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Performance measures (review)

= Transient response -« (Today's lecture)
= Peak value
= Peak time
Percent overshoot

Next, we will connect

= Delay time these measures
= Rise time with s-domain.
= Settling time
= Steady state response
= Steady state error < (Done)
/
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Second-order systems

= A standard form of the second-order system

6(s) = w% (. damping ratio
T 24 2wps+w? | wn: undamped natural frequency

= DC motor position control example

R(S) Amplifier Ea(s) M00.t50r @m(S)

K e N Closed-loop TF
s(s 4+ 2)
— C)n}(S) i 0.5K
DI .21 A1l NAEL
I I(s) 5 1 28 1T U.oR

Fall 2008 4




Step response for 2nd-order system

= |nput a unit step function to a 2nd-order system.
What is the output?

u(t) y(t)

l—

, 2
0 L O

824-2Cwn8+-w%

DC gain
GO)=1 == ltlim y(t) = G(0) =1 if G is stable
—00
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Step response for 2nd-order system
for various damping ratio

¢=0
= Undamped ;y(t) —/
C'::: 0 <.==: 0.2
-@erdam@ 15/ ¢=0.5
0<(¢<1
= Critically damped 1
¢=1
= Qverdamped 05/ (=1
¢>1 (=2

0 5 10 15
wnt
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Step response for 2nd-order system

Underdamped case

= Math expression of y(t) for underdamped case

0<(<1
w,,% 1
Y(s) = —
s2 4+ 2Cwns + w% S
E_l —(wnt
| Y(t)=1- > sin (wdt + cos! C)

1-¢

— / 2
Damped natural frequency — -— wny1—=¢
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Peak value/time: Underdamped case

*

4 ] Al
Ynaz =1 T6€ Vi<

y(0) =0
y'(0)=0
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Properties of 2nd-order system

2

G(S):s2+2gwn—|—w,,% O<e<d

T

o)1 2
“nvV 117§

Peak value 1 4 = $m/V1-¢?

Peak time

<

Percent overshoot | 100e—¢7/V1-¢?

~_3 or 4

11 Ie ~ <= Ul -
Cwn Cwn

(5%) (2%)
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Some remarks

= Percent overshoot depends on £, but NOT @n.

= From 2nd-order transfer function, analytic
expressions of delay & rise time are hard to
obtain.

= Time constant is 1/(wn), indicating
convergence speed.

= For {>1, we cannot define peak time, peak
value, percent overshoot.
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P.0O. vs. damping ratio
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Damping ratio {
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Pole locations of G
= Poles (0<¢<1) ik
/7 Root s-plane
5= ~Cont juny/1-C X/\ _____ i
[ a&i==um\XTi:E;r

“ N

= Damping ratio le— o= tw,—4 0
( = cos6

Next, we clarify the influence of
pole location on step response.
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Influence of real part of poles

= Settling time ts decreases.

jw F 3

Root s-plan

@am fmesnos ‘f
9}\&}" wd =y = E.;j
|4— a="{w, 0

4 )

Root
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y(t):1_\/17—7§2

sin (wdt + cos™! C)

ts
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Influence of imag. part of poles

= QOscillation frequency wd increases.

jw r 3
lﬂ

s-plane
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Influence of angle of poles

= Qver/under-shoot decreases.

e_CWnt
jo g y(t) = 1 — ———sin (wyt + cos ™! C)
I+ I 1 )‘2 \
=g, Vi=¢
Root s-plane .
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An example

= Require 5% settling time ts < tsm (given):

s " —— < tsm wmp| (wp > —
Cwn

X.,, .......... W /1 — C2(=: wd)
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An example (cont’'d)

= Require PO < POm (given):

PO =100V ¢ po, | < 6,

— ]-()()63——7T/'t21n 0

"’..‘. 1 Im ‘ P Om ‘ Hm ‘
et o/ 1 — ¢2 4.3% | /4
S 16.3% | 7/3
Re
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An example (cont'd)

= Combination of two requirements
3

S

Cwn > & (9<9m
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Summary

* Transient response of 2nd-order system is
characterized by
= Damping ratio £ & undamped natural frequency on
= Pole locations

= Delay time and rise time are not so easy to
characterize, and thus not covered in this course.

» For transient responses of high order systems,
we need computer simulations.

= Next, Root locus
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Exercises

(Use a calculator if necessary.)
= Read Chapters 4.2 and 4.3.
= Solve Problem 4.11.

1. For the system below with £=0.6, ®wn=5
(rad/sec), obtain
Percent overshoot ?
« 5% settling time ?

1 w2

s T s(s+ g(wn)
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Exercises

2. For the system below, design K1 and K2 s.t.
= Percent overshoot is at most 20%?
= Peak time is at most 1 sec.?

= With designed K1 and K2, what is 5% settling time?

v

v

unit step

w | =
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