|aw:

= A particle remains at rest or continues to move in a
straight line with a constant velocity if there is no
unbalancing force acting on it.

= 2nd [qw: ,
« Y Fi(t) = mccllt_g . translational
2
= Y 7(t) = I% : rotational
= 3 |aw:

= For every action has an equal and opposite reaction




Translational mechanical elements:
(constitutive equations)

Mass Spring Damper
L{() [ [ () N T
(t) ; f(t) J_ :
M K x2(t) B l—l x2(t)
[ (o =
f(t) )?(t) LGN ORI
f(&) = Ma"(t)  f(t) = K(z1(t) - 25(t)) £(t) =By (1) - 25(1))
(@) 8 5 (2320)

F(s)=Ms?X(s)  F(s) = K(X,(s) - Xp(s)) F(s)=Bs(Xy(s) - Xols)
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Mass-spring-damper system

////1/
K % LI—I B
M -------
| x(t)
@)

Mz"(t) + B2'(t) + Kx(t) = f(t)

Free body diagram

L Direction of actual force will be
| automatically determined by the
fk(t) fb(t) relative values!
| I zo(t) =0
% H J_ v (1) =0 @) fp(t)
K B 1
l.....--i ....--; x(t) M i
_ _ / v
1) = KG()-0) ()= BG(1)-0) (t)| A

= Newton’s law: F=ma
Mz (t) = f(t)—fr()—fio(t) = f(t)—Kz(t)—Ba'(t)
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Mass-spring-damper system

1T
K % LI_I B

M --------

! Xt
f()

= Equation of motion
M2"(t) + B2'(t) + Kx(t) = f(t)
= By Laplace transform (with zero initial conditions),

X(s) =

5 F(s)
Ms?+ Bs+ K (2 order system)
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Gravity?
s fs = ko
M
K K
.................. . m
5 iy g
...................................... M """"""""."E x z F/l: — ma
= Atrest, YF=-ki+mg=20

= y coordinate: My = mg — ky
= x coordinate: m& = mg — k(z + 0)

= —kx

Automobile suspension system

automobile { M1 H

I x1(t)
suspension{ K1 J' B
= {eg g

Automobile suspension system

[ Myzf(t) = —B(ay(t) - ah(t)) — Ky (a1(t) — za(t))
| Mash(t) =

/////

—B(sX1(s) — sX(s)) = K1(X1(s) = X2(s))
F(s
|

Block diagram
X2

) = B(sXo(s) = sX1(s)) = K1(X(s) — X1(s)) = K2X5(s)

X1

= 35 . 2 =
M1 S S
Gi(s) — G2 G1
1 Bs+K;
Xo(s) = F X
M) = itk Ot et mr O
 — G3

I}

RN RN
\ b2Ls) b3Ls)

11

Rotational mechanical elements
(constitutive equations)

Moment of inertia  Rotational spring Friction
torque
7(t) (%) @ s B ot®
C—H 1= l:“:'_ —=
a(t) 01(t) 02(t) 01(t) 62(1)
t

rotation angle

T(t) = JO"(t) (1) = K(01(t) - 6o(2))  7(t) = BB (t) - 05(1))
0 (5920) (&30
T(s) = Js?O(s)  T(s)=K(©1(s)-©a(s)) 1T(s) = Bs(O1(s) - On(s))
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Torsional pendulum system Ex.2.12

Torsional pendulum system

L
114,
K friction between
K ~~ bob and air
3: J B 6(t)
"'H’ 0(t) friction between _ _ T(t) =
= bob and air = Equation of Motion
JO"(t) + BO'(t) + KO(t) = 7(t)
J0"(t) + B0 (t) + Ko(t) = 7(¢) = By Laplace transform (with zero ICs),
O(s) 1
G(s) = T(s)  Js2+ Bs+ K (2nd order system)
13 14
Example 4 Example
™™ K B o LK e % R
LS ‘_‘ o, \‘ J ',:
oTorL \[Loap Vi) e ) (]
9'_ = JL, Om (1) Tm Om(t)  Or(t) 0r.(t)
0
JmiBm 7T L 75 = Bm(6m —0) T = K(0m —0r)
= FBD = By Newton’s law
L [ 00 (® = 1n(0) ~ Bunfin(8) = K (b (t) = 6,0)
o AT S P s | Ji0 (1) = K(n(t) - 0,(1)
la))) s () -
4 ¥ 4 = By Laplace transform (with zero ICs),
Qm(t) Tm em(t) GL(t) OL(t)
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( Jm52@m(8)
| J5%©1(s)

Tm(s) - Bmsem(s) - K(@m(s) -0 (S))
K(©m(s) - ©r(s))
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Example (cont'd)

= From second equation:
K
©r(s) = T2+ K Om(s) (29 order system)
N———
el
= From first equation:

N Jps® + K N
ImlS) = — = — < Lm(S)
s (JmJLs3 + BmJps? + K(Jm + JL)s + BmK)
Ga(s)
(4™ order system)
Block diagram Tm(s) Om(s) O (s)
G2 » G1

17

Satellite Picture

18

Rigid satellite Ex. 2.13

= ‘\

* Broadcasting

» Weather forecast
« Communication

* GPS, etc.

() = JO(t)
O(s) 1 Double

Thrustor

= G(S)ZT(S) Js2 integrator
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Summary & Exercises

= Modeling of mechanical systems
= Translational
= Rotational

= Next, block diagrams.

= Exercises

= Derive equations for the automobile suspension
problem.
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Exercises (Franklin et al.)

= Quarter car model: Obtain a transfer function

from R(S) to Y(s).

M2

M1

Kw

1r(t)

i Answer
. kub (. 1 k)
Y (s) — mimy ks T _)
RO T (k)
4 ks | ks o k) .2
+ (e b ks b,
x(t) o (ub ) gy ks

Co\mima) tomimo

Road surface
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