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Abstract—Paired pectoral fins that are capable of rowing mo-
tions are an important actuation mechanism for robotic fish. Ex-
isting work in this area typically adopts a rigid connection between
the actuator and the pectoral fins, which requires a faster actu-
ation speed in the power stroke than in the recovery stroke to
produce a net thrust or moment. In addition to increasing the con-
trol complexity, the latter requirement leads to slow robot speeds
due to prolonged deceleration during the recovery stroke. In this
paper, we propose the design of a novel flexible passive joint that
connects the servomotor arm to the pectoral fin, to overcome the
aforementioned problem. A dynamic model is developed for the
joint and for a robotic fish equipped with such joints. The design
and the model are evaluated with extensive experimental results.
With symmetric actuation patterns during the power and recovery
strokes, the robotic fish with the proposed joints shows clear speed
advantage over the case involving rigid joints and asymmetric ac-
tuation. Motivated by the need for design optimization, the model
is further utilized to investigate the influence of the joint length
and stiffness on the robot locomotion performance and efficiency.
It is found that, for low fin-beat frequencies, longer or more flexi-
ble joints lead to higher speeds, and the trend is reversed at high
fin-beat frequencies. On the other hand, while the mechanical ef-
ficiency shows a decreasing trend when the frequency increases, it
is higher with shorter joints. These findings suggest the utility of
the proposed model for multiobjective design of the joint and its
operating frequency.

Index Terms—Blade element theory, dynamic model, efficiency,
labriform locomotion, pectoral fins, robotic fish.

I. INTRODUCTION

UNDERWATER creatures, especially fish, have fascinating
swimming abilities and behaviors, which have motivated

tremendous interest in fish-like underwater robots, often known
as robotic fish. Fish swimming has been studied extensively
for decades [1]–[4]. The understanding of fish locomotion
and maneuvering has inspired various designs of robotic fish
[5]–[8]. Fish-like robots are expected to be more efficient,
stealthy, and maneuverable than traditional underwater vehicles
[9]. Robotic fish have a wide range of applications, examples
of which include monitoring aquatic environments [10], [11]
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Fig. 1. Types of pectoral fin motion (Adapted from [33]). The rotation axes
for the rowing, feathering, and flapping motions are vertical, transverse, and
longitudinal, respectively.

and serving as a tool for studying the locomotion and social
behavior of live fish [12].

Robotic fish can be actuated in many different ways, which,
inspired by live fish motion, all involve deforming the body
and/or moving the fins [13]–[17]. The latter can be done by uti-
lizing motors [18]–[20], or smart materials [21]–[25]. Work has
also been reported on fins with tunable stiffness for optimiza-
tion of propulsion performance [26]–[30]. One of the swimming
modes that a live fish often uses in maneuvering and assistive
propulsion is the “labriform” swimming mode, in which the
fish oscillates its paired pectoral fins to generate thrust [3], [4].
Previous works done on a robotic fish actuated by paired pec-
toral fins include both rigid pectoral fins [31]–[35] and flexible
fins or fins with controlled curvature [36]–[39]. As illustrated in
Fig. 1, pectoral fin motions can generally be classified into three
modes based on the axis of rotation, rowing, feathering, and
flapping. The feathering motion represents fin rotation about
the transverse axis, and in robotic fish, feathering pectoral fins
have often been used as bow planes to control the dive and as-
cent of the robots [31], [40], [41]. The flapping motion involves
fin rotation about the longitudinal axis, which has been used in
several robotic manta rays involving expanded flexible pectoral
fins [42], [43]. Finally, the rowing motion involves fin rotation
about the vertical axis, which can be utilized for a number of
in-plane locomotion and maneuvering tasks, such as forward
swimming, sideway swimming, and turning [44].

The fin-beat cycle in the rowing motion involves a power
stroke, where the fin rotates toward the back of the robot and
gains thrust via the induced-drag on the fin, and a recovery
stroke, where the fin rotates back toward the front of the body
and gets ready for the next cycle. In order to generate a net
thrust over each cycle, the fin has to be actuated differently in the
power and recovery strokes. For example, one can actuate the fin
(much) faster in the power stroke than in the recovery stroke [38].
The downside of this approach, however, is that the robot will
decelerate and lose momentum during the extended recovery
stroke and the resulting robot motion is slow. An alternative
approach is to feather the fin to reduce its effective area and,
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thus, drag during the recovery stroke [19], [34], [44]. The latter,
however, entails the need of one additional actuator for each
pectoral fin, which significantly increases the size, weight, and
complexity of the fins and the overall robot.

The contribution of this paper is the proposal and modeling
of a flexible, passive joint for a pectoral fin that enables net
thrust generation under symmetric actuation of a single rowing
actuator in power and recovery strokes. The proposed design
has significantly reduced complexity and cost comparing to the
approach adopting active feathering, and as demonstrated later
in the paper, it results in superior swimming performance com-
paring to the case of a single actuator with a rigid link and
differential power/recovery actuation. The flexible joint allows
the pectoral fin to sweep back passively during the recovery
stroke, while following the motion prescribed by the actuator
during the power stroke. Consequently, the fin experiences less
drag in the recovery stroke than in the power stroke, resulting
in a net thrust. To analyze the robot locomotion performance,
a dynamic model is developed for the joint and fin structure
and for a robotic fish equipped with a pair of such pectoral fins.
This model is then validated by performing experiments on a
free-swimming robotic fish. Experiments are also conducted to
compare the robot performance using the flexible joint with the
case where a rigid joint is used. The model is further exploited
to investigate the effect of length and stiffness of the flexible
joint on the robotic fish swimming performance at different fin-
beat frequencies. Joint structures of different length and stiffness
values are prototyped with a multimaterial 3-D printer to con-
firm the model analysis. Finally, the mechanical efficiency for
a given flexible joint design is computed, which, along with
the swimming performance analysis, offers an instrumental tool
for multiobjective optimization of the fin joint and its operating
frequency.

A preliminary version of this work was presented at the 2014
IROS conference [45]. The improvement of this paper over [45]
includes the following. First, on the experimental side, data re-
ported here were collected with a new robotic fish prototype
using an enhanced experimental setup (for example, robot tra-
jectories were captured and extracted with an OptiTrak system,
while in [45], the measurements were conducted manually). In
addition, additional experiments were carried out on the robotic
fish in an anchored configuration, to capture the images of fin
joints during actuation for model validation (see Figs. 11 and
12). Most, if not all, figures involving data in this paper are
different from those in [45]. Second, the analysis of mechanical
efficiency was not included in [45]. Finally, the writing has been
polished throughout the paper.

The remainder of this paper is organized as follows. The
design and prototyping of the flexible rowing joint are described
in detail in Section II. Section III presents the dynamic model for
the joint structure along with the model for robotic fish adopting
such joints for pectoral fins. Blade element theory is used to
calculate the hydrodynamic forces on the pectoral fins, and the
flexible rowing joint is modeled as a pair of torsional spring
and damper. In Section IV, experimental results are provided to
support the modeling analysis. The effect of the flexible joint
length and stiffness is investigated in Section V. The mechanical
efficiency of robotic fish adopting a given design of the pectoral

Fig. 2. Illustration of the motion of the pectoral fins with flexible rowing joints
(top view): (a) Power stroke, (b) recovery stroke. The flexible joints are marked
with red dots.

Fig. 3. Proposed flexible rowing joint designed in SolidWorks software:
(a) During the power stroke, the mechanical stopper prevents the fin from
sweeping forward passively (which would reduce thrust), (b) during the recov-
ery stroke, the fin bends back passively under the hydrodynamic forces, which
reduces the drag on the fin and thus on the robot, and (c) 3D-printed rowing
passive joint assembled on the robotic fish.

fin joint is derived and explored numerically in Section VI.
Finally, concluding remarks are provided in Section VII.

II. JOINT DESIGN

This section is dedicated to describing the design and proto-
typing of the proposed flexible rowing joint. Each pectoral fin
moves back and forth utilizing a servo motor as the source of
actuation. In fish locomotion, the main target is to maximize
the overall thrust force and minimize the hydrodynamic drag
force in the recovery stroke [3]. To meet this goal for a robotic
fish, the flexible rowing joint is designed such that the pectoral
fin maintains the motion prescribed by the servo in the power
stroke, to produce the maximum thrust, while sweeping back
passively along the body in the recovery stroke, to minimize the
drag force on the fin. Fig. 2(a) and (b) illustrates the motion of
the pectoral fins with the flexible rowing joints during the power
and recovery strokes, respectively. One can see that, in this case,
the fin plane stays vertical throughout the stroke cycle and, thus,
the resulting hydrodynamic force is restricted to the horizontal
plane. SolidWorks software is used to design the passive joints,
which is shown in Fig. 3. The entire joint assembly consists of
four parts:

1) A rigid servo arm connection that will fit to the servo arm,
2) A mechanical stopper rigidly attached to the servo arm

connection,



BEHBAHANI AND TAN: DESIGN AND MODELING OF FLEXIBLE PASSIVE ROWING JOINT FOR ROBOTIC FISH PECTORAL FINS 1121

TABLE I
SPECIFICATIONS OF FOUR DIFFERENT FLEXIBLE ROWING JOINTS

Joint name Flexible part Flexible part
material length (mm)

JR1 FLX980 0.5
JR2 FLX980 1
JR3 FLX980 1.5
JR4 DM9850 0.5

3) A fin mount (rigid) with a slit for attaching the pectoral
fin,

4) A piece of flexible material with a rectangular shape, serv-
ing as the joint between the servo arm connection and the
fin mount.

The stopper is designed to prevent the pectoral fin from sweep-
ing forward passively and let it follow the prescribed servo
motion, during the power stroke, as illustrated in Figs. 2(a) and
3(a), while allowing the fin to sweep back passively during the
recovery stroke, as illustrated in Figs. 2(b) and 3(b).

The joint is prototyped using a multi-material 3-D printer
(Connex 350 from Objet). The printer is capable of simultane-
ously jetting rigid and flexible materials, so the entire joint struc-
ture is printed seamlessly as a single piece, as shown in Fig. 3(c).
All the rigid parts are printed with RGD835 (VeroWhitePlus).
Two different materials, FLX980 (TangoBlackPlus), which is
the most flexible material from the printer, and DM9850 (Dig-
ital Material 9850), which is still flexible but stiffer than the
former, are explored for the flexible part of the joint structure.
Other than different stiffnesses for the flexible part, we aim to
investigate the effect of joint dimension on the performance
of the fish as well. To do so, four different joints are printed,
three using FLX980 and one using DM9850. All the joints have
fixed depth and thickness of 10 and 1 mm, respectively, to en-
sure the joints survive through extensive experiments. Table I
summarizes the specifications of all four joints.

III. DYNAMIC MODELING

One of the main foci of this study is to analyze and compare
the passive joint mechanism with a traditional rigid joint. For
this purpose, we have developed a dynamic model for robotic
fish propelled with pectoral fins, for the case involving flexible
and passive rowing joints. The fluid that the robotic fish operates
in is considered to be inviscid and incompressible. The robot is
assumed to have a rigid body with a pair of rigid pectoral fins,
which are coupled to the actuator arms through the proposed
flexible joints. While one can incorporate an active caudal fin
for the robotic fish, as we did for our prototype reported in
this paper, its modeling and study are outside the scope of this
paper. The blade element theory [3] is used to evaluate the
hydrodynamic forces generated by the pectoral fins.

A. Rigid Body Dynamics

To model the robotic fish motion properly, some coordinate
systems need to be defined. As illustrated in Fig. 4, the inertial

Fig. 4. Top view of the robotic fish actuated by pectoral fins in a planar motion.

coordinate system is denoted with [X,Y,Z], and the body-fixed
coordinate system is represented by [x, y, z], with the corre-
sponding unit vectors denoted by [̂i, ĵ, k̂], which is attached to
the center of mass of the robotic fish. Here the x-axis is along
the body’s longitudinal axis pointing to the head, the z-axis is
perpendicular to the x-axis and points upward, and the y-axis is
automatically formed by the right-hand orthonormal principle.
We denote by �rcp

= cp ĵ the vector pointing from robotic fish
center of mass to the base of the pectoral fin servomotor (point
A0). Point A1 is the base of the pectoral fin. We use m̂ and n̂ to
denote the unit vectors parallel and perpendicular, respectively,
to each pectoral fin, where subscripts r and l are used to denote
the right and left fins, respectively. The robotic fish is considered
to be neutrally buoyant. Let VC = [VCx

, VCy
, VCz

]T denote the
velocity vector of the robotic fish in the body-fixed coordinates,
where VCx

, VCy
, and VCz

are the surge, sway, and heave compo-

nents, respectively. On the other hand, ωC = [ωCx
, ωCy

, ωCz
]T

denotes the body-fixed angular velocity vector of the body,
where ωCx

, ωCy
, and ωCz

are the roll, pitch, and yaw com-
ponents, respectively. We use γ1 and γ2 , along with subscripts
r and l, to denote the angle of the servo, and deflection angle
of each pectoral fin with respect to the x-axis, respectively. The
angle of attack for the body is denoted as β, which is the angle
between the x-direction of the body-fixed coordinate system and
the velocity vector VC . Finally, let ψ denote the angle between
the x-axis and X-axis.

The rigid body dynamics in the body-fixed coordinates are
represented as [46][

m 0
0 I

][
V̇C

ω̇C

]
+

[
ωC × mVC

ωC × IωC

]
=

[
f
τ

]
(1)

where m is the mass matrix (incorporating both the actual robot
mass and the added mass, which is calculated considering an
ellipsoid accelerating in the fluid [47]), I is the inertia matrix
(including both the actual and added inertias), f = [fx, fy , fz ]T

represents the external hydrodynamic forces, τ = [τx, τy , τz ]T

represents the external moments, applied to the center of mass
of the robotic fish, and “×” denotes the vector product.
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In this paper, we focus on the planar motion for the robotic
fish, so it has three degrees of freedom, namely, surge (VCx

),
sway (VCy

), and yaw (ωCz
). We further assume that the body

is symmetric with respect to the xz-plane, the pectoral fins
move in the xy-plane, and the z-axis of the body-fixed frame is
parallel to the z-axis of the inertial frame. The inertial couplings
between these three states are assumed to be negligible [23],
which simplifies (1) to

(mb − max
)V̇Cx

= (mb − may
)VCy

ωCz
+ fx (2)

(mb − may
)V̇Cy

= −(mb − max
)VCx

ωCz
+ fy (3)

(Iz − Iaz
)ω̇Cz

= τz (4)

where mb is the robotic fish mass, −max
and −may

are the
added mass components along the x- and y-directions of the
body-fixed coordinates, respectively. Iz is the robot inertia about
the z-axis, and −Iaz

is the added inertia of the robot about the
same axis. The variables fx , fy , and τz denote the external
hydrodynamic forces and moment exerted on the fish body,
which are described as

fx = Fhx
− FD cos β + FL sin β (5)

fy = Fhy
− FD sin β − FL cos β (6)

τz = Mhz
+ MD (7)

where Fhx
, Fhy

, and Mhz
are the hydrodynamic forces and

moment transmitted to the fish body by the pectoral fins and the
calculation procedure is addressed in detail in Section III-B. FD ,
FL , and MD are the body drag, lift, and moment, respectively.
These forces and moment are expressed as [23], [31], [48]

FD =
1
2
ρV 2

C SACD (8)

FL =
1
2
ρV 2

C SACLβ (9)

MD = −CM ω2
Cz

sgn(ωCz
) (10)

where VC is the linear velocity magnitude of the robotic fish

body, VC =
√

V 2
Cx

+ V 2
Cy

, ρ is the mass density of water, SA is

the wetted area of the body, CD , CL , and CM are the dimension-
less drag, lift, and damping moment coefficients, respectively,
and sgn(.) is the signum function.

Finally, the kinematics of the robotic fish is described as [48]

Ẋ = VCx
cos ψ − VCy

sin ψ (11)

Ẏ = VCy
cos ψ + VCx

sin ψ (12)

ψ̇ = ωCz
. (13)

B. Hydrodynamic Forces From Pectoral Fins With Flexible
Rowing Joints

In this section, we present the detailed model for computing
the hydrodynamic forces generated by the pectoral fins. First,
we introduce the blade element theory that is used to evaluate
the hydrodynamic forces and moment for a given fin move-
ment. We then describe the dynamic model of the pectoral fins

Fig. 5. Illustration of a rigid, rectangular pectoral fin and its parameters and
variables.

under the proposed flexible joints, which enable the computa-
tion of the corresponding hydrodynamic forces and moment for
a prescribed servo motion.

1) Blade Element Theory: Following [3], the blade element
theory is used to evaluate the hydrodynamic forces on the pec-
toral fins. For ease of calculations, the pectoral fin is considered
to be rectangular with span length S and chord length (depth)
C, as illustrated in Fig. 5. The following calculation uses the
left pectoral fin as an example, but it will extend trivially to the
right pectoral fin.

The relationship between the unit vectors m̂ and n̂, and the
body-fixed coordinates is given by

m̂ = cos γ2 l
î + sin γ2 l

ĵ (14)

n̂ = − sin γ2 l
î + cos γ2 l

ĵ. (15)

The hydrodynamic forces on the pectoral fin have span-wise
and normal components. Since the pectoral fins are considered
to have pure rowing motion in this study, the angle between the
pectoral fin and the flow is large, which results in a very small
span-wise force, which arises from friction, and can be neglected
[49]. In blade element theory, the normal force dFn (s, t) is
calculated on each defined blade element, ds, at time t

dFn (s, t) =
1
2
CnρC|�vp(s, t)|2ds (16)

where �vp(s, t) is the velocity of each blade element of the pec-
toral fin as a result of both the robot body motion and the pectoral
fin motion, and Cn is the normal force coefficient, which de-
pends on the angle of attack of each arbitrary blade, α(s, t).
Utilizing a model empirically evaluated for insect wings and as-
suming that its validity holds underwater [47], Cn = 3.4 sin α.
The details on calculating the angle of attack for the fin is pre-
sented in Section III-B2. The total hydrodynamic force acting
on each pectoral fin is calculated by integrating the force density
along the span length of the fin

Fn (t) =
∫ S

0
dFn (s, t) . (17)

2) Modeling of the Flexible Joint: The motion of the fin in
both power and recovery strokes should be known, in order
to utilize blade element theory to calculate the hydrodynamic
forces. To do so, the flexible rowing joint is modeled as a couple
of torsional spring and damper, where the parameters are derived
from the properties of the flexible part and its dimensions. We
consider the servo arm and the rigid pectoral fin as two links,
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Fig. 6. Dynamic configuration of the pectoral fin with flexible rowing joint
during: (a) Power stroke, and (b) recovery stroke. A1 represents the flexible
joint.

which are connected by the flexible rowing joint. We denote the
angles made by the first and second links with respect to the
x-axis as γ1 and γ2 , respectively. As illustrated in Fig. 6(a),
during the power stroke, the angle γ1 is dictated by the servo
and the fin follows the prescribed motion of the servo arm,
resulting in γ2 = γ1 , so the trajectory of the pectoral fin is fully
known. On the other hand, for the recovery stroke, the motion
of each point on the rigid fin is determined by the hydrodynamic
interactions, as shown in Fig. 6(b). Therefore, we need to find
the angle of the second link, γ2 , in order to compute the motion
of each point on the fin.

Refer to Fig. 4. Velocities of the point A0 (base of the ser-
vomotor) and point A1 (base of the pectoral fin) in the inertial
frame can be expressed as

�vA 0 (t) =
{
VCx

− cpωCz

}
î +

{
VCy

}
ĵ (18)

�vA 1 (t) = �vA 0 −
{
l1(γ̇1 + ωCz

) sin γ1
}

î

+
{
l1(γ̇1 + ωCz

) cos γ1
}

ĵ (19)

where cp is the distance from the body center to point A0 , and
l1 is the length of the servo arm. The velocity at each point s
along the pectoral fin is

�vp(s, t) = �vA 1 −
{
s(γ̇2 + ωCz

) sin γ2
}

î

+
{
s(γ̇2 + ωCz

) cos γ2
}

ĵ

= vpx î + vpy ĵ. (20)

The angle of attack of each blade element is calculated via

tan α =
〈vp(s, t), n̂〉
〈vp(s, t), m̂〉 =

−vpx sin γ2 + vpy cos γ2

vpx cos γ2 + vpy sin γ2
(21)

where 〈·, ·〉 denotes the inner product, vpx and vpy are the ve-
locity of the pectoral fin in x- and y-direction, respectively. The
total force acting on the rigid pectoral fin is

�F2 = �Fn − �FA 1 = mp
d�vp(s, t)

dt

∣∣∣∣
s= S

2

(22)

where �FA 1 represents the force applied by the rigid pectoral fin
on the servo arm, and mp is the effective mass of the rigid fin
(which contains the fin mass and the added mass, where the

added mass is calculated based on a rigid plate moving in the
water) [50].

The moment of the rigid fin relative to its pivot point (point
A1) is evaluated as

�Mn =
∫ S

0
sm̂ × dFn . (23)

Note that �Mn is a function of γ2 and γ̇2 . The moment produced
by the torsional spring and damper (namely, the flexible joint
itself) is evaluated as

�M(S+D ) = [KS (γ1 − γ2) + KD (γ̇1 − γ̇2)]k̂ (24)

where KS and KD are the spring and damper coefficients used
to model the flexible rowing joint.

The total moment equation of the rigid fin relative to point
A1 is written as

�M2 = �Mn + �M(S+D ) = Ip(γ̈2 + ω̇Cz
) (25)

where Ip is the effective inertia of the rigid fin (which contains
the fin inertia and the added inertia, and is calculated base on a
rigid plate moving in the water) and γ̈2 is the angular acceleration
of the second link. By solving (25), which is a second-order
equation for γ2 , the dynamics of the pectoral fin with a flexible
joint in the recovery stroke is fully described.

The hydrodynamic force transmitted to the servo arm can
be obtained as �FA 1 = Fnn̂ − mp

d�vp (s,t)
dt , where d�vp (s,t)

dt can be
evaluated once γ2 and γ̇2 are solved from (25). The total force
exerted by the arm on the robot body is

�Fh = Fhx
î + Fhy

ĵ = �FA 1 . (26)

The moment applied by the fin on the body is represented as

�Mh = Mhz
k̂ = cp ĵ × �FA 1 . (27)

By substituting (26), (27) into (5)–(7), the dynamics of the
robotic fish utilizing flexible rowing joints are fully described.

The presented model applies to the case where the robotic fish
is free-swimming. The coupled body and fin motions introduce
significant complexity in evaluating the fin-generated hydrody-
namic force and moment. Alternatively, one could assume an
anchored robot body when evaluating the fin-produced force
and moment, as often adopted in the literature for similar prob-
lems [6], [48], [51]. While the latter simplification, also adopted
in the simulation part of this paper, introduces modeling error,
the error is typically acceptable considering the much larger fin
velocity comparing to the velocity of the robot itself.

IV. EXPERIMENTAL MODEL VALIDATION

A. Robotic Fish Prototype and Experimental Setup

To evaluate the proposed flexible rowing joint mechanism
and validate the presented dynamic model, we conduct experi-
ments on a free-swimming robotic fish prototype. The robot is
designed to swim on the surface and is slightly positive buoyant
with about 15% of its height above water (as opposed to the
neutrally buoyant assumption for dynamic modeling). Due to
the relatively slow pectoral fin-actuated locomotion, the effect
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Fig. 7. Robotic fish prototype: (a) Designed SolidWorks model; (b) 3D-
printed robotic fish body along with mounted fins.

Fig. 8. Experimental setup: (a) Schematic; (b) actual.

of tank walls and surface waves is contemplated to be negligible
in this study. The body of the robotic fish is designed in Solid-
Works and 3D-printed. Both the design schematic and the actual
prototype are shown in Fig. 7. This prototype is about 15 cm
long, 8 cm high, and 4.6 cm wide without the pectoral and cau-
dal fins, and weighs close to 0.3 kg. The robotic fish utilizes a
pro mini microcontroller board from Arduino to realize the con-
trol of the three servos. A power converter printed circuit board
is specifically designed for this robotic fish. Three waterproof
servos (Traxxas 2065) are utilized to actuate the fins, although
tail actuation is not included in this study. The servomotors are
programed to rotate each pectoral fin according to

γ1(t) = γA sin(ωγ t) + 90◦ (28)

with γA and ωγ denoting the amplitude (in degree) and the angu-
lar frequency of fin actuation, respectively. The actual pectoral
fins are made of a polypropylene sheet with 0.5 mm thickness
and Young’s modulus of approximately 2 GPa, which is consid-
ered to be almost rigid.

The experiments are conducted in a tank that measures 2 feet
wide, 6 feet long, and 2 feet deep. The tank is equipped with a
motion capture system from NaturalPoint, which contains four
Optitrack Flex 13 cameras along with the Motive software to
capture the motion of the robotic fish. The experimental setup is
shown in Fig. 8. Two types of experiments, forward swimming
and turning, are performed to evaluate the dynamic model. We
let the robotic fish swim for some time (approximately 30 s) to
reach the steady-state motion, and then video-tape its swimming.
For example, in the forward swimming case, we record the time

TABLE II
IDENTIFIED MODEL PARAMETERS

Component Parameter Value Unit

Body Mass (mb ) 0.295 Kg
Inertia (Iz ) 4.26 × 10−4 Kg/m2

−ma x 0.095 Kg
−ma y 0.1794 Kg
−Ia z 2.7 × 10−5 Kg/m2

Wet surface area (SA ) 0.0325 m2

Drag coef. (CD ) 0.42 –
Lift coef. (CL ) 4.86 –
Moment coef. (CM ) 7.6 × 10−4 Kg/m2

Fin Length (S ) 0.043 m
Depth (C ) 0.025 m
Servo arm length (l1 ) 0.01 m
Effective mass (mp ) 0.0194 Kg
Effective inertia (Ip ) 3.49 × 10−6 Kg/m2

Distance from body center
cp to servo base, 0.025 m
Water density (ρ) 1000 Kg/m3

it takes for the robot to swim a distance of 50 cm. The experiment
for each setting is repeated ten times. Finally, we analyze the
captured videos to extract the steady-state speed for the forward
swimming, and turning radius and period for the turning motion.

B. Parameter Identification

The parameters for the dynamic model are measured directly
or calculated based on measurements and are listed in Table II.
The body inertia about z-axis is evaluated as Iz = 1

5 mb(a2 +
c2), where a = Body length

2 and c = Body width
2 are the semiaxis

lengths [23]. Even though the robotic fish body (with all its
internal components) is not homogeneous, later experimental
results show that the aforementioned inertia formula produces a
satisfactory approximation to the reality. The wet surface area,
added masses, and added inertia are calculated considering a
prolate spheroid accelerating in the fluid [23], [52].

The robotic fish drag and lift coefficients, CD , CL , and CM ,
are empirically identified using the data collected when the
robotic fish is equipped with rigid joints for the pectoral fins.
With the rigid joints, the power stroke and recovery stroke need
to have different fin speeds, in order to produce a net thrust [38].
This ratio is denoted as P

R ( Power stroke speed
Recovery stroke speed ), which is equal to 1

for the symmetric fin-beating pattern. In this paper, experiments
are conducted for the cases of P

R = 2, 3, 4, and 5. The experi-
mental results for both forward and turning swimming motions
of the robotic fish with P

R = 2 are used in the body parame-
ter identification. Turning is realized by actuating one pectoral
fin only. In particular, these parameters are tuned to match the
forward velocity, turning radius, and turning period obtained in
simulation with the experimental measurement when two differ-
ent power stroke speeds are used, completing the power stroke
in 0.5 and 0.3 s, respectively. The fin-beat amplitude is set to γA

= 25◦. The resulting coefficients are CD = 0.42, CL = 4.86,
and CM = 7.6 × 10−4 Kg/m2 . These parameters are then used
in independent model validation for all other cases using the
flexible rowing joint.
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Fig. 9. Experimental results of the forward swimming velocity versus (a) power stroke time, and (b) effective actuation frequency, for the cases of rigid joint
and flexible rowing joint.

Fig. 10. With fin-beat frequency of 1 Hz: (a) Variation of the pectoral fin and servo arm angle for one movement cycle, (b) Variation of the pectoral fin angle of
attack for one movement cycle, (c) Variation of the total hydrodynamic force exerted to robotic fish body in x-direction (Fhx ) versus simulation time, (d) Variation
of robotic fish velocity in x-direction (VC x ) versus simulation time.

Among all the rowing joints mentioned in Table I, joint “JR1”
results in the highest forward velocity. Without the loss of
generality, this case is chosen to illustrate the model valida-
tion performance. To identify the spring and damper coeffi-
cients, KS and KD are tuned to match the forward swimming
velocity of the robotic fish obtained in simulation with the
experimental measurements for fin-beat frequencies of 0.75,
1, and 1.5 Hz. The coefficients are identified KS = 6.34 ×
10−4 N·m and KD = 9.98 × 10−5 N·m·s. These parameters

are then used for model validation for various other cases
involving the same joint.

C. Comparison Between Flexible and Rigid Joints

Before presenting the model validation results, we first com-
pare the performance of flexible rowing joints with that of a
rigid joint (where the pectoral fins are connected to the servos
with a rigid connection). For the rigid joint case, we have the
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Fig. 11. Comparison between model prediction (white dashed line) and ex-
perimental measurement (blue solid line) of the maximum rowing angle during
the recovery stroke, with fin-beat frequencies of (a) 0.75, (b) 1, (c) 1.25, (d) 1.5,
(e) 1.75, and (f) 2 Hz. The black vertical line indicates the robotic fish heading
direction, the green dotted line shows the servo arm direction, and the right
pectoral fin is shown.

different power and recovery stroke speeds, as mentioned in
Section IV-B, so that the robotic fish can have a net thrust.

Fig. 9(a) shows the experimental results on the forward swim-
ming velocities of the rigid joint case with P

R = 1, 2, 3, 4, 5, the
case of the flexible feathering joint from [53], and the flexible
rowing joint JR1, over different power stroke times. Fig. 9(b)
presents these results in terms of the effective fin-beat frequen-
cies. The fin-beat frequency means 1

T , where T denotes the
period of each fin-beat cycle (power and recovery stroke com-
bined) and the servos are programed to run up to the limit of
200 ◦/s. This maximum speed corresponds to the rightmost point
in each curve in Fig. 9(b). From Fig. 9, we can conclude that,
overall, the velocity performance of the flexible rowing passive
joint significantly outperforms the rigid joint case.

D. Dynamic Model Validation

1) Dynamic Characteristics of Pectoral Fins: Before pre-
senting experimental results that validate the dynamic model,
we first present simulation results based on the experimentally
identified model, to shed insight into the dynamic characteristics
of the pectoral fins with flexible joints, as well as their effects on
the robotic fish body. In the interest of brevity, we have only in-
cluded the plots for one case (joint JR1 with fin-beat frequency
of 1 Hz, where both fins are actuated). Fig. 10(a) shows the
time history of the pectoral fin and servo arm angles in one beat
cycle. It is interesting to note that, while the pectoral fin angle
follows closely the motor shaft angle during much of the power
stroke, the “detachment” starts shortly after the servo passes the
90◦ during the power stroke, which is due to the inertial effect
of the fin when the servo arm starts decelerating. Similarly, the
difference between the two angles shrinks down to zero before
the recovery stroke ends. Fig. 10(b) shows the angle of attack in

Fig. 12. Comparison between experimental measurements of the time-
dependent recovery stroke angle with model predictions. The pectoral fin beats
at 1 Hz. The blue solid line and white dashed line imply the experimental mea-
surement and model prediction, respectively, and the green dotted line shows
the servo arm direction.

power and recovery strokes of one beat cycle, assuming that the
robotic fish body is anchored. Fig. 10(c) shows the total force
exerted on the body by pectoral fins in the x-direction (Fhx

).
Note that the mean value of the positive thrust is approximately
four times larger than the mean value of negative thrust. The
total hydrodynamic force in the y-direction (Fhy

) and the to-
tal hydrodynamic moment (Mhz

) are zero in this case due to
the left-right symmetry in paired pectoral fin flapping. Finally,
Fig. 10(d) shows the surge velocity of the robotic fish (VCx

) from
the simulation. Again, the sway (VCy

) and yaw (ωCz
) compo-

nents of the robotic fish velocities are zero due to the symmetry
in fin-beat flapping. It can be seen that, starting at rest, the robot
takes approximately 11 s to reach the steady state.

2) Anchored Experiments: To validate the proposed dy-
namic model, two sets of experiments are conducted on the
robotic fish. During the first set of experiments, the robotic fish
body is anchored using a bracket and the angle of the pectoral fin
(γ2) is measured with respect to î, the robot’s heading direction.
The motion of the pectoral fin is captured from above, using
a Casio Exilim (EX-FH25) high-speed camera at 40 frames/s.
Fig. 11 compares the measured maximum values of the rowing
angle during the recovery stoke in both simulation and exper-
iments at different fin flapping frequencies, when the robotic
fish body is anchored. It can be seen that the model is able to
capture the rowing angle well for all frequencies up to 1.75 Hz.
For the case of 2 Hz, the noticeable discrepancy between the
model prediction and the measurement is likely caused by the
constraints in fabrication, were the actual pectoral fin angle goes
beyond the servo angle in the power stroke, (γ1 �= γ2), due to
the larger hydrodynamic loading on the pectoral fin.

Fig. 12 compares the measured time-dependent pectoral fin
angle (γ2) during the recovery stroke and the corresponding
model prediction for the case of 1 Hz actuation. Here, we show
the frames every 0.1 s during the recovery stroke. Overall, there
is a good match between the model prediction and experimen-
tal measurement. The prediction error is slightly larger at the
beginning and the end of the cycle, which is attributed to the
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Fig. 13. Case of rowing joint (JR1): Comparison between the model-predicted
and measured forward swimming speed, for different fin-beat frequencies.

Fig. 14. Case of rowing joint (JR1): Comparison between the model-predicted
and measured turning period, for different fin-beat frequencies.

Fig. 15. Case of rowing joint (JR1): Comparison between the model-predicted
and measured turning radius for different fin-beat frequencies.

transition from/to the power stroke, where the mechanical stop-
per is in effect.

3) Free-Swimming Experiments: For the second set of ex-
periments, the robotic fish swims freely in the tank, includ-
ing both forward swimming and turning that are enabled with
the pectoral fins utilizing the flexible rowing joints. Fig. 13
shows the comparison between model prediction and experi-
mental measurement of the forward swim velocity at different
fin-beat frequencies. Figs. 14 and 15 show similar comparisons

on the turning radius and turning period. From Fig. 14, the turn-
ing period drops with the frequency, which is expected. The
simulation results in Fig. 15 suggest that the turning radius has
negligible dependence on the frequency, which is supported by
the experimental results, where the mean values of the mea-
sured radius stay around 23–24 cm across all frequencies. The
discrepancy between the simulations and experimental results
in Fig. 15 is largely attributed to the challenge in measuring
precisely the turning radius in experiments—the robot does not
track closed orbits for each turn, which could be due to the
disturbances from the interactions between the water and tank
walls. The results of Figs. 13–15 show that the proposed model
is able to capture the motion of the robotic fish with flexible
rowing joints very well. In particular, for the tested frequency
range, the forward swimming velocity increases with the fin-
beat frequency. In the turning case, the turning period (the time
it takes to complete one turn) drops with the increasing fin-beat
frequency, which matches one’s intuition.

V. EFFECT OF FLEXIBLE JOINT LENGTH AND STIFFNESS

In this section, we investigate the impact of two design pa-
rameters for the flexible joint, its length and stiffness, which
will allow further validation of the proposed model and demon-
strate its potential use for design optimization. As described in
[54], the torsional spring constant of a flexible material can be
evaluated as

KS =
Edh3

12l
(29)

where h is the thickness, l is the length, d is the width (depth),
and E is the Young’s modulus of the flexible material. The
damper coefficient KD can be evaluated as KD = κKS , where
κ is a proportional constant. So the spring constant changes with
both dimension and stiffness of the flexible part of the passive
joint.

We have chosen three different values for the length of the
flexible rowing joint made of FLX980 material, 0.5, 1, and
1.5 mm (Joints JR1, JR2, and JR3 in Table I). The spring and
damper constants for JR2 and JR3 are calculated using (29),
where the Young’s modulus (E) and κ values are kept the same
as the ones derived from the parameters KS and KD for JR1.
Fig. 16 shows the model prediction and experimental results on
the forward swimming velocity at different fin-beat frequencies,
for all three joints. The joint JR1 has the best performance
among the three joints for higher fin-beat frequencies. For lower
frequencies (up to 1.25 Hz), joint JR3 (most flexible among the
three) has a better performance. We can see that the model
is able to effectively capture the joint length-dependence of the
forward swimming velocity for all cases. While the experimental
limit for the actuation frequency is 2 Hz, we have extended
the simulation results to fin-beat frequency of 3 Hz in order
to capture the optimal frequency of each joint. The forward
swimming speed will drop after reaching this optimal frequency.

Finally, we compare the performance of flexible joints with
different material stiffness. Two flexible joints with identical
dimensions, JR1 made of FLX980 and JR4 made of DM9850
(stiffer), are used in the comparison. The spring and damper
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Fig. 16. Model prediction and experimental measurement of the forward
swimming velocity of the robotic fish with the use of three flexible joints (all
made of FLX980) with different lengths.

Fig. 17. Model prediction and experimental results of the forward swimming
velocity of the robotic fish with the use of two flexible joints with different
stiffness values.

coefficients for JR4 are identified to be KS = 4.38 × 10−3 N·m
and KD = 9.34 × 10−4 N·m·s using the same method de-
scribed in Section IV-B, and are used for model predictions for
all other cases. Fig. 17 shows the comparison of forward swim-
ming speed between the two cases. Again, it can be seen that
there is a good match between model predictions and experimen-
tal data. For the lower frequencies, the joint JR1 outperforms
JR4, while JR4 is the winner for the higher frequencies. Again
we have extended the simulation results to higher frequencies
to better capture the performance trend of the joints.

VI. MECHANICAL EFFICIENCY

Robot efficiency, defined as the ratio of useful work for
propulsion over total consumed energy, is of great relevance
to practical operation of the robot. Mechanical work done by
fins to the surrounding water, energy used for powering elec-
tronics, electrical losses, and frictional losses, among others,
all contributed to the total consumed energy. Mechanical work
is arguably the most significant source of energy expenditure,
and therefore, it is important to understand how the design of
pectoral fin joints influences the mechanical efficiency of the
robot. In this section, we use the validated dynamic model to

TABLE III
COMPARISON BETWEEN THE TWO METHODS OF COMPUTING Wb

Frequency (Hz) Wb 1 Wb 2

W b 1
−W b 2

W b 2
(%)

0.75 0.112 0.114 1.75
1 0.1887 0.1939 2.68
1.25 0.2826 0.2888 2.15
1.5 0.3787 0.3905 3.02
1.75 0.4281 0.4383 2.33
2 0.4233 0.4391 3.6

Fig. 18. Calculated mechanical efficiency and forward velocity of different
flexible rowing joints at different fin-beat frequencies.

Fig. 19. Calculated mechanical efficiency versus fin-beat frequency and spring
constant of the flexible joint.

evaluate the propulsive efficiency of the robotic fish swimming
with pectoral fins that use the flexible rowing joints. The me-
chanical efficiency during steady-state swimming is calculated
as [3], [35], [55]

η =
Wb

WT
(30)

where Wb is the amount of useful work needed to propel the
robotic fish and WT is the total work done by the pectoral fins
during each fin-beat cycle. We call this the mechanical efficiency
since it does not consider other energy losses, such as the elec-
trical power used for running the electronics or frictional losses
in motors and gears. The useful work Wb1 can be calculated as
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follows [35], [55]:

Wb1 =
∫ t0 +T0

t0

FThrust(t)VC (t)dt (31)

where FThrust is the x-component of the total fin-generated hy-
drodynamic force exerted on the robotic fish body (Fhx

), VC (t)
is the velocity of the robotic fish body projected into the x-
direction, and T0 denote the total duration of each fin-beat cycle.
In this paper, we take an alternative approach that uses product
of the mean thrust and the mean velocity at the steady state.
When the robotic fish is at the steady state and cruises with a
constant speed VCmean , its mean thrust is balanced by its (mean)
drag force, and thus

FT =
1
2
ρV 2

Cmean
SACD (32)

which results in the following expression of Wb2 :

Wb2 =
1
2
ρV 3

Cmean
SACD T0 . (33)

As shown in Table III, the values of Wb computed with these
two methods are actually very close to each other (with error
less than 4%). Given that the second method of evaluating Wb2

ignores the oscillatory nature of the thrust and velocity and
is thus simpler, it is adopted in the efficiency analysis for the
remainder of this paper.

The total work done by the paired pectoral fins, WT , is ob-
tained as

WT = 2
∫ t0 +T0

t0

max
{

0,

∫ S

0
dFn (s, t) · �vp(s, t)

}
dt

= 2
∫ t0 +T0

t0

max
{

0,

∫ S

0

1
2
CnρC|�vp(s, t)|2 ·�vp(s, t)ds

}
dt

(34)

where t0 represents the beginning of a fin-beat cycle, “·” de-
notes the inner product. Note that at some time instants t, the
instantaneous mechanical power exerted by pectoral fins on wa-
ter could be negative; however, since the servos cannot reclaim
this energy from water, we treat the instantaneous power at such
a t as zero, which explains the operator max{0, ·} in (34). Note
that even at the steady state, the actual velocity is not a constant;
instead, it periodically fluctuates around some value. Therefore,
VCmean in (32) is evaluated by the distance traveled over N cycles
(N = 10) divided by NT0 .

Fig. 18 shows the calculated efficiency, along with the corre-
sponding swimming velocity, for the joints JR1, JR2, and JR3.
The efficiency of the joint JR1 is higher than the other two and
overall the efficiency is higher for lower fin-beat frequencies.
Fig. 18 reveals interesting tradeoff between the speed perfor-
mance and mechanical efficiency. In particular, for a given joint
design, with a higher frequency, the speed is higher but at the
cost of lower efficiency. Fig. 19 shows the efficiency curve
versus different fin-beat frequencies and spring constant values
(kS ). This figure shows that the robotic fish performs more effi-
ciently in lower fin-beat frequencies with stiffer flexible rowing
joints up to a certain optimal stiffness (KS ≈ 7 × 10−4 N·m).
For any joint stiffer or more flexible than this optimal amount,
the efficiency starts to drop. Overall, Figs. 18 and 19 indicate

TABLE IV
COMPARISON OF NONDIMENSIONALIZED PARAMETERS

Robotic fish St Re VD L

This work - JR1 1.27 4273 0.19
This work - JR2 1.35 4044 0.18
This work - JR3 1.32 4116 0.183
[34] with γA = 30◦ 2.95 5925 0.042
[34] with γA = 45◦ 2.96 8737 0.0621
[34] with γA = 60◦ 7.76 4350 0.031
[38] 6.05 900 0.04
[53] - JF1 2.55 1744 0.078
[18] 0.94 10 000 0.16

that the optimization of the flexible joint presents an interest-
ing, multiobjective design problem that involves consideration
of the joint stiffness, dimension, and the frequency of fin opera-
tion. The proposed dynamic model in this paper shows promise
in addressing the optimal design problem.

Fig. 20 provides a comparison of the nondimensionalized
parameters for joints JR1, JR2, and JR3 at different fin-beat fre-
quencies. The nondimensionalized parameters considered in-
clude the Reynolds number Re, the Strouhal number St, and
the dimensionless velocity VDL. Recall the Reynolds number
Re = VC mean L

ν , where VCmean is the swimming speed of the robot,
L is the robotic fish length, and ν is the kinematic viscosity of
water. The robotic fish length L = 0.15 m and ν = 10−6 m2/s
are used in the calculation. The Strouhal number is defined as
St = f A

VC mean
, where f is the fin-beat frequency, A is the maxi-

mum excursion of the trailing edge for pectoral fin, and VCmean

is the swimming speed of the robot. We use A = 2S sin γA ,
where S is the pectoral fin span length and γA is the fin flapping
amplitude [19], [34]. The dimensionless velocity is defined as
VDL = VC mean

f L [56].
It can be seen in Fig. 20(a) that the efficiency shows clear

inverse correlation with the Strouhal number. For example, JR1
demonstrates the highest mechanical efficiency among the three
joints and has the lowest Strouhal number. For each joint, the
Strouhal number increases while the efficiency drops when the
frequency increases. Note that the Strouhal numbers for bio-
logical fish are usually in the range of 0.25–0.5 [5], [34], [57].
The Strouhal numbers presented here are higher than 1, and
thus, beyond the biological range. The reason is that the robotic
fish used in this study is propelled purely by the pectoral fins,
which results in low speeds and higher Strouhal numbers. Note
that, from Fig. 20(a), when the efficiency of the robotic fish gets
higher, the Strouhal number gets closer to the biological range.
On the other hand, Fig. 20(b) shows that the robotic fish demon-
strates the highest dimensionless velocity when the Reynolds
number is at the lower end. Comparing Fig. 20(a) and (b)
also suggests that there is a positive (negative, resp.) correla-
tion between the mechanical efficiency (the Strouhal number,
resp.) and the dimensionless velocity, which is expected given
the definitions of the Strouhal number and the dimensionless
velocity.

We have also compared our results with the results (all ac-
tuated at 1 Hz) from several pectoral fin-actuated robotic fish
reported in the literature, as seen in Table IV. From the table, it
can be seen that the Strouhal numbers achieved in this study are
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Fig. 20. Comparison of nondimensionalized parameters for joints JR1, JR2, and JR3 at different fin-beat frequencies: (a) Calculated mechanical efficiency and
Strouhal number, (b) Dimensionless velocity and Reynolds number.

generally closer to the biological range than what was achieved
in other reported work (with the exception of [18], which is
slightly lower than our results). The dimensionless velocities
achieved in this study are also the highest among all cases.
These comparisons provide strong support for the effectiveness
of the proposed approach.

VII. CONCLUSION AND FUTURE WORK

While biological fish use sophisticated pectoral fin kinemat-
ics to achieve superior swimming and maneuvering performance
[58], [59], the goal of this study is to achieve sound performance
for robotic fish pectoral fins with simple structure and simple
control. In particular, we have proposed a novel flexible, pas-
sive joint for rowing pectoral fins in robotic fish, and presented
a dynamic model for the robotic fish equipped with such pec-
toral fin mechanisms. The flexible joint enables the pectoral fin
to bend back passively along the fish body during the recov-
ery stroke, to minimize the drag force, while maintaining the
prescribed motion of the actuator during the power stroke. This
design eliminates the need to have different actuation speeds
for power and recovery strokes. The blade element theory is
used to evaluate the hydrodynamic forces on the pectoral fins.
The flexible joint is modeled as a pair of torsional spring and
damper. To validate the dynamic model, we have conducted ex-
periments involving both a configuration where the robotic fish
is anchored and the fin bending angles are measured, and a free-
swimming configuration, where forward swimming speeds and
turning radii/periods at different fin-beat frequencies are mea-
sured. The performance of the proposed joint is also compared
with a traditional rigid joint, to show the effectiveness of this
design. Multiple flexible rowing joints are used in the experi-
ments to examine the influence of the flexible joint’s length and
stiffness on the robotic fish performance, and the experimen-
tal data match the model predictions well in all cases, which
further supports the utility of the presented model in design
optimization. Finally, with the aforementioned model, we have
numerically evaluated the mechanical efficiency of the robotic
fish and explore its dependence on the flexible joint stiffness
and the operating frequency.

There are several directions in which the current work will
be extended. First, in this paper, the main focus was to study
the performance of flexible rowing joints, so all the studies

were done on a rigid, rectangular pectoral fin. The design and
prototyping of this joint can be improved, so that collapsing
of the fin during the recovery stroke takes place with higher
angles (namely, pectoral fin becomes more parallel to the body).
Also, it is of interest to extend this study to flexible pectoral
fins of different shapes and sizes, which will result in a more
complicated hydrodynamic force calculation compared to the
current study. We are also interested in the interaction of the
caudal fin and the pectoral fins. In particular, the actuation with
both pectoral and caudal fins will result in a relatively high
velocity for the robotic fish body. As a result, the angle of attack
for pectoral fins will no longer be close to 90◦ and the span-wise
component of the pectoral fin force needs to be incorporated.

In the authors’ recent work [53], [60], an alternative design
of flexible joints for pectoral fins was proposed, where the fin
would undergo a passive feathering motion during the recovery
stroke. Complementary to the current study, the passive feath-
ering joint represents a more bio-inspired behavior and presents
new modeling challenges due to the out-of-plane force com-
ponent during the feathering phase. On the other hand, experi-
mental results have suggested that the robot tends to show bet-
ter performance with the rowing joints presented in this study
than with the feathering joints. For example, a higher swim-
ming speed is achieved with the rowing joint under the same
fin-beat frequency and amplitude. The rowing joint also seems
to be able to drive a larger fin. However, it is unclear whether
these observations hold true in general or are merely conse-
quences of specific experimental prototypes. Therefore, it is of
interest to conduct a more thorough modeling and experimen-
tal comparison on these two approaches, to reveal the intrinsic
tradeoffs in flexible joint design. Another interesting research
direction will be to explore the interaction between the flexible
caudal fin and the pectoral fins, in which case the caudal fin
can be considered as a propulsion source to enable a higher
swimming speed, while the pectoral fins are used for accurate
steering and turning.
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