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Time-invariant & time-varying
= A system is called time-invariant (time-varying)
If system parameters do not (do) change in time.
= Example: Mx”(t)=f(t) & M(t)x"(t)=f(t)
= For time-invariant systems:

~—11) I 410
4? ime-shift 49 ime-shift
to to
— Sys —
/\u/(t ) f\y(t/ -7T)
to to+ T to to+T

= This course deals with time-invariant systems.
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Newton’s laws of motion

= ]St |aw:

= A particle remains at rest or continues to move in a
straight line with a constant velocity if there is no
unbalancing force acting on it.

= 2nd [qw: ,
= S F(t) = mCéTg; . translational
2
= >7r(t) = 12729 : rotational
= 3 |Jaw:

= For every action has an equal and opposite reaction
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Translational mechanical elements:
(constitutive equations)

Mass Spring Damper
fO) [ s ) ] e
® : f(t) J_ :
M K x2(t) B I—l x2(t)
[ |
f(t) ;(t) O ML
F&) = Mz"(t)  f(t) = K(z1(t) - 1(t)) F(t) = Bz} () - (1))
b (:5=3) (225

P(s) = Ms2X(s)  Fls)= K(Xys) ~Xalo) Fs) = Bi(Fys) - ol
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Mass-spring-damper system

11114444
M .......
| ;()
X(t
f(t)
AN 1 DALY L a2 — £72)
MT \(T) T DT \U) T NRT(T) = L)
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Free body diagram

L Direction of actual force will be
| automatically determined by the
fk:(t) fb(t) relative values!
| I zo(t) =0
% GJ_ v ab(t) =0 fe() fp(t)
K I_l_l B 1
l"-""; | ......; m(t) M I~
fil) = K(2(t)~0) f(t) = B('(1) — 0) | '
£ () z(t)

= Newton's law: F=ma
Mz"(t) = f(t)—fiu(t)—fo(t) = fF(O)—Kz(t)—Ba'(t)
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Mass-spring-damper system

L/
M. .
| ;(t)
f(t)

= Equation of motion
Mz"(t) + B2 (t) + Kz(t) = f(t)

= By Laplace transform (with zero initial conditions),
1

X(s) = (o)
\°/ L \2)

Ms?+ Bs + K (2d order system)
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Gravity?

S fs = kb

................... .., ZFZ:ma’

= At rest, Y F,=—kdé+mg=0
= y coordinate: My = mg — ky
= x coordinate: m& = mg — k(x + 6)

= —kx
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Automobile suspension system

automobile { VI H

[ J_ x1(t)
suspension { Kl% I_I_I B

wheel { M2 )Zz(t)

tire { f®) %KZ
SIS
[ Msal(t) = ~B(ay(1) - 55(0) - Ky(a1(9) - 2a(0)
Mpzy(t) = f(t) - Blay(t) - 21(t)) - Ki(za(t) - 21(t)) — Koza(t)
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Automobile suspension system

[ My(t) = —B(zy(t) - 2h(t)) - K1(a:1() 2(t))
Mpag(t) = f(t) = B(as(t) — 27(t)) — K1(wa(t) —21(t)) — Kowo(t)

l Laplace transform with zero ICs

{M152X1(s) = —B(sX1(s) —5Xa(s)) — K1(X1(s) — Xa(s))
= F(s) - B(sX2(s) - sX1(s)) = K1(Xa(s) = X1(s)) — K2X2(s)

Block diagram

= -

Xi(s) = 2 Bt K, 2(5) = X2 X1
G1(s) —> G2 G1
i 1 Bs+ K
R TR Ny AN TN A A ‘
Ga(s) Gs(s) — G3
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Rotational mechanical elements
(constitutive equations)

Moment of inertia  Rotational spring Friction
torque
7(t) @, O 270
o—x 3 I::va:s:l =0 ==
¥ > 1 F
a(t) (o) 0:) 01(t) 62(t)

rotation angle

7(t) = JO"(t)  r(t) = K(61(t) - 65(t))  7(t) = B(#5(t) - 05(t))
G | (&0
T(s) = Js?O(s)  T(s) =K(O1(s) - ©2(s))  T(s) = Bs(1(s) - ©y(s))
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Torsional pendulum system Ex.2.12

YA/
K
11 0(t) friction between
T(t) ot bob and air
0’7NN 1L DA/ L 17004\ — 71\
J U \b} T DU \l/} T IXU\b} _— \b}
Fall 2008 13

Torsional pendulum system

L
K friction between
~~ bob and air
[
0(t)
T(t) =

= Equation of Mation
JO"(t) 4+ BO'(t) + KO6(t) = 7(¢)
= By Laplace transform (with zero ICs),

_O(s) 1
G(s) = T(s) ~ Js2+ Bs 4 K (2" order system)
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Example

m K LOAD
MOTOR[ i
- .- JL
T By Om Or,
= FBD
L
- T Tk T < ) Tk Tk -
i Jr
Jii (005 e ) ()=
0m(t) Tm Om(t)  OL(t) 0.(t)
o= BB —0) T = K (0m — 07)
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Ly Example
- Tb Tk Tk K - Tk Tk .
Jii (100) s ()l
Om(t) Tm, Om(t)  OL(t) 0L.(t)

75 = Bm(0m —0) T = K(0m —0r)

= By Newton’s law
[ Inf(6) = 7n(8) = B (6) = KO () — 6(1))
| I8 = K(bm(t) - 0r(1))

= By Laplace transform (with zero ICs),

{ Jmsz@m(s) = Tm(s) — Bns©Om(s) — K(On(s) — ©1(s))
.20, () = V(@m(e) —O,(:))

k U_LJU VLJ\U/ LA\ NMITTI\Y ~1\Y))

Fall 2008 16




Example (cont’d)

= From second equation:

K
O,(c) = O. ()
NS = JL52 + K I (an order SyStem)
G1(s)

= From first equation:

T2 1 1o
JIST T I8

Om(s) = Tim(s)
s (JmJLs3 + BmJrs2 4+ K(Jm + Jp)s + BmK)
Ga(s)
(4" order system)
Block diagram  Tm(s) Om(s) O (s)
— G2 o G1 }—-v
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Thrustor

« Broadcasting _ qp
» Weather forecast T(t) - J@(t)

« Communication G(s) = (:)(S) _ ,1ﬁ | IZt)oubIte
* GPS, etc. T(s) Js2 integrator
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Summary & Exercises

= Modeling of mechanical systems
= Translational
= Rotational

= Next, block diagrams.

= Exercises
= Read Sections 2.5, 2.6.

= Derive equations for the automobile suspension
problem.
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Exercises (Franklin et al.)

= Quarter car model: Obtain a transfer function
from R(S) to Y(s).

A
M2 L5y Answer
| kwb ks
K J_ B Y(S) _ mimo $ -I_ ?
) R(s) s (L +2)s
I 4 k m "2 k 2
T >:<(t) +<_81+m_2 m—l;)s
_I_ <mkwb )S _I_ wks
1Mo mimy
Kw
Road surface
fr(t)
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