


In the following sections we develop the theory,
illustrate the technique by applying it to a sample sys-
tem, and validate the results using the method of enu-
meration.

Notations:

A-state functional (acceptable) state
L-state loss of functionality (failed) state
A-sets disjoint sets of A-states
L-sets disjoint sets of L-states
NL number of L-sets
NC number of components in system
P{·} probability of set {·}
F{·} frequency of set {·}
λ,µ transition rates
F+ frequency of transition to higher

capacity states
F− frequency of transition to lower

capacity states
pk j probability of state k of component j
Pk j cumulative probability of state k of

component j
Fk j cumulative frequency of state k of

component j

2 Theory
We will proceed to develop the theory in three stages.
First we will revisit the relevant features of the method
of state space decomposition without actually describ-
ing the mechanics. Next, we will show how to deter-
mine the frequencies of encountering sets of states,
and extend this to unions of sets. Finally, we will de-
scribe a means of setting up the data in such a manner
as to simplify the computation of the indices.

2.1 State Space Representation
The state of a system is described by the states of all
the individual components that constitute the system.
If each of n components can assume several capacity
levels, then a n-tuple of the prevailing capacity lev-
els of the components would describe the prevailing
state of the system. For a system of NC components, if
one were to define an NC-dimensional space, each axis
representing the different capacities a corresponding
component can assume, then each point in this space
would uniquely describe a state of the system. The
space would constitute the complete set of states the
system can assume, and would be known as the state
space of the system. Such an NC-dimensional Carte-
sian coordinate representation has been found to be
convenient, and is in widespread use.

This representation can be illustrated using the
following system. Consider a capacity constrained
network, as shown in Fig. 1. The capacity of each
sending arc is represented by the state transition dia-
gram shown in Fig. 2. Each transmission arc (shown
by a broken line) has a capacity of 100 in each di-
rection and each receiving arc has a capacity of 100.
Assume that λ = 0.2 failures/h, µ = 2 repairs/h. Table 1
gives the cumulative probabilities and frequencies for
this state transition diagram.
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Figure 1: Three node network.
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Figure 3: State space for three-component system.

Since there are three components with variable
capacity, the system described has 33 = 27 states.
Fig. 3 shows the Cartesian representation of this state
space.

In general, this form of representation is valid for
both continuous and discrete capacity systems. Engi-
neering systems are modeled as discrete capacity sys-
tems, and the methodology presented in this paper will
analyze discrete capacity systems.

For most systems of realistic size, due to the mul-
titude of states (e.g., the state space of a system of n
components with m states each consists of mn states),



Table 1: Probability and frequency distribution for each sending arc.

CAPACITY PROBABILITY
CUMULATIVE
PROBABILITY

CUMULATIVE
FREQUENCY

200 8.2645×10−1 1 0/h
100 1.6529×10−1 1.7355×10−1 3.3058×10−1/h

0 8.2645×10−3 8.2645×10−3 3.3058×10−2/h

it is impractical to store information (capacity, prob-
ability, frequency) about individual states separately;
in such cases, states are dealt with in groups or sets.
Sets of states are represented as hypercuboids in the
NC-dimensional space, and are denoted, for simplic-
ity, by boundary vectors. (This will become clearer in
the sections that follow.) However, sets of states that
have certain common characteristics (such as failure
states) do not necessarily conform to this shape, and
must be represented as unions of several adjacent hy-
percuboids.

2.2 State Space Decomposition
The method of decomposition consists of classifying
all points in the state space into disjoint sets of accept-
able (A), unclassified (U) and failure (L) states. Each
of these sets can be defined by a maximum state and
a minimum state such that all states between and in-
cluding these two constitute the given set. Each U-set
is further decomposed into an A-set, U-sets and L-sets.
This is continued until only A-sets and L-sets remain.
The reliability indices are then determined from the
L-sets. References [1–4] provide detailed descriptions
of the decomposition method. A very brief description
is provided here.

For the state space shown in Fig. 3, all the states
are initially included in the first U-set, represented

as U0 =
〈

200 200 200
0 0 0

〉
. All sets decomposed

from U0 will be denoted in this manner, where the bot-
tom row provides the coordinates of the lower limit of
the set and the top row denotes the upper limit.

The classification of states is achieved by iden-
tifying boundary vectors that partition the set being
decomposed. The method of identification of bound-
ary vectors is determined by the network model, and
is specific to the kind of system or process being an-
alyzed. For the flow network described in the illus-
tration in section 2.1, the following boundary vectors
may be defined.

1. The lower bound of acceptability, u:
Suppose all the capacities are set equal to the up-
per boundaries of the U-set and based on these
constraints the system load curtailments are min-
imized; then the combination of the lowest ca-
pacity states which yield zero system curtailment

constitutes the u-vector. In other words, all states
between and including the u-vector and the upper
boundary of the U-set constitute an A-set.

2. The vector of minimum responsibility, v:
Suppose all the capacity states, except the i-th,
are set equal to the corresponding elements of
the upper boundary of the U-set; then the low-
est value of the i-th member which yields zero
system curtailment is the i-th component of the
v-vector. The v-vector therefore comprises the
minimum responsibilities of all the members.

These vectors are deteremined by solving suitably
formed [1–4] maximal flow problems. For the illus-
trative case used in this paper, they can be manually
determined with little effort. The u-vector is generally
non-unique, but any valid solution will provide correct
decomposition and eventually result in correct identi-
fication of L-sets. The complete decomposition of the
state space for the illustrative case is shown in Fig. 4,
with all the boundary vectors and resulting A, U and
L sets. For this case the method completes in three
recursions, shown as stages 1 through 3 in Fig. 4. The
results are shown graphically in Fig. 5.

Now except in very rare cases, the bounding sur-
face of the total set of failure states is very segmented.
For instance, the L-sets in the illustrative three dimen-
sional state space are as shown in Fig. 5. The total
L-set is given by

L = L1∪L2∪L3∪L4∪L5∪L6 (1)

The subsets L1, . . . ,L6 are obtained in the form of
cuboids (hypercuboids in a multidimensional space)
because the boundary vectors identify corner points
of the sets. Another characteristic of these sets is that
all the sets shown are disjoint.

The reliability indices are determined from the
union of these sets. This is explained in the next sec-
tion. It is now appropriate to state the conditions un-
der which the state space can be subjected to decom-
position. The state space is required to be coherent,
i.e., the failure or degradation of a component cannot
improve system performance, and, likewise, the im-
provement or restoration of a component cannot dete-
riorate system performance. If this condition is satis-
fied the following analysis may be applied.
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Figure 4: Stages of recursive decomposition.

2.3 Determination of Indices
For the purpose of the forthcoming analysis, we will
use the following assumptions:
(a) The system is frequency-balanced [8], i.e., the

frequency between any pair of states is equal in
both directions. This automatically holds true if
every component can be represented by a two-
state Markov model. For multi-state components
we assume that forced frequency balance is im-
posed as described by [8]. In the next section we
will describe a method that automatically ensures
frequency balance.

(b) The system can transit in one step from one state
to another only by failure or restoration of a sin-
gle component.
A transition that results from the repair of a failed

component is said to be an upward transition; simi-
larly, a transition that results from the failure of a func-
tional component is said to be a downward transition.

Assume that decomposition has resulted in NL
failure sets; then the aggregate failure set is given by

L =
NL[

i=1

Li (2)

Clearly, since the sets are all disjoint, the failure
probability is

P{L}=
NL

∑
i=1

P{Li} (3)

Now we develop a closed form expression for the
failure frequency. Consider a state x in the set Li. The
sum of frequencies of upward and downward transi-
tions from this state are given by (4) and (5), respec-
tively:

F+{x}= P{x}
NC

∑
j=1

λ+
x j (4)

F−{x}= P{x}
NC

∑
j=1

λ−x j (5)

where λ+
x j: transition rate of component j from its

state in system state x to higher capacity
states;

λ−x j: transition rate of component j from its
state in system state x to lower capacity
states.
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Figure 5: Recursive decomposition of state space.

Since the system is considered coherent, the
F−{x} transitions cannot cross the boundary between
L-sets and A-sets. The upward transitions can be split
into two components,

F+{x}= F+
0 {x}+F+

1 {x} (6)

such that the F+
0 {x} component is the one that crosses

the boundary between the L-sets and A-sets and
F+

1 {x} remains within the L-set. Clearly, the sum of
the frequencies F+

0 {x} for all states x in all the L-sets
would yield the frequency of the expected transitions
across the boundary of L-sets and A-sets. It is known
that when the state space is divided into two disjoint
sets, the steady state frequency is equal in both direc-
tions [9, p. 74]. Therefore the frequency from L-sets
to A-sets is the same as from A-sets to L-sets. Hence,
the failure frequency is given by

F{L}=
NL

∑
i=1

∑
x∈Li

[
F+

0 {x}] (7)

In the next step we will develop (7) into a form
that will obviate the explicit identification of transi-
tions that cross the boundary.

Since the components of (6) are assumed inde-
pendent and are frequency balanced for any two states
xi and x j [8],

F{xi → x j}= F{x j → xi} (8)

Because of (8), we have

NL

∑
i=1

∑
x∈Li

F+
1 {x}=

NL

∑
i=1

∑
x∈Li

F−{x} (9)

This can be understood as follows. Starting from a
failed state, an upward transition that does not cross
the boundary is actually an upward transition from a
failed state to another failed state. For every upward
transition from a failed state xi to another failed state
x j, there is a downward transition from x j to xi, of
equal frequency. Hence the two sums in (9) are equal.
This also implies that

NL

∑
i=1

∑
x∈Li

[
F+

1 {x}−F−{x}] = 0 (10)

Combining (7) and (10), we get

F{L}=
NL

∑
i=1

∑
x∈Li

[
F+

0 {x}+F+
1 {x}−F−{x}] (11)



which, because of (6), can be rewritten as

F{L}=
NL

∑
i=1

∑
x∈Li

[
F+{x}−F−{x}] (12)

or simply as

F{L}=
NL

∑
i=1

[
F+{Li}−F−{Li}

]
(13)

The components of (13) are determined from (14) and
(15) below:

F+{Li}= ∑
x∈Li

[
P{x}

NC

∑
j=1

λ+
x j

]
(14)

F−{Li}= ∑
x∈Li

[
P{x}

NC

∑
j=1

λ−x j

]
(15)

Equation (13) is equivalent to equation (7) and
is suitable for calculating the frequency of failure of
the system, as shown in the next section. As men-
tioned before, when using (13), it is not necessary to
explicitly identify transitions that cross the boundary
between L-sets and A-sets.

Having obtained the probability and frequency of
system failure, the determination of T{L}, the ex-
pected duration of system failure, is trivial:

T{L}=
P{L}
F{L} (16)

In the rest of this paper, therefore, we will only deal
with failure probability and frequency.

2.4 Implementation Strategy
The equations (3) and (13) are used to determine the
probability and frequency of system failure. We will
now show how the data can be constructed so that
calculation of P{Li} and F{Li} can be achieved with
very little effort. This can be done as follows.

Consider a network with NC components where
each component has several capacity states, of which
every state has a known probability and frequency of
occurrence. Construct cumulative probability and fre-
quency distributions for each component, so that Pk j
and Fk j denote, respectively, the cumulative probabil-
ity and frequency of state k of component j. The states
are so indexed that a higher index implies a higher ca-
pacity. For this system, a state space is constructed,
and decomposed into disjoint A-sets and L-sets, as ex-
emplified in section 2.2.

Now consider a failure set Li. Recall that Li is
described by a maximum state and a minimum state.

Assume that states n and m of component j define the
maximum and minimum states of set Li. For state
k of component j, where m ≤ k ≤ n, the cumulative
probability and frequency can be expressed as follows
[8, 6].

Pk j = P(k−1) j + pk j (17)

Fk j = F(k−1) j + pk j

(
λ+

k j−λ−k j

)
(18)

where pk j: probability of state k of component j;
λ+

k j,λ
−
k j: transition rates from state k of com-

ponent j to higher and lower capacity
states respectively.

From (17) and (18), we get

λ+
k j−λ−k j =

(
Fk j−F(k−1) j

)
(
Pk j−P(k−1) j

) (19)

If we now represent the states from m to n of com-
ponent j by an equivalent state s, then the equivalent
values for this can be expressed in the same manner
as (19):

λ+
s j−λ−s j =

(
Fn j−F(m−1) j

)
(
Pn j−P(m−1) j

) (20)

Similarly, the probability of this equivalent state can
be written as

ps j = Pn j−P(m−1) j (21)

In a similar fashion, for every component, the
states between the maximum and minimum of set Li
can be represented by an equivalent state.

Then the probability of Li is:

P{Li}=
NC

∏
j=1

ps j (22)

and the frequency is:

F+{Li}−F−{Li}= P{Li}
NC

∑
j=1

(
λ+

s j−λ−s j

)
(23)

Hence the probability of system failure is deter-
mined by substituting P{Li} from (22) into (3), and
the frequency is determined by substituting F+{Li}−
F−{Li} from (23) into (13), as shown below.

F{L}=
NL

∑
i=1

P{Li}
NC

∑
j=1

(
λ+

s j−λ−s j

)
(24)

Notice that the determination of the failure fre-
quency using the expression given in (24) adds little
to the computational effort expended in decomposing
the state space and calculating the failure probability
using (22).

This technique will now be illustrated using the
example described in sections 2.1 and 2.2.



Table 2: Determination of the frequency of system failure.

L1 L2 L3 L4 L5 L6
∆F1 3.3058×10−2 3.3058×10−2 −3.3058×10−2 3.3058×10−2 2.9752×10−1 2.9752×10−1

∆P1 8.2645×10−3 8.2645×10−3 9.9174×10−1 8.2645×10−3 1.6529×10−1 1.6529×10−1

∆λ1 4.0000 4.0000 −3.3333×10−2 4.0000 1.8000 1.8000
∆F2 3.3058×10−2 −3.3058×10−2 3.3058×10−2 2.9752×10−1 3.3058×10−2 2.9752×10−1

∆P2 8.2645×10−3 9.9174×10−1 8.2645×10−3 1.6529×10−1 8.2645×10−3 1.6529×10−1

∆λ2 4.0000 −3.3333×10−2 4.0000 1.8000 4.0000 1.8000
∆F3 0.0000 3.3058×10−2 3.3058×10−2 2.9752×10−1 2.9752×10−1 3.3058×10−2

∆P3 1.0000 8.2645×10−3 8.2645×10−3 1.6529×10−1 1.6529×10−1 8.2645×10−3

∆λ3 0.0000 4.0000 4.0000 1.8000 1.8000 4.0000
∆λ 8.0000 7.9667 7.9667 7.6000 7.6000 7.6000
∆P 6.8301×10−5 6.7737×10−5 6.7737×10−5 2.2579×10−4 2.2579×10−4 2.2579×10−4

∆F 5.4641×10−4 5.3964×10−4 5.3964×10−4 1.7160×10−3 1.7160×10−3 1.7160×10−3

3 Demonstration and Validation

The method developed in sections 2.3 and 2.4 will
now be demonstrated on the system described in sec-
tion 2.1 and decomposed in section 2.2.

Table 2 shows the calculations used to find the
frequency of crossing the boundary between L-sets
and A-sets. This frequency equals the failure fre-
quency of the system. In Table 2, ∆Fj denotes the
difference of the cumulative frequencies between the
upper and the lower states of arc j. ∆Pj denotes the
difference of the cumulative probabilities between the
upper and the lower states of arc j. ∆λ j represents

the difference
(

λ+
s j−λ−s j

)
as shown in equation (20).

∆P is the probability of the set and ∆F is the differ-
ence between the upward and downward frequencies
of this set, per equation (23). The sums of the L-set
probabilities and frequencies, obtained from the last
two rows, gives the system failure probability and fre-
quency as 8.81×10−4 and 6.77×10−3/h respectively.

To verify the above results, we use an enumera-
tion process, which shows all the points in the state
space. In Table 3, “LL” denotes the property of the
state: “X” implies that the corresponding state is a
boundary point, i.e., an upward transition from this
state results in a success state; “XX” implies that this
is a failure state but not a boundary point. “PROB-
ABILITY” is the probability of the state, µ is the
repair rate at the corresponding point, and “FRE-
QUENCY” is the frequency of crossing the bound-
ary between success and failure states. From the ta-
ble, first the boundary points are identified; then the
boundary points are used to determine the failure fre-
quency of the system. The frequency of encountering
success states, as determined by the enumeration ap-
proach, is 6.77× 10−3/h. This is also the failure fre-
quency, in the steady state. This result validates the
method developed in this paper.

Table 3 also indicates the L-set to which each fail-
ure state belongs. For each failure state, the exact state
probability is also indicated. The sum of probabilites
of all the member states of each L-set provides the
set probability, which matches the corresponding en-
try in Table 2. The total probability of the L-states,
8.81×10−4, also agrees with the result previously ob-
tained.

4 Conclusion
This paper has described a method for calculating the
frequency of failure of a discrete capacity system, us-
ing the method of state space decomposition. The for-
mulation of the general method is then followed by
the description of a special technique for easy imple-
mentation. Then an example is provided to illustrate
the method and to compare the results with those ob-
tained by state enumeration.

The strength of the method lies in the following
features:
(a) the method of decomposition deals with sets of

states rather than individual states, and is there-
fore more efficient than methods involving enu-
meration;

(b) the expressions used for determination of F&D
indices are closed-form, unlike previously devel-
oped recursive forms;

(c) the calculation of F&D indices requires only
slight additional computational effort beyond the
effort required for calculation of probability in-
dices.
While the method of decomposition and calcula-

tion of probability indices therefrom is well known,
closed form expressions for calculation of F&D in-
dices from decomposition have been presented for the
first time in this paper.



Table 3: Determination of frequency of system failure using state enumeration.

STATE LL SET PROBABILITY µ FREQUENCY
1 0,0,0 XX L1 5.6447×10−7

2 0,0,100 XX L1 1.1289×10−5

3 0,0,200 X L1 5.6447×10−5 8 4.5158×10−4

4 0,100,0 XX L2 1.1289×10−5

5 0,100,100 X L4 2.2579×10−4 8 1.8063×10−3

6 0,100,200
7 0,200,0 X L2 5.6447×10−5 8 4.5158×10−4

8 0,200,100
9 0,200,200
10 100,0,0 XX L3 1.1289×10−5

11 100,0,100 X L5 2.2579×10−4 8 1.8063×10−3

12 100,0,200
13 100,100,0 X L6 2.2579×10−4 8 1.8063×10−3

14 100,100,100
15 100,100,200
16 100,200,0
17 100,200,100
18 100,200,200
19 200,0,0 X L3 5.6447×10−5 8 4.5158×10−4

20 200,0,100
21 200,0,200
22 200,100,0
23 200,100,100
24 200,100,200
25 200,200,0
26 200,200,100
27 200,200,200

TOTALS L 8.8114×10−4 6.7737×10−3
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