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Abstract—This paper introduces the use of homotopy-based
approaches in computing the Controlling Unstable Equilibrium
Points (controlling UEPs) in transient stability analysis using
direct methods. It is well known that the regions of convergence of
the controlling UEPs are very sensitive to the initial guesses, and
traditional iterative methods fail to find the correct controlling
UEPs if the initial guesses lie outside their regions of conver-
gence. On the other hand, homotopy-based approaches are very
reliable in finding solutions because they are globally convergent.
However, homotopy-based approaches are intrinsically slow if
the initial point is far from the desired solution because these
methods map the trajectory of the solution from an easy and
known solution to the desired solution. This paper proposes an
algorithm that uses a homotopy-based approach with the exit
point as an initial point to reliably find the correct controlling
UEP. To reduce computational effort, the proposed method uses
an approximate exit point rather than computing an accurate
exit point as is common practice in finding controlling UEPs.
Further, this method eliminates the necessity of computing the
Minimum Gradient Point (MGP), which makes the homotopy-
based approaches comparable with the other iterative methods in
terms of the speed of computation. An explicit characterization of
the region of convergence of a controlling UEP and its boundary
starting from an exit point for a typical power system is derived.
The method is applied on the WECC and the NE 39 test systems
to demonstrate its effectiveness in finding the controlling UEPs.

Index Terms—Region of convergence, controlling UEPs,
homotopy-based approaches, Newton methods.

I. INTRODUCTION

Power systems are currently operated close to their stability
limits and transient stability analysis is one of the important
tools in determining the operating limits. Direct methods of
transient stability analysis have been successfully applied in
evaluating the stability of power systems [1]-[7]. However, the
accuracy of these methods strongly relies on the determination
of the controlling UEPs. Despite significant advances in the
application of the direct methods in transient stability analysis,
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the problem of precise determination of the controlling UEPs
and the speed of computation are still of concern. The presence
of fractal shapes of the convergence regions of the controlling
UEPs is the main reason of failure of several numerical
methods in finding the correct controlling UEPs [7]-[9]. The
Newton method and its variations, for example, converge only
if the initial guess lies within the region of convergence of
the desired solution; to find the correct controlling UEPs, the
initial guesses have to be within a certain neighborhood of the
desired solutions. This requirement makes it difficult to find
the best guesses and it is computationally expensive.

Several methods have been proposed to compute the con-
trolling UEPs including the fault-dependent controlling UEP
method [1] and Boundary of stability region based Controlling
Unstable equilibrium point method (BCU method) [10]. Al-
though these methods are effective, problems may still occur
[7], [11] if initial points are not determined precisely. Several
techniques and procedures are usually performed along with
these methods to ensure convergence to the correct controlling
UEP. For example, a stability-boundary-following procedure is
utilized with the BCU method to prevent the solution algorithm
from converging to an undesired equilibrium point [7]. An
alternative approach for computing the controlling UEPs is to
use homotopy-based approaches.

Homotopy-based approaches have been successfully applied
in computing the closest UEPs [12], [13]. However, appli-
cations of the homotopy-based approaches in computing the
controlling UEPs have not been reported yet in the literature.
The approaches reported in [12], [13] utilize the strategy of
singular fixed-point and the concept of bifurcation to locate
the closest UEPs. These algorithms proceed by choosing a
set of initial points that by using homotopy-based approaches
converge to a set of type-1 UEPs. By choosing a set of
appropriate initial points, the resulting set of the type-1 UEPs
will include the closest UEP which can be distinguished by
having lowest Lyapunov function value. A continuation-based
method that approximates the stability boundary locally and
does not use the energy function to compute the controlling
UEPs has been proposed in [14].



This paper proposes the use of a homotopy-based approach
in computing the controlling UEPs. The proposed method uses
exit points as initial solutions to the homotopy-based approach
and maps the solutions from the exit points to the controlling
UEPs. In using the homotopy-based approach to compute the
controlling UEPs, the necessity of computing the MGP is
eliminated. Also, this method does not require an accurate
exit point as is required in other iterative methods such as
Newton method and its variations. Therefore, by completely
avoiding the need to determine the MGP, and by reducing the
dependence on the accuracy of the exit point, the homotopy
method may offer advantages over other iterative methods. The
additional burden on the homotopy method is to ensure that
it seeks out the controlling UEPs over other UEPs; the device
for ensuring this is explained in section III-B.

The rest of the paper is organized as follows. Section II
presents the power system transient stability model and the
associated energy function, section III explains the calculation
and characterization of the region of convergence of the
controlling UEPs including the homotopy-based approach,
section IV shows the application of the proposed method, and
section V provides conclusion remarks.

II. SYSTEM MODEL AND ENERGY FUNCTION

This section presents the dynamical model of power sys-
tems and the associated energy function for transient stability
analysis.

A. The Dynamical Model

Given an n-generator system and assuming uniform damp-
ing, the dynamical model of the equations of motion of the
generators with respect to the center of inertia (COI) can be
described as follows [5].
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The electrical power of machine ¢ is given as follows.
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where ¢; and w; are power angle and speed of machine %
respectively, F; is the internal voltage magnitude of machine

i and G;; and B;; are the conductance and susceptance of the
of the admittance matrix of the network-reduction model.

The compact form of the system of (1) and (2) can be
expressed as follows.

i = F(x). (5)

B. The Energy Function

The energy function is used in transient stability analysis
for fast screening and to compute the exit point to generate
a sequence of steps to calculate the controlling UEP. The
energy function associated with the model of (5) is expressed
as follows [1], [2].
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and I;; is the energy dissipated in the network transfer
conductances. The term I;; can be expressed as follows.
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This term is path dependent and can be calculated only if the
system trajectory is known. However, the system trajectory is
not known in advance. Several methods have been suggested
in the literature to approximate this term. In this paper we will
use the method suggested by [1] which can be given as,
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The first term of (6) represents the kinetic energy and the
last two terms represent the potential energy. Since the energy
function is used in determining exit points, the approximation
in the path dependent term I;; may cause difficulties in finding
accurate exit points. However, in the method proposed in this
paper, accurate exit points are not necessary in finding the
controlling UEPs. Therefore, this approximation will not cause
problems in calculating the controlling UEPs.

III. CALCULATION OF THE CONTROLLING UEPS

Computing the controlling UEPs is crucial because the
energy at a controlling UEP is used in computing the critical
energy to assess the stability of the system. A state vector
z is called an equilibrium point z* of the dynamic system
represented in (5) if F'(z*) = 0. A controlling UEP is one
of the unstable equilibrium points, but it is not an easy
task to determine and distinguish it from the other unstable
equilibrium points. Mathematically, a controlling UEP is an
unstable equilibrium point whose stable manifold, W*(X.,),



Fault-on Trajectory

Figure 1. Region of convergence of controlling UEPs under the use of Newton
methods [7].

contains the exit point of the fault-on (sustained fault) trajec-
tory (0(t),w(t)) [1], [7], [10], [11] as shown in Fig. 1. The
terms used in Fig. 1 are defined as following:

EP is the exit point,

MGP is the minimum gradient point,

Xeo is a controlling UEP,

A(X;) is the region of attraction (stability) of the post-
fault stable equilibrium point (X§),

OA(X,) 1is the boundary of the region of attraction,

R(X,.,) is the region of convergence of a controlling
UEP under Newton method,

W#(X,,) is the stable manifold of a controlling UEP,

Xpre is the pre-fault stable equilibrium point.

The region of convergence of an equilibrium point can be
defined as following: starting from an initial guess, a numerical
method succeeds in finding the desired solution if the starting
point lies inside the region of convergence of the solution
and it fails if the initial guess lies outside the region of
convergence. The size and shape of the region of convergence
of a controlling UEP can be very fractal and different for
different numerical methods [7]. Therefore, if the initial guess
is not in the region of convergence of the controlling UEP,
numerical methods such as Newton methods fail to find the
correct controlling UEP. In other words, to find the correct
controlling UEP, the initial guess has to be sufficiently close
to the controlling UEP.

A popular method to compute controlling UEPs is to use
time-domain simulations to simulate the projected fault-on
trajectory to obtain the exit point and the MGP, and then use
the MGP as an initial guess to generate a sequence of solution
steps towards the controlling UEP [10], [11], [14]-[18]. The
exit point is the point at which the projected fault-on trajectory
exits the stability boundary of the post-fault stable equilibrium
point (SEP). Computationally, the exit point is characterized
by the first local maximum of the potential energy (the last
two terms of (6)) of the post-fault network along the projected
fault-on trajectory. Another method to detect the exit point

is detecting the change in the sign of the dot product of
the post-fault power mismatch vector and the fault-on speed
vector [7]. The MGP is numerically characterized by the first
local minimum value of the norm of the vector field of the
post-fault trajectory of (1) and (2) [7]. The robustness of
finding the controlling UEP depends strongly on the quality
of the calculated of MGP [11], [14], [15], [18], [19]. An
inaccuracy in detecting the exit point may cause a difficulty in
computing the MGP. However, detecting an accurate exit point
is computationally involved and sometimes it requires the use
of interpolation methods after bounding the exit point in a
certain range. Therefore, a numerical inaccuracy in computing
the exit point will probably cause failure of numerical methods
to calculate the controlling UEP.

Most of the methods described in the literature integrate
the fault-on trajectory with large time step until the algorithm
locates the exit point between two time points. The algorithm
then bounds these points and starts searching for the exit
point using some tools, such as the golden section, linear or
quadratic interpolation. Once a more accurate exit point is
discovered, the algorithm uses this point as an initial point to
compute the MGP and then the controlling UEP. Therefore,
we can see that it requires significant efforts to compute the
exit point.

To overcome the difficulty of finding an initial point inside
the region of convergence, we propose the use of a homotopy-
based approach in computing the controlling UEP. Homotopy-
based approaches are known to be reliable in finding the
solutions and they are globally convergent [20]—[23]. In this
paper, a homotopy-based approach is used to eliminate the
requirement of computing the MGPs and accurate exit points.
The work in this paper shows that a controlling UEP can
be obtained by using the homotopy-based approach with an
approximate exit point as an initial guess. This section presents
the proposed homotopy-based approach and the well known
BCU method for the seek of comparison.

A. BCU Based Approach

The BCU method is a systematic method that uses the
concept of reduced-state model for computing controlling
UEPs [4], [7]. This method defines an artificial model that
can be solved to find all the equilibrium points of the original
model. For each power system stability model there is a cor-
responding reduced-state model such that static and dynamic
properties of the original model are captured to compute the
controlling UEPs on the stability boundary of the original
model. Computing controlling UEPs using the BCU method
on the reduced-state model is much easier than computing
the controlling UEP of the original model [7]. For example,
consider the following generic model [7]:
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where z, y, and z are state variables, 7" is a positive definite
matrix, M and D are diagonal positive definite matrices, and
g1 (x,y) and go (x,y) represent the transfer conductances.

The associated artificial, reduced-state model is given as
follows [7].

. ou
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y:*@(m»y)+g2 (z,y). (12)
The general procedure of finding controlling UEPs using
the BCU method is summarized as follows—the definitions
are referred to Fig. 1 [10].

1) From the fault-on trajectory, determine the exit point.
2) Use the point exit point as an initial point and integrate
the post-fault reduced-state model to find the MGP.

3) Use the MGP as an initial point to calculate the desired
controlling UEP of the reduced-state model.
4) Determine the controlling UEP of the original system.

In implementing the above procedure several numerical
issues may arise [7]. For example, an inaccuracy in calculating
the exit point may cause an inaccuracy in computing the MGP.
If the computed MGP is not sufficiently close to the controlling
UEP, the iterative method may diverge or converge to another
equilibrium point. Two situations where the exit points are
not accurate (either inside the stability region or outside the
stability region) are shown in Fig. 2.

Fault-on Trajectory

Figure 2. The exit point either lies inside the stability region or outside the
stability region where MGP1 and MGP2 are the minimum gradient points
corresponding to the exit points EP1 and EP2.

From Fig. 2, it can be seen that an inaccurate exit point can
cause numerical problems in calculating the controlling UEP.
An approach that can be used to solve this problem is called
stability-boundary-following procedure [7]. The procedure can
be summarized as follows [7]: starting from the given exit
point, integrate the post-fault model for a few iterations and
check if the MGP is detected. If it is detected, check if the
controlling UEP can be computed using this MGP. If the MGP
is not detected or the controlling UEP cannot be computed
(either converges to the post-fault SEP or the distance between
the computed controlling UEP and the MGP is larger than a

threshold), draw a ray connecting the current point on the post-
fault trajectory with the post-fault SEP and search along this
trajectory for a new MGP. This procedure is depicted in Fig. 3
for the case where the exit point lies inside the stability region.
For more detail about this procedure, readers are referred to

[7].

Figure 3. A stability-boundary-following procedure [7].

B. Homotopy-Based Method

Traditional methods of solving (5) include the use of
Newton methods. Newton methods, although computationally
sound, will only converge to a solution if the initial guess
is within the neighborhood of the convergence region of the
desired solution. Homotopy methods have been developed to
overcome the local convergence of Newton methods since
they are globally convergent [20]-[23]. That is, these methods
are guaranteed to converge to a solution regardless of an
initial starting point provided that there are no singularities,
bifurcation points, or turning points in its path. In the case
where there may be multiple equilibrium points, the homotopy
method has the ability to find those solutions. However, when
multiple solutions exist, a better initial condition can help to
obtain the solution of interest first. The logic behind these
methods in computing the controlling UEP is that with an exit
point as the initial guess, the homotopy-based approach can
find the controlling UEP first since its location is the closest
to the exit point in terms of the energy value.

Homotopy is a numerical method to solve and find the roots
of non-linear systems (F(z*) = 0). The homotopy method
traces the solution trajectory by a predictor-corrector algorithm
to get a solution of the original equation. The basic concept of
the homotopy-based methods is that they find the solutions by
path continuation, starting at a known solution z° that satisfies
G(2°) = 0 as shown in (13). The most widely used homotopy
function is expressed as follows.

H(z,t)=tF(z)+ (1 —t)G(z) =0, (13)

where ¢ changes from 0 to 1 with an incremental step-size
through the mapping process, i.e., H(z,0) = G(x) and
H(z,1) = F(z).

G(z) can be chosen arbitrary as long as it has a known
solution. However, the most widely used homotopy function
is Newton Homotopy which can be expressed as follows.

G(z) = F(z) — F(2%), (14)



where 2° can be any starting point. Therefore, the homotopy

function becomes

H(z,t) = F(z) — (1 -t)F(z°) = 0. (15)

In this paper, we used Newton homotopy and it has suc-
ceeded to compute the controlling UEPs of the tested systems.
The F(z) function represents the dynamical model of the
system as given in (5) and x° is the exit point.

It should be noted that in applying homotopy methods, the
direction of the search (forward or backward) for the solution
is an important factor in determining the correct controlling
UEPs. In backward direction, the mapping factor is considered
negative. Therefore, equation (13) can be expressed as follows.

H(z,t)=tF(z)+ (1+t)G(z) =0. (16)

The direction of the search depends on the location of the
exit point with respect to the controlling UEP on the stability
boundary. If this direction is unknown and if the forward
direction (for example) is performed, the solution trajectory
may converge to an unstable equilibrium point (UEP) but
not the controlling UEP. Fig. 4 shows a case where the
controlling UEP is located in the direction of forward mapping
from the exit point. If the backward mapping were used,
the solution trajectory would converge to another UEP but
not the controlling UEP. Also, Fig. 5 shows a case where
the controlling UEP is located in the direction of backward
mapping from the exit point. If the forward mapping were
used, the solution trajectory would converge to a different
UEP. During the calculation process, the algorithm proceeds
by assuming forward mapping for one homotopy iteration; if
the solution diverges or converges to a point far from the exit
point, the algorithm uses backward mapping.

The speed of calculation depends on the closeness of the
initial points to the the controlling UEP. For the studied
systems in this paper, the number of the homotopy iterations to
arrive to the controlling UEP starting from the exit point ranges
from one to three iterations where each homotopy iteration is
equivalent to a full Newton (or other method) solution. This
can be justified by the fact that if the initial point is at or
close to the MGP, the algorithm takes one iteration which is
equivalent to the BCU method. However, if the initial point
is the exit point, the proposed method takes two or more
iterations.

IV. CASE STUDIES

To demonstrate the application of the proposed homotopy-
based approach in computing controlling UEPs using exit
points as initial points, we have applied this method on several
systems including the Southern California Edison system, the
equivalent WECC (Western Electricity Coordinating Council)
system and the New England 39 bus system. Due to space
limitation, we present the results for the WECC and NE 39
bus systems. Intel Fortran is used to generate an executable file
that calculates the exit points and then the controlling UEPs.
The program has succeeded to find all the exit points and
controlling UEPs.
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Figure 4. Forward and Backward search for the controlling UEP - the
backward mapping will converge to a UEP not the controlling UEP
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A. WECC Test System

This system consists of 3 generators, 9 buses and six
transmission lines [7]. The exit points associated with the
designated 12 contingencies are shown in Table 1.

The exit points are used as initial conditions to calculate
the controlling UEPs. To show the solution trajectories of the
Newton-homotopy method for these contingencies, we have
selected generator #1 to be a reference for plotting purposes
only in order for the trajectories to appear in three-dimension
plots. That is, generator #1 was taken as a reference for the
plotting only and the calculations were carried out using the

TABLE 1
CONTINGENCY LIST DETAILS AND THE CORRESPONDING EXIT POINTS

Fault Line Trip Exit point, (rad)
No. at Bus | From | To 31 82 33
1 4 4 5 —0.83157 | 2.05223 | 2.16748
2 5 4 5 —0.85604 | 2.24468 | 1.95048
3 4 4 6 —0.82573 | 2.00656 | 2.22575
4 6 4 6 —0.82663 | 2.00656 | 2.22575
5 5 5 7 —0.77351 | 2.07331 | 1.66662
6 7 5 7 —0.84828 | 2.68764 | 0.94769
7 6 6 9 —0.75797 | 1.83370 | 2.05405
8 9 6 9 —0.50293 | 0.51129 | 2.86278
9 7 7 8 —0.73581 | 2.28572 | 0.91888
10 8 7 8 —0.77159 | 1.74633 | 2.34681
11 8 8 9 —0.76930 | 1.74136 | 2.33940
12 9 8 9 —0.45872 | 0.48828 | 2.56452
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Figure 6. Solution trajectory using Newton-homotopy—Contingency #1.

Figure 7. Solution trajectory using Newton-homotopy—Contingency #2.

COI as a reference frame. Fig. 6, Fig. 7 and Fig. 8 show the
trajectories of the solutions for the first three contingencies
where CUEP denotes the controlling UEP. The trajectories
show the solution process starting from the exit points to the
controlling UEPs while changing the homotopy factor ¢.
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Figure 8. Solution trajectory using Newton-homotopy—Contingency #3.

The controlling UEPs of the 12 designated contingencies
are shown in Table II. Starting from the exit points of Table
I, the algorithm converged to these controlling UEPs. The
controlling UEPs using the BCU method, which were taken
from [7], are shown in Table III. It can be seen from Table

IT and Table III that the computed controlling UEPs using
the homotopy-based approach are very close to the results
provided in [7] for the same test system.

TABLE 11
THE COMPUTED CONTROLLING UEPS USING HOMOTOPY METHOD

Fault Line Trip Controlling UEPs, (rad)
No. near Bus | From | To 51 52 53
1 4 4 5 —0.8323 2.0742 2.1447
2 5 4 5 —0.8323 2.0742 2.1447
3 4 4 6 —0.8266 2.0821 2.0540
4 6 4 6 —0.8266 2.0821 2.0540
5 5 5 7 —0.7598 1.9521 1.8071
6 7 5 7 —0.7598 1.9521 1.8071
7 6 6 9 —0.7586 1.8576 1.9979
8 9 6 9 —0.7586 1.8576 1.9979
9 7 7 8 —0.5430 2.1797 —0.3764
10 8 7 8 —0.3500 0.0738 2.5861
11 8 8 9 —0.2915 | —0.1017 2.5004
12 9 8 9 —0.2915 | —0.1017 2.5004
TABLE I

THE COMPUTED CONTROLLING UEPS USING BCU METHOD [7]

Fault Line Trip Controlling UEPs, (rad)
No. near Bus From | To 51 32 53
1 4 4 5 —0.8364 2.0797 2.1466
2 5 4 5 —0.8364 2.0797 2.1466
3 4 4 6 —0.8256 2.0830 2.0549
4 6 4 6 —0.8256 2.0830 2.0549
5 5 5 7 —0.7589 1.9528 1.8079
6 7 5 7 —0.7589 1.9528 1.8079
7 6 6 9 —0.7576 1.8583 1.9986
8 9 6 9 —0.7576 1.8583 1.9986
9 7 7 8 —0.5424 2.1802 —0.3755
10 8 7 8 —0.3495 0.0745 2.5864
11 8 8 9 —0.2910 | —0.1011 2.5008
12 9 8 9 —0.2910 | —0.1011 2.5008

To test the performance of the proposed approach, less
accurate exit points (by utilizing large step size in calculating
the exit points), have been used in calculating the controlling
UEPs. Less accurate exit points are easy to calculate but they
are expected to cause numerical problems when attempting
to use conventional iterative methods. The homotopy-based
approach has succeeded in calculating all the controlling UEPs
providing that the exit points are not very accurate.

B. New England 39 Bus Test System

In this section, analysis of the New England 39 bus system
[24] is provided. This system consists of 10 generators, 39
buses and 46 transmission lines. Considering two possible
locations for faults on each line (one near to each end),
the number of contingencies is 92. The proposed method
succeeded in calculating the controlling UEPs of all contingen-
cies. Owing to space constraints, we provide only the results
of 15 contingencies. Table IV presents the results of these
contingencies using the homotopy-based approach.



TABLE IV
CONTROLLING UEPS FOR THE NE 39 BUS SYSTEM.

Opened Line Controlling UEPs (61,02, - - -, d10)
From To (rad)
1% 2 —1.3013 2.7573 2.6174 2.2003 2.2820
2.21707 2.2400 2.2316 2.3452 1.8976
1 s —1.3013 2.7573 2.6174 2.2003 2.28205
2.2171 2.2400 2.2316 2.3452 | 1.89760
1 39 —1.3214 2.7956 2.6579 2.2356 2.3163
) 2.2522 2.2748 2.2653 2.3758 1.9345
1 30 —1.3214 2.7956 2.6579 2.2356 2.3163
2.2522 2.2748 2.2653 2.3758 1.9345
% 3 —0.1708 | —0.1564 | —0.1575 |—0.1872 |—0.1021
—0.1707 | —0.1474 | 2.5571 1.81520 |—0.2649
2 3% —0.9547 | 2.22144 2.1303 1.85222 | 1.96781
1.8677 1.89528 | 0.7979 | 2.75037 | 0.00816
o 25 —0.9795 | 2.58858 | 2.2507 | 1.71826 | 1.8343
1.7308 1.75901 | 1.87089 | 2.00382 | 0.30096
2 255 —0.93940 | 1.35430 | 1.41388 | 1.70457 | 1.83813
1.71461 1.74534 | 2.73216 | 3.07945 | 0.07443
3% 4 —0.9903 | 2.00471 | 1.92278 | 1.61030 | 1.72400
- 1.62467 | 1.65246 | 1.41327 | 3.15929 | 0.74249
3 4 —0.0259 | 2.35525 |0.17086 |—0.3027 |—0.2265
) —0.2867 | —0.2647 | —0.2244 | —0.1602 |—0.5248
3% 18 —0.0092 | 2.31206 | 0.01459 |—0.3639 |—0.2894
) —0.3467 |—0.3248 |—0.1515 |—0.1371 |—0.4528
3 18% —0.0092 | 2.31206 | 0.01459 |—0.3639 |—0.2894
—0.3467 |—0.3248 |—0.1515 |—0.1371 |—0.4528
4% 5 0.0104 2.33362 | 0.03656 | —0.3865 |—0.3129
—0.3705 |—0.3490 |[—0.2470 |—0.1928 |—0.5536
4 5% 0.0104 2.33362 | 0.03656 |—0.3865 |—0.3129
—0.3705 |—0.3490 |—0.2470 |—0.1928 |—0.5536
4% 14 —0.0288 | 2.31479 |0.01472 |—0.2831 | —0.2086
—0.2665 | —0.2448 | —0.1601 |—0.0940 | —0.4726

*: Fault near this bus

V. CONCLUSION

This paper introduced the concept of using a homotopy-
based approach in calculating controlling UEPs in transient
stability analysis—direct methods. The potential use of the
proposed homotopy-based approach in computing the con-
trolling UEP was demonstrated through mathematical expla-
nation and examples. The method is intended to overcome
the problem of irregularity (fractal shape) of the region of
convergence of the controlling UEPs and their sensitivities to
the initial points that are encountered in iterative methods such
as Newton methods. To test the performance of the proposed
method, approximate exit points (rather than accurate) were
utilized. The intrinsic low speed of mapping an easy and
known solution to the desired solution of the homotopy-based
approach is justified by using approximate exit points as initial
points and eliminating the necessity of computing the MGP.
This method was applied on several test systems and the results
of the WECC and NE 39 test systems are provided.
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