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Stability summary (review)

Let si be poles of
rational G. Then, G is ...

Stable
= (BIBO, asymptotically) stable if  region

Re(si)<O0 for all i.
= marginally stable if

jw.ﬂ

s-plane

Unstable

region

= Re(si)<=0 for all i, and
= simple root for Re(si)=0

= unstable if Stable

region
it is neither stable nor
marginally stable.
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Routh-Hurwitz criterion

= This is for LTI systems with a polynomial
denominator (without sin, cos, exponential etc.)

* |t determines if all the roots of a polynomial

= lie in the open LHP (left half-plane),

= or equivalently, have negative real parts.

= |t also determines the number of roots of a
polynomial in the open RHP (right half-plane).

» |t does NOT explicitly compute the roots.

= No proof is provided in any control textbook.
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Polynomial and an assumption

= Consider a polynomial

Q(s) = ans" +a, 15" L+ +ays+ ag

= Assume ag =0
= |f this assumption does not hold, Q can be factored as
Q(s) = sm\(an_msn—m +---t+ays+ CALO)J
Q(s)

where ag 7= 0
= The following method applies to the polynomial Q(s)

Fall 2008 5

Routh array

s an Gy o Gn_4 Gn_ 6 From the given
1 polynomial
n—
S an—1 an-3 OGp-5 0ap-—7
sh—2 b1 bo b3 bg
s"3 1 ¢y co c3 ca

s k1 ko
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Routh array

(How to compute the third row)
s lan  ap—2 ap—4 Ap-6 -
Sn—l Ap_1 Gp_3 QAp_5 Gp_7 -
sn—2 b1 bo b3 ba
s 3| ¢q co c3 ca

' ' —  Op-20p—1—Unlp-3

2 =
81 kl kz bl an—l
st |l he — In-40n-1"0nlp-5
s0 mi o p-1

Fall 2008

Routh array

(How to compute the fourth row)

(p—3b1—ap—1b9
b1
Qp-501—0p-103

S an Apn—2 0anpn—4 GOGp—6 *°-
sl an—1 An-3 0Gp-5 ap-—7 -
s"2 | by bo b3  bg

s" 3| 1 co c3 ca

s k1 ko cg =
st l1

s0 m1 Q2 =

by
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Routh-Hurwitz criterion

S an Ap—2 0ap—4 Qan—6
sl An—1| An—-3 0Gpn—-5 0ap-—7
sn—2 b1 bo b3 bg
s 3| ¢ co c3 ca

The number of roots
, ) in the open right half-plane
s™ l1 is equal to
0 the number of sign changes
in the first colurmn of Routh array.

2 | k1 | ko
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Example 1
Q(s) =3 4+524254+8 (= (s+2)(s° —s+4))

Routh array

311 2 2-8
211 V 1
1
§ 8x (—=6) -0
$01BD+ 6
Two sign changes Two roots in RHP
in the first column e 1 §V15
1—>-6—8 ST 5
2 2
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Example 2

O(s) =P 1244 12983 1L 421115410
AV o I <o I <o [ [ B
Routh array
5 If O appears in the first column of a
s” |1 2 11 |nonzero row in Routh array, replace it
L) 4 10 with a small positive number. In this
case, Q has some roots in RHP.
$3 )3(5 6 Q
2| 4e=12 4 Two sign changes - Two roots
) € in the first column in RHP
s 16 4e—12
S() ].() € £ -
——
<0
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Example 3

Q(s)=s4+s3—|—332—|—25—|—2

Routh array

If zero row appears in Routh array, Q
s*11 3 2 has roots either on the imaginary axis
31 2 or in RHP.
21 2
1 > ) No sign changes No roots
st in the first column ™ in RHP
0|2
But some
Take derivative of an auxiliary polynomial roots are on
(which is a factor of Q(s)) 2 42 imag. axis.
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Find the range of K s.t. Q(s) has all roots in the left
half plane. (Here, K is a design parameter.)

Routh array No sign changes

311 K+ 2 in the first column
s?| 3K A 3K >0
1| 3K(K+4+2)-4 3K(K+2)—4>0
5 3K
sO |4 - /21

K >—-1+—

3
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Simple & important criteria for stability

= 1st order polynomial Q(s) =15+ ag

All roots are in LHP & a4 and ag have the same sign

VUL wi @tiv

CD

= 2nd order polynomial @(s) = ags® + a1s + ag

All roots are in LHP & a9, ay and ag have the same sign

= Higher order polynomial Q(s) = s" ;18" 4+ a5 g
All roots are in LHP@ All a;, have the same sign
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Examples

Q(s) All roots in open LHP?
3s+5 Yes / No
~952 ~ 55— 100 Yes / No
5235° - 575 4 189 Yes /No
(2 +s—1)(s + s+ 1) Yes / No
s34+ 55°+10s -3 Yes / No

Summary and Exercises

= Routh-Hurwitz stability criterion
= Routh array

= Routh-Hurwitz criterion is applicable to only
polynomials (so, it is not possible to deal with
exponential, sin, cos etc.).

= Next,
= Routh-Hurwitz criterion in control examples
= Exercises

= Read Section 6.
= Do Examples and Problems 6-2.
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