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Abstract

In this paper, we present conditions for the stabilization and regulation of the tracking error for an n-dimensional minimum-phase system
preceded by a Prandtl-Ishlinskii hysteresis operator. A general controller structure is considered; however, we assume that an integral
action is present. The common Lyapunov function theorem is utilized together with a Linear Matrix Inequality (LMI) condition to show
that, under suitable conditions, the tracking error of the system goes to zero exponentially fast when a constant reference is considered.
A key feature of this LMI condition is that it does not require the hysteresis effect to be small, meaning that hysteresis inversion is not
required. We use this condition together with a periodicity assumption to prove that a servocompensator-based controller can stabilize the
system without using hysteresis inversion. Additionally, we draw parallels between our LMI condition and passivity-based results achieved
in the literature. We then verify our LMI results in simulation, where we show that the LMI condition can accurately predict the stability
margins of a system with hysteresis. Finally, we conduct experiments using a servocompensator-based controller, where we verify the
stability of the system and achieve a mean tracking error of 0.5% for a 200 Hz sinusoidal reference.
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1 Introduction

Smart materials have become a popular topic of research in
the field of engineering, due to a number of emerging ap-
plications employing these novel materials [1]. The control
of smart materials is a complicated and interesting topic,
due in great deal to the phenomenon of hysteresis, which
smart materials ubiquitously exhibit. The theory of math-
ematical models of hysteresis, known as hysteresis opera-
tors [2,3], were formalized in the 1970’s. Examples of such
models include the Preisach operator [4], Prandtl-Ishlinskii
(PI) operator [5], and the Preisach-Krasnosel’skii-Pokrovskii
(PKP) operator [6]. Each of these operators is based on the
weighted superposition of many (and even infinitely many)
elementary hysteretic units called hysterons. Other exam-
ples of hysteresis operators include the Duhem model [7,8]
and Bouc-Wen model [9]. These hysteresis operators form
the basis of many smart material models.

While a number of models for smart materials exist, a com-
mon model structure for smart material actuators is a lin-
ear dynamical system preceded by a hysteresis operator

1 A preliminary version of this paper was submitted to the 2013
American control conference. This work was supported by the
National Science Foundation (CMMI 0824830).

[5, 10, 11]. Such models are especially common in the field
of nanopositioning, where piezoelectric actuators are used
to generate controllable motion with nanometer resolution.
A wide variety of control techniques have been proposed
for such systems [12], including sliding-mode control [13],
adaptive control [14], two-degree-of-freedom control [15],
and many more [16, 17]. In particular, hysteresis inversion
[18–21] has been used extensively due to its effectiveness
in mitigating the effect of hysteresis on the system.

Many of the above mentioned results have focused on prov-
ing boundedness of states by considering hysteresis as a dis-
turbance. A new wave of research over the past five years
has focused on direct analysis of systems with hysteresis,
based on the mathematical formulations of the hysteresis op-
erators. These works have provided some analytical results
showing the stability of systems with hysteresis and conver-
gence of the tracking error to zero, and importantly, can do
so without hysteresis inversion or requiring the hysteresis
effect to be small. Such a result was proved in [22], where
an LMI framework is utilized to provide sufficient condi-
tions for the stability and tracking error convergence for a
PID-controlled linear system preceded by a modified PI op-
erator [23], where the zero dynamics is absent from the lin-
ear system. In [24], stability and tracking error convergence
of a non-dynamic plant modeled by a Preisach operator was
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proved using monotonic properties of the operator. The au-
thors of [25] proved closed-loop stability for a system in-
volving a PID-controlled second-order system preceded by
a general hysteresis operator, and provided guidelines on the
selection of controller gains. Logemann and Mawby estab-
lished the stability and asymptotic tracking of constant refer-
ences for an integral-controlled, linear, infinite-dimensional
system with input hysteresis, under the condition of a suffi-
ciently low controller gain [26].

Several other tools, including passivity theory, have been
utilized to establish the stability of systems with hystere-
sis. For example, Gorbet et al. exploited the passivity in
the relationship between the input and the time-derivative
of output of a Preisach operator, to show the finite-gain
stability for a smart actuator system under a velocity con-
troller [27]. Dissipativity properties have also been shown
for the PI operator [2] and the Duhem operator [28]. Using
the circle criterion, Jayawardhana and coworkers exploited
the sector bound properties of a Preisach operator to ana-
lyze input-to-state stability of its feedback connection with
a linear system [29]. A weakness of these results is that they
are able to only show boundedness, even for constant ref-
erence trajectories. In addition, the conditions required for
passivity are not satisfied by many plants and controllers.
Outside of passivity focused results, an interesting contribu-
tion is from [30], where tight input-output stability bounds
are shown for systems with play operators without explicit
passivity assumptions. Finally, the stability of the feedback
interconnection between a linear system and a single play
operator is proven under an LMI condition [31]; however,
this result did not consider any controller or its associated
stabilization performance.

In this paper, we discuss the stability and tracking error con-
vergence of a system with hysteresis using a general feed-
back controller containing an integral action. It is assumed
that the hysteresis is modeled by a Prandtl-Ishlinskii (PI)
operator, which has become a popular model for smart ma-
terial hysteresis [12,17,32]. The theory of switched systems,
in particular, that of the common Lyapunov function [33],
and a linear matrix inequality (LMI) condition will be used
to prove that the tracking error and state vector converge ex-
ponentially to zero for a constant reference. The principal
contribution of this work is to present sufficient conditions
(in the form of an LMI) for the regulation of the closed-
loop system in terms of the hysteresis parameters, without
requiring the hysteresis to be small. This condition can be
utilized in an iterative design procedure in order to stabilize
a system with hysteresis modeled by a PI operator. Our LMI
approach is closely related to but also distinct from that re-
ported in [22]; comparing to [22], our proposed framework is
able to accommodate zero dynamics and a wide class of con-
trollers (not limited to PID control). In particular, the class
of controllers which can be incorporated into this design
framework includes servocompensators, which have shown
great promise in the control of systems with hysteresis, par-
ticularly nanopositioning systems [34]. For this reason, our
experimental results will focus on servocompensators-based
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Fig. 1. Illustration of a play operator.

systems.

We then connect our LMI result to the aforementioned pas-
sivity results, by demonstrating that if the system obeys a
certain positive real condition, a solution to the LMI prob-
lem can be found analytically. In addition, we apply our LMI
results to show that servocompensator-based controllers can
stabilize systems with hysteresis, without requiring inver-
sion of the hysteresis. Our simulation results then confirm
the effectiveness of the LMI condition at predicting the
global convergence of the tracking error. We further verify
our results through experiments conducted on a commercial
nanopositioner. These experiments focused on comparing
the performance of servocompensator-based controllers [34]
with and without hysteresis inversion. We first verify the
LMI condition presented in the paper, in order to prove sta-
bility of the system. Our experimental results indicate that
servocompensator-based controllers without hysteresis in-
version can achieve half the mean tracking error as that
achieved by the same control method with inversion, while
also being less computationally intensive.

The remainder of this paper is organized as follows. Section
2 introduces the PI hysteresis operator used in this work.
Section 3 contains the main results of the paper, showing
tracking error convergence and exponential stability for the
closed-loop system. This result is then extended in Sec-
tion 4 where we provide specialized results for cases of
servocompensator-based controllers. Simulation results con-
firming our LMI results are presented in Section 5. Section
6 contains the experimental results of the paper, and con-
cluding remarks are presented in Section 7.

2 The Prandtl-Ishlinskii operator

In this section, we provide a review of the Prandtl-Ishlinskii
(PI) hysteresis operator [2,23]. The PI operator consists of a
weighted superposition of basic hysteretic units called play
operators, shown in Fig. 1. Each play operator Pr is param-
eterized by a parameter r, representing the play radius or
threshold. When the input v(t) is monotone and continuous,
we can express the output ur(t) of a play operator Pr as

ur(t) =Pr[v;ur(0)](t)
=max(min(v(t)+ r,ur(0)),v(t)− r) (1)
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The output ur(t) is also referred to as the state of the play
operator Pr. For general inputs, the input signal is broken
into monotone segments, and the output is then calculated
by setting the last output of one monotone segment as the
initial condition for the next. Notice from Fig. 1 and (1)
that there are two basic modes in which the state of a play
operator can reside. The first is the linear region, in which
ur(t) = v(t)± r. The second mode of operation is the play
region, where ur(t) is constant, represented in (1) by the
term ur(0). We will make use of the linear and play region
terminology throughout the paper.

In general, the PI operator is an infinite-dimensional opera-
tor, comprised of a continuum of play operators integrated
over some interval of play radii. However, in the interest
of practical implementation, we will consider only a finite-
dimensional PI operator, representable by a weighted sum
of k play operators. The output of the PI operator Γ h under
an input v is then given by

u(t) = Γh[v;W (0)](t) =
k

∑
i=0

θiPri [v;Wi(0)](t) (2)

Wi(t) represents the state of the play operator Pri at time t,
and

W (t)� [W0(t),W1(t), · · · ,Wk(t)]
T

where the superscript T denotes the transpose, and W (0)
represents the initial condition of the operator Γh. The vec-
tor θ = [θ0,θ1, · · · ,θk]

T represents the weights of individual
play elements of the operator, where each θ i is assumed to
be bounded and non-negative, and θ 0 > 0. We will use r to
denote the vector of radii, r= [r0,r1, · · · ,rk]

T , where r0 = 0.
We also define the operator P � [Pr0 ,Pr1 , · · · ,Prk ]

T , which
captures the evolution of the state W (t) of Γh under input v,
i.e.,

W (t) = P[v;W (0)](t) (3)

This will allow us to write the output u(t) as

u(t) = θ TW (t) (4)

It is conventional to include the r0 = 0 term in the definition
of the hysteresis operator, even though this term results in
simply a linear gain. For our work, we will separate this
term from the nonzero radii play operators, thus

u(t) = θ0v(t)+θ T
h Wh(t) (5)

where

θh = [θ1, · · · ,θk]
T ,

Ph � [Pr1 , · · · ,Prk ]
T ,

Wh(t) = Ph[v;Wh(0)](t)

Hysteresis Dynamics

v u y
Gp(s)

Fig. 2. Illustration of linear plant preceded by hysteresis operator,
commonly used to model piezoelectric-actuated nanopositioners.

3 Sufficient conditions for stability in systems with hys-
teresis

Having presented our hysteresis model, we are now prepared
to discuss the stabilization problem for systems with hys-
teresis. Consider an n-dimensional linear system with trans-
fer function,

Gp(s) =
k0(sm + bm−1sm−1 + · · ·+ b1s+ b0)

sn + an−1sn−1 + · · ·+ a1s+ a0
, m < n (6)

with input u(t) and output y(t). We will assume that this
transfer function is minimum phase. Our control objective
is to regulate the output of the cascade connection of a PI
operator (4) and G p(s), illustrated in Fig. 2. In particular,
we will design the input v(t) to the hysteresis to stabilize the
resulting feedback connection, and also drive y to a constant
reference yr. We will consider a normal-form state-space
representation for the transfer function G p(s) [35],

ż(t) =Fz(t)+Gx1(t) (7)
ẋ(t) =A0x(t)+B(u(t)+λx(t)+ψz(t)) (8)
y(t) =Cx = x1(t) (9)

where u(t) obeys (5). The matrices F ∈ ℜm×m, G ∈ ℜm,
A0 ∈ ℜp×p, and B ∈ ℜp are given by

F =

⎡
⎢⎢⎢⎢⎢⎣

0 1 · · · 0

0
. . . 0

0 · · · · · · 1

−b0 −b1 · · · −bm−1

⎤
⎥⎥⎥⎥⎥⎦ , G =

⎡
⎢⎢⎣

0
...

1

⎤
⎥⎥⎦ ,

A0 =

⎡
⎢⎢⎢⎢⎢⎣

0 1 · · · 0

0
. . . 0

0 · · · · · · 1

0 · · · 0 0

⎤
⎥⎥⎥⎥⎥⎦ , B =

⎡
⎢⎢⎣

0
...

k0

⎤
⎥⎥⎦

and λ ∈ ℜ1×p, ψ ∈ ℜ1×m are row vectors that result from
transforming Gp(s) into the normal form.

Remark 1 For simplicity but without loss of generality, we
will assume in the following equations that θ0 = 1. This is
because the gain of the hysteresis operator can be rolled into
the DC gain of the linear dynamics. In order to transform
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a system where θ0 �= 1 into the form considered here, we
multiply k0 in B by θ0, and divide the elements of θh, λ , and
ψ by the same value.

We will consider a general linear controller to control (5),
(7)-(9). The controller includes a dynamic compensator rep-
resented in the state-space form,

η̇(t) =C∗η(t)+B∗(x1 − yr) (10)

with C∗ ∈ ℜq×q and B∗ ∈ ℜq. Here we use the tracking error
x1 − yr as an input to the controller; however, our analysis
could be adjusted to accommodate different inputs. We will
also require our linear controller to contain an integral action,

σ̇(t) =x1 − yr (11)

Using (10) and (11), we can define our control signal to the
plant/hysteresis operator;

v(t) =−K1z(t)−K2x(t)−K3η(t)−K4σ(t) (12)

where K1 ∈ ℜ1×m, K2 ∈ ℜ1×p, K3 ∈ ℜ1×q, and K4 ∈ ℜ are
constant gains. Applying (5) and (10)-(12) to (7)-(9) yields,

⎡
⎢⎢⎢⎢⎢⎣

ż(t)

ẋ(t)

η̇(t)
σ̇(t)

⎤
⎥⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎣

F GC 0 0

−B(K1 −ψ) A0 −B(K2 −λ ) −BK3 −BK4

0 B∗C C∗ 0

0 C 0 0

⎤
⎥⎥⎥⎥⎥⎦

·

⎡
⎢⎢⎢⎢⎢⎣

z(t)

x(t)

η(t)
σ(t)

⎤
⎥⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎢⎣

0

Bθ T
h Wh[v;Wh(0)](t)

−B∗yr

−yr

⎤
⎥⎥⎥⎥⎥⎦ (13)

As the PI operator is continuous, the system (12)-(13) is
well-posed, and possesses a continuous and unique solution,
which was proved in [36]. Next, define the coordinate trans-
forms

z̃(t) =z(t)− [1,0]T
1
b0

yr (14)

x̃(t) =x(t)−CT yr (15)

where 0 is an m− 1 dimensional row vector of zeros. With
these transforms, Eq. (13) then becomes

⎡
⎢⎢⎢⎢⎢⎣

˙̃z(t)

˙̃x(t)

η̇(t)
σ̇(t)

⎤
⎥⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎣

F GC 0 0

−B(K1 −ψ) A0 −B(K2 −λ ) −BK3 −BK4

0 B∗C C∗ 0

0 C 0 0

⎤
⎥⎥⎥⎥⎥⎦

·

⎡
⎢⎢⎢⎢⎢⎣

z̃(t)

x̃(t)

η(t)
σ(t)

⎤
⎥⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎢⎣

0

Bθ T
h Wh[v;Wh(0)](t)+Bc0yr

0

0

⎤
⎥⎥⎥⎥⎥⎦

(16)

where c0 is a constant that depends on the system matri-
ces and control gains, which appears due to the coordinate
transform. We will now define

α(t) =−K4σ(t)+θ T
h Wh[v;Wh(0)](t)+ c0yr (17)

This definition is made in order to use Lyapunov analysis to
show that all states converge to the origin, since the state of
the integrator will not necessarily go to zero in a system with
hysteresis, even if yr = 0. The derivative of α(t) is given by

α̇(t) =−K4Cx̃(t)+θ T
h Ẇh[v;Wh(0)](t) (18)

where

Ẇh[v;Wh(0)](t) = [Ṗr1 [v;W1(0)](t), · · · , Ṗrk [v;Wm(0)](t)]T

(19)

The derivative of a play operator is in general discontinuous,
as switching between play and linear regions can cause dis-
continuities in the value of Ṗri [v;W (0)](t). Let Π(t) denote
the set of all play operators Pri [v;W (0)] with states lying in
the linear region at time t. Note that a point where the play
operator state transitions from the linear region to the play
region or vice versa is on both linear and play segments;
to resolve the ambiguity, a play operator undergoing region
transition at time t will be considered, without the loss of
generality, an element of Π(t). Denoting Πc(t) the comple-
ment of Π(t), we have the expression for Ṗri given by

Ṗri [v;Wi(0)](t) =

{
v̇, if i ∈ Π(t)
0, if i ∈ Πc(t)

(20)

where

v̇(t) =−K1[Fz̃(t)+GCx̃(t)]−K2[−B(K1 −ψ)z̃(t)
+ (A0−B(K2 −λ ))x̃(t)−BK3η(t)+Bα(t)]
−K3[C

∗η(t)+B∗Cx̃(t)]−K4[Cx̃(t)] (21)
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Denote S the collection of subsets of {1,2, · · · ,k}, and define

Θh =

{
∑
i∈S

θi

}
S∈S

Define θ̄h(t) ∈ Θh as the summation of weights for play
operators in the linear region at time t, i.e.,

θ̄h(t) =

[
∑
i

θhi : i ∈ Π(t)

]
(22)

Define the state vector

γ(t) = [z̃T (t), x̃T (t),ηT (t),α(t)]T

Note that v̇ can be expressed as a constant vector multiply-
ing the state vector of the system, i.e. v̇ = Kvγ . Using this
definition with (17) and (18), we transform (16) into

γ̇(t) =

⎡
⎢⎢⎢⎢⎢⎣

F GC 0 0

−B(K1 −ψ) A0 −B(K2−λ ) −BK3 B

0 B∗C C∗ 0

0 −K4C 0 0

⎤
⎥⎥⎥⎥⎥⎦γ(t)

+

⎡
⎢⎢⎢⎢⎢⎣

0

0

0

θ̄h(t)Kvγ(t)

⎤
⎥⎥⎥⎥⎥⎦ (23)

Note that by using α as our state variable, c0yr drops out of
the analysis of the closed-loop system, since yr is constant.
Alternatively, we write (23) in a compact form,

γ̇(t)�(Σ0 + θ̄h(t)B̄Kv)γ(t) (24)

where
B̄ = [0,1]T

where 0 here is an m+ p+ q dimensional row vector of
zeros. As the states γ can be expressed as simple functions
of the states of (13) and the hysteresis state Wh(t), we know
that the solution to the above system is well-posed, and that
γ is continuous. Note also that θ̄h(t) ∈ Θh, and thus θ̄h takes
values in a set of finite cardinality; therefore, we can interpret
(24) as a switched system, where the switching is governed
by the states of the play operators in (5). The stability of such
a system can be guaranteed through an LMI condition [33],

(Σ0 + θ̄hB̄Kv)
T P+P(Σ0+ θ̄hB̄Kv)< 0, ∀θ̄h ∈ Θh

where P > 0. Such a condition would imply that V (γ) =
γT Pγ is a common Lyapunov function for (24), where V̇ <

0, ∀γ �= 0. However, since the only element that actually
changes is θ̄h, from the results of [37] a sufficient condition
for the existence of such a P is that

(Σ0 +min(Θh)B̄Kv)
T P+P(Σ0 +min(Θh)B̄Kv)< 0,

(Σ0 +max(Θh)B̄Kv)
T P+P(Σ0+max(Θh)B̄Kv)< 0

(25)

Similarly, if for a given Λ ∈ ℜ > 0, a positive definite P can
be found such that

(Σ0 +min(Θh)B̄Kv)
T P+P(Σ0 +min(Θh)B̄Kv)+ 2ΛP< 0,

(Σ0 +max(Θh)B̄Kv)
T P+P(Σ0 +max(Θh)B̄Kv)+ 2ΛP< 0

(26)

then V̇ < −2ΛV , which implies that (24) is exponentially
stable, and the tracking error converges to zero with decay
rate of at least Λ [37]. In practice, the maximum Λ needs
to be found iteratively by solving (26) for P under different
trial values of Λ.

Remark 2 One extension of this work would be to consider
a modified PI operator [23] for the hysteresis model. This
operator adds one-sided deadzones in a superposition to the
PI operator so that asymmetric hysteresis nonlinearities can
be modeled accurately. The modified PI operator can be fit
into our existing framework by extending the definition of
θ̄h, multiplying the result of the current definition with the
summation of the weights of the active deadzone operators.

3.1 Specialization to positive real systems

By imposing a positive real assumption on the system, we
can arrive at a stronger stability result. Consider the closed-
loop system (7)-(9), (11), with

v(t) =−K1z(t)−K2x(t)−K4σ(t) (27)

Let the system

[
˙̃z

˙̃x

]
=Σ∗

[
z̃

x̃

]
+Bu∗

�
[

F GC

−B(K1 −ψ) A0 −B(K2 −λ )

][
z̃

x̃

]
+

[
0

Bu∗

]
(28)

y =x̃1 � C

[
z̃

x̃

]
(29)

be positive real [35], where z̃ and x̃ are defined as in (14)-
(15), and u∗ ∈ ℜ will be defined momentarily. Then, there
exists a symmetric positive definite matrix P∗ such that

P∗Σ∗+Σ∗T P∗ =−Q

P∗
B=C

T

5
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where Q is symmetric and positive definite. This system rep-
resents the dynamics portion of our model which has been
rendered positive-real by state feedback. This condition is
similar to the assumption on the dynamics in [27], where the
dynamics of a cascaded controller and a smart material actu-
ator are assumed to be passive. Indeed, for LTI systems, the
notions of passivity and positive realness are interchange-
able [38]. We will now show that under this positive real
condition, and with only integral control, the LMI (26) must
have a solution.

Let u∗ be defined as

u∗(t) = α(t) =−K4σ(t)+θ T
h Wh[v;Wh(0)](t)+ c0yr

where the integrator output σ is governed by

σ̇(t) = C[z̃T , x̃T ]T

Using this definition together with (27) and (28), we notice
that we can recover the closed-loop system defined in (23)
(excluding the terms related to η). Let χ̃ = [z̃T , x̃T ]T and
consider the Lyapunov function candidate

V (χ̃ ,α) =β χ̃T (t)P∗χ̃(t)+ 1/2α2(t) (30)

=

[
χ̃(t)
α(t)

]T [
βP∗ 0

0 1/2

][
χ̃(t)
α(t)

]
(31)

where α is defined as in (17). The derivative of V can be
written as (using (28)),

V̇ (χ̃,α)

=β χ̃T (t)P∗[Σ∗χ̃(t)+Bα(t)]+β [Σ∗χ̃(t)+Bα(t)]T P∗χ̃(t)
−α(t)K4Cχ̃(t)+α(t)θ T

h Ẇh[v;Wh(0)](t)

=−β χ̃T (t)Qχ̃(t)+α(t)χ̃T (t)[β2P∗
B−K4C

T ]

+α(t)θ̄h(t)(−K∗Σ∗χ̃(t)−K∗
Bα(t)−K4Cχ̃(t)) (32)

where K∗ = [K1,K2]. Let β be defined as

β = K4/2 (33)

and let F = −K∗Σ∗ −K4C. We can then rewrite V̇ in the
matrix form

V̇ (χ̃ ,α) =− 1/2

[
χ̃(t)
α(t)

]T [
K4Q θ̄h(t)FT

θ̄h(t)F 2θ̄hK∗B

][
χ̃(t)
α(t)

]
(34)

Define ζ = [χ̃T ,α]T , and

X =

[
K4Q θ̄h(t)FT

θ̄h(t)F 2θ̄hK∗B

]

Let S equal the Schur complement of X , i.e.

S = 2θ̄h(t)K
∗
B− θ̄h(t)

2F[K4Q]−1FT (35)

It is well known that X is positive definite if and only if both
K4Q and S ∈ ℜ are positive definite. Assuming that θ̄h > 0,
we can lower bound S with the expression

S ≥
[
2K∗

B− 1
K4λmin(Q)

‖θh‖1FT F

]
θ̄h(t) (36)

Note that this equation is independent of the solution to the
Lyapunov equation P∗; therefore, if K∗ is such that K∗B> 0,
we can always find a Q (and therefore a P∗) such that S is
positive definite for all θ̄h > 0. This implies that X is positive
definite, and therefore there must exist a sufficiently small
Λ such that X > ΛP, and therefore that P and Λ satisfy the
LMI condition (26).

Remark 3 Note that the above analysis assumes a generic
set of parameters (K1,K2,K4) and requires K∗B > 0 and
K4 > 0. Recall that B is a vector with all entries being zero
except the last one, which is the high-frequency gain k0 of
the plant. Therefore, for a typical feedback controller, both
aforementioned conditions are automatically satisfied.

We can now compare our results here with the passivity re-
sults achieved in [27] and in similar references such as [28].
In [27], dissipativity (a generalization of passivity) of the
Preisach operator is shown between the input and deriva-
tive of the output of the operator. In both our results here
and the results achieved in [27], by assuming the dynamics
are positive real or passive, the properties of the hysteresis
operator under consideration allow us to prove stability of
the system without any further restrictions on the hystere-
sis. The principal difference is that because dissipativity can
only be shown from the input to the derivative of the output
of a hysteresis operator, passivity-based results cannot prove
that the tracking error converges to zero, even for constant
reference signals.

4 Servocompensators for controlling systems with hys-
teresis

One special stabilizing controller of interest to our work
in nanopositioning is the servocompensator [39]. This con-
troller is capable of completely canceling disturbances
whose internal models are contained in the controller. This
property is also robust to plant uncertainty, as long as the
uncertainty does not destabilize the system. The form of this
controller is identical to that in (10), where C∗ is neutrally
stable, with eigenvalues located on the imaginary axis. B∗
is chosen to ensure that the pair (C∗,B∗) is controllable.
We now assume that the reference signal is generated by a
neutrally stable exosystem,

ẇ(t) =Sw(t) (37)
yr(t) =Ew(t) (38)

6

CONFIDENTIAL. Limited circulation. For review only

Preprint submitted to Automatica
Received June 26, 2013 16:53:41 PST



Let us assume that yr is periodic with period T . We next set
up the error coordinate transform,

z̃(t) =z(t)− z∗(t) (39)
x̃1(t) =x1(t)− yr(t)

...

x̃n(t) =xn(t)− y(n−1)
r (t) (40)

where z∗(t) is the steady state solution of

ż∗(t) =Fz∗(t)+Gyr(t) (41)

and the notation f (i)(t) denotes the ith derivative with respect
to time. This transform changes the γ dynamics into

γ̇(t) =

⎡
⎢⎢⎢⎢⎢⎣

F GC 0 0

−B(K1 −ψ) A0 −B(K2−λ ) −BK3 B

0 B∗C C∗ 0

0 −K4C 0 0

⎤
⎥⎥⎥⎥⎥⎦γ(t)

+

⎡
⎢⎢⎢⎢⎢⎣

0

−By(n)r (t)

0

θ̄hBKvγ(t)+ c0y
(1)
r (t)

⎤
⎥⎥⎥⎥⎥⎦ (42)

Let us assume that we have identified a P such that (26) is
satisfied for a given Λ. We can then use V (γ) = γ T Pγ as a
Lyapunov function candidate, the derivative of which obeys

V̇ (γ) =− 2ΛV(γ)+ 2γTP[0,−BT y(n)r (t),0,c0y(1)r (t)]T

(43)

<− 2Λλmin(P)‖γ‖2

+ 2λmax(P)‖γ‖‖[0,−BTy(n)r (t),0,c0y(1)r (t)]‖ (44)

where ‖·‖ denotes the Euclidian norm. We can see from this
equation that there must exist a sufficiently large γ such that
V̇ < 0; therefore γ enters a bounded positively invariant set
and γ remains bounded for all t. However, the disturbance
rejection properties of the servocompensator will allow us
to draw some further conclusions regarding the performance
of the system if we impose a periodicity assumption.

Assumption 1 The steady-state trajectory of γ(t) is T -
periodic.

Remark 4 The restrictiveness of such an assumption is
worth discussing. In [40], it was shown that if a nonlinear
system has an asymptotically stable T-periodic solution, the
system still possesses an asymptotically stable T -periodic
solution if the system is perturbed by a sufficiently small
hysteresis nonlinearity. This result represents the best avail-
able theoretical result for showing that a system with hys-
teresis possesses a T -periodic solution, and this was utilized
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Fig. 3. Hysteresis loops for play operators with equalized relative
gains, where r is equal to 0.7, and μ = 3.

in [34, 36] to prove stability and periodicity of a system
with hysteresis. However, the analysis of [34,36] requires a
sufficiently accurate hysteresis inversion to be incorporated
into the control, which we will see in our experimental
results may not be ideal. Though theoretical results are
lacking, many experimental results reported in the litera-
ture have shown that systems with hysteresis seem to posses
T-periodic solutions when driven by T-periodic references,
regardless of whether inversion is used or not [13, 15].

Utilizing Assumption 1, we can now investigate the steady
state tracking error, x̃1(t). Letting T = 2π/ω , we can write
x̃1(t) in a series form as

x̃1(t) =
∞

∑
i=1

Ri sin(iωt +φi) (45)

Let us assume that the matrix C∗ in our servocompensator
(10) has been chosen such that its eigenvalues are located at
± jkω , k ∈ ρ , where ρ is a finite-element vector of whole
numbers. Because x̃1(t) is the input to (10), the servocom-
pensator’s error regulation properties will force all com-
ponents of x̃1(t) whose internal models are contained in
C∗ to have zero amplitude at the steady state. Therefore,
Ri = 0,∀i ∈ ρ in (45).

5 Simulation Example: Verification of the LMI condi-
tion

We now demonstrate the feasibility and effectiveness of our
LMI condition with a simulation example. Let us consider
a linear system,

Gp(s) =
ω2

n

s2 + 2ζωns+ω2
n

(46)

where ζ = 0.5 and ωn = 1. Gp(s) is preceded by a PI op-
erator with r = [0,r,2r,3r], where r will be considered as
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a variable. The weights θ of the operator will be consid-
ered a function of r. In particular, for the play operator Pri,
1 ≤ i ≤ 3, θi will obey

θi(ri) =
2

2μ − 2ri
(47)

where we introduce μ as a design parameter. This choice
of θi is chosen to make sure the relative gains of the play
operators remain constant. By this, we mean that for any
ri < μ , if the input v to Pri [v;Wi(0)](t) is cycled periodically
from vmin = −μ to vmax = μ , then θiPri [vmax;Wi(0)](t) =
1. We have illustrated this idea in Fig. 3 for μ = 3. The
exception to this rule will be θ0, which we will fix at one.
This cascade of a PI operator and G p(s) will be controlled
by an integral controller,

σ̇(t) =y(t)− yr (48)
v(t) =− 0.25σ(t) (49)

where y(t) is the output of G p(s), and yr is a constant ref-
erence signal. Since our LMI results prove global stability,
we will set yr to be 100. The system described above can
be easily fit into the LMI framework (26), with

Σ0 +min(θ̄h(r))B
∗Kv =

⎡
⎢⎢⎣

0 1 0

−ω2
n −2ζωn 1

−0.25 0 0

⎤
⎥⎥⎦ ,

Σ0 +max(θ̄h(r))B
∗Kv =

⎡
⎢⎢⎣

0 1 0

−ω2
n −2ζωn 1

−0.25(1+ ‖θh(r)‖1) 0 0

⎤
⎥⎥⎦

where ‖ · ‖1 denotes the 1-norm.

To test the viability of our proposed method, we will now
begin to increase the value of r until rmax1 , at which our LMI
condition either becomes infeasible or produces a result that
cannot guarantee stability. Increasing the value of r makes
the hysteresis loops wider, meaning that the control becomes
less and less effective at compensating the system. When
r = 0.74, both LMIs (25) and (26) return results that cannot
guarantee stability. We then simulate our system, increasing
r each simulation until the tracking error no longer converges
to zero. We then denote this value of r as rmax2 . For our setup
described here, rmax2 = 0.8, with the system entering a limit
cycle rather than converging to zero. Our LMI framework is
therefore fairly effective, as it is able to guarantee stability
up to 92.5% of rmax2 .

One behavior worth noting is that the value of rmax2 observed
in simulation can vary with the value of yr. For example, if
yr = 3, r can be increased to 0.89 before instability occurs.
This would indicate that there is a region of attraction for this
system, inside which the tracking error converges to zero.
This indicates that the conservatism of our LMI condition
is dependent on the value of the reference input y r.

6 Applications to Nanopositioning Control

We now confirm the theoretical results of our paper, in par-
ticular those of Section 4, using experiments. Additional
details of model development and controller design can be
found in our prior work focused on servocompensator de-
sign for nanopositioning control [34].

We performed a series of tracking experiments on a commer-
cial nanopositioner (Nano OP-65, from Mad City Labs), and
compared the results under different control schemes. Online
control implementation and data collection was provided
by a dSPACE platform (DS1104). Our work begins with
the formulation of the mathematical model of the nanopo-
sitioner used to design the controller. A hysteresis operator
cascaded with linear dynamics was considered, as illustrated
in Fig. 2. Two steps are required to create such a model:
first, quasi-static large amplitude signals are used to iden-
tify a hysteresis model, then small-amplitude sinusoids are
applied over a wide band of frequencies to identify the vi-
brational dynamics. As the hysteresis of our nanopositioner
was not odd-symmetric, we utilized a modified PI operator
Γ with 8 play operators and 9 deadzones to model the hys-
teresis. The weights of the play operators were

θh =[0.694,0.196,0.041,0.050,0.040,
0.050,0.023,0.054]

and the weights of the deadzones were

θd =[1.056,0.650,0.327,0.432,9.130,
− 1.138,−0.154,−0.787,−0.296]

Our vibrational dynamics were modeled by a 4th-order trans-
fer function,

Gp(s)=
4.7 ·1017

s4 + 1.6 ·104s3 + 6.6 ·108s2 + 5.0 ·1012s+ 8.3 ·1016

(50)
In order to improve computation accuracy we used a bal-
anced state-space realization [41] of the system (50). This
results in the model

ẋ(t) =1.0× 104

⎡
⎢⎢⎢⎢⎢⎣
−0.024 1.614 −0.126 0.061

−1.614 −0.266 0.721 −0.161

−0.126 −0.721 −1.060 1.677

−0.061 −0.161 −1.677 −0.221

⎤
⎥⎥⎥⎥⎥⎦x(t)

+

⎡
⎢⎢⎢⎢⎢⎣

76.47

240.4

242.7

83.37

⎤
⎥⎥⎥⎥⎥⎦u(t)

y(t) =
[
76.47 −240.4 242.7 −83.37

]
x(t) (51)
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Note that, while this nominal dynamics model will be used
for controller design, the actual dynamics model of the
nanopositioner would have unity gain at DC. This is a con-
sequence of the hysteresis modeling; the gain of the system
is effectively incorporated into the hysteresis model. This
was discussed in Remark 1. After identifying our modified
PI operator, the minimum gain of the hysteresis operator
was found to be 4.69, with a maximum of 13.36, while the
gain of the plant (51) is 5.62. Let the equation

ẋu(t) =Auxu(t)+Buu(t) (52)
yu(t) =Cuxu(t) (53)

denote the canonical form of the dynamics (51) with unity
gain, i.e. y(t) = 5.62yu(t). We can then fit our nanoposi-
tioning system into the form considered in (7)-(9) by letting
m = 0 and p = 4, where

A0 +Bλ = Au, B = Bu, C =Cu (54)

Our experiments focused on tracking sinusoidal signals of
the form

yr(t) = 20sin(2πωt)+ 30 μm (55)

where ω = 5,25,50,100,200. We utilized two classes of
controllers in our tests. First, we utilized the servocompen-
sator controller described in Section 4. A Luenberger ob-
server, based on the model in (51), was implemented to em-
ulate state feedback. Because u(t) is unavailable, the control
signal v(t) was used in this observer. The controller gains are
chosen using a robust Riccati equation method [42] based
on the nominal dynamics model (51), a method which was
also used in [34]. Let v(t) = [K2,K3,K4]γ(t) denote the con-
trol synthesized by this method. Based on the definitions of
(54) and Remark 2, θ̄h for the modified PI operator consid-
ered takes values in the interval [4.69/5.62,13.36/5.62] =
[0.83,2.38]. The boundaries of this interval form the values
of min(θ̄h) and max(θ̄h). We can then use the LMI toolbox
of MATLAB to solve for the matrix P in (25) or (26).

Four different versions of the servocompensator-based con-
troller are used in our experiments. First, we consider a
single-harmonic servocompensator (SHSC) with eigenval-
ues of 0,± jω and a multi-harmonic servocompensator
(MHSC) with eigenvalues of 0,± jkω , k = 1,2,3, both of
which are coupled with hysteresis inversion. The inverse of
a modified PI operator can be computed in a closed-form,
a procedure that is described in [23]. Prior experimental
tests have shown the effectiveness of these controllers in
nanopositioning control [34].

The final two servocompensators used are the SHSC and
MHSC designed to operate without hysteresis inversion, the
stability of which can be guaranteed by verifying the LMI
condition in (26). For example, consider an SHSC with ω =
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Fig. 4. Mean tracking error for controllers used in experimental tri-
als. SHSC refers to compensation of only the reference harmonic,
and MHSC refers to compensation of the first, second, and third
harmonics of the reference.

50. Our controller gains are chosen (according to the method
of [34, 42]) as

[K2,K3,K4] = [0.059,0.081,0.053,
0.021,−0.002,−1.4,−1.00]

The LMI condition (26) can then be verified in the LMI
toolbox, with Λ = 4.44. We also utilize Iterative Learning
Control [17] for comparison purposes in our tests. Like the
servocompensator, this method is specialized to periodic sig-
nals, and is also robust to plant uncertainty. It is also well
accepted in the field of nanopositioning control.

Fig. 4 shows the resulting tracking error of the MHSC and
SHSC with and without inversion, together with the Itera-
tive Learning Control (ILC) results. One trend observed in
all of the servocompensator-based controllers is that their
performance is substantially more robust to increasing fre-
quency than ILC. This is particularly true for the servocom-
pensators that do not use inversion, which see very little
variation in their performance until the reference reaches
200 Hz. We immediately note that the SHSC without inver-
sion is the worst-performing controller; this is contrasted by
the performance of the MHSC without inversion, which is
the best-performing controller.

This seeming contradiction can be explained by looking into
the frequency spectra of the error signals, provided in Fig. 5.
We can see from this graph that the frequency components
of the tracking error above 600 Hz are larger when inversion
is used as compared to when it is left out. The modified PI
operator attempts to approximate the hysteresis with non-
smooth play and deadzone operators. Therefore, we expect
more high frequency components to be introduced into the
system using inversion than when inversion is left out. The
performance difference between the controllers is explained
by the amplitude of the second and third harmonics, which
are much larger without inversion than with inversion. How-
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Fig. 5. Frequency spectrum of the tracking error with SHSC with
and without inversion. Bump near 3 kHz is caused by the resonance
peak of the nanopositioner.

ever, once the MHSC is used, these harmonics are compen-
sated and removed from the system, meaning that the overall
tracking error is greatly reduced, especially when inversion
is not used. In addition, the removal of the hysteresis inver-
sion greatly reduces the computational requirements of the
controller. For example, the MHSC without hysteresis in-
version averaged a computation time of 28 μs per sampling
period, while the MHSC with inversion required 45 μs of
computation time. This is a significant savings, especially
since the controller possesses half the mean tracking error
when the inversion is removed.

7 Conclusions and Future Work

This paper has provided sufficient conditions for asymptotic
or exponential stability of systems with hysteresis. These
results contribute to the state of the art due to the lack of
restrictions on the order or number of zeros in the dynam-
ics model, and the ability to prove that the tracking error
converges to zero when constant references are considered.
This framework was also used to prove boundedness un-
der general reference trajectories. Based on these results, we
demonstrated the effectiveness of servocompensator-based
controllers in nanopositioning systems, where our stability
framework allows us to improve the tracking error perfor-
mance two-fold over existing techniques.

Future work will focus on two directions. First, we will
work towards a systematic controller synthesis technique in
order to satisfy the LMI conditions (25) and (26). Second,
we will attempt to rigorously prove the stability of observer-
based controllers in systems with hysteresis by extending
our existing framework.
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